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1 Lecture Notes Turned into Problems

c Ch. III - Lie Groups and Lie Algebras

1. Define a Lie group. State some properties of its elements and operations. Give an examples of a Lie group.
State its group operation, inverse, and dimension. When is a subgroup of a Lie group a Lie subgroup?

2. Define the following groups: GL(n,R), SL(n,R), O(n), SO(n), GL(n,C), SL(n,C), U(n), SU(n). Give the
dimension of these groups. Show that elements of O(n) are length preserving.

3. Discuss the four general structures of the Lie algebra of a matrix Lie group. Give relevant proofs.

4. Find the Lie algebras of SO(n) and SU(n). Prove that L(SO(3)) ' L(SU(2)). Give a pictorial representation
of the relation SO(3) ' SU(2)/Z2.

5. Let G be a matrix Lie group and g(t) ∈ G a curve. Prove that g−1(t)ġ(t) ∈ L(G). What is the differential
equation that g(t) satisfies? What is the problem with the map X 7→ exp(X) sending L(G) 7→ G? Give an example
of such a mapping that illustrates the problem. What is a G-valued function?

e Ch. IV - Lie Group Actions, Orbits

1. What is an action of a Lie group G on a manifold M? What is the orbit of a point m ∈ M? Prove that if
m′ is in the orbit of m, then the orbits of m,m′ are the same. What is M in terms of orbits? Define a transitive
action.

2. What is an isotropy group? How can we see that M is the space of all cosets of the isotropy group H in G,
i.e., M = G/H? Explain how you can see that Sn = SO(n)/SO(n− 1).

f Ch. V - Representations of Lie Groups

1. Define the representation of a group. What can you say about its dimension?

2. Define the following in the context of Lie groups: faithful representation, fundamental representation,
trivial representation, adjoint representation, unitary representation, and equivalent representation. Check that
gXg−1 ∈ L(G) and that Ad is a representation.

3. What does it mean for a representation to be reducible, irreducible, and totally reducible? Give an example
of a totally reducible representation.
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g Ch. VI - Representations of Lie Algebras

1. Define the representation of a Lie algebra. What can you say about its dimension? Can we obtain the
representation d of L(G) from the representation D of G? Does the constraint equation for D lead to the constraint
equation for d?

2. Define fundamental representation and trivial representation in the context of Lie algebras. Derive the
definition of adX from Adg for X ∈ L(G) and g ∈ G.

3. Attempt to construct D from d. Are there any problems with this construction?

4. Write down a convenient basis of L(SU(2))C in terms of the basis elements e+, e−, h and relate it to the
standard basis of L(SU(2)). Find adhe+, adhe−, and adhh. Show the roots of adh on a root diagram.

5. Consider irreducible representations of L(SU(2)), d(j). What is the dimension d(j) acts on V (j) with? What
representations do d(0), d(1/2), and d(1) correspond to? Draw weight diagrams for them.

6. What is the dimension of D(1)(g)⊗D(2)(g)? Deduce an expression for d(1⊗2) of L(G) from D(1)(g)⊗D(2)(g).
Decompose j ⊗ j′ into irreps. Plot the weights of 1⊗ 1

2 on a weight diagram.

h Ch. VII - Gauge Theories, Higgs Mechanism

1. What is the relation between gauge theories and Lie groups?

2. For a general gauge group U(n) or its subgroups, we want a theory that’s invariant under Φ(x)→ g(x)Φ(x).
What is Aµ and how shall we postulate its transformation? How should we define the covariant derivitive Dµ such
that it transforms like Φ does?

3. How do field tensors arise? Find the Yang-Mills field tensor Fµν and verify that Fµν → gFµνg
−1. Write

down L for Yang-Mills theory.

4. Repeat question 2 for a U(1) gauge theory, introducing a real gauge potential aµ. Construct the Lagrangian
L for scalar electrodynamics. Express the electric and magnetic fields in terms of fµν .

5. If a field Ψ transforms as Ψ→ gΨg−1, given that Aµ transforms as before, how should Dµ be defined? What
is the most general form of transformation and the associated Dµ? Check that Dµ transforms like Ψ does.

i Ch. VIII - Quadratic Forms on L(G), Geometry of G

1. What is a quadratic form and how is it G-invariant? Show that its infinitesimal form is the associativity
property ([X,Y ], Z) = (X, [Y,Z]). What is the Killing form?

2. Derive the relation Kij = cilkcjkl. What decomposition does a semi-simple Lie algebra have and what
structure does the associated group have? What is a simple Lie group?

3. What are the consequences of Kij being negative definite? What happens to the structure constants?

4. Define the universal enveloping algebra (UEA). Define the quadratic Casimir in UEA and check that it is a
central element.

5. Define the Riemannian metric on G in terms of a quadratic form and show that it is invariant. Write down
the Lagrangian for a particle’s geodesic motion.
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j Ch. IX - SU(3) and its Representations, Quarks

1. Write down a convenient basis for L(SU(3))C, with the basis elements hα, hβ , hγ not being independent. Now,

write down the two independent basis elements with ~h = (h1, h2). What does ~h spanning the Cartan subalgebra
imply about the rank of L(SU(3))?

2. How is a weight space defined? What are the weights ~λ of the fundamental representation of L(SU(3))?
How about those of the adjoint representation? Deduce the six roots of L(SU(3)) and draw the root diagram.

3. Which basis elements of L(SU(3)) span each of the the three L(SU(2)) subalgebras? What constraints are

on the ~λ for any representation of L(SU(3))?

4. What is the conjugate representation of the fundamental representation of a Lie group? How about the
associated Lie algebra? What happens to its eigenvalues? 3⊗ 3̄ =? How do the weights correspond to quarks and
mesons? What representations do the numbers correspond to and what do the numbers mean?

5. What are the three independent conserved quantities in strong interactions and how are they defined?

k Ch. X - Complexification of L(G)

1. Suppose a real Lie algebra L(G) has basis {Tk} such that [Ti, Tj ] = cijkTk with cijk real. What’s the general
form of the elements of L(G)C? What happens to the brackets and the representations of L(G)?

2. Explain how you can obtain Real(L(G)C) from L(G)C. What’s the relation between their dimensions? Define
a basis {Xk = Tk, Yk = iTk}. Work out the commutation relations and define some representations based on it.

3. Now define a new basis for Real(L(G)C): {Zk, Z̃k} where Zk = 1
2 (Xk − iYk) and Z̃k = 1

2 (Xk + iYk). Do the
same as the previous question. Define L(SU(n))C and Real(L(SU(n))C).

Z Ch. XI - Lorentz Group and Lie Algebra, Representation

1. A general Lorentz transformation is of the form xµ → Lµνx
ν where Lµν is an element of the Lorentz group

O(1, 3). What equation does it satisfy? Prove that its Lie algebra is antisymmetric. Hence find the boost and
rotation generators Ki and J i, i.e., the basis for L(O(1, 3)). Combine Ki and J i into Mµν .

2. The brackets of Ki and J i give the algebra of Real(L(SU(2))C). Using results from the previous chapter,
write down the general irrep of the Lorentz Lie algebra. What is SO(1, 3)↑? What is a true representation of
SO(1, 3)↑?

\ Ch. XII - Poincare Group, Particle States

1. What is the Poincare group? How does it act on Minkowski space? What is the isotropy group at the origin?
Write down the general Poincare transformation in a matrix form.

2. What is the basis of L(Poinc) in terms of the Lorentz generators Mµν and the translation generators P τ?
What are the brackets?
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2 Easy and Relevant Example Sheet Problems

L Example Sheet 1

3, 7, 8, 9.

I Example Sheet 2

1, 3, 4, 8-10.

P Example Sheet 3

2-4, 6 (parts), 8, 10.

K Example Sheet 4

3, 7 (bits), 10.
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