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c Ch. II - Classical Field Theory

1. What is the Lagrangian for the Klein-Gordon field? Derive the equations of motion by both varying the
action and the Euler-Lagrange equations. Find the Hamiltonian.

2. Write about Noether’s theorem in detail. What is the Lagrangian for the complex scalar field? Find the
Noether current and check that it’s conserved.

3. For a constant coordinate transformation xa → xa − εa, how do φ(x) and L transform? Define the energy-
momentum tensor T ab, show that it is conserved, and compute it for the real scalar field Lagrangian. Express the
total energy and total momentum in terms of T ab.

4. Example sheet 1: 5, 7.

e Ch. III - Free Fields

1. Write about the canonical quantisation procedure.

2. What are the Heisenberg algebras for φS(~x) and πS(~x)? Find the equal time commutation relations for

φH(~x, t) and πH(~x, t). Write φ(x) and π(x) as a linear sum of an infinite number of a~k and a†~k
in the Heisenberg

picture. What are the commutation relations for a~k and a†~k
?

3. What is the Fock space representation of a general state with ni particles of momentum ~ki? How to express
a single particle state of momentum ~k? What is the physical meaning of φ(x)?

4. Given (−� +m2)G(x, y) = δ4(x− y), perform Fourier transformations to find G̃(p, y) then expressed as an
integral, G(x, y). Discuss the different cases in tackling the poles at p0 = ±E~p. Discuss the Feynman iε prescription.

5. Example sheet 1: 9, 10.

f Ch. IV - The Dirac Equation

1. Write down the Dirac equation. Derive the defining anti-commutation relation of the Clifford algebra.
Calculate (γ0)2, (γi)2, (γ0)†, and (γi)†.

2. Pick a basis for the γ matrices and check that it obeys the Clifford algebra. How are γab, γabc, and γabcd

defined? How is γ5 defined and what is it in the basis you picked? (γ5)2 =?

3. Consider a spinor transformation ψ → D(Λ)ψ = e
i
2ωabJ

ab

ψ with Jab = − i
4 [γa, γb]. What is J†ab? Hence

deduce what D(Λ)† is. Why is ψ†ψ a bad guess for a Lorentz invariant scalar and why is ψ̄ψ good?

1



4. Solve the Dirac equation for ψ: in your basis, find explicit solutions for positive and negative frequency spinor
wave functions, uα(p) and vα(p), in the rest frame of the particle (with the normalisation ūsus′ = −2imδss′ , v̄svs′ =

2imδss′ , and ūsvs′ = 0). Now, find u+u
†
+ + u−u

†
− and v+v

†
+ + v−v

†
− in an arbitrary frame.

5. Find the (anti-)commutation relations for bm and b†m in the Dirac field. Show why there is a factor of i in
the action for the Dirac field, I = i

∫
d4x ψ̄(γa∂a +m)ψ.

6. What are the (anti-)commutation relations for ψα(~x) and ψ†α(~x)? Express ψ(~x) as a sum of plane waves, and
write down the (anti-)commutation relations of the operators that appear in the expressions.

7. Example sheet 2: 5.

g Ch. V - The Electromagnetic Field

1. What is the classical action of the electromagnetic field with source? Deduce Maxwell’s equations and current
conservation. Express Ei and Bi in terms of Fµν .

2. Discuss the Lorentz gauge ∂aA
a = 0 and the Coulomb gauge ∇ · ~A = 0 given the gauge transformation

Aa 7→ Aa + ∂aΛ(x).

3. From the electromagnetic Lagrangian with no source, deduce that H =
∫
d3x

[
1
2 (E2 +B2)−A0(∇ · ~E)

]
.

Construct Ai(~x) and πi(~x) as quantum field operators. Write down the commutation relations of the creation and
annihilation operators, and that of πi(~x) with Aj(~y).

4. Example Sheet 2: 12; Example Sheet 3: 1.

h Ch. VI - The Path Integral

1. Derive the path integral formula and show how to separate out the classical path for the free particle.

2. Let

Z(J) =

∫ ∞
−∞

dq e−
1
2m

2q2− λ
4! q

4+Jq.

Find order λJ0, λJ2, λJ4, λ2J4 terms and draw their Feynman diagrams.

3. Example Sheet 3: 2, 3.

i Ch. VII - Quantum Electrodynamics

1. Write down the action for QED and check the gauge invariance.

2. Write down the Feynman rules for QED.

3. Example Sheet 3: 4; Example Sheet 4: All.
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