
DISTRIBUTION 0 THE ML
ESTIMATOR OF AN MA(1)

AND A LOCAL LEVEL MODEL

.

'" Although considerable attention has recently been paid to the behavior of the
maximum likelihood estimator of simple moving average models, little progress
has been made in finding a good approximation to its distribution in cases
where the process is close to being noninvertible. In this paper a method is pro-
duced that gives an excellent approximation to the distribution function, even
in the case where the process is strictly noninvertible. Also studied is the related
problem of the distribution of the maximum likelihood estimator of the signal-
to-noise ratio in the local level model.

1. INTRODUCTION

The first-order moving average model, written as MA(l), is given by

Yt=ft+(Jft-h ft-NID(O,u2), (t=l,...,T). (1.1)

The process is said to be invertible if and only if I (J I < 1. The maximum like-
lihood (ML) estimator of an invertible moving average is asymptotically nor-
mally distributed. On the other hand, if I (J I = 1, then the process is said to
be strictly noninvertible and normality no longer holds. Noninvertibility is
of great practical importance for it implies that the time series has been over
differenced and so shows that the order of integration has been overesti-
mated. This paper establishes an approximate sampling theory for the ML
estimator which will be accurate even in the strictly noninvertible case.

The search for a theory to cover the noninvertible case has created a con-
siderable body of work following the early simulation experiments of Kang
[25]. It was Kang who first discovered that a variety of commonly used es-
timators of the MA( 1) process behaved strangely when I (J I was close to 1.
In particular, she reported that many of her replications had estimates which
seemed to be exactly on the boundary of noninvertibility. This point was re-
inforced by a battery of simulation studies conducted by Cooper and Thomp-
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son [5], Harvey [17, pp. 136-139], Dent and Min [12], Ansley and Newbold
[3], and Davidson [8,9].

The work of Ansley and Newbold [3] is perhaps the most revealing of these
papers. It compared exact ML, exact least squares, and conditional least-
squares estimators for a variety of models, reporting mainly on bias, mean
square error, and predictive ability. Ansley and Newbold [3, p. 181] found
that ML estimators were generally more reliable than the other estimators
they had studied. However, the ML estimator of the 8 parameter of the
MA(1) process was shown to have a large probability of occurring near the
boundary of noninvertibility. Of the 10,000 replications they conducted,
when the true value of 8 was -0.9 and T = 50, 3,278 of the estimates of 8
were found to be between -0.99 and -1. The authors argued that none of
these estimates were exactly equal to -1 but were nearly this value since
"it can be shown that 0 will take the value -1 with probability zero," (see
p. 172). This assertion was shown to be false by Cryer and Ledolter [6], who
derived the exact sampling distribution for the ML estimator when T = 2.
This distribution was demonstrated to be discontinuous at -1 and 1, but con-
tinuous between these two points. Cryer and Ledolter went on to compute
the exact probability of observing the estimator being on the boundary of
noninvertibility for any value of T.

The first analytic work on estimated noninvertibility, carried out by Sar-
gan and Bhargava [32], proved that the ML estimator of a noninvertible
MA(1) is T-consistent, sharing the same speed of convergence as the least-
squares estimator of a unit root autoregression; see White [37]. Sargan and
Bhargava [32] also showed that the limiting probability of the ML estima-
tor being exactly -1, if the true value of 8 was -1, was 0.6575 (Tanaka and
Satchell [35] corrected this result to 0.65744). Similar results were obtained
for the case of a regression model with MA(I) errors. Pesaran [28] produced
a slightly simpler analysis of the above setup, but his work did not contrib-
ute anything essentially new.

Anderson and Takemura's [2] elegant analysis of the estimation of non-
invertible processes produced two advances. The first was a proof that the
probability that a noninvertible process is estimated, when the true process
is invertible, is o(T-n) where n is any positive integer. The second was the
setting down of a framework for the analysis of estimated noninvertibility
in moving averages of a general order.

More recently, Tanaka and Satchell [35] attempted to analytically ap-
proximate the distribution of the estimator of 8 when the true process is
noninvertible. Although they failed to give a viable approximation, their ap-
proach was very interesting and will be referenced frequently in what follows.
Potscher [29] looked at the consistency of ML estimation under various types
of misspecification.

In this paper the distribution of the ML estimator of the MA(l) process
is approximated. This approximation will prove to be accurate, even when
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the true process is noninvertible and the sample size is small. The technique
is first developed on a constrained ARIMA(O, 1,1) model, the local level
model, as it is mathematically more tractable than the unconstrained MA(l).
The local level model is defined as

Yt=ILt+ft, ft-NID(O,u2), (t=l,...,T+l) (1.2a)
ILt = ILt-1 + TIt, TIt - NID(O,qu2), (1.2b)

ILoIYo-N(IL,K). (1.2c)

where (Er) and (17s) are independent for all values of t and s. Further, lLol Yo,
where Yo denotes the information set available at time 0, is assumed to be
independent of all the noise terms in the model. Throughout this paper K is
forced to go to infinity, so the local level model is initialized by using a dif-
fuse prior, although exactly the same results would be achieved if K had been
taken to be zero and a marginal or restricted likelihood had been constructed
by regarding IL as a nuisance parameter; see McCullagh and NeIder [26,
Chapter 9], Kalbfleisch and Sprott [24], Harville [21], or Robinson [30]. Very
different results would occur, however, if instead of the marginal, a profile
or concentrated likelihood had been used to remove IL; see Shephard and
Harvey [34] in this context and Shephard [33] in the more general case where
there are also regressors present in (1.2a).

The local level model is of considerable interest in its own right. Muth [27]
showed that it provides the rationale for the use of the exponentially weighted
moving average scheme. It is exploited as the basis of West and Harrison's
[36] dynamic linear models and Harvey's [20] structural time series models.
Examples of the use of these types of models on economic data include Har-
vey, Henry, Peters, and Wren-Lewis [18] in their work on the employment-
output equation and Harvey and Stock [19] on the income-consumption
relationship.

In this model (12 is a scale parameter, while q is called the signal-to-noise
ratio. It is q that controls the time series properties of the local level model.
The reduced form of a local level model is an MA(1) model with q related
to {} by q = - (1 + {})2j{}. As q is non-negative, {} must be constrained to be

nonpositive.
An approximation to the distribution function of the estimator of q will

be developed. It turns out that this distribution function is quite complicated
for there is a nonzero probability that q is estimated to be zero (Shephard
and Harvey [34]). When the true value of q is zero, the differenced process
is noninvertible and so the usual asymptotic theory for the estimator breaks
down. The proposed method for calculating the distribution function is,
however, still valid, allowing the tabulation of the distribution function in
this case.

The rest of this paper is structured in the following way. Some straight-
forward results for the ML estimator of the local level model are derived in
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Section 2. Section 3 introduces the key tool for deriving the approximation
to the distribution function of the ML estimator of moving averages. In Sec-
tion 4 this technique is applied to the problem of the local level model. It is
shown that the difference between the true distribution function and the sug-
gested approximation is minor for very small sample sizes. Section 5 includes
plots of the distribution function of the ML estimator of the local level
model. In Section 6 the unconstrained MA(I) problem is tackled. A summary
of the results of the paper is set out in Section 7. Except where stated, the
proofs are presented in the Appendix.

2. THE LOCAL LEVEL MODEL

If the sequence (Zt) denotes the first difference of the local level model and
Z = (Z2,... ,ZT+l)" then the log-likelihood for Y = (Yl,... ,YT+l)' is given
by

lim(1ogL(u2,q;y) + ~logK) = logL(u2,q;z). (2.1)
K--+OO

B=

0

to enable the log-likelihood for the local level model to be expressed as

T 1log L«(12,q;Z) = const - "2 log (12 - 2: logl(2 + q)/- BI

t1r
-,

At = 2 cas T + 1

([2, Section 6.5]) and by defining Ot(q) = 2 + q - "Xt. Then if q* and a*2 are

used to denote the true values of q and (12 I respectively I the log-likelihood
can be written as

.

0

0

0 ,

0

(2.2)

0 1

z'«2 + q)I - B)-IZ (2.3)
- 2U2 .



TIT
logL(0-2,q;Z) = const - - log 0-2 - - ~ log o/(q)

2 2/=1

- ~ ~ *2 2 Ot(q*)
(2 4)2 ~ (1 Ut , .

2(1 t=1 Ot(q)

where Ut - NID(O,I). Although it is well known that scaled versions of the
ML estimators of q and (12 are asymptotically normally distributed if their
true values are strictly positive (see, for example, Harvey [20, Chapter 4]),
the analytic form of their asymptotic variance is not known. It is given in
Theorem I.

THEOREM 1. If the true values of q and 0-2 are strictly positive and their
ML estimators are written as q and (,2, then the following holds:(.2 2) ((0) 2 4 ..rr°-o.!!.N. 0

q - q 0 (q + 2) - .Jq(q + 4)

( q + 2 -q(q + 4)/(12
)) (25)

x -q(q + 4)/(12 (.Jq(q + 4»3/(14' .

as the sample size goes to infinity. .
When the true value of q is zero, asymptotic normality fails as the reduced

form of the local level model is noninvertible. In this case very little is known
about its distribution. A tractable way to make progress is to construct the
profile likelihood function by concentrating out (12 at the value

( . ) = dM = _! «(2 )/ - B)-I) T z'«2 + q)/ - B)-2z

s q,z dq 2 tr + q + 2 z'«2 + q)/ - B)-IZ

T 2 O,(q*)
h U, Or(q)T T '=1 ,- - ! h oi1(q) + 2" T 2 O,(q*)- 2'=1 h U, O,(q)

'=1

which allows the proof of Theorem 2.
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THEOREM 2. If the true value of q is zero, then as the sample size goes
to infinity the following result holds

s(q;z) d 1 00 2 t21(2 1 00 1-rr- -+ 2~Ut (1(2t2+C)2 - 2~ (1(2t2+C) =r(c;u),

where c = T2q and U = (Ul,'" ,UT)" .

Theorem 2 allows the determination of the rate of convergence of the ML
estimator of q in this nonstandard case. The result is given in Theorem 3.

THEOREM 3. The ML estimator of q is T2-consistent if the true value
of q is zero. This is taken to mean that for any f > 0, there exists a c > 0 such
that

Jim pr(S(q~Z) I ~ 0)< E. (2.11)
T-+oo T q=clT2 .

Super consistency results for estimators of nonstationary time series mod-
els are quite common-see, for example, White [37]. The first result of this
type for noninvertible time series models was published by Sargan and Bhar-
gava [32] who proved T-consistency of the ML estimator of an MA(1) model.

Having established the speed of convergence of the estimator, it is very nat-
ural to try to derive the distribution of T2q, where q denotes the ML esti-
mator. This turns out to be a very difficult problem.

The most natural approach to this problem is to work with the asymptotic
distribution of the score given in (2.10). To study the asymptotic distribution
of T2q, it is useful to temporarily extend its permissible parameter space.
Instead of working with the non-negative real line, suppose c E (-1r2 ,00).
Then as c -+ -1r2, r(c;u) -+ 00, while as c -+ 00, r(c;u) -+ -00, implying
there must exist at least one solution to the asymptotic likelihood equation
r(c;u) = 0 for c E (-1r2,00). The solution need not be unique, however,

for it is quite possible that there will be multiple solutions to the asymptotic
likelihood equation.

As it stands, r(c; u) tells us little about the asymptotic distribution of
T2q. However, the likelihood equation can be expanded by using a formal
Taylor series in an attempt to achieve some tractability. This is the approach
followed by Tanaka and Satchell [32] in their work on noninvertible mov-
ing averages. The corresponding result for the local level model is given in
Theorem 4.

THEOREM 4. For c = T2q in the range (-11"2,11"2), the limiting likeli-

hood equation can be written as

(2.10)



0 = r(t;u) =

Although this sum is of some interest, it has two difficulties. First, it is valid
only up to 11"2, which turns out to be only a very small part of the interest-
ing range for c. Second, this representation does not allow the tabulation of
the distribution function of C, for it is still highly nonlinear in C.

Tanaka and Satchell [32] responded to the nonlinearity of the representa-
tion of the likelihood equation by truncating the infinite sum so that only two
terms remained. However, the result gives only a very poor approximation
to the true distribution and so is of little practical use.

3. SAMPLING THEORY FOR MAXIMUM
LIKELIHOOD ESTIMATION

A technique for approximating the distribution of extremum estimators,
which offers a great deal of promise in this context, was suggested by Huber
[22] in deriving the asymptotic distribution of robust location estimators.
More recently, Robinson [31], Daniels [7], and Field and Hampel [14] (see
also Barndorff-Nielson and Cox [4, p. 130]) have used the same idea in their
work on robustness. To discuss this procedure, it will be useful to introduce
some notation. Let A denote a scalar parameter, f(A) some objective func-
tion, and S(A) the derivative of f Further, let ~ denote the value of A for
whichf is globally maximized over the relevant range for A. Huber used the
result that if the objective function is continuously differentiable and the de-
rivative is monotonically decreasing, then

pr(~ ~ >') = pr(s(>.) ~ 0). (3.1)

The requirement of the monotonically decreasing derivative is actually not
necessary for this result to hold. This idea is developed in Theorem 5.

THEOREM 5. Let "A denote a scalar parameter,f("A) some nonstochastic
objective function, s("A) the derivative off, and ~ the value of "A for which
f is f(lobally maximized over the ranf(e r o. b 1 . Assume

(i) s(X) is continuous for X E [a,b],
(ii) s(a) =1= 0,

(iii) s(b) =1= 0,
(iv) there are a finite number of solutions to the equation s(}.) = o and all these

solutions are either maximums or minimums,
(v) there is exactly one point which is a local maximum in f
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THEOREM 6. Let A denote a scalar parameter, f(A) some stochastic ob-
jectivefunction, S(A) the derivative of J, and}.. the value of A for whichfis
globally maximized over the range [a,b]. Assume:

(i) S(A) is continuous for A E [a,b],
(ii) pr(s(A) = 0) = Of or aliA E [a,b], and all the solutions to the equation S(A) = 0

are either maximums or minimums,

and write U to denote the number of local maximums in f Then for all val-
ues of A in the range [a, b]

pr(~ :5 A) - pr(S(A) :5 0) = T(A) (3.2)

where

r(A) = [pr(>.:5 AI U> 1) - pr(s(A):5 O1 U> 1)]pr(U> 1). (3.3)

.

Theorem 6 will turn out to be very powerful if r(A) is small, for then the
distribution function of the ML estimator can be computed by using the
approximation

pr(~:5 A) == pr(s(A):5 0), (3.4)

for the distribution function of the score for the local level model is readily
available. A drawback of this approach is that pr(s(A) :$ 0) is not necessar-
ily monotonically nondecreasing in A and hence could result in an approxi-
mate distribution function which falls as A increases. Of course, this will not
be a problem if r(A) is small across all A.

4. THE LOCAL LEVEL MODEL REVISITED

Equation (3.4) will be used to approximate the distribution function of the
ML estimator of Q, with

pr(q ~ q) == pr(s(q;z) ~ 0)

= pr r ~ u,2 ~~t«~.» (~tl(q) - d(q» ~ 01.

1 T
where d(q) = - ~ Otl(q). (4.1)

T ,-I
The probability that the score is negative can be computed exactly by using
Davies' [10,11] or Farebrother's [13] procedure. Theorem 6 states that the
error induced by using this approximation is

.
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T(q;q*) = P(q:5 q) - pr(s(q) :5 0)

= (pr(q:5qIU> 1) -pr(s(q) :5°IU> 1))pr(U> 1). (4.2)

It seems difficult to make analytic progress on evaluating any of the three
expressions on the right-hand side of this equality, except in two cases. The
first is where T= 2, in which case pr(U> I) = 0; see Cryer and Ledolter
[6]. The second is where q* > 0 and T goes to infinity, for then Huzurba-
zar's [23] result that the likelihood equation will have a sole consistent root
can be used to prove that pr( U > 1) --+ 0 as T --+ 00. Unfortunately, Huzur-
bazar's result does not cover the case where q* is exactly zero.

In response to these difficulties, a simulation experiment was designed to
evaluate these three unknown probabilities. q* was taken to be one of four
values, 0, 0.01, 0.1, and 1, while Ttook on the values 3, 10,20,50, 100, and
200. For each combination, 5,000 replications were computed and the result-
ing log-likelihood carefully searched to find all the permissible local maxi-
mums. In each case pr(s(q):5 01 U> 1), pr(q:5 ql U> 1) and pr(U> 1)
were estimated. Table 1 displays the results for pr( U > 1) for all values of
q* and T. This probability is an estimate of the upper bound on the possi-
ble error induced when using the approximation suggested in (4.1). It implies
that this error is small for T> 50. However, for smaller sample sizes the er-
rors are sometimes worrying. This is especially true when the sample size is
under 20. Notice the result is exact when T = 3.

pr ( U > 1) is only one of the elements that makes up T (q; q * ). Figure 1

displays pr(s(q):5 01 U> 1) and pr(q:5 ql U> 1) for various values of T
when q* = O. Similar shapes hold for all the other values of q* and so are
not reported here. The difference pr(s(q) :5 01 U> 1; q* = 0) - pr( q :5
q 1 U > 1; q * = 0), which is explicitly plotted in Figure 2, is largest when q

is small. This is caused by the occurrence of a considerable number of local
maximums at zero not being global maximums. This feature does not change
substantially as the sample size increases.

A similar type of result occurs in Figure 3 which gives T(q;q* = 0.1).

TABLE 1. Upper bound on the approximating error, 100 x pr(U > 1)

t

3
10
20
50

100
200

385

q* = 0 q* = 0.01 q* = 0.1 q* = 1

0.0
2.44
1.36
1.02
0.94
1.00

0.0
1.92
1.20
1.10
0.84
0.84

0.0
2.46
1.36
1.18
0.36
0.02

0.0
1.32
1.56
0.34
0.06

0.00
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FIGURE lb. pr(s(q) s °IU > l;q* = 0), for various T. X-axis: T2q,
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FIGURE 2. r(q; q* = 0) for various values of T. X-axis: T2q, Y-axis: lOOT.

~

FIGURE 3. r(q;q* = 0.1) for various values of T. X-axis: standardized q, Y-axis:
lOOT,
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When T is larger than 20, T is quite small, especially when q is large. Of
course, as T--+ 00, T(q;q*) --+ 0 for all q* > O.

5. THE ML ESTIMATOR OF THE LOCAL LEVEl MODEL

The accuracy of the approximation suggested by Theorem 6 prompts its ap-
plication. The results from the use of (4.1) are drawn in Figures 4 and 5 for
q* = 0 and 0.1, respectively. Each figure has five strands, one each when
T= 3,10,20,50, and 100.

Figure 4 shows the rapid convergence of the distribution function to the
large sample distribution function in the noninvertible case. This has a very
long right-hand tail, while there is a large probability that the ML estima-
tor is zero.

Figure 5 indicates that it takes quite a substantial sample size before the
asymptotic normality result is useful. The probability that the ML estima-
tor is zero is very persistent in this case, with a large sample size being re-
quired before this probability reduces substantially. When T is very small
there is also a very considerable probability that the ML estimator is infinity.

6. THE FIRST-ORDER MOVING AVERAGE MODEL

The reduced form of the local level model is a constrained MA(1) imposing,
on the representation (1.1), the constraint that ():5 O. Although the develop-
ment of Sections 2 through 5 gives the key to unlocking the general uncon-
strained MA(1) problem, there are a number of difficulties which have to be
solved before this is actually achieved.

If y is written to denote (YI,. . . ,YT)', then the log-likelihood can be ex-
pressed as

THEOREM 7. If the true value of (12 is strictly positive and the true
value of () E (-1,1) and their ML estimators are written as 6 and &2, then
the following holds:

(6.1)



'"
d
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ci
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ci

FIGURE 4. Approximate distribution function for T2q when q* = 0 for various
values of T. X-axis: T2q, Y-axis: distribution.

FIGURE 5. Approximate distribution function for standardized q when Q. "" 0.1 for
various values of T. X-axis: standardized q, Y-axis: distribution.
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fl( u; = ;2) ~ N( (~),(2~4 1 ~ 82))' (6.2)

as the sample size goes to infinity.

Proof. Well known, see, for example, Harvey [17, p. 131J. .

When the true value of 8 is either 1 or -1, asymptotic normality fails as
the model is then noninvertible. Some of the properties of the ML estima-
tor under the noninvertibility conditions have been studied in Cryer and
Ledolter [6J, Sargan and Bhargava [32J, Anderson and Takemura [2J, and
Tanaka and Satchell [35J. To make progress with the distribution theory, it
is useful to concentrate the likelihood at

-2 y'«l + (J2)/ + (JB)-Iy (6.3)
U = T

to give the profile likelihood function

M(8;y) = logL(u2,8;y)

1 T
= canst - - logl(l + 02)/ + OBI - - logy'«l + 02)/ + OB)-ly.

2 2

The associated score is

s(O;y) = dM(O;y)
dO

1
= -- tr«(1 + 02)[ + OB»-1(20[ + B»

2

T y'«1 + 82)/ + 8B)-1(28/ + B)«(1 + 82)/ + 8B)-ly
+-

2 y'«1 + 82)/ + 8B)-ly

~ 2 (28 + At)Ult(8*)
T L/ Ut 2

(8)= _! L 28 + At + T t=1 T Ult. (6.5)

2 t=1 Ult(8) 2 ~ 2 Ult(8n
L/Ut-
t=1 Ult(8)

It is then a simple matter to show thats(-I;y) ands(1;y) are both exactly
zero; a result which follows because the likelihood for () is the same as the
likelihood for 8-1.

Equation (6.5) allows the proof of Theorem 8. Without loss of general-
ity the true value of 8 will be taken to be -1, for a mirror image property
will deal with the case where it is 1.

T
~ _! f 29 + ~, T t; ui (29 + ~,)..,(9')

2 (=1 ",(0) + - - "'7(0)
2 T~ul ",(On.

(=1 ",(0)

(6.2)

(6.4)

(6.5)



THEOREM 8.
then the following result holds:

[ CO (22 co 1 ]S(O;y) !!. c "U2 'I(" - ~ = cr(c2;u).-r 2 ~ ( (C2 + (2'1("2)2 (=1 (C2 + (2'1("2)

Proof. Tanaka and Satchell [35],

Theorem 8 allows a straightforward proof of T-consistency of the ML
estimator of O. This is expressed formally in Theorem 9.

THEOREM 9. The ML estimator of () is T-consistent if the true value of
() is either 1 or -1. In the case of the value being -1, we mean that for any
f > 0 there exists a c > 0 such that

. (S(O;Y) I 0)hmpr - ~ <E.
T-oo T //=-1+(c/T)

Proof. Theorem 4 of Tanaka and Satchell [35]. .

Having recorded the speed of convergence of the estimator, attention now
shifts to trying to derive the distribution of T(8 + 1), where 8 denotes the
ML estimator of O. Although Tanaka and Satchell [35] proposed an approx-
imation to this distribution, their results turned out to be too inaccurate for
practical use. Instead, the approach suggested in Section 3 is adapted so that
it is possible to use it here. The difficulty with the direct application of The-
orem 6 is that the likelihood equation always has solutions at 1 and -1 in
the unconstrained case.

Given a root at -1, it is possible to distinguish between it being a local
maximum and a local minimum by inspecting the second derivative of the
log-likelihood function. This has to be negative for there to be a maximum
at -1, otherwise it will be a minimum. It is not difficult to show that

s'(-I;y) = ! ds(O;y)
IT T dO 11=-1

~ 2 "'t(O*)
1 T 1 1 ~ Ut ( 1 - A )2= - - L . + - t-; / . (6.8)

2T t=1 (1 - At) 2 '" 2 "'t(O*)

L.J Utt=1 (1 - At)

This allows the derivation of the results given in Theorem 10.

THEOREM 10. If the true value of() is written as ()*, then the probabil-
ity there exists a (local) maximum in the likelihood at -} is
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If the true value of () is -1 and () is written as -1 + clT,

(6.6)

.Theorem 3.

(6.7)
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[ T UJ (8.) ( 1 ) ]pr(s'(-I;y) :50) =pr ~ullt-At I-At -g :50,

1 T 1
where g = - L -. (6.9)

T t=1 1 - At

When 8. = -1, the probability that the ML estimator is exactly -1 is, in the
limit,

[ 00 1 I
]lim pr(s'( -I; y) :5 0) = pr L ul 22 :S _6 = 0.65744. (6.10)

T~oo t=1 t 11"

Proot. Sargan and Bhargava [32] and Tanaka and Satchell [35]. .

Theorem 10 only captures one feature of the distribution of T( 0 + 1). The
key to establishing the rest of the distribution is Theorem II, which paral-
lels Theorem 5.

THEOREM 11. Let X denote a scalar parameter, f(X) some nonstochas-
tic objective function, s(X) the derivative off, s'(X) the second derivative of
f, and}.. the value of X for which f is globally maximized over the range
[a,b]. Assume:

(i) f is continuously twice differentiable for hE [a,b],
(ii) s(a) = s(b) = 0,
(iii) s'(a) *" 0 and s'(b) *" 0,
(iv) there are a finite number of solutions to the equation s(X) = 0 and all these

solutions are either maximums or minimums,
(v) there is exactly one point which is a local maximum in f.

Then

>. = a if and only if s'(a) < 0,

>. = b if and only if s'(b) > 0,

>.:S A if and only if S(A):S 0, A E (a,b). .

This analytic result allows the proof of Theorem 12.

THEOREM 12. l£t A denote a scalar parameter,f(A) some stochastic ob-
jectivefunction, S(A) the derivative of j, S'(A) the second derivative of j, and
~ the value of A for which f is globally maximized over the range [a, b] .
Assume:

(i) S(A) is continuousjor A E [a,b],
(in s(a) = s(b) = 0

and U is written to denote the number of local maximums in f. Then

pr(~ = a) - pr(s'(a) < 0) = T(a), (6.11a)

pr(~ ~ X) - pr(s(X) ~ 0) = T(X), X E (a,b), (6.11b)

pr(X ~ b) = 1, (6.11c)



Theorem 12 suggests the use of the approximation
pr(O = -1) == pr(s'( -1) < 0), (6.13a)

pr(O:5 0) == pr(s(O) :5 0), 0 E (-1,-1), (6. 13b)

pr(O:5 1) = 1, (6. 13c)
in this case. To assess 7(0;0*), 5,000 replications of the log-likelihood were
computed and searched for each combination of 0* = -1, -0.95, -0.9,
-0.5, and 0 and T= 3, 10,20,50, 100, and 200. The estimate of pr( U> 1)
is given in Table 2 for these values. The reported probabilities are higher than
the corresponding values in Table 1.

The corresponding plots for r(O;O*) are given in Figures 6 and 7 for
0 * = -1 and 0, respectively. These consistently show r having a substantial

magnitude for T = 3 in both tails of the distribution. These results corre-
spond to local, rather than global, maximums being estimated at both points
of noninvertibility. When 0* = -1, r(O) is small if 0 is large and T> 20,
while the left-hand tail diminishes less quickly. As T-+ 00, the precision of
the approximation is exactly the same as that for the local level model. The
reason for this is that (00 t27r2 00 1 )lirn pr(T(O + 1) :5 c) == pr h uf (C2 + t27r2)2 - ~ (C2 + t27r2) :5 0
T--.oo 1=1 1 1

== lirn pr(T2q :5 C2),
T--.oo

TABLE 2.

8* = -1 8* = -0.95 8* = -0.9 8* = -0.5t

3
10
20
50

100
200

393

(6.14)

(6.15)

Upper bound on the approximating error, 100 x pr(U > 1)

0* = 0

5.16
3.42
1.64
1.00
0.94
0.98

5.18
3.42
1.60
1.16
0.88
1.06

5.14
3.30
1.58
0.98
1.04

0.76

4.50
3.80
2.12
0.88
0.12
0.00

4.08
5.02
2.06
0.20
0.02
0.00
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FIGURE 6. T(8;8* = -I) for various values of T. X-axis: T(8 + I), Y-axis: lOOT,
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FIGURE 8. Approximate distribution function for T( {} + I) when 0* = -I for
various values of T. X-axis: T(O + I), Y-axis: distribution.

for the sign of the second derivative of the log-likelihood only depends on
r(c2; u) when the sample size is large. The implication of this result is that
the asymptotic distribution for the noninvertible MA(1) model can be read
in Figure 4 by just square rooting the scale on the x-axis. The importance of
this result is that the accuracy of this approximation is precisely the same as
the accuracy in the local level model case. This was good, especially in the
tails of the distribution function.

When () * > -1, both probabilities of local estimates at the points of non-

invertibility rapidly diminish, leaving quite an accurate approximation by the
time Tis 20. The speed of the convergence is dependent on ()*, with ()* be-
ing closest to zero converging quickest.

Generally, the graphs for T suggest that the approximation given by (6.13)
should be very good if T> 20. It is used to produce Figures 8 and 9 for the
results corresponding to ()* = -1.0 and -0.75, respectively. The figures
have six strands, one each for T = 3, 10, 20, 50, 100, and 200.

Figure 8 shows a very rapid convergence to the large sample distribution
function in the noninvertible case. When T = 3, the magnitude of T means
that the approximated distribution function is not monotonically nondecreas-
ing. Notice that it has a point mass of about 0.2 exactly on 0 = 1, even though
0 * = -1. However, by the time T has reached 10, T is generally smaller than

0.02 in absolute value and so the function looks monotone.
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FIGURE 9. Approximate distribution function for standardized e when q* = -0.75
for various values of T. X-axis: standardized 8, Y-axis: distribution.

Figure 9, which corresponds to 0* being -0.75, has a smaller kink. The
large sample asymptotics are very poor in this case, even when T = 100 due
to the persistence in the estimation of noninvertibility. A further implication
in this figure is that the asymptotic distribution severely underestimates the
extreme right-hand tail of the distribution of the estimator.

7. CONCLUSION

This paper has presented approximations for the distribution function of the
ML estimators of a local level model, which is a constrained MA(I) process
and an unconstrained MA(I). The key results are given in equations (4.1) and
(6.13).

The approximations are quite accurate if T is below 20, and very accurate
for T above 50. When the moving average is noninvertible, the approxima-
tion does not hold exactly when T -+ 00. The error that results from using
it is, however, very small, especially in the important right-hand tail of the
distribution.
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APPEND IX

Proof of Theorem 1. The asymptotic variance will be given by the inverse of the lim-
iting average information per observation matrix. However,

a2)og L = 2- - 2- t U*2Ut O,(q*) . (A.I)
a(U2)2 2u4 U6 '=1 O,(q)

a2)ogL = - ~ t U*2Ut O,(q*~. (A.2)
aU2 aq 2u '=1 o,(q)

a2)ogL 1 ~ *2 2 O,(q*) + ! ~ ~ (A.3)- - - LI u U, LI 2 .~ - U2'=1 o:(q) 2 '=1 o,(q)

Evaluating q and q2 at their true values and taking expectations means that we need
to look at the Quantities

1 T 1 1 L.. 1
- I; ,- = - . 2 d'A. + O(T-1) (A.4)

T 1=1 Mq) 11" 0 (4 sm A/2 + q)r

(see Grenander and Szego [15, p. 221, equation 7] or Hannan (16, p. 353].

4»-1/2
(_1)'-1 d'-I(q(q + + Q(T-1).

= (,-I)! dqr-l

-.

.

..

(A.5)
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This implies the limiting average information per observation is given by
[ -4 1 ](1 (12.Jq(q + 4)

1
2 1 (q + 2) .

(12.Jq(q + 4) (q(q + 4»3/2

Hence, by using a matrix inverse, the stated result is obtained.

Proof of Theorem 2. Think about

1 T {) (0)
X(q) = - ~ uf ! (A.7)

T t=1 Ot(q)-
Recall

So

..

;

This proves the desired result.

Proof of Theorem 3. This follows the style of proof of Proposition I of Tanaka
and Satchell [35]. Write

.. (211"2 i; 1
r(c) = ~ u; (t211"2 + C)2 - 1=1 (211"2 + c'

which is a scaled version of limit of the score evaluated at c1T2. The probability the
score is positive can be made arbitrarily close to zero by selecting c. Straightforwardly
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(A.6)

.

(A.S)

(A.9)

(A.tO)

(A.ll)

(A.12)

(A.I3)

.

(A.14)

~

-
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go I
Er(c) = -c ~ (t2...2 + C)2

go t47f4
Var(c) = ~ (t27f2 + C)4'

which implies by Chebyshev's inequality

pr(r(c) 2: 0) < Var(c)

(Er(c»2

( '. ) - 0 - (0 ' ) dr(O;u) ( . 0 d2r(0;u) (l'-0)2
r e,u - -r ,U + e-)+ 2 + ...

de de 2

- ~ ul - 1 . ~ 2ul - 1 .2 ~ 3.2ul - 2
-~~-e~222+e ~ 223

/=1 t 11" /=1 (1 11" ) /=1 2(1 11" )

.3 co 4!ul-3! '4 co 5!ul-4!
-e /~ 3!(1211"2)4 +e ~ 4!(1211"2)5 -....

Canceling the factorials gives the result in the theorem. The formal expansion will
be valid provided c E (-11"2,11"2), for then the expectation of the sum is bounded.
Outside that range this is not the case. .

Proof of Theorem S. By (ii), s(o) has to be positive or negative. First, let us deal
with the case where it is negative. There is a local maximum at A = 0 and so there
cannot exist another local maximum by (v). f must continually fall unless there is a
local minimum by (iv). There cannot exist a point which is a local minimum, as this
would create a local maximum. The only exception to this is if s(b) = 0, which is it-
self excluded by (Hi). Hence, if s(o) < 0, then s(A) < OVA E [o,b], and}.. = o.

If s(o) is positive, then it will continue being positive until it falls through zero.
This point is the unique local maximum. f must then fall continually using the same
arguments as before. .

Proof of Theorem 6

pr(>-:s A) = pr(}.:s AIU= 1) pr(U= 1) + pr(}.:s AI U> 1) pr(U> 1)

= pr(s(A):S °1U= 1) pr(U= 1) + pr(}.:s AIU> 1) pr(U> 1)

~

(A. IS)

(A.I6)

i

~

(A. IS)

.

(A.19)



by Theorem 5. As a result,

pr(X:s; >") - pr(s(>..) :s; 0)

= [pr(~:s xI U> 1) - pr(s(X):s O1 U> 1)]pr(U> 1). .

Proof of Theorem 11. Follows the same lines as the proof of Theorem 5. The com-
plication is that we start with s(a) = 0, so now the second derivative of f has to be
inspected. By (Hi), s'(a) has to be positive or negative. Let us deal with the case where
it is negative. There is a local maximum at A = a, and so there does not exist another
local maximum by (v). f must continually fall unless there is a local minimum by (iv).
There does not exist a local minimum, as this would create a local maximum. The
only exception to this is that s(b) = o and so A = b must be a minimum by (v). Hence,
if s'(a) < 0, then}.. = a.

The rest of the result follows using the same argument.
Proof of Theorem 12. Follows exactly the lines of Theorem 6 but now using The-

orem II's analytic result rather than Theorem 5's. .

..

"T
i.

.

....

..
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