
Physical Mathematics 
AM201

Instructors (lectures) 
A.Amir, T. Fai, S. Iams, M. Levine, 
L. Mahadevan, C. Rycroft

Office Hours –  see webpages (Wed:12-1 pm).

Teaching Fellow (sections): 
Andrew Marantan 
email: andrew.marantan@gmail.com  
office: Pierce 412

Office Hours — TBA 

Lectures: 
Pierce 209, MW 1:00 – 2 30 pm

Section (AM):  
Lyman 425, Thursday, 2:30-4 pm. 

Lecture notes: 
Michael Brenner’s notes will be posted online  
+ supplemental papers/notes as appropriate

https://canvas.harvard.edu/courses/13824



(a)  E.J. Hinch, Perturbation methods, Cambridge, 1993. 
(b) C. Bender and S. Orzag, Advanced mathematical methods for scientists and 
engineers, McGraw-Hill, 1988. 
(c) G. Carrier, K. Krook and C. Pearson, Functions of a complex variable, McGraw 
Hill, 1983.

Additional texts : Primary - methods

Additional texts : Secondary - models

(a) A.C. Fowler, Mathematical models in the applied sciences, Cambridge, 1998.

Advanced references:

(a) J. Kevorkian and J. Cole, Multiple-scale and singular perturbation methods, 
Springer, 1996.  

(b) J. Neu, Singular perturbation in the physical sciences, AMS 2015.



Homeworks: 

Problem sets will be assigned every two weeks (approximately) and are integral to building an 
understanding of the fundamentals.Homework grading is intended to show you how well you are 
progressing in learning the course material. You are encouraged to seek advice or help from other 
students and/or to work in study groups. However, the work that is turned in must be your own. Direct 
copying of solutions is not acceptable. The homework exercise should be viewed as a learning 
experience, not a competition. 

Exams: 
There will just one take-home final exam handed out on Dec 7 and due back 48 hours 
later. 

Grading: 
The term grade will be based on a weighted average of the homework (60%), and the  
comprehensive final take-home exam (40%).



Phenomenon

Quantitative        observations 
Data analysis + simplification

Mathematical model 
- differential/integral/delay equations 
- discrete/deterministic/stochastic

Solution and prediction

Analysis 
- scaling, asymptotic, numerical, 

qualitative methods



Course Objective:
All mathematical models that describe the world around us at  any scale in both the 

“exact” sciences and elsewhere are approximate in that they leave out certain effects and 
focus on others. These models for the most part are still too complicated to yield to pure 
analysis,  i.e.  they do not  have closed form solutions in  terms of  simple (or  indeed any) 
functions. Thus, we have to resort to an approximate analysis of the models. You will learn 
how to use these tools which combine scaling, asymptotic analysis, and numerical methods 
(implemented in MATLAB usually) so that the whole is more than the sum of the parts  !  

e.g.
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parameters -> limiting behaviors to extract qualitative information



Scaling and simplification; 
Dimensional analysis, scaling, consistency. Approximations -global, local.  
Idea of dominant balance. 

Algebraic equations: 
Approximate solution of algebraic equations- iterative, perturbative and numerical 

solutions.  

Asymptotic series and expansions.  
Convergent and divergent expansions and their uses. Simple ODEs. Perturbative and 

numerical solutions. Function approximation and Pade approximants. 

Interlude - Complex variables. 
 Analytic functions. Laurent series. Contour integration and Cauchy’s formula. 
Domb-Sykes plots, singularities in the complex plane, analytic continuation.  

Ordinary differential equations 
 Classical differential equations and special functions. Regular and singular points. 
Series solutions. Iteration and perturbation. Asymptotic expansions – regular and singular 
perturbation theory. WKB and related techniques. Multiple scales, averaging and 
homogenization. Boundary value problems. 

Asymptotic evaluation of integrals 
  Integral transforms. Laplace’s method and Watson’s Lemma. Stationary phase 
and steepest descent methods. Simple application to waves, diffusion and statistical 
mechanics. Stokes phenomena. Numerical evaluation of integrals.  

 Outline ..... 



Dimensional analysis

In mathematics/theoretical physics - sometimes all constants are set 
to unity … bad idea !

 Q. Who is the strongest person in the world ?

Super heavy weight class -  
186.5 kg (f), 263.5 kg (m) 

Multiple answers

In most real situations - relative size matters !



- the one who lifts the most ....?  
strength is not proportional to weight ! 
- comparison across weight classes ?

Weight ∼ fmuscle × Area Area ∼ (Mass/density)2/3

Weight ∼ C(Mass)2/3

McMahon and Bonner, On Size and Scaling



Energy in an atomic blast: Taylor’s estimate and calculation

ρv
2 = volumetric energy density ρv2r3 = E0 = yield

ρr5/t2 ∼ E0 → r ∼ (
E0

ρ
)1/5t2/5



Dimensional analysis and Buckingham’s Pi theorem

Φ[{Qi}] = 0 , i = 1, 2, ...N

→ Ψ[{Πi}] = 0 , i = 1, 2, ...N − r

r = # of fundamental units characterizing Qi

N= # of dimensional quantities; Q , Q  ,... 1 2

observations/data

simplified description



An example: the “ simple” pendulum

m

l
θ

g

1. Observation - period is indep. of mass, (small) amplitude 
(Galileo, Huygens)  

2. Dim. analysis ? ω = ω(m, g, l, θ)

ω = f(θ)(
g

l
)1/2

∼ (
g

l
)1/2 for small amplitude motions ... ?

ml2θtt = −mgl sin θ3. Physics ? Newton II θ(0), θt(0)

θtt + ω2 sin θ = 0, θ(0) = θ0, θt(0) = 0

4. Analysis ? nonlinear equation ... (exact solution - Elliptic integrals - tabulated)
a. Perturbation theory 
b. Phase-plane (qualitative) theory - critical points, stability,... 
c. Numerical solution



5. Robustness of model ? Effect of friction ?

ml2θtt + µal2θt + mgl sin θ = 0; θ(0) = θ0, θt(0) = θt0

τi = (
l

g
)1/2 τd =

m

µa

t = t̂
!

l/gscaled time scaled eqnθ
t̂t̂

+ αθ
t̂
+ sin θ = 0

two limits : α ≪ 1weakly dampedα = τi/τd = (
µ2a2l

m2g
)1/2

α ≫ 1 ? change scaling for time !

ϵθ
t̂t̂

+ θ
t̂
+ sin θ = 0

t = t̂µal/mg

singular ..... cannot satisfy both initial conditions ! ϵ = 0

ϵ =
m2g

µ2a2l
= 1/α2

≪ 1

initial 
layer



Analytical study of roots of a quintic

A Basic Theorem of Algebra (Galois/Abel):  “No exact solutions for 
polynomial equations with degree > 4.”

Yet, we will solve it in any case (approximately but accurately).

Solving algebraic equations : linear, polynomial, transcendental ... 

0.01x + y = 0.1

x + 101y = 11

y ∼ 0.1; x ∼ 0.9?

- consistency  
- accuracy

In any approximate scheme, we need to check for


