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Notations and Conventions

We use the metric convention (+−−−). We also define

/d
k
p ≡ dkp

(2π)k
; /δ

k
(p) ≡ (2π)kδk(p);

ωp ≡
√
~p2 +m2 ≡ Ep,

where p as a subscript is a 3-vector.

Canonical Quantisation

We start with scalar field theory, with the Lagrangian

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2,

where φ = φ(~x) is a scalar field.

We assume that we are in flat Minkowski space and pick time coordinate t. When we do canonical quantisation,
we explicitly break Lorentz invariance. We quantise just as we would for a quantum mechanical system; the only
difference is that there is a continuous infinite set of degrees of freedom.

In any QFT computation, we could in principle put in UV and IR cutoffs, do the calculation, then take the
limit where the cutoffs go respectively to infinite energy and zero energy. This idea is what underlies the study of
loop effects and renormalisation and renormalisation groups. Essentially, QFT is an effective theory of things at
low energy scales. There are infinities that arise partly because we don’t even know the physics at extremely short
scales.

Let’s treat what we have as a finite set of degrees of freedom in a regular quantum mechanical system, using
the usual canonical quantisation. The conjugate momentum

π(~x) =
δL
δφ̇(~x)

,

and we have the commutation relations
[φ(~x), π(~y)] = iδ3(~x− ~y),

the rest being zero. We write down the Fourier mode expansions of the field operators

φ(~x) =

∫
/d
3
p

1√
2ωp

(ap + a†−p) ei~p·~x;
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π(~x) =

∫
/d
3
p(−i)

√
ωp
2

(ap − a†−p) ei~p·~x.

ωp are the frequencies or energies of the p−modes. Again, each of these modes in the Lagrangian is just a
harmonic oscillator, and we are just quantising a bunch of oscillators through mode decomposition. So the whole
QFT story with quantised scalar fields is about treating a system of harmonic oscillators. If we put in cutoffs, it’s
just a finite number of harmonic oscillators treated with quantum mechanics. So what we are doing in QFT is
basically looking at perturbed systems of harmonic oscillators.

If we substitute the mode expansions into the commutation relations above, we have

[ap, a
†
p′ ] = /δ

3
(p− p′),

the rest being zero.

Hilbert Space

The Hilbert space for a scalar field, often called the Fock space, is the tensor product of the individual Hilbert
spaces of each harmonic oscillator,

H = ⊗pHp.

a†, a create and annihilate excitations of the individual harmonic oscillator modes, which correspond to particles
in the QFT system. So each particle is just an excitation of a harmonic oscillator mode.

The vacuum |0〉 is such that ap|0〉 = 0.

A general state a†p1 · · · a
†
pk
|0〉 is a k−particle state, where the pi are not necessarily distinct for a bosonic field.

If we quantise a fermionic field, we have anti-commutation relations, which means that we can’t have the same
momentum for two anti-commuting creation operators because they square to zero. So unlike bosons, we can only
have one fermion for each momentum for any given set of other quantum numbers like spin.

We can decompose
H = H0 ⊕H1 ⊕H2 ⊕ · · · ,

where H0 is the vacuum and Hk is the k−particle Hilbert space given by expression for the general state above.

Note that normalisation conditions

〈p|p′〉 = /δ
3
(p− p′) ⇒ |p〉 =

1√
2ωp

a†p|0〉

Also note that we are only talking about the perturbative vacuum |0〉 of the non-interacting theory here, not the
true vacuum |Ω〉. When we calculate amplitudes, we generally use the one-particle states a†p|0〉 because it’s easier.
They are not the physical one-particle states, but only the perturbative one-particle states.

Heisenberg Picture

Define a field operator
φ(x) ≡ φ(t, ~x) = eiHtφ(~x) e−iHt.

H is just the Hamiltonian of a regular sum of harmonic oscillators, H =
∫
/d
3
p ~ω a†a, where we leave out the

constant term in the integration due to vacuum energy for now. It in fact has to do with the cosmological constant.

Now,
eiHtap e−iHt = ap e−iEpt; eiHta†p e−iHt = a†p eiEpt.
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Basically, you time evolve, annihilate a particle with momentum ~p, then you evolve back the same amount of
time. Since you are missing a particle now, you get an extra e−iEpt. Hence we have

φ(x) = eip·xφ(0) e−ip·x =

∫
/d
3
p

1√
2Ep

(ap e−ip·x + a†p eip·x).

Feynman (Time-ordered) Propagator

The Feynman propagator is given by a two-point function, the time-ordered product of the field operators φ(x),
φ(y). Time-ordering means that for the operators which are time-dependent, the operator with larger time goes
to the left.

DF (x− y) = 〈0|T{φ(x), φ(y)}|0〉
≡ 〈φ(x)φ(y)〉

=

∫
/d
4
p

i

p2 −m2 + iε
e−ip·(x−y).

The +iε shifting the pole off the real axis has precisely the effect of giving us this time-ordering rather than
other boundary conditions that we would have for other choices of the propagator. The retarded and the advanced
propagators correspond to different shifts. The iε−prescription is very useful in calculating scattering amplitudes
and in particular, in relating to the path integrals, so that we get physical answers.

Perturbative field theory amounts to adding interactions and writing everything in terms of products of these
two-point functions.

Path Integral

In the path integral method, we write DF as a functional integral over all trajectories of φ(x̂), and we write the
exponentiated action in terms of a quadratic operator. The path integral involves integrating over all possible field
configurations but you can put in UV or IR cutoffs so that it becomes an integration over a finite set of modes.

DF (x− y) = 〈φ(x)φ(y)〉

=

∫
D[φ(x̂)] e−

i
2

∫
d4x̂φ(x̂)(�x̂+m

2)φ(x̂)φ(x)φ(y)

=

[
−i

� +m2 − iε

]
(x,y)

=

∫
/d
4
p

i

p2 −m2 + iε
eip·(x−y)

Higher Spin Fields

Basically, quantising other kinds of fields besides the scalar ones amounts to adding Lorentz transformation
information.

For the Dirac spin− 1
2 field, we can quantise canonically or by using the path integral. We have the Fermionic

propagator

SFab(p) =
i(/p+m)ab

p2 −m2 + iε
,

where /pab = γµabpµ.

For a gauge field, it’s clearer to quantise using the path integral method, through the Faddeev Popov method.
We have the propagator

Dµν
F =

−i
k2 + iε

(
gµν − (1− ξ) kµkν

k2 + iε

)
.
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If we pick the Feynman gauge, ξ = 1, then we are left with four scalar propagators from massless scalar fields,
but with the twist that one of them has the opposite sign. The one with the opposite sign cancels with one of the
other three in a Lorentz invariant way and gives you the answer. Indeed, the number of physical components is
just two since there are only two polarisations for the photon.

Interactions, e.g., δL = λ
4!φ

4

We can deal with the interaction Hamiltonian HI or the interaction Lagrangian LI . We do a power series
expansion in λ. In the Hamiltonian case, we expand eiHt in different correlation functions in terms of various
powers of λ. Or in the path integral method, we add LI into the exponentiated action, doing an expansion so that
we get an infinite series of correlators. Essentially, we power series expand, then perform Wick expansions, which
give us the sum of products of pairwise contractions.

〈0|φ · · ·φ|0〉 =
∑
〈φφ〉〈φφ〉 · · ·

Then we can get the correlation functions from diagrams.

φ4 Feynman Rules

• Propagator

- Position space: line connecting x and y: DF (x− y);

- Momentum space: line with p and q coming towards each other: DF = i
p2−m2+iε

/δ
4
(p+ q).

• Vertex

- Position space: two lines crossing: −λ
∫
d4;

- Momentum space: two lines crossing with p1, p2, p3, p4 coming towards the vertex: −iλ/δ4(p1 +p2 +p3 +p4).

• External vertex

- Position space: x at one end of a line: x;

- Momentum space: x at one end of a line with momentum p going towards it: e−ip·x.

So the correlation functions can be written in a diagrammatic way as∑
diagrams

∫
internal momenta

vertices× propagators

symmetry factor
,

where the symmetry factor is the number of ways you can map the diagram into itself without changing the external
edges. The integration over the internal momenta due to loops is where the divergences may arise.

Scattering

Say we have incoming particles with momenta k1, k2 and outgoing ones with pi,...,pn. Then

out〈p1, ..., pn|k1, k2〉in = 〈p1, ..., pn|S|k1, k2〉,

where the S−matrix takes us from physical incoming states to the amplitude for a given physical outgoing state
that you get from a scattering process.

S : H → H, S = I + iT,

where the identity part represents a non-interacting situation, where you get the same outgoing particles as the
incoming ones, and the interesting part,

iT = /δ
4
(p1 + · · ·+ pn − k1 − k2)iM(k1, k2 → p1, ..., pn).
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M is the invariant matrix element obtained from Feynman diagrams without external propagators.

Note that the spectral representation and the LSZ reduction formula are ways to systematically deal with the
fact that we are using one-particle states of the free, non-interacting theory.

So with an incoming beam of area A hitting a target, the infinitesimal cross section

dσ(k1, k2 → p1, ..., pn) = Adp = dΠn
1

4Ek1Ek2 |M(k1, k2 → pi)|2
,

where

dΠn =

(
Πi/d

3
pi

1

2Epi

)
/δ
4
(pf − pi).

Remember to include 1
n!

∫
for identical particles and to compute in k2 = 0 frame.

Decay rate

dΓ = dΠn
1

2m
|M|2.

Also recall the Mandelstam variables

s = (p1 + p2)2, t = (p1 − p3)2, u = (p1 − p4)2.

QED Feynman Rules

The field contents are

• Aµ(x): U(1) abelian gauge fields;

• ψ(x): Dirac spinors.

S =

∫
d4x

[
−1

4
FµνF

µν + ψ̄(iγµDµ −m)ψ

]
=

∫
d4x

[
−1

4
FµνF

µν + ψ̄(i/∂ −m)ψ − eAµψ̄γµψ
]

This is a QFT that has interactions which couple the gauge field to the current associated with the spinor field.

• Propagator

- Fermion (Dirac field): line with momentum p: i
/p−m+iε ;

- Photon (Gauge field): line with µ, ν labelling two ends and momentum k: −i
k2+iε

(
gµν − (1− ξ kµkνk2 )

)
.

• Vertex

- Fermion-fermion-photon: vertex with three legs labelled by a, b, µ: ieγµab.

• External leg

usa(p) incoming fermions; ūsa(p) outgoing fermions;

v̄sa(p) incoming antifermions; vsa(p) outgoing antifermions;

εµ incoming photons; εµ∗ outgoing photons.

Note the momentum conservation at vertices, and that we need to integrate over undetermined momenta. Also,
ψ†1ψ

†
2 6= ψ†2ψ

†
1, so we need to fix a convention to what the ordering is for incoming states of multiple fermions.

Further, we need to include a factor of −1 for fermion loops.
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