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Growing a flat lamina such as a leaf is almost impossible without some feedback to stabilize long
wavelength modes that are easy to trigger since they are energetically cheap. Here we combine the
physics of thin elastic plates with feedback control theory to explore how a leaf can remain flat
while growing. We investigate both in-plane (metric) and out-of-plane (curvature) growth variation
and account for both local and nonlocal feedback laws. We show that a linearized feedback theory
that accounts for both spatially nonlocal and temporally delayed effects suffices to suppress long
wavelength fluctuations effectively and explains recently observed statistical features of growth in
tobacco leaves. Our work provides a framework for understanding the regulation of the shape of
leaves and other laminar objects.

Shape is an emergent property of matter enabling func-
tion at every level in biology, from the molecular to the
organismal. To ensure the robust generation of shape [1]
in the (unavoidable) presence of noise, feedback mecha-
nisms must couple sensing and growth [2–5]. This can be
seen in the garden in plant leaves that are often flat[6, 7],
a configuration that is hard to achieve in thin growing
laminae without feedback as they are susceptible to bend-
ing. In fact, recent studies in N. tabacum (tobacco) leaves
show spatially correlated fluctuations of areal growth rate
[8], consistent with an important role for feedback in
maintaining this shape [9–13].

Motivated by these observations, here we propose a
framework within which to study the control of thin
surfaces, modeled as thin elastic plates that grow and
change over time. We focus on small deviations from the
flat state and study in-plane and across thickness growth
(Fig. 1) and show that strain [14] and curvature [15, 16]
sensing together stabilize the flat state.
Mechanics of a growing lamina. We assume that the

elastic plate (see SI for a generalization to growing shells
with growth rate g), has constant thickness h and a mid-
surface parameterized using Cartesian coordinates r =
(x1, x2) and time t, and the a deflection W (r, t) of the mid-
surface above the reference (x1, x2)-plane (Fig. 1). For an
isotropic material, there are two elastic constants, E, ν
in terms of which we can write a stretching stiffness S =
Eh/12(1− ν2) and a bending stiffness B = Eh3/12(1−
ν2) that link the strain measures to the stress tensor
σij(r, t). The scaled Airy stress function, φ(r, t), is related
to the stress tensor through σ11 = E∂2∂2φ, σ22 = E∂1∂1φ
and σ12 = −E∂1∂2φ. The Laplacian of the scaled Airy
stress function satisfies E4φ(r, t) = σ11 + σ22 and is
proportional to the areal strain.

Since growth-induced elastic frustration leads to rapid
equilibration (at the speed of sound) while feedback from
strains that modulates growth is generally slow (due to
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the time scales over which these signals are transduced
biochemically), the in-plane and out-of-plane growth are
treated quasi-statically. Then, at linear order we can
describe an elastic plate using the depth-averaged com-
patibility and transverse force balance equations [17] as

42φ(r, t) = Ωg(r, t) (1)

h 42W (r, t) = Λg(r, t), (2)

where Ωg(r, t) reflects the incompatibility due to in-plane
growth, and Λg(r, t) is the pressure induced by variations
in growth through the thickness of the plate (see Fig. 1
and [17]).

Local and instantaneous feedback. Our goal is to study
the stability of the flat, stress-free state. At linear order,
the most general form of the feedback law that we can
write to account for the slow feedback from shape to
growth leads to (see SI for details of other equivalent
forms written in terms of geometric quantities such as the
first and second fundamental forms)

∂tΩg =
∫ t
−∞ dt′d2r′

[
G1142φ+G12 h42W (r′, t′)

]
, (3)

∂tΛg =
∫ t
−∞ dt′d2r′

[
G2142φ+G22 h42W (r′, t′)

]
. (4)

where Gij(r − r′, t − t′) are the feedback kernels that
represents the (possibly non-local and delayed) coupling
of growth to the state of the system described in terms
of the inhomogeneous in-plane growth 42φ(r′, t′) (anal-
ogous to the Gauss curvature or the Ricci scalar) and
42W (r′, t′) (analogous to a transverse pressure). We note
that dimensional analysis demands that the coefficient of
42W be a factor O(h) smaller than the growth rate of
the corresponding perturbation of 42φ.

The simplest choice of kernel corresponds to the case
of local feedback — where the instantaneous rate of ex-
pansion and shear due to growth is a function of local
variables such as curvature and strain (see SI)— and is
described using the Dirac delta function by

Gij(ρ, τ) = −αij δ(τ) δ(ρ), (5)

where the feedback matrix αij , with units of time−1,
is not required to be symmetric. To understand the
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Figure 1. Schematic of a growing, nearly flat, thin
elastic plate. The shape of the leaf results from the inho-
mogeneous growth both in the in-plane (encoded by Ωg(r, t))
and out-of-plane (encoded by Λg(r, t)) directions. The shell is
described by the out of plane deflection W (r, t) and the scaled
Airy stress function (see text). The unit vector x̂3 points in

the vertical direction and N̂(r, t) is the normal to the surface.
The angle between them is θ(r, t). R is the size of a region
over which we coarse-grain measurement of growth.

stability of a nominally flat plate to perturbations of
growth, we substitute the ansatz φ(r, t) = φ0e

iq·r+λt and
W (r, t) = W0e

iq·r+λt into Eqs. (1-5), which gives two
eigenvalue solutions for the growth, given by

λ±(q) = −1

2

(
tr[α]±

√
tr[α]2 − 4 det[α]

)
, (6)

where tr[α] and det[α] are the trace and determinant of
the feedback matrix αij . Note that the growth rates are
independent of wavenumber q, and therefore independent
of system size L, consistent with the local nature of the
growth law.

The system will be stable when Reλ±(q) < 0, which
happens when det[α] > 0, tr[α] > 0. When 4det[α] >
tr[α]2 the system will be oscillatory but still stable. We
note that stability requires both curvature and strain
sensing, which ensures that det[α] 6= 0, and the lamina
needs to be able to measure/sense deviations from the
target flat, stress-free state driven by both curvature and
in-plane growth.

However, while local and instantaneous feedback can
lead to asymptotic stability of the flat state, we now show
that this form of feedback is not efficient at suppressing
stochastic fluctuations at the scale of the system size L. To
see this, we extend Eqs. (3 - 4) and add stochastic terms

to represent the effects of fluctuations in in-plane and
curvature growth rate. We assume that fluctuations in
in-plane areal growth, written as4χφ(r, t), and curvature
growth, written as 4χW (r, t) that appear through the
variations in the metric and curvature tensor (see SI) have
a white noise spectrum so that

〈4χφ(r, t)4χφ(r′, t′)〉 = Dφδ(r− r′)δ(t− t′) (7)

〈4χW (r, t)4χW (r′, t′)〉 = DW δ(r− r′)δ(t− t′) (8)

with Dφ, DW being the noise strengths. For the case of
local and instantaneous feedback given by Eq. (5), the
stochastic version of Eqs. (3 - 4) can then be written as:

∂t42φ(r, t) = −α42φ(r, t) +42χφ(r, t), (9)

∂t42W (r, t) = −α42W (r, t) +42χW (r, t), (10)

where we substituted Eqs. (1-2) to rewrite the left hand
side and assumed, for simplicity, that αij = αδij with δij
being the Kronecker delta (see SI for the general case).

To understand deviations from planarity of the growing
lamina, it is natural to consider the fluctuations of the an-
gle between the surface normal (N̂(r, t)) and the vertical

(x̂3), which is given by |θ(r, t)| ≡ | cos−1(N̂(r, t) · x̂3)| ≈
|∇W (r, t)|. In Fourier space, the linear Eqs. (8 & 10) lead
to

iωŴ (q, ω) = −αŴ (q, ω) + χ̂W (q, ω), (11)

〈χ̂W (q, ω)χ̂†W (q′, ω′)〉 = (2π)3DW

q4 δ(q− q′)δ(ω − ω′), (12)

where χ̂†W denotes complex conjugation and the Fourier

transform of a function F (r, t) is given by F̂ (q, ω) =∫
d2r dt e−iq·r−iωtF (r, t). This allows us to calculate the

strength of the angle fluctuations as

〈θ(r, t)2〉 ≈ 〈∇W (r, t)2〉 =∫
d2q′dω′

(2π)3

d2qdω

(2π)3
(q · q′) 〈Ŵ (q, ω)Ŵ †(q′, ω′)〉. (13)

Solving Eq. (11) for W (q, ω), substituting it into Eq. (13)
and using Eq. (12), we get

〈θ(r, t)2〉 =

∫ h−1

L−1

d2qdω

(2π)3
Pθ(q, ω), (14)

where Pθ(q, ω) is the power spectral density given by

Pθ(q, ω) =
DW

q2 (α2 + ω2)
, (15)

and we assume fluctuations are cutoff for wavelengths
smaller than thickness h and larger than system size
L. We see that the integral Eq. (14) yields 〈θ2(r, t)〉 ∼
log(L/h) and diverges logarithmically, i.e. the ordered flat
state is unstable to growth fluctuations for large aspect-
ratio laminae. This result does not change for anisotropic
feedback, i.e. when we relax the diagonal assumption on
αij (see SI).
Nonlocal and delayed feedback.— Therefore, we ask

whether alternative modes of feedback, e.g. those that
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allow for non-local coupling in space and time, can alle-
viate the problem of stabilizing the flat state (at linear
order).

Perturbations from the flat reference state cause cells
to produce signaling molecules (hormones such as auxin)
with a delay time scale assumed to be Γ−1; these propa-
gate diffusively into the local neighborhood [18, 19]. Then,
a natural model for signal propagation associated with
feedback is given by the diffusion equation, whose Green’s
function satisfies

∂tGD(ρ, τ)−D4GD(ρ, τ) = Dδ(ρ)δ(τ), (16)

where D is a diffusion constant (the effect of signal degra-
dation is considered in the SI). If the time scale associated
with diffusion (L2/D), is much smaller than growth time
scales (g−1), gL2/D � 1, then the signal concentration
approaches equilibrium before the shape changes con-
siderably due to growth. Using the spreading rate of
the hormone auxin, we estimate D ≈ 10mm2/hour [19],
which, along with L ∼ 1cm and g ∼ 0.01/hour [8], gives
gL2/D ∼ 0.1. Therefore, we can set the time derivative in
Eq. (16) to zero, and define the modified Green’s function
which satisfies 4G4(r− r′) = −δ(r− r′). This leads to
an extension of the local feedback law in Eq. (17) to

Gij(ρ, τ) = −αij δ(τ) δ(ρ)− ge−Γτ

h2
βij G4(ρ), (17)

where g−1 is the time scale of growth, αij is a feedback
matrix corresponding to the local contribution, βij gives
the non-local contribution, and both have units of time−1.

Choosing αij = αδij , βij = βδij for simplicity and
plugging Eq. (17) into Eqs. (3-4) we get the modified
system accounting for nonlocal, delayed feedback as

∂t42φ(r, t) = 42χφ(r, t)− α42φ(r, t)

+
gβ

h2

∫ t

−∞
e−Γ(t−t′)4φ(r, t′) dt′, (18)

∂t42W (r, t) = 42χW (r, t)− α42W (r, t)

+
gβ

h2

∫ t

−∞
e−Γ(t−t′)4W (r, t′) dt′, (19)

where we used Eqs. (1 - 2) and integrated by parts to
obtain the Laplacian feedback appearing on the right
hand sides. Here the stochastic terms 42χW (r, t) and
42χφ(r, t) satisfy Eqs. (7-8) as in the local feedback case.

To understand the stability of the flat state to variations
in the growth rates, we use the ansatz φ(r, t) = φ0e

iq·r+λt

and W (r, t) = W0e
iq·r+λt and substitute into Eqs. (18 -

19). We find that the deterministic part of the equation
gives

λ = −α− gβ

h2q2

1

Γ + λ
. (20)

When the nonlocal feedback contribution β = 0 we get
λ = −α, as expected from Eq. (6) with αij = αδij . When
β 6= 0, we have two solutions given by

λ±(q) = −1

2

(
α+ Γ±

√
(α− Γ)2 − 4βg

h2q2

)
, (21)

where the contribution of the nonlocal term β dominates
for long wavelengths (q2 � 4βg/h2α2), but is negligible
for short wavelengths (q2 � 4βg/h2α2). We see that the
flat configuration is stable only when α > 0 (in the limit
q2 →∞, λ+ = −α and λ− = −Γ) and β > 0 (otherwise
when q2 → 0 one can get a positive growth rate). In
Fig. 2A, we show the boundary of the stable parameter
region indicated by whether the unstable mode has large
(|q| ∼ L−1) or small wavelength (|q| ∼ h−1), each exem-
plified by a mutant leaf [20, 21]. Fig. 2B shows the growth
rate as a function of wavenumber with parameters chosen
in the stable region (α = β = g). For long wavelengths
we generically get oscillations on the way to the flat state
(Fig. 2B), which may be related to the observed fluttering
behavior in leaves during development [22].

To understand how fluctuations modify the determin-
istic feedback dynamics considered above, we start by
writing the out-of-plane response of the plate Eq. (19) in
Fourier space as

iωŴ = χ̂W (q, ω)−
(
α+

gβ

h2q2

1

Γ + iω

)
Ŵ (q, ω). (22)

Solving Eq. (22) for Ŵ (q, ω) and using Eq. (12), we get
an expression for the power spectral density of the normal
angle fluctuations given by Eq. (14) modified to account
for non-local feedback that reads

Pθ =
(ω2 + Γ2)q2 DW(

(ω2 − αΓ) q2 − g β
h2

)2

+ q4(α+ Γ)2ω2

. (23)

Unlike the case of local feedback (when β = 0) correspond-
ing to Eq. (15), when β 6= 0, the spectral density Pθ(q, ω)
in Eq. (23) is well behaved in the long-wavelength limit
and vanishes when q2 = 0. As a result, angle fluctuations
remain finite, 〈θ(r, t)2〉 ∼ O(L0), as L → ∞. However,
in contrast to the case of local feedback, the fluctuations
described by Eq. (23) are not scale invariant (Pθ(q, ω) is
not a power law in q2).

To quantitatively compare our model to recent ex-
periments [8], we look at the fluctuations in areal
strain rate, A(r, t) ≈ ∂tεii(r, t)/2, where εii is the
sum of elastic and growth strain tensors, (see SI and
[17]). The average areal strain rate is defined as
Ā(r, t) ≡ 1

πR2

∫
Rr
A(r′, t′)d2r′ and its variance is defined

as ΣA(R)2 ≡
〈(
Ā(r, t)− 〈Ā(r, t)〉

)2〉
, coarse-grained

over discs of size R centered at the point r (Fig. 1).
To calculate ΣA(R) using our model, we note that
A(r, t) ∼ ∂t4φ(r, t), since E4φ(r, t) is the trace of the
elastic stress tensor. As Eq. (19) has a similar form to
Eq. (18), we can repeat the steps leading to Eq. (23) (see
SI) to obtain the result

Σ2
A ∝ 〈∂t4φ(r, t)2〉 ∝

∫ R−1,T−1

d2qdω

(2π)3
PA(q, ω), (24)

PA ∝
ω2(ω2 + Γ2)q4 Dφ(

(ω2 − αΓ) q2 − g β
h2

)2

+ q4(α+ Γ)2ω2

, (25)
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Figure 2. Stability phase diagrams: (A) The phase diagram corresponding to Eq. (21). The thick lines represent the
boundary of the stable region which are in turn divided according to whether the first unstable modes are large (|q| ∼ L−1) or
small (|q| ∼ h−1) deformations. The blue points where the two boundaries meet corresponds to no feedback α = β = 0. The
two types of unstable modes are exemplified by mutant leaves taken from Refs. [20, 21]. (B) The real and imaginary values of
the growth rates, given in Eq. (21), with parameters corresponding to the black point (α = β = g) in panel (A) with Γ = 0.5g.
The dashed line indicates the wavenumber below which the modes are oscillatory. Far to the left of this line (|q|h| � 1) nonlocal
feedback dominates, while far to the right (|q|h| � 1) local feedback dominates.

Figure 3. Fluctuations in areal growth rate: A log-log
plot of the standard deviation in areal strain rate ΣA (in units
of inverse hours), where A(r, t) ≈ ∂tεii(r, t) is averaged over a
region of size R (see Fig. 1). Following Eq. (25), local feedback
(β = 0) leads to ΣA ∝ R−1 whereas the nonlocal feedback
case (with α = 0, βg/h2 = 1000, T = 0.01,Γ = 10) leads to
behavior that can fit the data from Ref. [8] by choosing the
noise strength Dφ (see SI for details of parameter fits).

where the q integral is cutoff by R−1 due to spatial aver-
aging over the disk of size R, T−1 is the high frequency
cutoff (see SI), and the additional factor of q2ω2 com-
pared with Eq. (23) is due to the different number of
derivatives in ∂t4φ(r, t) and |∇W (r, t)|.

For purely local feedback (β = 0), PA(q, ω) = PA(ω)
is independent of q and we obtain ΣA ∝ R−1 (as can
be seen by changing coordinates q → Rq in the integral
Eq. (24)). Experiments in [8] give ΣA ∝ R−p, p ≈ 0.61
(Fig. 3), which interestingly differs from the R−1 behav-
ior expected if growth fluctuations were not correlated
spatially, indicating a nonlocal nature in the feedback law
or long-range correlations in the fluctuation spectrum.
For purely nonlocal feedback (α = 0), we do not get
power-law behavior (because the power spectral density
is not scale invariant unless Γ = 0, in which case we have
to consider the range of the integral in (24) to ensure
non-divergent behavior). In Fig. 3 we show the results
obtained by integrating Eq. (24) numerically with specific
choices for the parameters (see figure caption and SI for
details) and see that they better capture the experimental
observations from [8].

Conclusion.— Growing a flat lamina stably is difficult
because small fluctuations in metric and curvature growth
are both destabilizing on long length scales. We formalize
this intuitive result in terms of a simple mathematical
framework that couples elasticity and strain-induced feed-
back and show that local and instantaneous feedback is
insufficient to stabilize long wavelength buckling modes
[Eq. (15)]. In contrast, spatially nonlocal, temporally
delayed feedback suppresses these long wavelength fluc-
tuations [Eq. (23)] and better captures experimentally
observed scaling behavior [Fig. 3B]. Natural extensions of
this work include generalizing the results to elastic shells
and into the nonlinear regime.
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