
Available online at www.sciencedirect.com
www.elsevier.com/locate/actamat

Acta Materialia 57 (2009) 5882–5891
Energetics of charged point defects in rutile TiO2 by density
functional theory

X. Li a, M.W. Finnis c, J. He b, R.K. Behera b, S.R. Phillpot b, S.B. Sinnott b, E.C. Dickey a,*

a Department of Materials Science and Engineering, Pennsylvania State University, University Park, PA 16802, USA
b Department of Materials Science and Engineering, University of Florida, Gainesville, FL 32611, USA

c Department of Materials, Imperial College London, Exhibition Road, London SW7 2AZ, UK

Received 1 May 2009; received in revised form 5 August 2009; accepted 7 August 2009
Available online 16 September 2009
Abstract

The defect formation energies of all possible charge states of point defects in TiO2, including titanium interstitials, titanium vacancies
and oxygen vacancies, are calculated in the phase space of temperature, oxygen partial pressure and Fermi level by combining density
functional theory (DFT) and thermodynamic calculations. The point defect phase diagram illustrates that fully charged defects dominate
in most regimes. The calculations not only give reasonable defect formation energies compared with prior experimental measurements,
but also predict n-type TiO2 at high T and low P O2

, and p-type TiO2 at low T and high P O2
, which agrees well with experimental data. In

addition, we evaluate methods for correcting the effects of artificial electrostatic interactions caused by periodic boundary conditions in
the DFT calculations, including the electrostatic potential alignment correction (DV correction) and the Makov–Payne correction.
� 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Charged point defects in TiO2 are largely responsible for
its electrical properties, which have been measured experi-
mentally by several groups [1–5]. Nonetheless, controver-
sies remain about the dominant point defects responsible
for the conductivity behavior in certain temperatures and
oxygen partial pressure (P O2

) ranges. At temperatures
above 1700 K and in the reduced P O2

regime (10�11–
100 atm) it is widely accepted that fully charged titanium
interstitials (Ti4þ

i in Kröger–Vink notation) are the domi-
nant defects [3]. At intermediate temperatures, however,
there are more discrepancies in the data. For example, at
around 1300 K the electrical conductivity measurements
of Baumard et al. [1] indicate that fully charged Ti intersti-
tials, Ti4þ

i , are dominant, while Blumenth et al. [5] found
that Ti3þ

i dominates in the low P O2
range. In addition, Bal-
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achandran and Eror [6] found that fully charged oxygen
vacancies, V2þ

O , dominate at low P O2
while at intermediate

P O2
impurities may play a role in their samples.

More recent studies by Lee and Yoo [7] claim that Ti3þ
i ,

Ti4þ
i , and V2þ

O successively dominate as P O2
increases, while

Nowotny et al. [3] claim that V2þ
O dominates at low

P O2
, while at intermediate P O2

, both V2þ
O and V4�

Ti are dom-
inant. These discrepancies in the literature could arise from
different impurity levels or incomplete equilibration of the
samples in some cases. Regardless of their origin, however,
they emphasize the need to understand point defect thermo-
dynamics from a more fundamental, theoretical perspective.

Density functional theory (DFT) within the supercell
approximation is widely used to calculate point defect for-
mation energies (DFEs) that are not accessible experimen-
tally and to provide a theoretical understanding of
experimentally observed properties [8,9]. Recently, DFT
calculations of the neutral titanium interstitial (Ti0

i ) and
oxygen vacancy (V0

O) in rutile TiO2 by Cho et al. [10] ana-
lyzed the charge localization around the defects, and
rights reserved.
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showed that two of the 3d24s2 electrons of the titanium
interstitial are localized at the defect site while the other
two are delocalized. Charged defects are simulated in the
DFT scheme by adding or removing electrons from the
defective supercells with a compensating uniform back-
ground. Charged defects in TiO2 were calculated by He
et al. [11] by combining DFT with thermodynamics to pre-
dict the defect formation energies as a function of temper-
ature, oxygen partial pressure and Fermi level.1 These DFT
calculations were carried out with relatively small 2 � 2 � 3
supercells. When charged point defects are examined in
DFT calculations, the artificial electrostatic interactions
between point defects in neighboring supercells, which arise
from the periodic boundary conditions, must be taken into
account. The Makov–Payne correction [12] and its first-
order approximation of the Leslie and Gillan correction
[13] have been used to correct the artificial interactions
by treating the charges as localized multipoles [11].

Here, we investigate how localized the excess charge
actually is by applying an atom-by-atom Bader analysis
to the charge density around the region of a defect, with
reference to the perfect crystal. This is a new approach in
the present context, and we describe it in detail in Section
3.1. It provides complementary information to the qualita-
tive localization analysis of the density of states of neutral
defective supercell by Cho et al. [10]. The physical signifi-
cance of the charge localization and its influence on the
application of Makov–Payne correction is analyzed by
comparing the supercells of various sizes up to 3 � 3 � 5
TiO2 unit cells in Section 3.2. We also evaluate the effec-
tiveness of the so-called DV correction method [14,15] in
Section 3.2, which we ultimately find to be a better correc-
tion scheme for this system in that it is more efficient at
converging the defect formation energies as a function of
supercell size. The defect formation energies determined
using the DV correction are then used in a thermodynamic
framework in Section 4 to provide improved point defect
phase diagrams relative to the previous work [11].

2. Calculation method

In this work, DFT calculations are carried out using the
Vienna Ab-initio Simulation Package (VASP) [16,17]. The
calculations use the generalized gradient approximation
Perdew–Burke–Ernzerhof (GGA-PBE) [18] exchange–cor-
relation functionals to obtain the ground-state energies of
the supercells. Projector augmented wave (PAW) pseudo-
potentials [17,19] that explicitly calculate the 3s23p63d24s2

electrons for titanium and the 2s22p4 electrons for oxygen
are used for all calculations. The cutoff-energy of 354 eV
and k-points sampling of 4 � 4 � 4 are determined after
1 Note that there was a systematic error to the Makov–Payne correction
in Ref. [11] which did not include the 1/4p factor in the q2aM/4pee0r

monopole correction, and hence overestimated the Makov-Payne correc-
tion by an order of magnitude. Its influence on the final results is discussed
in Section 3.
careful tests for convergence. The total-energy and resid-
ual-force convergence criteria are set to 10�4 eV and
0.01 eV Å�1, respectively. The calculated lattice parameters
of the defect-free unit cell are listed in Table 1, and these
are then used to build the supercell.

Supercell size convergence is an important issue for
charged point defect calculations with periodic boundary
conditions. We assess finite-size effects arising from electro-
static interactions between a charged defect and its periodic
images through the valence-band offset, or DV, correction
[14] and the Makov–Payne approach [12,13]. In our calcu-
lations, defective supercells of various sizes from 2 � 2 � 2
to 3 � 3 � 5 TiO2 unit cells are examined to evaluate the
convergence with increasing supercell size of the DFEs,
charge density distribution, external pressure and correc-
tion energies. We finally adopt a protocol for obtaining
accurate defect formation energies in the TiO2 system,
namely to use as large a supercell as possible (in this case
3 � 3 � 5 unit cells) and to apply the DV correction.

The method of combining DFT with thermodynamics
[11] is based on the widely used formula for calculating
DFEs [9,20,21]:

DGa ¼ Ea � Eperfect þ nalaðT ; P O2
Þ þ qaðEF þ EVBMÞ

þ correction: ð1Þ

The chemical potential of element a, la ðT ; P O2
Þ can be

divided into several sub-terms that can be either calculated
by ab initio methods or measured experimentally with
specified temperature and oxygen partial pressure depen-
dence. In Eq. (1) DGa, the defect formation energy of defect
species a, includes the difference between the total-energy
of the defective supercell, Ea, and the energy of the perfect
supercell, Eperfect The term na, la ðT ; P OÞ balances the num-
ber of atoms in the formula for the formation of the point
defect; na is �1 for an interstitial and +1 for a vacancy.
Similarly the qaðEF þ EVBMÞ term balances the number of
electrons involved in the formation of the charged defects,
where qa is the charge state of the defect, EVBM is the
valence-band maximum (VBM) referenced to the DFT
zero of energy in the ab initio calculation, and EF is the
Fermi level in the material with respect to the EVBM. The
last correction term accounts for the artificial electrostatic
interaction between defect images in the charged supercell
caused by the periodic boundary conditions; this will be
discussed in detail below.

The chemical potential term is calculated in the binary
system of TiO2 for a = O as:
Table 1
Lattice parameter calculated from DFT compared with experiments.

a (Å) c (Å)

Experiment 4.59 2.96
GGA-PBE 4.65 2.97

+1.3% +0.3%



a

b

Fig. 1. Partial charge density difference (dashed line) (a) per Ti ion and (b)
per O ion; and the average ion displacement (solid line) averaged over (a)
Ti ion and (b) O ion inside each successive spherical shell within radius R

and R + DR from the Ti4þ
i defect nucleus in the 3 � 3 � 5 supercell.
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which was originally applied to the Al2O3 system by Finnis
and coworkers [22,23]. It is important to note [24] that
there is a lower bound for lO below which the TiO2 com-
pound will discompose into oxygen and titanium, and
our calculations are within that limit.

When a = Ti:

lTiðT ; P O2
Þ ¼ l0

TiO2
� 2lOðT ; P O2

Þ: ð3Þ
In the above two equations the standard chemical potential
of a Ti atom, l0

Ti, and rutile TiO2 molecular unit, l0
TiO2

, are
estimated by DFT calculations at 0 K. The temperature-
dependent part of the chemical potential of oxygen at stan-
dard pressure, Dl0

OðT Þ, and the standard formation energy,
DG0

f ;TiO2
are taken from the NIST thermodynamic experi-

mental database [25]. As pointed out by Finnis et al. [26],
the standard chemical potentials for TiO2 and Ti calculated
at 0 K by DFT are adequate estimates for the standard
temperature and pressure because rutile TiO2 and metallic
Ti are solids. With this approach, the DFEs at high temper-
ature, different oxygen partial pressure and Fermi level can
be calculated on an ab initio basis.

3. Results and discussion

3.1. Charge localization and ionic displacement analysis

Our aim in this section is to give a quantitative proce-
dure for defining the spatial distribution of the Kröger–
Vink charge of a defect, a matter that is by no means trivial
because the lattice around the defect is discrete, strained
and polarized, all of which make it problematic simply to
integrate the charge over a region around the defect. For
any defective supercell, such as Tiq

i , the charge state q is
not defined without a clear statement of the reference state.
In most cases, including the Kröger–Vink convention, the
reference background is the perfect supercell. Thus it is
the charge density difference between the defective and
the perfect supercells that defines the charge associated
with point defect Tiq

i .
A point-by-point subtraction of the charge density of

the perfect lattice from the charge density in the defective
supercell will exhibit huge, spatially dependent oscillations
due to the displacements of the nuclear positions around
the defect, which carry with them a proportion of the
electron density. Instead, we employ a course-graining,
discretization procedure for the charge density, and map
it onto individual ions. All the electronic charges are allo-
cated to individual ions according to the Bader prescrip-
tion [27], for both the defective and the perfect crystals.
In order to define excess charge the subtraction is then
done not point-by-point in space, but atom-by-atom,
which gives the excess charge as a function of distance
from the defect.

The Bader volume of each ion is defined by the surface
around it whose normal points along the direction in which
the surrounding charge density has zero gradient. These
volumes fill the space of the supercell seamlessly without
empty space or overlap. The integrations of all the elec-
trons inside each unit region defined by the Bader volumes
in a perfect supercell give a value of 7.1 electrons around
each oxygen ion and 9.8 electrons around each titanium
ion. In the perfect crystal this defines an ionic charge of
�1.1 for the oxygen ion and +2.2 for the titanium ion,
which agrees reasonably well with the experimental analy-
sis of the charge state of a titanium ion in rutile TiO2 [28],
although we do not presume it to have any absolute phys-
ical meaning. They also agree well with the results of a sim-
ple analysis of the relationship between electronegativity
and charge state [29], where the Pauling electronegativity
difference between O of 3.5 and Ti of 1.6 [28] predicts a
charge state of -1.1 for the O ion in TiO2.

The number of electrons that belong to each Ti or O ion
in the defective and perfect supercells can be obtained by
integrating over the respective Bader volumes, and their
difference is then calculated. Fig. 1 illustrates the average
number of electron difference (dashed line) and average
ionic displacement (solid line) per Ti or O ion inside the
successive spherical shells around the Ti interstitial nucleus



a

b

Fig. 2. (a) Total charge density difference (given as difference in number of
electrons) averaged over all ions inside each successive spherical shell
within radius R and R + DR from the defect nucleus for 2 � 2 � 3 and
3 � 3 � 5 sized for differently charged Tiq

i supercells. (b) Cumulative
electron difference within radius R around defect nucleus between Tiq

i

defective and perfect supercells.
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as a function of distance R from the defect. The thickness
of each spherical shell is chosen based on the criterion that
the distance between any two ions is always less than 0.5 Å
within each shell. The choice of other values for this crite-
rion should not influence our major conclusion. However,
too small a value might introduce noise, while too large a
value might hide the useful details. The calculation shows
that the first nearest neighbor (1NN) O ions in Fig. 1b
and second nearest neighbor (2NN) Ti ions in Fig. 1a of
the Ti interstitials all have positive electron differences,
which is due to the partial transfer of charge from these
neighbors to the interstitial or further regions. Beyond
the 2NN shell, the charge transfer fluctuates all the way
to the edge of the supercell, which may be indicative of
the propensity of DFT to favor delocalized electron states
[10,30]. Comparison of Fig. 1a and b indicates that for tita-
nium ions the relaxations toward the titanium interstitial
are mostly accompanied with a loss of electrons within
their Bader volumes, and the relaxations away from the
defect nucleus are associated with gain in local electron
density; while for oxygen ions the opposite trend is implied.
This is as one would expect if the relaxations are driven by
the electrostatic interactions of the ions. The ionic displace-
ments in the defective supercell are found to converge to
the perfect crystal values more quickly with increasing dis-
tance from the defect site than the charge density.

We now examine in more detail the spatial extent of the
defect charge density. Fig. 2a shows the total charge den-
sity difference oscillation as a function of distance from
the defect nucleus for differently charged Tiq

i supercells at
two different sizes. The excess charge on the nearest neigh-
bors of the interstitial atom is surprisingly insensitive to the
charge in the supercell. We see in the smaller supercell that
the average charge carried by the nearest neighbors varies
in the range �0.1 to �0.03 while the charge in the supercell
varies over the whole range from 0 to +4. In the larger
supercell, where the excess charge has more room to
spread, the variation in charge localized on the nearest
neighbors is even less. The charge densities also oscillate
with much higher amplitudes as a function of distance from
the interstitial in 2 � 2 � 3 supercells compared with the
3 � 3 � 5 supercells. By summing the electron difference
within each discrete radius, the total electron difference
around the defect nucleus can be plotted as a function of
distance from the defect nucleus, as shown in Fig. 2b for
the same set of charged Tiq

i supercells of two different sizes.
The values for the interstitial itself

P
DN eðR ¼ 0Þ are all

close to 10 regardless of the charge of the overall supercell.
A neutral interstitial would have a value DN tot

e ¼ 12, which
shows that the charge states within the Bader volumes of
the titanium interstitial at R = 0 are always around +2
for all differently charged Tiq

i supercells, just as they are
for Ti lattice sites in the perfect crystal. This result is con-
sistent with the new model of the charge self-regulation
around a transition metal ion in semiconductors to make
the local charge constant, no matter what the oxidation
states are [31].
For the Ti1þ
i supercell illustrated in Fig. 2b the excess

charge has all been accommodated at the interstitial and
its first and second neighbors, a region well within the faces
of the supercell. In the other cases, it is clear that the size of
the supercell is strongly affecting the charge distribution,
because the excess charge density is varying right up to
the faces of the supercell. In an infinitely large supercell
the amplitude of the charge density oscillation would damp
to zero at a certain distance. Within this range all the struc-
tural distortion and charge density difference oscillations
are the intrinsic structures of the point defect, Tiq

i , while
from any viewpoint far beyond this range the charge state
of this entity is always the nominal value q. However, our
largest supercells are still too small to contain this range,
except perhaps for the Ti1þ

i charged supercell.

3.2. Influence of defect charge distribution on choice of

correction method

The intention of the Makov–Payne correction is to
account for the artificial electrostatic interaction between
the charged point defect images including the jellium back-
ground in the supercell because of the periodic boundary
conditions [12]. Its first-order correction is identical to Leslie
and Gillan’s result [13], which was applied to charged
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b

Fig. 3. The energy of Ea � Eperfect (solid line) for Ti4þ
i (a) and V4�

Ti (b) after
Makov–Payne correction (dashed line) and DV correction (dot-dashed
line), respectively, as a function of the supercell sizes.
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defects in TiO2 in our earlier publication [11]. Our exami-
nation of the charge localization state range by the method
of real-space charge integration in the previous section
indicates that for the rutile TiO2 the charge delocalization
around the defect invalidates the application of the
Makov–Payne correction. Furthermore, as pointed out
by Castleton et al. [32], the DFT dielectric constant may
not be the same as the experimental value because the
dielectric constant is an intrinsically macroscopic quantity
arising from an ensemble of ions; its application at this
microscopic level is potentially problematic.

Promising new approaches for correcting the electro-
static interactions between supercells have been very
recently proposed by Freysoldt et al. [33]; these make use
of an analysis of electrostatics in dielectric media. How-
ever, here we find the simpler electrostatic potential align-
ment correction (DV correction) to be adequate for our
rutile TiO2 system in that it converges the DFEs very
quickly. The DV correction takes into account the fact that
the VBM in the neighborhood of a charged defect is shifted
with respect to the perfect crystal, which generates the
energy used to exchange the electrons between VBM and
the Fermi level. The value of the valence-band shift is esti-
mated from the difference between the average electrostatic
potential at the edge of the defective supercell and the per-
fect supercell [14,20]. In view of the approximate nature of
its derivation, we regard this DV correction as largely
empirical.

Fig. 3 presents the DFEs for Ti4þ
i and V4�

Ti as a function
of supercell size with the two different corrections applied.
The results indicate that the DV correction converges the
total energies more rapidly with increasing supercell size
than does the Makov–Payne correction. The corrected
energies in Fig. 3 do not include the chemical potential
and Fermi level terms in Eq. (1), since these terms do not
affect the convergence analysis. Table 2 lists the values
for the different correction methods and the final DFEs
for 2 � 2 � 3 and 3 � 3 � 5 supercells. It is clear that, even
including both first- and second-order terms, the Makov–
Payne correction scheme does not converge as quickly as
the DV correction for this system. For these reasons the fol-
lowing results consider only the DV correction.

3.3. Artificial elastic energy interaction

Although the correction methods mentioned above are
widely used to correct for artificial electrostatic effects asso-
ciated with the small system sizes, none explicitly includes a
correction for the possible artificial elastic energy interac-
tions inherent in the supercell approach. One possible
scheme to account for this effect is to allow the supercell
volume to relax in the DFT calculations such that the
external pressure on the supercell after relaxation is close
to zero; this simulates a physical scenario in which the
physical defect concentration is the same as the (extremely
high) defect concentration in the supercell. Another
approach that is usually considered to be more appropriate
for the dilute solution approximation, which is of interest
here, is to fix the supercell volume during the relaxation,
such that the elastic strain field interacts with the boundary
of the supercell and leaves an external pressure on the
relaxed supercell.

The pressure on the supercells in the constant-volume
method can be used to estimate its energy difference EP

from the corresponding zero-pressure supercell by the clas-
sical formula of elastic strain energy 1

2
VP 2

Y , where V is the
volume of the supercell, P is the external pressure on the
supercell using the constant-volume method from DFT cal-
culation and Y the experimental bulk modulus of bulk
rutile TiO2 [34]. The calculated energy difference as a func-
tion of supercell size for five different defective supercells is
shown in Fig. 4a. These values agree reasonably well with
the energy differences taken directly from the DFT-calcu-
lated, zero-pressure supercell energies for several tested
cases. The figure illustrates that the energy difference can
be very large at small supercells: �1 eV for the 2 � 2 � 3
V4�

Ti supercell, while at 3 � 3 � 5 supercells the difference
is �0.1 eV. We can compare the convergence behavior of
the two supercell boundary conditions by first calculating
the DFEs in the constant volume approach, followed with
the subtraction of the elastic strain energy term, EP, to
obtain the DFEs in the zero-pressure approach. We
find that the constant-volume method converges more
quickly than the zero-pressure method for highly charged



Table 2
DFE after different correction methods. The two MP(q) terms are the Makov–Payne 1st and 2nd order corrections by defining the point charges with
different radii around the defects between 0.7 and 2 Å.

[aq] DE MP (1/L,q) MP (1/L3,q) q�DV DE + MP (1/L,1/L3,q) DE + q�DV

Ti4þi _223 �31.87 0.251 0.099 0.808 �31.520 �31.062

Ti4þi _335 �31.23 0.162 0.070 0.196 �30.998 �31.034

Ti2þi _223 �20.78 0.063 0.019 0.454 �20.698 �20.326

Ti2þi _335 �20.47 0.040 0.016 0.108 �20.414 �20.362

V4�
Ti _223 33.84 0.251 0.099 0.848 34.190 34.688

V4�
Ti _335 34.40 0.162 0.070 0.228 34.632 34.628

V2�
Ti _223 27.65 0.063 0.019 0.400 27.732 28.050

V2�
Ti _335 27.70 0.040 0.015 0.114 27.755 27.814

a

b

Fig. 4. (a) The elastic strain energies calculated from the external
pressures on the constant volume supercells as a function supercell sizes,
using formula Ep ¼ VP 2=2Y . (b) Comparison of the convergence between
the constant volume (Ea � Eperfect) and zero-pressure method
(Ea � Eperfect � EP ) after DV correction for V4�

Ti and V1�
Ti supercells.
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supercells, i.e. Ti4þ
i , Ti3þ

i , V4�
Ti , V3�

Ti and V2þ
O . For intermedi-

ately charged supercells, i.e. Ti2þ
i , V2�

Ti and V1þ
O , both meth-
Table 3
The DFE of differently charged Frenkel and Schottky pairs compared with exp
the individual DFEs calculated using Eq. (1) thus does not include the as
experimental condition of dilute solution in Refs. [2,35,36].

Tiqþi þ Vq�
Ti DFEFrenkel

dV ðeVÞ DFEFrenkel
Exp ðeVÞ

q = 4 3.594 4.4–4.7 [2,35] and 65.0 [36] for q =
q = 3 5.494
q = 2 7.452
q = 1 9.491
q = 0 11.590
ods have very similar convergence behaviors, while for the
supercells with low charge states, i.e. Ti1þ

i , Ti0
i , V1�

Ti , V0
Ti and

V0
O, the zero-pressure method converges more quickly.

Fig. 4b shows the case for V4�
Ti and V1�

Ti to illustrate some
of these trends. Although the convergence speed of the
two methods varies with the charge state of the supercell,
the differences are always within 0.1 eV for the 3 � 3 � 5
supercells as shown in Fig. 4a. Thus we use the constant-
volume method with 3 � 3 � 5 supercells for all subsequent
calculations.

3.4. Defect energetics

Based on the above discussion, we present defect forma-
tion energies as a function of the temperature, oxygen par-
tial pressure and Fermi level calculated by Eq. (1) for the
supercell size of 3 � 3 � 5. The calculated DFE of 3.6 eV
for the fully charged Frenkel pair (Ti4þ

i and V4�
Ti ) is

�0.8 eV lower than the experimentally derived values of
4.4 eV at �1500 K [35]. Part of this difference might be
due to intrinsic errors in the DFT/GGA approach or the
exclusion of the vibrational free energy, which was esti-
mated by molecular dynamic calculations to account for
around 5% of the DFE at 700 K in a Schottky defective
supercell [11]. In this paper we are interested in the general
trends predicted from the calculations rather than the abso-
lute values, thus we continute to neglect this contribution,
although it, in principle, could be obtained by computa-
tionally expensive, DFT-based phonon calculations. Table
3 lists the DFEs of Frenkel pairs and Schottky defects cal-
culated by summing the DFEs of single defects, as well as
their comparison with the experimental values [35,36]. It
indicates that the fully charged pairs are most favorable
erimental values. The calculated pair energies are the direct summation of
sociation energy between the individual defects, which agrees with the

V2q�
Ti þ 2Vqþ

O DFESchottky
dV ðeVÞ DFESchottky

Exp ðeVÞ
4 q = 2 4.43 66.6 [36] for q = 2

q = 1 8.28
q = 0 12.42
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energetically and have energies closest to the experimental
values.

By fixing T and P O2
, the DFEs as a function of Fermi

level can be considered, as illustrated in Fig. 5, where the
Fermi level is referenced relative to the VBM. The fully
Fig. 5. DFE as a function of Fermi level at different T and P O2
. The gray area

experimental values at different temperatures; at 300 K it is at 3 eV. The ins
respectively, which shows that the transition levels are ordered. The transition r
the valance band maximum, and thus most of them are not seen except for V
charged defects at nearly all T and P O2
combinations are

more likely to occur, while the partially charged defects
are rarely preferred. However, there is a sharp transition
from the fully charged defects to the neutral defects at
around 1.9 eV for the titanium interstitial and the oxygen
s are forbidden by the charge neutrality condition. CBM is labeled for its
ets in plots (a)–(c) enlarge the transition regions for each type of defect,
egions of titanium vacancies are cut off by the zero value of Fermi level or
3�
Ti and V4�

Ti .



Table 4
Total-energy differences between successive charge states of titanium
interstitial defective supercells show the equal energy difference
phenomenon.

[a]q Ea (eV) Eq�1
a � Eq

a ðeVÞ Eq�1
a � Eq

a � EVBM � DV ðeVÞ
Ti4þi �2456.23 5.38 1.854

Ti3þi �2450.85 5.38 1.858

Ti2þi �2445.47 5.42 1.885

Ti1þi �2440.05 5.44 1.907

Ti0i �2434.61
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vacancy, where all the defect transition levels shrink to a
very narrow energy range, as indicated in Table 4. The
close total-energy differences between any two supercells
with successive charge states are a result of the fact that
the differences in the charge distributions of the supercells
are similar. In addition, when one electron is added to a
Tiq�1

i supercell to form a Tiq
i supercell, the way that the

added charge density distributes is insensitive to the origi-
nal charge state, q�1. There is no direct evidence of switch-
ing of orders or the so-called negative-U effect [37] as the
charge state varies.

Further examination of Fig. 5 reveals that the region
where the dominant point defect has a negative DFE (the
gray areas in the figure) is a forbidden region for the pure
rutile TiO2�x bulk material. This is because the P O2

, T and
Fermi level are not independent variables, but are con-
strained by the electroneutrality condition. At any given
T and P O2

, if the Fermi level were to be in the forbidden
Fig. 6. Dominant point defect distribution in the 2-D phase space, showing (a
effect of temperature over the range of 1300–1700 K on the T–Ef behavior.
region, then the formation of a large concentration of the
defect would change the Fermi level of the material drasti-
cally, which would then drag the Fermi level back to the
allowed regions of Fig. 5. It is important to note that we
are not referring here to a doped material in which the
Fermi energy can be adjusted by a suitable choice of dop-
ant, but rather to the intrinsic regime in which the Fermi
energy must in principle be self-consistently determined
by the intrinsic point defects that are in equilibrium at
the given P O2

and T.
Examination of Fig. 5 reveals several important trends.

First, at high temperature and low P O2
, such as in Fig. 5f,

the allowed region for the Fermi level is close to the con-
duction band minimum (CBM), implying the stabilization
of n-type TiO2. By contrast, at low T and high P O2

, such
as in Fig. 5a, the allowed region for the Fermi level is closer
to the VBM, implying the stabilization of p-type TiO2.
Additionally, Fig. 5i and 5l correspond to a combination
of T and P O2

for which rutile TiO2 is not stable because
all the dominant point defects have negative formation
energies for all possible Fermi levels within the band gap;
thus the forbidden region extends across the entire band
gap. This prediction is consistent with the experimental
findings that at the combination of high T and low P O2

illustrated in Fig. 5i rutile transforms into two-dimensional
(2-D) Magneli defect phases [1,38]. Thus, in general,
increasing T or decreasing P O2

will move the allowed region
of the Fermi levels toward the CBM, while decreasing T or
increasing P O2

has the opposite effect. If we apply the
)–(c) influence of the Fermi level (Ef) on the T–P behavior, and (d)–(f) the
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experimental finding that at around 1700 K Ti4þ
i is domi-

nant, we conclude from Fig. 5g that the Fermi level in
the allowed region is slightly above 1 eV, while in Fig. 5h
it is slightly above 1.5 eV. When we take into account the
experimental CBM [35] it is clear that n-type TiO2 is pre-
dicted to be stable under these conditions.

It is also natural to plot the 2-D dominant defect phase
diagrams in the P O2

–T or the Ef–P O2
phase spaces, as illus-

trated in Fig. 6. In the allowed regions the fully charged
defects always occupy the largest phase space. Another evi-
dent trend is that when the Fermi level moves from the
VBM to CBM, the corresponding temperature of the
allowed regions in these 2-D phase diagrams increases
and the stability range becomes narrower.

It is important to note that these results are quantita-
tively and sometimes qualitatively different from those in
our previous publication [11]. Most notably, with the
improved correction scheme in this paper, we find that
the fully charged defects dominate over a significantly lar-
ger phase space. Thus, as we discussed in Section 3.2, the
2 � 2 � 3 supercells with the Leslie–Gillan or Makov–Pay-
ne correction in Ref. [11] were not adequately converged.

As a final point, we should emphasize that the point
defect formation energies presented here are in the dilute
solution approximation and do not account for any defect
associations, which may certainly occur in real systems.
Defect associations would be expected to change the for-
mation energies of the defect pairs depending on different
conditions.

4. Conclusions

A combination of DFT and thermodynamic calcula-
tions is used to determine the defect formation energies
in rutile TiO2 as a function of T, P O2

and Fermi level.
The methods for correcting the artificial electrostatic inter-
action between the image defects caused by the supercell
approximation in the DFT calculations are carefully exam-
ined and compared based on the analysis of the charge
localization and the supercell size convergence behavior.

We find from the results of Bader charge density analy-
sis that the Ti interstitial, like the Ti ion in the bulk, always
carries close to a + 2 charge. In the cases where we create
interstitials in supercells of other net charge, the charge dif-
ference is distributed over the neighboring ions. The charge
density oscillates somewhat, corresponding to oscillatory
relaxation of the ionic positions around the defect. Only
in the case of Ti1þ

i does the excess charge appear to extend
over a region contained within our largest supercell, and
even in this case the charge transfers to the outer regions
of the supercell are clearly constrained by its size. We find
that the defect charge state is only well-defined relatively
far from the defect site, and that charge density oscillations
occur and eventually damp out. We also find that the DV
correction is a more suitable correction method for the
TiO2 system than the previously utilized Leslie–Gillan or
Makov–Payne correction [11]. We estimate that the errors
due to elastic interactions of point defects with the super-
cell boundaries to be less than 0.2 eV in the present
calculations.

From the calculated defect energies we construct point
defect phase diagrams as a function of T, P O2

and Fermi
level, and show that fully charged defects dominate under
most conditions. The calculated formation energy of a
Frenkel pair of 3.6 eV agrees with the experimental value
of 4.4 eV at �1500 K reasonably well. We suggest that
the 0.8 eV energy difference can be attributed, in part, to
neglecting the vibrational energy in our current treatment
and possibly to intrinsic errors in the DFT/GGA method.
Analysis of the forbidden regions of these phase diagrams
reveals the conditions of T, P O2

and Fermi level under
which the crystal structure of TiO2 becomes energetically
unstable. The predicted conditions are consistent with the
experimental conditions that lead to the formation of Mag-
neli defect phases. The results also suggest n-type TiO2 at
high T and low P O2

, and p-type TiO2 at low T and high
P O2

, in accordance with experimental data.
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