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“I can calculate the motion of heavenly bodies, but 
not the madness of people” 

SHŌSAI IKKEI 昇斎 景 (active ca. 1870) 
Kaika Injun: The New Battles the Old, 1873, triptych, 33.75” x 19.25”    



Overarching questions 

• Do socio-economic systems have state variables? 
 

• If ‘yes’, do economic state variables have predictable 
dynamics? 
 

• If ‘yes’, how are state variables and their dynamics 
related to observable metrics of socio-economic 
performance? 



Organizing ideas 

• The performance of an 
economy is a function of the 
size of the accumulated 
collective knowhow 
 

• The development of an 
economy is given by the 
dynamics of collective learning 



Overview 

• Paper # 1: (20 mins) 
“Machine-learned patterns 
suggest that diversification 
drives economic 
development” 

• Paper # 2: (20 mins) 
“The drivers of urban 
economic complexity and 
their connection to urban 
economic performance” 

• Looking forward: (5 mins) 
General lessons and intriguing questions  



PAPER # 1 



Questions 

• Can a “machine” discover dynamical laws in economic 
data? 

 

• Do “paths/sequences/progressions” in economic 
development literally exist? 
 
 



Sir Isaac 

SINDy 



Human societies across the globe and 
over 10,000 years differ mainly in their 

“social complexity” 

Development is 
multidimensional 



Economic diversification is constrained 

“Economic complexity” can be summarized in a single quantity 

Economic development differs across locations in a phase space 



Summary of the paper 

• Spirit of the paper: 

– Agnostic of traditions of economic theory, let the data speak 

– Let machine (“PriSDA”) teach us what describes economic change 

– Use machine intelligence to automate the construction of relevant quantities and learn 
their dynamics  

• Data: 

– C = 123 countries; P = 59 products (2-SITC); Y = 55 years (1962-2016) 

• What PriSDA found: 

– What most distinguishes countries in time and space is export basket diversity. 

– Export basket diversity appears to drive per capita income, not the reverse 

– Countries are not split in clear communities (e.g., manufacturing vs agricultural), and 
there is a tendency to converge on the same basket. 

 

 



“Law-discovery” methods have been applied  
successfully to very difficult problems,  
e.g., high-dimensional chaotic systems. 

• High dimensional problem. In a fluid, the state of the whole fluid in 2D 
space is a single point in phase space. 

• E.g., Singular Value Decomposition (~ Principal Component Analysis) 
reduces the dimensionality of the problem. After that, they apply SINDy. 

“[SINDy discovered] the underlying dynamics of a system that took experts in 
the community nearly 30 years to resolve” 
 



Take world trade data from 1962-2016, and infer 
(plausible) underlying dynamical regularities using 
machine learning. 

• Our situation: 
Model the export basket vector 
x(t) evolving in time 



The promise 



The promise 



The promise 



Three elements of decision 

1. What is the appropriate transformation? 

2. What is the appropriate 
dimensionality reduction? 

3. What is the appropriate model? 



“Absolute Advantage”: 

1. Transformations: 
What is a well-behaved measure of 

competitiveness? 

 



Principal Component Analysis: 
– Disadvantage: only linear 

structures. 
– Advantage: deterministic and 

invertible. 

2. Dimensionality Reduction: 
Stable and invertible 

 





Generalized Additive Models  
-> cubic smoothing splines: 

– Disadvantage: no explicit equation. 
– Advantage: flexible, efficient and 

non-parametric, best generalization 
error. 

3. Machine Learning model: 
Predictive but also interpretable 

 







50-yr forecast 



Summary of negative results 

• Predictability was low 

• No “archetypical” paths 

– However, there are too many angles, and we didn’t 
explore them all. 

• Not clear how many dimensions has the state space. 



Summary of positive results 

1. We found that the movement of countries occurs in 
a low dimensional “space”. 

– Dimension 1: Weighted diversity. 

– Dimension 2: Proficiency in machinery relative to 
agriculture. 

2. High diversity precedes GDPpc growth, but high 
GDPpc does not precede diversification. 

3. Evidence of convergence of export baskets. 



Takeaways 

• Economic activity can (should?) be represented in low 
dimensional space 

– Which dimensions? 

• Low dimensions can (should?) be linked to economic 
performance 

– What mechanisms? 

 



PAPER # 2 



Questions 

• Can we motivate from first principles which 
“dimensions” summarize the complexity of economic 
activity? 

• Can first principles suggest the mechanisms? 
 
 



A theory about countries? 



United States 

Colombia 

Bottom-right photo from : borrowed from S. Fajardo. 

New York City, NY 

Bogota D.C. 

Holmes County, MS 

Vigía del fuerte, Antioquia 

? 

See: Acemoglu, D., and Dell, M., "Productivity differences between and within countries."  
American Economic Journal: Macroeconomics 2.1 (2010): 169-88. Cross-city differences are twice as large as  

cross-country differences 
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Per Capita GDP Growth 1960-2010 
(Poor Countries<$5000 PC GDP) 
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Growing literature on a “new science of 
cities” 

• Bettencourt, L. M. A., Lobo, J., Helbing, D., Kühnert, C. & West, G. B. Growth, innovation, scaling, and the pace of life 
in cities. Proc. Natl Acad. Sci. USA 104, 7301–7306 (2007). 

• Samaniego, H. & Moses, M. E. Cities as organisms: allometric scaling of urban road networks. J. Transp. Land Use 1, 
21–39 (2008). 

• Arbesman, S., Kleinberg, J. M. & Strogatz, S. H. Superlinear scaling for innovation in cities. Phys. Rev. E 79, 016115 
(2009). 

• Gomez-Lievano, A., Youn, H. & Bettencourt, L. M. A. The statistics of urban scaling and their connection to Zipf ’s Law. 
PLoS ONE 7, e40393 (2012). 

• Bettencourt, L. M. A., Lobo, J. & Youn, H. The hypothesis of urban scaling: formalization, implications and challenges. 
Preprint at http://arxiv.org/abs/1301.5919v1 (2013). 

• Pan, W., Ghoshal, G., Krumme, C., Cebrian, M. & Pentland, A. Urban characteristics attributable to density-driven tie 
formation. Nat. Commun. 4, 1961 (2013). 

• Bettencourt, L. M. A. The origins of scaling in cities. Science 340, 1438 (2013). 

• Yakubo, K., Saijo, Y. & Korošak, D. Superlinear and sublinear urban scaling in geographical networks modeling cities. 
Phys. Rev. E 90, 022803 (2014). 

• Bettencourt, L. M., Samaniego, H. & Youn, H. Professional diversity and the productivity of cities. Sci. Rep. 4, 5393 
(2014). 

• Patterson-Lomba, O., Goldstein, E., Gómez-Liévano, A., Castillo-Chavez, C., & Towers, S. Per capita incidence of 
sexually transmitted infections increases systematically with urban population size: a cross-sectional study. Sex 
Transm Infect, 91:8, 610-614 (2015). 

• Youn, H. et al. Scaling and universality in urban economic diversification. J. R. Soc. Interf. 13, 
http://dx.doi.org/10.1098/rsif.2015.0937 (2016). 

• Gomez-Lievano, A., Patterson-Lomba, O., & Hausmann, R. Explaining the prevalence, scaling and variance of urban 
phenomena. Nature Human Behaviour, 1, 0012 (2016). 



1. Most of urban phenomena are the conjunction of complementary factors. 
The fewer the factors, the less “complex” the phenomenon. 

2. Cities accumulate these factors through a stochastic process of 
accumulation. 

3. And each person in the city is different in the factors they bring to the city. 
The exposure of people to the city is what generates the outcomes. Robbery 

Complexity 

Larceny-theft 

The theory in brief: 
Gomez-Lievano, A., Patterson-Lomba, O., & Hausmann, R. (2016).  
Explaining the prevalence, scaling and variance of urban phenomena.  
Nature Human Behaviour, 1, 0012. 



Model inspired on: 
Hidalgo, C. A. and Hausmann, R. (2009).  
The building blocks of economic complexity. PNAS, 
106(25):10570-10575. 
 
Hausmann, R. and Hidalgo, C.A. (2011),  
The network structure of economic output. J Econ Growth, 
16:309-342. 

Gomez-Lievano, A., Patterson-Lomba, O., & Hausmann, R. (2016).  
Explaining the prevalence, scaling and variance of urban phenomena.  
Nature Human Behaviour, 1, 0012. 



After some algebraic manipulations… 

 

 
 

𝑷𝑷 𝑿𝑿𝒊𝒊𝒊𝒊𝒇𝒇 = 𝟏𝟏 ≅ 𝒆𝒆−𝑴𝑴𝒇𝒇 𝟏𝟏−𝒔𝒔𝒊𝒊 𝟏𝟏−𝒓𝒓𝒊𝒊  
 

 





Data 

• API of Bureau of Economic Analysis 

– Employment across 3-digit industries, across Metropolitan 
Statistical Areas (MSAs),  
1990—2016  

– Population size and Total employment by MSA,  
1969—2016 

 

• American Community Survey: Educational Attainment 
(“S1501”) 

– Average years of schooling for “Population with 25 years or older” 
2009—2016  



 

• Can we estimate directly 𝑠𝑠𝑖𝑖 , 𝑀𝑀𝑓𝑓 and 𝑟𝑟𝑐𝑐? 
• Is our model better than other alternatives? 

• What can we learn? 
 



What is the model telling us? 

• Mf (1-si) (1-rc)  = ln(1/Prob) =  “Net complexity” 

 

• Net complexity is decomposable: 

o Mf :  Phenomenon-specific complexity 
  = “recipe” of activity 

o si :  Person-specific susceptibility 
  = “individual knowhow” 

o rc :  City-specific suitability  
  = “cultural diversity” 
  = “collective knowhow” 



Claims / Hypotheses 

1. These “drivers” of urban outcomes can be measured 
 
 

 

 

 

2. Knowing these “drivers” has measurable consequences 



Claims / Hypotheses 

1. These “drivers” of urban outcomes can be measured: 
 
 

 

 

 

2. Knowing these “drivers” has measurable consequences 

linear 
regression with 
activity-specific 
and city-specific 
fixed effects 



Claims / Hypotheses 

1. These “drivers” of urban outcomes can be measured: 
 
 

 

 

 

2. Knowing these “drivers” has measurable consequences 



Claims / Hypotheses 

1. These “drivers” of urban outcomes can be measured: 
 
 

 

 

 

2. Knowing these “drivers” has measurable consequences 

City-specific driver  Industry-specific driver  

Share of employment 
of industry f in city c 



Claims / Hypotheses 

1. These “drivers” of urban outcomes can be measured: 
 
 

 

 

 

2. Knowing these “drivers” has measurable consequences: 

– Higher predictive power 

– Understanding urban economic performance:  
 average firm size and average wages. 

City-specific driver  Industry-specific driver  

Share of employment 
of industry f in city c 



Bootstrap cross-validation: 
Fit on train  Predict on test  

 Evaluate MAE(model 𝑘𝑘) and RMSE(model 𝑘𝑘) for each model k 
 store  MAE(model 𝑘𝑘)/MAE(𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) 



 



Grand Rapids-Wyoming, MI Worcester, MA-CT 

Charlotte-Concord-Gastonia, NC-SC 

Rochester, MN 

Amarillo, TX 

Austin-Round Rock, TX 

Salisbury, MD-DE 

Winston-Salem, NC 



 



These city- and industry-fixed effects are predictive of 
average individual wages and average size of 

establishments!  
(see details and controls in paper) 



Summary 

1. “Urban phenomena” are the result of three quantities interacting:  

i. city “diversity” 

ii. phenomenon-specific “complexity” 

iii. and individual “susceptibility” 

 

2. We can, in principle, estimate all three with the log-log of per-
capita metrics. 

 

3. Knowing them explains socio-economic outcomes, and could be 
useful for prediction and counter-factual analysis. 



Considerations and open questions 

 

• The model is based on an assumption about independent Bernoulli trials:  
𝑃𝑃 𝑋𝑋𝑖𝑖𝑐𝑐𝑓𝑓 = 1|𝐷𝐷𝑐𝑐 = 𝑠𝑠𝑖𝑖

𝑀𝑀𝑓𝑓−𝐷𝐷𝑐𝑐 (factors are likely to come in “chunks”) 

• The model is static 

• Cities and phenomena are described by a single quantity each. Worth exploring 
techniques for Matrix Factorization of the matrix – ln (−ln (𝑦𝑦𝑐𝑐𝑓𝑓)) 

• The proposed estimation strategy for individual-level data requires individuals to be 
observed in several phenomena and across several cities 

 

Questions remaining: 

• How to account for Growth  Dynamical models from first principles? 

• Can we use individual-level data and a Bayesian Framework to simultaneously 
estimate 𝑠𝑠𝑖𝑖, 𝑀𝑀𝑓𝑓 and 𝑟𝑟𝑐𝑐? 



LOOKING FORWARD 
General lessons and 
intriguing questions 



Transformations, dimensionality 
reduction, and dynamics 

1. Theory and mathematical models that suggest the 
appropriate (non-trivial) transformations of the raw data  

– E.g., −log (− log 𝑋𝑋𝑐𝑐𝑐𝑐
𝑋𝑋𝑐𝑐

) vs Revealed Competitive Advantage vs Absolute Advantage 

2. Theory and mathematical models that suggest the 
appropriate dimensionality reduction technique 

– PCA vs NNMF vs t-SNE vs UMAP vs PHATE vs Isomap vs Diffusion Maps vs Monocle vs … 

3. Theory and mathematical models that suggest what are the 
rules of collective learning 

– Do we need to change the paradigm from dynamical equations 
to rule-based modeling in order to account for open-ended 
growth? 



THANK YOU 

Contact info: 
Email:  andres_gomez@hks.harvard.edu 
Twitter: @GomezLievano 



 



 



Model 

 

𝑃𝑃 𝑋𝑋𝑖𝑖𝑐𝑐𝑖𝑖 = 1 = �𝑠𝑠𝑖𝑖
𝑀𝑀𝑐𝑐−𝐷𝐷 𝑀𝑀𝑖𝑖

𝐷𝐷
𝐷𝐷

𝑟𝑟𝑐𝑐𝐷𝐷 1 − 𝑟𝑟𝑐𝑐𝐷𝐷 𝑀𝑀𝑐𝑐−𝐷𝐷 

 

Using the Binomial theorem,    

𝑎𝑎 + 𝑏𝑏 𝑛𝑛 = � 𝑛𝑛
𝑘𝑘 𝑎𝑎𝑘𝑘𝑏𝑏𝑛𝑛−𝑘𝑘 

we get 

𝑃𝑃 𝑋𝑋𝑖𝑖𝑐𝑐𝑖𝑖 = 1 = 𝑟𝑟𝑐𝑐 + 𝑠𝑠𝑖𝑖 1 − 𝑟𝑟𝑐𝑐 𝑀𝑀𝑐𝑐  

 

 



Approximation and rearrangements 

𝑃𝑃 𝑋𝑋𝑖𝑖𝑐𝑐𝑓𝑓 = 1 = 𝑟𝑟𝑐𝑐 + 𝑠𝑠𝑖𝑖 1 − 𝑟𝑟𝑐𝑐 𝑀𝑀𝑓𝑓  

 

𝑟𝑟𝑐𝑐 + 𝑠𝑠𝑖𝑖 1 − 𝑟𝑟𝑐𝑐 𝑀𝑀𝑓𝑓 = − 1 − 𝑟𝑟𝑐𝑐 + 1 + 𝑠𝑠𝑖𝑖 1 − 𝑟𝑟𝑐𝑐
𝑀𝑀𝑓𝑓  

= 1 − 1 − 𝑠𝑠𝑖𝑖 1 − 𝑟𝑟𝑐𝑐
𝑀𝑀𝑓𝑓 

𝑒𝑒ln . = 𝑒𝑒𝑀𝑀𝑓𝑓ln (1− 1−𝑏𝑏𝑖𝑖 1−𝑟𝑟𝑐𝑐 ) 

The exponent contains a logarithm ln (1 − 𝑥𝑥), which we expand in its Maclaurin series,  

ln 1 − 𝑥𝑥 = −𝑥𝑥 −
𝑥𝑥2

2
−
𝑥𝑥3

3
−⋯ 

But 0 < 𝑥𝑥 ≪ 1 (product of two probabilities), so we approximate the series only to first 
order, and neglect all terms 𝑂𝑂(𝑥𝑥2): 
 

𝑷𝑷 𝑿𝑿𝒊𝒊𝒊𝒊𝒇𝒇 = 𝟏𝟏 ≅ 𝒆𝒆−𝑴𝑴𝒇𝒇 𝟏𝟏−𝒔𝒔𝒊𝒊 𝟏𝟏−𝒓𝒓𝒊𝒊  
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