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Common thread:
enter a host ! multiply in host ! spread to another host

!
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Recently eliminated diseases

I Smallpox

Eliminated by vaccination

I Rinderpest (livestock)

Eliminated by vaccination

I SARS

Eliminated by contact reduction

I Influenza A H1N1, pre-swine flu version

Outcompeted by new strain
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Nearly eliminated diseases

I Polio

I Guinea Worm
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Recent emerging diseases

I HIV

I SARS

I 2009 Influenza A H1N1

I Ebola

I MERS
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Why model disease spread?

We want to build mathematical models for infectious disease
spread that:

I Predict future disease dynamics so that policy makers can
prepare resources.

I Identify critical/e�cient targets for intervention.

I Identify gaps in our knowledge.
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Art is a lie that makes us realize truth

Pablo Picasso
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Art is a lie that makes us realize truth

Pablo Picasso

It can scarcely be denied that the supreme goal of all theory is to
make the irreducible basic elements as simple and as few as
possible without having to surrender the adequate representation
of a single datum of experience.
A. Einstein
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Art is a lie that makes us realize truth

Pablo Picasso

Everything should be made as simple as
possible, but not simpler.
“A. Einstein”
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How complex should a model be?
Modeling 6⌘ mountain climbing

Ṡ = ��kIS
İ = �kIS � �I

Ṙ = �I

6⌘

I “Because it’s there” isn’t a good reason to include something
in a model.

I Only include things that could a↵ect decisions/improve policy.

I Sometimes intuition is good enough — it’s usually a simple
mathematical model.

I But when there are feedbacks or opposing e↵ects, I don’t
trust mine.
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Disease spread

There are two major features that a↵ect population-scale disease
spread:

I Relation between mode of transmission and population
structure.

I How the immune system responds to exposure.
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Mode of transmission

Potential spread mechanisms:

I Environmental & food contamination

I Blood-feeding arthropods

I Direct contact
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Environmental contamination
Cholera
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Environmental contamination
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Environmental contamination
Guinea Worm
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Vectors
Malaria, Chikungunya, Dengue, West Nile
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Vectors
Chagas
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Vectors
Lyme
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Vectors
also Anaplasmosis, Babesiosis, Borrelia, Rocky Mountain Spotted
Fever, Crimean-Congo Hemorrhagic Fever, . . .
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Direct contact

Influenza, SARS, MERS, Ebola, . . .
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Sexual contact

An important special case of direct contacts is sexual contacts:
HIV, Gonorrhea, Chlamydia, . . .
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Immune response

The response of the immune system determines what e↵ect an
exposure has on an individual and whether that individual will
trasnmit to others.
Some possible outcomes of infection:

I Remains infected forever: SI

I Gains permanent immunity: SIR

I Recovers but can be reinfected: SIS
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SI

S I

Political belief,
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SIR

S I R

Measles, Mumps, Rubella, Pertussis
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SIS

S I

Many parasites (e.g., lice)
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SIRS

S I R S

Dengue (sort of), Pertussis, Influenza,
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What is a contact network?

A network is a collection of individuals who are joined together
based on interactions that may spread the disease in question.
These connections (edges) may be:

I Transient (sex workers or random encounter in crowded
market)

I Weighted (sharing an o�ce versus brief daily conversation)

I Clustered (Cause your friends are my friends and my friends

are your friends, the more we get together the happier we’ll

be)

I Heterogeneously distributed

I Directed.

I . . .
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Network definition

I A network is a collection of nodes which are joined into pairs
by edges.

I Two nodes that are joined together are called neighbors. The
number of neighbors a given node has is its degree, k .

I There is no real di↵erence between the definitions of
“network” and “graph”.

I I will tend to use the terminology “partner” for neighbor and
“partnership” for edge.

26 / 38



Network Properties

There are a number of things we can measure:

I Degree distribution: P(k), the proportion of nodes with
degree k .

I Clustering: frequency of short cycles [not common in sexual
networks].

I Edge weights: some edges may have higher transmission
probabilities than others.

I Dynamic networks: Partnerships may change in time.
Individuals may enter/leave the population.

I Assortativity: Individuals may actively select similar partners.
In particular, partners with similar degree.
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Social networks

I facebook

I linkedin

I twitter

I . . .

These may be more appropriate for spread of ideas or opinions.
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Contact networks

I The network of physical interactions.

I Often highly clustered.

I Appropriate for respiratory diseases.

I Often measured by giving people devices that measure
physical proximity.
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Sexual networks

I Appropriate for sexually transmitted diseases.

I Often low clustering.

I Often highly heterogeneous.

I Transient partnerships may play a large role.
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Location–Location networks

I Cities connected by travel of people between them [spread of
H1N1].

I Farms connected by movement of animals [foot and mouth].

I Habitats connected by bird migrations [West Nile].
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Empirical networks
A number of attempts have been made to measure networks in
“the wild”. Each case has its own peculiarities.

I Polymod [1]: 7290 participants across 8 European countries
recorded information about their contacts during a day.

I Hospital interactions [2]: Employees, patients, and visitors at
a pediatric hospital in Rome wore proximity detectors over a
week-long period.

I School interactions [3]: Students and employees at a high
school wore proximity detectors.

I Tasmanian Devils [4, 5]: Contacts between Tasmanian Devils
were measured through collars with proximity detectors.

I Lion interactions [6]: observations of within pride, between
pride, and nomadic lion interactions.

I Other wildlife [7].

I Romantic networks [8]
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Sample location–location networks

I Livestock movement between farms [9] (and many ongoing
studies).

I Patient movement between hospitals: movement of patients
in Orange County [10], movement of patients in The
Netherlands [11].

I Individual movement between wards within a hospital [12]
(and others that I recall seeing, but can’t find).

I Travel through airline networks [13] (and many other papers
by Colizza and Vespignani).

I Seasonal population movements [14]: study of seasonal
population movements for malaria control (phone data,
census, satellite imagery).
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Agent-based models

A number of groups have done large-scale simulations of
populations

I Vancouver [15]: Simulations of individual contacts within the
city of Vancouver (N)

I EpiSims [16]: Simulation of all individual movements through
Portland, OR (1.6 million people). Later extended to a large
number of other cities/regions (⇡ 17 million).

I Epicast (based on “Scalable Parallel Short-range Molecular
dynamics”: SPASM) [17]: Simulation of individual movement
throughout the US (⇡ 300 million).

I Thailand [18]: Simulated individual interactions in Thailand
with the goal of identifying strategy to control pandemic
influenza (500000 people).

I South Africa: Simulation by George Seage’s group at HSPH
for HIV transmission (⇡ 6 million?)
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Our scope

I SIS

I SIR

I Networks of individuals

I Mostly static, unweighted networks
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Simulation vs Analytic models

Usually simulation is more flexible, but an analytic model gives
better results.

My (biased) opinion:
If you can’t create a simulation that matches your analytic model,
then either:

I You are a very good mathematician working on a very di�cult
problem, and you’ve put in a lot of e↵ort to determine the
limits of your model or

I You are doing something wrong.

We want

Reality
Approximate

system
Analytic
model

small approximation exact
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Basic approach to creating a mathematical model

Start

Identify
relevant

population
and disease

Can we
simulate?

Find
obstacles

and replace

Solve
simulations

Are there
analytic

equations?

Find
obstacles

and replace

Solve
equations

Were as-
sumptions
valid?

Compare
with data
and learn
something

yes

no

yes

no I give up

yes

no
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Simple Mass Action Models

I Continuous time or Discrete time

I SIR or SIS

The major assumptions:

I Every individual is average.

I Every interaction of u is with a randomly chosen other
individual.

Throughout:
S + I + R = 1

That is, we look at proportions in each state, not absolute number.

8 / 26



Simple Mass Action Models

I Continuous time or Discrete time

I SIR or SIS

The major assumptions:

I Every individual is average.

I Every interaction of u is with a randomly chosen other
individual.

Throughout:
S + I + R = 1

That is, we look at proportions in each state, not absolute number.

8 / 26



Simple Mass Action Models

I Continuous time or Discrete time

I SIR or SIS

The major assumptions:

I Every individual is average.

I Every interaction of u is with a randomly chosen other
individual.

Throughout:
S + I + R = 1

That is, we look at proportions in each state, not absolute number.

8 / 26



Continuous time: Kermack–McKendrick

Assumptions:

I Individuals recover with rate �.

I Infected individuals transmit at rate �.

I The proportion of transmissions that go to susceptible
individuals is S .

SIR: S I R

SIS: S I
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SIR:

�IS �I

S I R

SIS:

�IS

�IS I

I SIR equations are:

Ṡ =

� �IS

İ = �IS � �I

Ṙ = �I

I SIS equations are

Ṡ = ��IS + �I

İ = �IS � �I

10 / 26



SIR:

�IS �I

S I R

SIS:

�IS

�IS I

I SIR equations are:
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İ = �IS � �I

10 / 26



SIR:

�IS �I

S I R

SIS:

�IS

�IS I

I SIR equations are:
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Ṡ =� �IS
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İ = �IS � �I

10 / 26



SIR:

�IS �I

S I R

SIS:

�IS

�IS I

I SIR equations are:
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İ = �IS � �I
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Non-dimensionalizing

If we measure time in terms of 1/�, then in the new units the
average infection duration is 1.

The new SIR equations are

Ṡ = �R0IS

İ = R0IS � I

Ṙ = I

The new SIS equations are

Ṡ = �R0IS + I

İ = R0IS � I

Where

R0 =
�

�
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Fit to simulation
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Discrete time: Reed–Frost

SIR: S I R

SIS: S I

I Each individual u is infectious for a single timestep.

I In that timestep u will transmit to each other individual in the
population independently with probability R0/N.

I The probability a susceptible node v remains infected is thus
(1�R0/N)IN ⇡ e

�R0I for large N.

The equations are

St+1 = e

�R0It
St ⇡ (1�R0It)St

It+1 = St(1� e

�R0It ) ⇡ R0ItSt

Rt+1 = Rt + It
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Fit to simulation
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Interpreting R0

In these simple models, R0 can be interpreted as

the expected number of infections a single infected

individual will cause in an otherwise fully susceptible

population.

More generally, we define R0 to be

the expected number of secondary cases produced by a

typical infected individual early in an epidemic

We’ll return to this subtle di↵erence later.

15 / 26



Interpreting R0

In these simple models, R0 can be interpreted as

the expected number of infections a single infected

individual will cause in an otherwise fully susceptible

population.

More generally, we define R0 to be

the expected number of secondary cases produced by a

typical infected individual early in an epidemic

We’ll return to this subtle di↵erence later.

15 / 26



Introduction

Mass Action Models

Key Epidemic Quantities

Introducing Networks

References

16 / 26



Lots of things to think about

For SIR, we are typically interested in

I P, the probability of an epidemic.

I A, the “attack rate”: the fraction infected (better named the
attack ratio)

I R0, the average number of infections caused by those infected
early in the epidemic.

I
I (t), the time course of the epidemic.

For SIS, we are typically interested in

I P
I

I (1), the equilibrium level of infection

I R0

I
I (t)
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Network Assumptions

We begin with basic assumptions about contact structure.

I The number of partners an individual has is its “degree” k .

I
k varies from individual to individual.

I
P(k) is the proportion of the population with degree k .

I We seek the simplest model that satisfies these assumptions.

I Partners are randomly chosen.

I The network connections do not change (static network).
This assumption is appropriate if the timescale of the
epidemic is less than the typical partnership duration.
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Configuration Model Networks

I Each individual has a “degree” k , its number of partners
distributed randomly with probability P(k).

I Pairs of stubs are chosen and joined into edges.

I This yields a null model: a random “Configuration Model
Network” chosen to satisfy the degree distribution and
nothing else.

7! 7! 7!

7! 7! 7! · · · 7!
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Size Bias
Do your friends have more friends than you do (on average)?

In fact Pn(k) = kP(k)/ hK i where hK i is the average degree.
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Size Bias

I A random individual has degree k with probability P(k)

I What about a random partner? What is the probability Pn(k)
a partner has degree k?

I Because of how partners are selected, a random partner is
likely to have higher degree than a random individual [2, 3].

I In fact Pn(k) = kP(k)/ hK i where hK i is the average degree.

I Note that the degrees of a random individual and a random
neighbor of a random individual have di↵erent distributions,
but a random neighbor and a random neighbor’s random
neighbor are both from Pn(k).
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Size Bias

I cannot stress enough that if P(k) is the probability a random
individual has k partners, then

Pn(k) = kP(k)/ hK i

is the probability a random partner has k partners.
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“Annealed” version

7!

I The annealed network version assumes that at every moment
the network looks like a Configuration model network.

I However, at every moment, an individual changes all of its
partners.

I In practice this is appropriate if partnerships are so short or
disease transmission so rare that an individual is unlikely to
ever transmit to the same individual twice or transmit back to
its infector.

24 / 26
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SIR disease

Take Reed–Frost/chain–binomial model:

I Assume u susceptible, with n infected partners at time t.

I Each transmits independently with probability p.

I Then at t + 1, u is infected with probability 1� (1� p)n.

I After one timestep infected, nodes recover.
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Percolation analogy

Let’s think about simulating this process.

I I use Tom as a random number generator.

I I put him under pressure to quickly say “yes” or “no” each
time I ask whether an edge transmits.

I He has the network in advance, and he cheats!!
I He erases each edge in his copy with probability 1� p.
I When asked about an edge, if it’s in his copy, he says “yes”

otherwise “no”.

I On the basis of one simulation, could I get any evidence he’s
cheating?
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Alternative perspective
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At each step, if there
is an edge to cross, it
is crossed with probabil-
ity p. No edge is ever
crossed twice.

I It is equivalent to decide in advance whether the edges will be
crossed if encountered.
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Percolation Equivalence

The following processes produce Indistinguishable output:
I Normal Epidemic Simulation:

I Take a network.
I Choose an initial infected individual.
I Trace the disease spread, transmitting with probability p at

each step.

I Percolation-based simulation:
I Take a network.
I Generate a new network, with each edge existing with

probability p, the probability the edge will transmit if given the
chance. (Percolation!)

I Choose an initial infected individual.
I Trace the disease spread, transmitting if the edge is in the new

network.
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Major consequence of percolation

The eventually infected nodes are exactly the nodes that are in the
same component as the index case.
So the size distribution is equal to the distribution of sizes of
components in percolated networks.
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Continuous time

I We begin epidemics with a single infected node.

I It recovers at rate � (which we can assume is 1)

I It transmits independently to each partner with rate �.
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Swimming pool analogy

I’ll refer to the “swimming pool analogy” several times.

I Imagine that there is a source of water, from which two
swimming pools are filled.

I If both pools start empty, and at all times one receives c
times as much flow as the other, then it will always have c

times as much water in it.

I If the source is additionally finite, then when all the water has
left the source, the first will have c/(1 + c) of the initial water
and the second will have 1/(1 + c) of the initial water.
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Transmission Probability

�/(� + �)

�/(� + �)

�/(�
+
�)�/

(�
+
�)

1/
2 1/2

1 1
The probability an
edge will transmit
infection is
�/(� + �).
However,
transmission across
two edges from the
same node are not
independent. They
both depend on the
duration of
infection of the
same node.
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Directed Percolation Equivalence

The following processes produce Indistinguishable output:
I Normal Epidemic Simulation:

I Take a network.
I Choose an initial infected individual.
I Allow edges to transmit until the random time the individual

recovers.

I Percolation-based simulation:
I Take a network.
I Generate a new directed network:

I
For each individual u, assign a duration d of infection.

I
For each edge from u, determine delay ⌧ until transmitting.

I
If ⌧ < d , place directed edge into network with associated

time.

I Choose an initial infected individual.
I Trace the disease spread, transmitting after given time if an

edge is in the new network.
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More comments on directed percolation

I Directed percolation can be used more generally when there
are other sources of heterogeneity in infectiousness and/or
susceptibility.

I The eventually infected nodes are exactly those nodes in the
out-component of the index case.

I The probability a random node is infected follows from the
size of its in-component.
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SIS in discrete time

I There is some freedome in how we choose to model this.
We’re forcing a continuous process into a discrete framework.

I Nodes are infected for one time step, then become susceptible.

I A susceptible node with n infected neighbors is infected with
probability 1� (1� p)n.

I If Tom were to cheat in this case, I would be able to tell,
because the same edge would transmit over and over.

I There is no mapping between SIS and percolation.

I Can an infected node remain infected in the next time step if
a neighbor transmits to it?
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Example

This seems a little artificial. . .
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SIS in continuous time

I Infected nodes recover (to susceptible) at rate �.

I Edges between susceptible and infected nodes transmit at rate
�.

I No relation to directed percolation.
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ẊSSS = �(XSSI + XSIS + XISS),

ẊSSI = �(XSII + XISI )� (2� + �)XSSI ,

ẊSIS = �(XSII + XIIS)� (2� + �)XSIS ,

ẊISS = �(XISI + XIIS)� (2� + �)XISS ,

ẊSII = �XIII + �(XSSI + XSIS)� 2(� + �)XSII ,

ẊISI = �XIII + �(XSSI + XISS)� 2(� + �)XISI ,

ẊIIS = �XIII + �(XSIS + XISS)� 2(� + �)XIIS ,

ẊIII = �3�XIII + 2�(XSII + XISI + XIIS).
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I Way too many equations for these small networks.

I We can take advantage of some symmetries.

I Set

x0 = XSSS

x1 = XISS + XSIS + XSSI

x2 = XSII + XISI + XIIS

x3 = XIII

I Because of symmetries:

ẋ0 = �x1,

ẋ1 = 2�x2 � �x1 � 2�x1,

ẋ2 = 2�x1 � 2�x2 � 2�x2 + 3�x3,

ẋ3 = 2�x2 � 3�x3.
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Larger networks

I It will be hopeless to find equations for all possible states:
2N for SIS and 3N for SIR.

I Instead we can try to calculate “population-scale” quantities
such as proportion infected.

I Perhaps surprisingly, SIR is easier to work with. Although
there are more states, there are fewer transitions possible.

I Working with SIS will require more dubious assumptions.
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R0

How would you calculate R0 for SIR disease?

I It is actually more subtle than many realize.

I I have seen people with PhDs, who I respect, take a random
node in the network, “infect” it, and check how many
infections it would cause.

I They do this because people usually say

“R0 is the number of infections caused by a single infected
individual in a fully susceptible population.”

I In fact to calculate R0, we must determine what a typical
infected individual looks like early in the epidemic.
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R0 for Reed–Frost Configuration Model with SIR
I The probability a newly infected individual has degree k is

Pn(k).
I The expected number of infections it causes given k is

(k � 1)p [it cannot reinfect the source of its infection].
I So

R0 = E(number transmissions|infected early)

=
X

k

P(k |infected early)E(number transmissions|k)

=
X

k

Pn(k)(k � 1)p

= p

X

k

kP(k)(k � 1)

hK i

= p

⌦
K

2 � K

↵

hK i
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Comparison with simulation

I Consider a Configuration Model network in which a proportion
P(5) of the nodes have degree 5 and the rest have degree 1.

I What is R0?

p

(52 � 5)P(5) + (12 � 1)(1� P(5))

5P(5) + 1(1� P(5))
= p

20P(5)

1 + 4P(5)

I
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R0 for continuous time SIR on Configuration Model

Finding R0 in the continuous time case is similar.

I The only di↵erence is that the probability of transmitting to
each neighbor is �/(� + �) and the transmissions are not
independent.

I However, given k , the expected number of transmissions is
(k � 1)�/(� + �)

I So

R0 =
�

� + �

⌦
K

2 � K

↵

hK i
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Exercise

What happens if the degree distribution scales like:

P(k) / k

�↵

for what ↵ are epidemics possible for any � > 0?
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General SIR definition

For a general class of networks, we assume we can take arbitrarily
large networks.

I We define Ir to be the number of infected individuals in
“rank” or “generation” r : That is, after r steps in Reed-Frost.

I We take E(Ir ) to be the expected value and define

R0,r =
E(Ir+1)

E(Ir )

I We need to let the epidemic run long enough that any residue
of the initial infection is removed, but not so long that the
disease starts to see that the network is finite.

R0 = lim
r!1

lim
N!1

R0,r

I In my experience r = 2 is close enough to infinity [1].
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EpiSims–based simulation

I Consider simulated population of Portland, OR [2, 1], which
has clustering.

I For p = 0.1 (left) and p = 0.2 (right) and many simulations,
plot:

I
Ir+1/Ir

I
p

hK 2�Ki
hKi (dotted)

I E(I2)
E(I1) (dashed)

steps is ½1Kð1KT2Þnuv $½1KT $cuv . Summing this over all
pairs yields (where N is the size of the population and
each pair u and v appears twice)
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which allows us to calculate R0,1 exactly. This sum is
straightforward to calculate, but we can increase our
understanding with a small T expansion. We approxi-
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each node is in (cf. Hastings 2006). Higher order terms
involve more complicated shapes. This gives
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At the leading order, we recover the unclustered
prediction for R0, reflecting the fact that at small T the
probability the outbreak follows all edges of a cycle is
negligible. AsT increases, the first corrections are due to
triangles, then squares, then pairs of triangles sharing an

edge and sequentially larger and larger structures made
up of paths of length 2. A comparison of these
approximations with the exact value is shown in figure 4.

Although we have defined R0 for an ensemble of
realizations, figure 5 shows that R0,1 accurately
predicts the observed ratio NrC1/Nr for individual
simulations once the outbreaks are well established.
Early in outbreaks, the behaviour is dominated by
stochastic effects, and so the ratio of successive rank
sizes is noisy. Once the outbreak has grown large
enough, random events become unimportant and the
ratio settles at R0,1.

2

3.2. Epidemic probability and size

In order to assess the effect of clustering on P andA, we
compare epidemics on the EpiSimS network with the
analytic predictions derived assuming a CM network of
the same degree distribution in figure 6. The epidemic
threshold is not notably altered, and the values ofP and
A are almost indistinguishable from the predictions
made assuming no clustering, despite the large amount
of clustering in the network.

Although initially surprising, these results may be
understood intuitively as follows: if T is large enough
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Figure 4. (a,b) Comparison of first three asymptotic approximations for R0,1 from equation (3.1) with the exact value for the
EpiSimS network. (b) The comparison at small T is shown (solid curve, exactR0,1; dotted curve, first approximation; dot-dashed
curve, second approximation; dashed curve, third approximation).
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Figure 5. The progression of 10 simulated epidemics for (a) TZ0.1 and (b) TZ0.2 in the EpiSimS network. (a) NrC1/Nr against
rank and (b) the cumulative fraction of the population infected are shown (dotted curve, unclustered R0 prediction; dashed
curve, R0,1).

2Early noise controls how quickly outbreaks become epidemics, and so
once stochastic effects become small, the curves appear to be
translations in time. We note that it is common to consider the
temporal average of a number of outbreaks. However, prior to taking
an average, the curves should be shifted in time so that they coincide
once the stochastic effects are no longer important. Failure to do so
underestimates the early growth, peak incidence and late decay, while
it overestimates the epidemic duration. This can lead to an incorrect
understanding of ‘typical’ outbreaks.
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R0 for SIS

I The usual value given for R0 for an SIS epidemic is

R0 =
�

�

⌦
K

2
↵

hK i

Which is very close to what we find in the SIR model.

I If used for a Configuration Model network (as it usually is),
there are errors

I R0 = E(number of transmissions|infected early).

I ?
=

P
k Pn(k)k

�
�
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There are two errors:

I R0 = E(number of transmissions|infected early)
?
=P

k Pn(k)k
�
� .

I �/�:
I Average duration is 1/�.
I Each edge transits with rate �, so on averge there are �/�

transmissions per edge.
I BUT, some are wasted (they are repetitive). So the number of

new infections per edge prior to recovery is less than �/�.

I
Pn(k):

I If a high degree node becomes infected, it tranmits to its
neighbors.

I When it recovers it is at higher risk to be reinfected than a
lower degree node.

I So infected nodes have high degree with probability greater
than Pn(k), while low degree nodes are less likely.

I Both of these e↵ects result from edges having duration.
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R0 derivation in “annealed” networks

I Assume partnerships change quickly, so that every
transmission is to a new individual.

I Now the probability a newly infected node has degree k is
Pn(k).

I Each stub transmits on average �/� times, each transmission
is to a new individual.

I So

R0 =
X

k

Pn(k)k�/� =
�

�

X
kP(k)

hK i k =
�

�

⌦
K

2
↵

hK i

I This calculation also applies to SIR for the annealed model
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Reed–Frost

We can understand the SIR Reed–Frost model as an application of
percolation.
So to understand the epidemic spread, let’s look at percolation.
Consider configuration model networks with P(5) = 1: all nodes
have degree 5.
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2 networks, di↵erent sizes p = 0.2 and p = 0.3.
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Observations

I Below a threshold, the largest component is small compared
to the network.

I Its size is fairly independent of network size (I think it’s
perhaps logarithmic)

I Above a threshold, the largest component is proportional to
network size. It is called the Giant Component.

I The size of the giant component is remarkably uniform across
di↵erent realizations.

I All other components are small compared to the networks.
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Consequences

I The eventually infected nodes are exactly the nodes in the
same component as the index case.

I An epidemic happens i↵ the index case is in the giant
component: The probability P equals the expected proportion
in the giant component

I If an epidemic happens, the entire giant component is
infected: the attack rate A equals the expected proportion in
the giant component.

I Thus for Reed–Frost epidemics, P = A.
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Directed case

The Network of Global Corporate

Control, PLoS One, 2011

I Above a threshold there is a Giant Strongly Connected
Component GSCC

I It has an in-component GIN and an out-component GOUT .

I If the index case is in GIN or GSCC then all of GSCC and GOUT

are eventually infected.

I So P = E(|GIN [ GSCC |)/N and A = E(|GSCC [ GOUT |)/N.

I There is a symmetry between P and A: for each disease, there
exists a symmetric disease which has P and A interchanged.
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Example/exercise

Consider a configuration model network of 1000 nodes, all nodes
having degree 6.

I Estimate P and A by simulating an epidemic with each edge
transmitting independently with probability p = 0.5.

I Repeat, but this time half of the population is immune and
the other half are guaranteed to become infected if a partner
becomes infected.

I Repeat, but this time half of the population do not transmit
and the other half are guaranteed to transmit to all of their
partners if they become infected.

Now take a 10⇥ 10⇥ 10 periodic cubic lattice [in networkx this is
grid graph([10,10,10],periodic=True)]. Repeat the steps
above.
What cases minimize or maximize P and A?
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Rigorous bounds on P , A

Assume that a node’s infectiousness and susceptibility are
unrelated to one another.
Holding the average transmission probability p fixed:

I P and A are both maximized (and equal) if the transmission
probability is p for every edge.

I If the network has very few short cycles:
I P depends only on distribution of infectiousness, and is

minimized when p transmit to all partners and 1� p to none.
I A depends only on distribution of susceptibility, and is

minimized when p are infected if any partner infected and
1� p never infected.

I If short cycles are allowed: Increasing heterogeneity can only
reduce P and A.
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Probability Calculation Outline

We can exactly calculate the probability of an epidemic in
Configuration Model networks.

I Calculate the probability that index case leads to
“self-limiting” outbreak.

I Do this by calculating probability that all infections caused by
index case lead to self-limiting outbreak.

I Will result in a consistency equation.

I We define  (x) =
P

k P(k)x
k .
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Calculating epidemic probability

u

⌦
⌦

⌦
⌦

⌦

⌦ = P(u does not transmit to a neighbor) + P(u transmits, but neighbor doesn’t lead to an epidemic)

Probability a random degree k index case does not start an
epidemic is

1� P =
X

k

P(k)⌦k =  (⌦)

where
 (x) =

X

k

P(k)xk
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Finding ⌦

v

u

⌦
⌦

⌦
⌦

⌦

⌦
⌦

p

Probability a random partner of the index case having degree k̂

does not start an epidemic is

⌦ = [1� p] + p

 0(⌦)

hK i
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Calculating epidemic probability

We arrive at

1� P =  (⌦)

⌦ = 1� p + p

 0(⌦)

hK i

In general we can only solve this numerically, but it is
straightforward: We guess ⌦0 = 0 and iterate.
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Cobweb diagrams

Best shown interactively
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Continuous time case

Now consider the case with transmission at rate � and recovery at
rate �.
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Calculating epidemic probability

u

⌦(⌧)
⌦(⌧) ⌦(⌧)

⌦(⌧)

⌦(⌧)

⌦(⌧) = P(u does not transmit to a neighbor|⌧) + P(u transmits, but neighbor doesn’t lead to an epidemic)

Probability a random degree k index case whose infection duration
is ⌧ does not start an epidemic is

1�P =

Z 1

0
�e��⌧

X

k

P(k)⌦(⌧)k d⌧ =

Z 1

0
�e��⌧ (⌦(⌧)) d⌧

where
 (x) =

X

k

P(k)xk
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Finding ⌦

v

u

⌦(⌧̂)
⌦(⌧̂) ⌦(⌧̂)

⌦(⌧̂)
⌦(⌧̂)

⌦(⌧̂)
⌦(⌧̂)

p(⌧)

Probability a random partner of the index case having degree k̂

whose infection duration is ⌧̂ does not start an epidemic is

⌦(⌧) = [1� p(⌧)] + p(⌧)

Z 1

0
�e��⌧̂  

0(⌦(⌧̂))

hK i d⌧̂

p(⌧) is the probability of transmitting given infection duration of ⌧
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Calculating epidemic probability

We arrive at

1� P =

Z 1

0
�e��⌧ (⌦(⌧)) d⌧

⌦(⌧) = 1� p(⌧) + p(⌧)

Z 1

0
�e��⌧̂  

0(⌦(⌧̂))

hK i d⌧̂

In general we can only solve this numerically, but it is
straightforward.
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SIS

I don’t think anyone has a good calculation of epidemic probability
for static networks.

I If we take static networks and assume that nodes cannot
transmit back to their infector, then the derivation we did
above works.

I Alternately, we can make progress with annealed networks.
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SIS epidemic probability on annealed networks

i0

r0

i1

r1

i2

r2

· · ·

�
k�+�

�
k�+�

�
k�+�

k�
k�+�

k�
k�+�

k�
k�+�

Consider an individual u with degree k who becomes infected at
time t = 0.

I The probability of transmitting at least once before recovering
is k�/(k� + �).

I The probability of transmitting at least m times is
[k�/(k� + �)]m.

I For exactly m times it is
✓

k�

k� + �

◆m �

k� + �
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SIS probability

The probability of an infected partner not starting an epidemic is

⌦̂ =
X

k̂

 
Pn(k̂)

X

m

"
k̂�

k̂� + �

#m
�

k̂� + �
⌦̂m

!

=
X

k̂

 
Pn(k̂)

�

k̂� + �

X

m

"
k̂�

k̂� + �

#m
⌦̂m

!

=
X

k̂

 
Pn(k̂)

�

k̂� + �

k̂� + �

k̂� + � � k̂�⌦̂

!

=
X

k̂

Pn(k̂)
�

k̂�(1� ⌦̂) + �
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SIS probability

So we find

1� P =
X

k

P(k)
�

k�(1� ⌦) + �

⌦ =
X

k

Pn(k)
�

k�(1� ⌦) + �
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R0

Consequences of Percolation

Probability

References
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Introduction

7!

I For technical reasons it is di�cult to handle SIS on
configuration model networks.

I The standard solution is to turn to annealed networks.

I There are some subtle but important di↵erences between
epidemics in the two cases.
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History

I The model was introduced in 1980 [1] and used widely in
mathematical biology [2, 3]: “Social heterogeneity”

I In 2001 it was used to study powerlaw degree distributions [4]:
“Degree-based mean field”

I Many people use it as if it were correct for configuration
model networks.

I The major result of [4] is altered if the network is static [5].

4 / 17



What’s the problem?

I If a high degree node is infected in a static network, it will
infect many partners.

I When it recovers, these partners are likely to reinfect it.

I A local island of infection forms.

I These islands occassionally go extinct, and occassionally they
spread disease to another high degree node, starting a new
island.
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SIS dynamics

I Because partnerships are constantly changing, the probability
a partner is infected is independent of the history of a node.

I Let hI i denote the probability a partner is infected.

I Then

hI i =
P

k kP(k)IkP
k kP(k)

=

P
k kP(k)Ik
hK i

Where Ik is the probability a degree k individual is infected.

I We get

Ṡk = ��kSk hI i + �Ik

İk = �kSk hI i � �Ik
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SIS equilibrium

At equilibrium infection balances recovery.

�kSk hI i = �Ik

�k(1 � Ik) hI i = �Ik

�k hI i = (� + �k hI i)Ik

) Ik =
�k hI i

� + �k hI i

where

hI i =
P

k kP(k)Ik
hK i

9 / 17



Introduction

SIS dynamics

Equilibrium

Other models

References

10 / 17



Other models

I am aware of two other systems of equations that appear to do a
reasonable job on configuration model networks
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E↵ective degree model

From [6]

Ss,iSs+1,i�1 Ss�1,i+1

Is,iIs+1,i�1 Is�1,i+1

(s + 1)Ss+1,i�1G

�iSsi

sSsiG

�(i + 1)Ss�1,i+1

(s + 1)Is+1,i�1H

�iIsi

sIsiH

�(i + 1)Is�1,i+1

�iSsi�Isi

G =

PM
k=1

P
j+l=k j�lSjlPM

k=1

P
j+l=k jSjl

H =

PM
k=1

P
j+l=k �l2Sjl

PM
k=1

P
j+l=k jIjl
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Effective degree network disease models 147

interact with other members of the population with probabilities based on the degree
of the node contacted. Hence, an infectious individual with one transmittable link can
transmit to multiple susceptibles before it recovers. This cannot happen on a con-
tact network: in the SIS case, once the susceptible neighbor is infected, it cannot be
infected again until it recovers and becomes newly susceptible. In the SIR case, this
means that the infectious individual with one transmittable link may transmit at most
once; furthermore, a degree one infectious node can only transmit if it is an index case.

Bansal et al. (2007) compared stochastic SIR disease spread on various random
networks with the predictions of four network models (heterogeneous mixing, PGF,
percolation theory, and pair approximation) and the classic SIR homogeneous mixing
model. The inclusion of percolation theory dictates that only comparisons of epidemic
final size or related quantities can be considered. The authors showed that not only do
the various models differ from one another and the underlying stochastic process, but
also that the degree distribution of the network has a significant effect on a model’s
predictions and accuracy with respect to the final size of an SIR epidemic.

To examine the dynamical accuracy of existing models, we performed 100 sto-
chastic simulations (see Appendix A for methods) of an SIS disease process on the
same randomly generated contact network, and compared these with the predictions
of the Pastor–Satorras and Vespignani model (2), and the classic homogeneous mixing
model. Figure 1 shows that on a random contact network disease in a stochastic model
spreads slower than in either the homogeneous mixing model or the Pastor–Satorras
and Vespignani model. The simulations also indicate that the disease threshold condi-
tion given by percolation theory is inaccurate in the case of an SIS epidemic process.
Using the parameter values of the simulations (β = 0.05, γ = 0.2), the percolation
theory threshold parameter given in (1) yields R0 = 0.95 < 1, indicating that the dis-
ease should die out. However, our simulations clearly show that the disease becomes
established and reaches an endemic equilibrium.
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Fig. 1 100 runs of stochastic simulations of the network SIS model on a random graph with β = 0.05,
γ = 0.2, I0 = 100 and the degree distribution (shown in the inset) N1 = 18, 118, N2 = 72, 536,
N3 = 145, 222, N4 = 194, 589, N5 = 195, 962, N6 = 156, 857, N7 = 105, 280, N8 = 59, 713,
N9 = 30, 066, N10 = 21, 657. This corresponds to N = 106, ⟨k⟩ = 5, and M = 10
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Fig. 4 Comparison of the stochastic SIS and the SIS effective degree models on a random graph, shown
in both log-linear and linear scales. Both models yield the same exponential growth rate of the disease and
the same endemic equilibrium value. β = 0.05, γ = 0.2, and I0 = 100. The simulation uses the same
contact network as in Fig. 1

next generation matrix method (Diekmann and Heesterbeek 2000; van den Driessche
and Watmough 2002), we write the Jacobian matrix at the disease free equilibrium as
F − V , where F is the matrix involving the flow from Ss0 to Ss−1,1, and −V is the
matrix with transfer terms. For a fixed degree 1 ≤ k ≤ M there are 2(k +1) equations
from (8a) and (10). But since Sk0 does not enter into any equation except that of S′

k0,
these equations can be ignored for the stability calculation. Order the variables for a
fixed k with Ssi equations first, then Isi equations arranged lexicographically, and then
in increasing values of k; for example, S01, I01, I10; S11, S02, I20, I11, I02;. . ., I0M .
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An alternate model by [7] has just 5 equations:

d

dt
[S ] = �[I ] � �[SI ]

d

dt
[I ] = �[SI ] � �[I ]

d

dt
[SI ] = �([II ] � [SI ]) + �[SI ]([SS ] � [SI ])Q � �[SI ]

d

dt
[SS ] = 2�[SI ] � 2�[SI ][SS ]Q

d

dt
[II ] = �2�[II ] + 2�[SI ]2Q + 2�[SI ]

where

Q =
1

[S ]nS

 ⌦
K 2
↵
(
⌦
K 2
↵

� nS hK i) +
⌦
K 3
↵
(nS � hK i)

nS(hK 2i � hK i2)
� 1

!

nS =
[SI ] + [SS ]

[S ]
14 / 17
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Figure 2: The curves [I]p (dashed), [I]c (continuous) and [I]s (circles) for a bimodal
graph with di�erent ratios of the number of low and high degree nodes. The upper
curves correspond to N1 = 0.1N , N2 = 0.9N , the middle ones are based on N1 = 0.5N ,
N2 = 0.5N and the lower are for N1 = 0.9N , N2 = 0.1N . The parameter values are
N = 1000, k1 = 5, k2 = 35, � = 1 and � = 3�hki/hk2i.
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Figure 3: The curves [I]p (dashed), [I]c (continuous) and [I]s (circles) for sparse (lower
curves) and a dense (upper curves) power law configuration graphs. The lower curves
belong to the sparse case with kmin = 5 and kmax = 30. The upper curves belong to the
dense case with kmin = 10 and kmax = 140. The power is � = 2 in both cases. The
parameter values are N = 1000, � = 1 and � = 3�hki/hk2i.
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Introduction

We now consider the final size and the temporal dynamics of SIR
epidemics in static configuration model networks.
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Applying percolation results

I I claimed that for unclustered networks, final size depends on
distribution of susceptibility.

I For both Reed-Frost and continuous time epidemics,
susceptibility is uniform.

I So they should have the same final size.

I Also, we have proven that for Reed–Frost epidemics P = A.
We’ll calculate A anyways, using a very similar method.

I To introduce something new, assume that at t = 0 some
nodes are chosen to be infected so that S(k , 0) is the
probability a degree k individual is susceptible [1].
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Setting up size calculations

I Assuming an epidemic occurs, the probability a random node
u is infected equals the proportion of the population that is
infected.

I The probability a random node u is infected is unaltered if we
prevent u from transmitting to its partners.

I So consider a random test node u which is prevented from
transmiting to its partners, we want to know the probability u
is infected if an epidemic occurs.
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Reed Frost final size in configuration model networks

u

⇥
⇥ ⇥

⇥
⇥

⇥ = P(v did not transmit to u)

Probability a random degree k test individual is susceptible is

S =
X

k

P(k)

S(k , 0)⇥k

=  ̂(⇥)

where
 ̂(x) =

X

k

P(k)S(k , 0)xk
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Finding ⇥

v

u

⇥
⇥ ⇥

⇥
⇥

⇥
⇥

Probability a random degree k partner susceptible is

�S =
X

k

S(k , 0)⇥k�1

=
 ̂0(⇥)

hK i

If p, then probability partner does not transmit to u is

⇥ = �S + (1� p)(1� �S) = 1� p + p
 ̂0(⇥)

hK i
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Final Size

So
R = 1�  ̂(⇥)

where

⇥ = 1� p + p
 ̂0(⇥)

hK i
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Contuous time case
To look at the coninuous time case, we use the same figure.

u

⇥
⇥ ⇥

⇥
⇥

⇥ = P(v did not transmit to u)

Here each ⇥ is uncorrelated with the other ⇥s.

I Transmission to all partners of an individual v are not
independent because they depend on the duration of v ’s
infection.

I However, transmissions from di↵erent partners to u are
independent.

I So the identical calculation applies.
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SIR dynamic equations

I We now derive the equations for the time dependent case,
assuming continuous time.

I The derivation is almost identical to the final size derivation,
except that we calculate the probability transmission
happened by time t rather than by the end.

I This is not the only approach [2, 3, 4, 5], but the predictions
of the models are identical (subject to some small caveats) [6].
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Calculating Dynamics

The network structure alters the infection process (but not the
recoveries)

? �I

S I R

I = 1� S � R , Ṙ = �I

We will switch to a partnership-based perspective to find S(t).
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Revisiting the test individual

I Consider a randomly chosen test individual u in the
population.

I Disallow infection from u to its partners (allows independence
assumption for partners).

I The probability u is Susceptible, Infected, or Recovered at
time t is a↵ected by the status of its partners.

I The fraction of the population that is susceptible S(t) equals
the probability u is susceptible.

S(t) = P(u is susceptible)

I Let v be a random partner of u.

I Define
✓(t) = P(v not yet transmitted to u)
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Finding S(t)

u

✓
✓ ✓

✓
✓

✓(t) = P(v not yet transmitted to u)

Probability a random degree k test individual still susceptible is

S(t) =
X

k

P(k)

S(k , 0)✓(t)k

=  ̂(✓(t))

where
 ̂(x) =

X

k

S(k , 0)P(k)xk
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How does ✓ evolve?
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Finding �R(t)
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Final System

We finally have

✓̇ = ��✓ + �
 ̂0(✓)

hK i + �(1� ✓)

Ṙ = �I S =  ̂(✓) I = 1� S � R
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Exercise

Derive the Reed–Frost version of this model [7]
Set the probability of transmitting in a time step to be �.
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A major caveat

I All of this assumes that the strength of partnerships is not
degree-dependent. This is a dangerous assumption.

I I suspect most results from the high-impact papers on
powerlaw degree distributions will disappear if we make more
realistic assumptions.
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Generalizing

Many generalizations are possible:

I Dynamic networks, other classes of random networks [8].

I SEIR, demographic groups, di↵erent partnership types,
asymmetric transmission, . . . [9].

I Competing diseases [10].

I Spread of ideas or behaviors [11].

I Including birth and death (ongoing)

I Degree-dependent transmission probabilities [12] (and ongoing
work).
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Other formulations

I Other variable choices exist, which lead to di↵erent equations.

I Subject to mild conditions the equations are all equivalent [6].

I The number of equations and compartments can vary
substantially
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Pairwise model flow diagrams
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I The flow diagram underlying the basic pairwise model [2].

I We track individuals of each status and degree as well as
partnerships between individuals of various statuses and
degrees.

I Dashed lines denote transitions that rely on infection coming
from a source outside the edge of interest.

I The triples [Ak 0Sk I ] and [ISkAk 0 ] can be expressed in terms of
the doubles and singles: [Ak 0Sk ][Sk I ]/[Sk ]
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Reduced pairwise flow diagram

[Sk ]

[Ik ]

[Rk ]

k�hI i[Sk ]

�[Ik ]

[SS ]

[SI ]

[SR]

�hkihI i[SS ]

�hkihI i[SS ]

�[SI ]

(�hkihI i+ �)[SI ]

�hkihI i[SR]

I The flow diagram for the reduced system of [4].

I The [SS ], [SI ], and [SR] compartments correspond to the sum
of the [SkSk 0 ], [Sk Ik 0 ] and [SkRk 0 ] compartments of the basic
pairwise model.

I hI i = [SI ]/([SS ] + [SI ] + [SR])
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E↵ective degree model flow diagram

xs,i
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s,i H
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I The flow diagram underlying the e↵ective degree model of [3].

I We include just the fluxes involving the xs,i or ys,i
compartments. Fluxes between other compartments exist but
are not included.
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Compact e↵ective degree model flow diagram

xj+1 xj�1xj

yj yj�1yj+1

Recovered

�hI i(j +
1)x

j+
1

�(j + 1)yj+1

�hI i(j + 1)yj+1

�hI i(j + 1)yj+1

�jyj

�hI ijyj

�hI ijyj�
y
j

�hI i(j + 1)xj+1

�hI ijx
j

�hI ijxj

I The flow diagram that underlies the model of [5].

I Only the fluxes into and out of yj and xj are included. Fluxes
between other compartments exist, but are not included.

I An active edge is eliminated if the partner recovers or if it
transmits infection in either direction. The quantity hI i
represents the probability an active edge joins an individual
with an infected partner.
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