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In this article we define stable supercurves and super stable maps of genus
zero via labeled trees. We prove that the moduli space of stable supercurves
and super stable maps of fixed tree type are quotient superorbifolds. To this
end, we prove a slice theorem for the action of super Lie groups on superman-
ifolds with finite isotropy groups and discuss superorbifolds. Furthermore, we
propose a generalization of Gromov convergence to super stable maps such
that the restriction to fixed tree type yields the quotient topology from the
superorbifold and the reduction is compact. This would, possibly, lead to
the notions of super Gromov–Witten invariants and small super quantum
cohomology to be discussed in sequels.
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1 Introduction
In this article we work towards a compactification of the moduli space of super J-
holomorphic curves of genus zero. Super J-holomorphic curves are a supergeometric
generalization of J-holomorphic curves that we introduced in Keßler, Sheshmani, and
Yau 2019.
J-holomorphic curves or pseudoholomorphic curves have been of great interest to

mathematics since the discovery that J-holomorphic curves allow to construct invariants
of symplectic manifolds in Gromov 1985 and that those invariants are related to topo-
logical superstring theory, see Witten 1990. Systematic development of the theory of
J-holomorphic curves involved many authors, see, for example Candelas et al. 1991; Ruan
and Tian 1995; Behrend and Manin 1996, or the textbooks Hori et al. 2003; McDuff and
Salamon 2012. A crucial step towards Gromov–Witten invariants is the compactification
of the moduli space of J-holomorphic curves via stable maps which was first proposed
in Kontsevich and Manin 1994. This compactification takes into account that a family of
J-holomorphic curves of genus zero may degenerate into a tree of bubbles in the limit.
Super Riemann surfaces on the other hand have first appeared as generalizations of

Riemann surfaces with anti-commutative variables in superstring theory, see Friedan
1986; D’Hoker and Phong 1988. The mathematical formalization of the anti-commutative
variables required for supersymmetry is known as supergeometry. An early overview
is given in Leites 1980. The moduli space of super Riemann surfaces has been studied
from the mathematical perspective in Crane and Rabin 1988; LeBrun and Rothstein
1988; Donagi and Witten 2015; Felder, Kazhdan, and Polishchuk 2020 and from the
perspective of string theory in Witten 2019.
Here, we construct super stable maps of genus zero and their moduli spaces using

the language of super differential geometry and superorbifolds. We are guided by a
functoriality principle: The reduction of any result on super stable maps, that is setting
all odd variables to zero, should reproduce the corresponding results for classical J-
holomorphic curves. Hence, we define super stable maps as marked trees of super
J-holomorphic curves of genus zero. That is, every vertex of the tree represents one
map from the projective superspace P1|1

C to an almost Kähler manifold that satisfies the
differential equation of super J-holomorphic curves. We show that the stability conditions
proposed in Kontsevich and Manin 1994 also imply stability in the supergeometric setting,
and consequently, the space of super stable maps of fixed tree type is a superorbifold.
Furthermore, we propose a generalization of Gromov topology for super stable maps.

To be more precise, we recall some results from Keßler, Sheshmani, and Yau 2019. A
map Φ: P1|1

C → N from P1|1
C , the only super Riemann surface of genus zero, to a fixed
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almost Kähler manifold (N,ω, J) is called a super J-holomorphic curve if

DJΦ = 1
2 (dΦ + J ◦ dΦ ◦ I)|D ∈ Γ

(
D∨ ⊗ Φ∗TN

)
vanishes. Here, I is the almost complex structure on P1|1

C and D ⊂ TP1|1
C is a totally

non-integrable distribution of complex rank 0|1 that defines the super Riemann surface
structure. We have shown that under certain transversality conditions on Φ there is a
deformation space of super J-holomorphic curves around Φ of real dimension

2n+ 2 〈c1(TN), A〉 |2 〈c1(TN), A〉 ,

where 2n is the real dimension of N and A ∈ H2(N,Z) is the homology class of the image
of Φ. If the almost Kähler manifold N is chosen such that the transversality conditions
are satisfied for all maps the moduli spaceM0(A) of super J-holomorphic curves is a
supermanifold.
To better understand the supermanifold structure of M0(A) we consider its point

functor
M0(A) : SPointop → Man

in the sense of Molotkov–Sachse: Every superpoint C ∈ SPoint, that is a supermanifold
of dimension 0|s, gives rise to the manifold M0(A)(C) of maps C →M0(A) and any
map C ′ → C between superpoints gives rise to a mapM0(A)(C)→M0(A)(C ′). It was
shown in Molotkov 2010; Sachse 2009 that the point functor allows the reconstruction of
the supermanifold structure. A C-point C →M0(A) is given by a super J-holomorphic
curves Φ: P1|1

C × C → N parametrized by C. In particular, the R0|0-pointsM0(A)(R0|0)
form the manifold of classical J-holomorphic curves of genus zero.

We construct a moduli space of simple super stable maps of genus zero with k marked
points in this article as a functor

M∗0,k(A) : SPointop → Top

such thatM∗0,k(A)(R0|0) is the compact moduli space of stable maps of genus zero with
k marked points as presented in McDuff and Salamon 2012. A super stable map of
genus zero parametrized over the superpoint C is then given by a tree, where each vertex
corresponds to a super J-holomorphic curve of genus zero and each edge prescribes a
common C-point of the super J-holomorphic curves at the corresponding vertices. The
stability condition that vertices mapping to a point have at least three marked points
yield that the number of automorphisms of the super stable map is finite. More precisely,
the only possible automorphisms are reflections of the odd directions on each vertex for
super stable maps over R0|0. In order for the functor to take values in the category of
topological spaces we define a generalization of the Gromov topology for super stable
maps.
The functor M∗0,k(A) does not represent a supermanifold or superorbifold because

already the moduli spaceM∗0,k(A)(R0|0) is not a manifold in general. But the restriction
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M0,T ({Aα}) to super stable maps of fixed tree type T and partition {Aα} of the homology
class A on the vertices of the tree T is the orbit functor of a superorbifold. The dimension
of the orbifold decreases with the number of vertices. We believe, however, that this yields
sufficient structure onM∗0,k(A) to define virtual fundamental cycle and supergeometric
Gromov–Witten invariants as a Berezin integral to be defined in an upcoming work.
To prove those results we develop a novel approach to superorbifolds via Morita

equivalence of super Lie groupoids. The local charts for quotient superorbifolds are
provided by a supergeometric analogon of the slice theorem, compare Palais 1961, for
the action of a super Lie group on a Riemannian supermanifold such that the isotropy
group is finite. This gives the first main result:

Theorem 2.6.23. Let G be a super Lie group that acts properly and with finite isotropy
groups on a supermanifold M of dimension m|2n. The Morita equivalence class of the
transformation groupoid G nM is a superorbifold of dimension dimM − dimG. We
denote this superorbifold by M�G.

We apply Theorem 2.6.23 twice in this article. First, we use Theorem 2.6.23 to construct
the moduli space of stable supercurves of genus zero with marked points. A precise
discussion of the superconformal automorphisms of P1|1

C shows that an automorphism of
P1|1
C is determined by the image of three points up to a sign. This yields a description of

the moduli space of stable supercurves of genus zero, fixed tree type, and with markings
as a superorbifold obtained by the quotient of a power of P1|1

C by the tree automorphisms
in Proposition 3.2.1. Similarly, a second application of Theorem 2.6.23 shows that the
functor M∗0,T ({Aα}) of equivalence classes of simple super stable maps of genus zero,
with fixed tree type T and partition {Aα} of the homology class A is the orbit functor of
a quotient superorbifold:

Theorem 4.3.1. Let N be an almost Kähler manifold, T a k-labeled tree with #E edges
and {Aα} a partition of the homology class A on the tree T . Assume that

• all the moduli spacesM∗0(Aα) of simple super J-holomorphic curves of genus zero
are supermanifolds,

• the edge evaluation map evT : ZT ×MT → N2#E is transversal to ∆T for all simple
stable curves of genus zero modeled over the tree T .

ThenM∗0,T ({Aα}) is the orbit functor of the global quotient superorbifold

M∗0,T ({Aα}) = ZT ×MT
�GT .

The orbifoldM∗0,T ({Aα}) has dimension

2n+ 2 〈A, c1(TN)〉 − 2#E + 2k − 6|2 〈A, c1(TN)〉+ 2k − 4.

and isotropy group Z#E+1
2 on the R0|0-points, generated by the maps Ξα− which act by

reflection of the odd direction on the node α ∈ T and identity on the others.
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Here ZT is an open sub-supermanifold of a power of P1|1
C and MT an open sub-

supermanifold of the product of the moduli spaces M∗0(Aα). The conditions of Theo-
rem 4.3.1 can in certain cases be satisfied by generic perturbation of the almost complex
structure on the target almost Kähler manifold (N,ω, J).

We point out that we only consider stable supercurves and super stable maps of genus
zero with Neveu–Schwarz punctures and nodes. It was shown in Deligne 1987 that in the
local deformation theory of super Riemann surfaces two types of nodes, Neveu–Schwarz
type nodes and Ramond type nodes, may appear. But it is consistent to restrict to
Neveu–Schwarz type nodes and punctures only because the degree of Ramond divisors has
to be even on every irreducible component, see Remark 3.3.6. Neveu–Schwarz punctures
can be added to a given super Riemann surface and are compatible with the principle of
functoriality explained above. The case of Ramond punctures which requires modification
of the definition of super Riemann surfaces and of the methods developed in Keßler,
Sheshmani, and Yau 2019 is left for later.

The paper is organized as follows: In Chapter 2, we discuss group actions and quotients
in supergeometry. Besides recalling the notation, the main goal of Chapter 2 is to show
that the quotient of a supermanifold of dimension m|2n by a proper action of a super
Lie group with finite isotropy groups is a superorbifold. To this end, we define geodesics
and the exponential map on Riemannian supermanifolds and prove a slice theorem for
group actions with finite isotropy groups on supermanifolds of dimension m|2n. We give
a rigorous discussion of superorbifolds via super Lie groupoids up to Morita equivalence.
In Chapter 3, we discuss stable supercurves of genus zero with marked points. In a

first step we show that the superconformal automorphisms of P1|1
C that fix three points

consist only of the identity and the reflection of the odd directions. We then define stable
curves of genus zero as a stable tree of copies of P1|1

C and show that for a fixed tree type
their moduli space is a superorbifold.

Super stable maps are discussed in Chapter 4. We define super stable maps of genus zero
as maps from marked nodal supercurves that allow only a finite number of automorphisms
and give the definition of the point functor of the moduli space of super stable curves
with a fixed number of marked points. We show that this point functor can be refined to
take values in the category of topological spaces in a way that extends classical Gromov
topology and such that its restriction to simple super stable curves of fixed tree type
yields the orbit functor of a superorbifold.
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2 Slice theorem and superorbifolds
In this chapter we study the quotient of supermanifolds by proper actions of super Lie
groups such that the isotropy groups of the action are finite. This is the main technical
tool for the construction of the moduli spaces of stable curves and maps in later chapters.
We proceed in several steps: First we set the basic notations for supermanifolds in the
ringed space approach and their functor of points in Sections 2.1 and 2.2. In Section 2.3
we recall quotients of supermanifolds by regular equivalence relations. Geodesics and
exponential maps on Riemannian supermanifolds are constructed in Section 2.4. We use
the exponential map in Section 2.5 to construct a local complement to the orbit of a proper
action of a super Lie group with finite isotropy groups. This yields a supergeometric
analogue of the slice theorem by Palais 1961. If the group action is proper and free it
yields a regular equivalence relation and the quotient is a supermanifold. But if the
group action has finite isotropy groups the quotient is a superorbifold instead. While
superorbifolds have appeared implicitly before, we give a systematic construction of
superorbifolds using super Lie groupoids in 2.6.

2.1 The ringed space approach to supermanifolds
In this article we need two approaches to supermanifolds: The Berezin–Kostant–Leites
approach via ringed spaces and the Molotkov–Sachse approach via the functor of points.
For a detailed introduction to supermanifolds in the ringed space approach, we refer
to Leites 1980; Deligne and Morgan 1999; Keßler 2019. In this approach, a supermani-
fold M consists of a topological space ‖M‖ together with a sheaf of supercommutative
rings OM such that M = (‖M‖,OM ) is locally isomorphic to

Rm|n =
(
Rm,ORm|n = C∞(Rm,R)⊗R

∧
n

)
as a locally ringed, supercommutative space. The superdomain Rm|n consists of the
euclidean space Rm together with the sheaf of smooth functions in m variables twisted by
a real Graßmann algebra in n generators. For the standard coordinates xa, a = 1, . . . ,m
on Rm and ηα, α = 1, . . . , n generators of the Graßmann algebra ∧n we say that
XA = (xa, ηα) are the standard supercoordinates on Rm|n. Here and henceforth we use
the convention that small Latin characters number even objects, small Greek letters
number odd objects and capital Latin letters number both even and odd objects.
Maps f : M → N between supermanifolds are given by morphisms of locally ringed

spaces. By a Theorem of Leites, see Leites 1980, Theorem 2.1.7, any map between
open superdomains f : Rp|q ⊃ U → V ⊂ Rm|n is completely determined by the image
of the coordinates XA = (xa, ηα) of Rm|n under f# : ORm|n → ORp|q . Maps between
supercommutative rings preserve the Z2-grading which for elements of ORm|n is induced
from the Z-grading of ∧n. Consequently, the sheaf OM of any supermanifold M possesses
a Z2-grading OM = (OM )0 ⊕ (OM )1.
For our purposes we need to work with families of supermanifolds instead of single

supermanifold. A family of supermanifolds over the supermanifold B is a submersion
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bM : M → B. We will assume that B is a superpoint, that is of the form B = R0|k.
Then the family bM is locally on M a projection U × B → B. A map between two
families of supermanifolds bM : M → B and bN : N → B is a map f : M → N such that
bN ◦ f = bM . However, we do not assume that B is fixed and allow for arbitrary base
change and do only consider geometric constructions that are relative to B and invariant
under base change. In particular we will assume that any supermanifold can be seen as
a, possibly trivial, family over B and that B is large enough, that is, contains as many
odd directions as needed. For a detailled discussion of families of supermanifolds we refer
to Keßler 2019, Chapter 3.

2.2 The functor of points approach to supermanifolds
The functor of points approach uses an idea from algebraic geometry: Describing a
supermanifoldM in terms of maps C →M . We use the formalism developed in Molotkov
2010; Sachse 2009 which describes a supermanifold purely in terms of its superpoints.
Let SPoint be the category of superpoints, that is, of supermanifolds isomorphic to R0|s

for some s and smooth maps between them. For a supermanifold M and a superpoint
C ∈ SPoint we write

M(C) = {p : C →M}
for the set of C-points of M . Explicitly, for M = Rm|n a map p : C → Rm|n is given by a
tuple

pa = p#xa ∈ (OC)0, pα = p#ηα ∈ (O)1,

where (xa, ηα) are coordinates on Rm|n. The functions pa and pα combine to an even
element (pa, pα) of the graded tensor product Rm|n ⊗ OC of graded vector spaces. It
follows that

Rm|n(C) =
(
Rm|n ⊗OC

)
0

=
(
Rm|n ⊗

∧
s

)
0

=
(∧

s

)m
0
⊕
(∧

s

)n
1

is a manifold. As every manifold is locally isomorphic to Rm|n also M(C) is a manifold.
The manifold M(R0|0) coincides with the reduced manifold Mred of M .

For every map c : C ′ → C and p ∈M(C) the composition p ◦ c is in M(C ′). Hence M
is a functor from the opposite of the category of superpoints to the category of manifolds:

M : SPointop → Man

Conversely, it was worked out in Molotkov 2010; Sachse 2009 that a functorM : SPointop →
Man is a supermanifold, if and only if it possesses a cover by open subfunctors which are
isomorphic to Rm|n. Here a subfunctor U ⊂ M is open if for all C the subset U(C) is
open in M(C). Maps between supermanifolds are realized as functor morphisms M → N .

A C-point of a family bM : M → B of supermanifolds consists of a commutative triangle

C M

B

p

CB bM

7



The local picture is

C Rm|n ×B

B

p

CB bM

For fixed CB and bM the set of CB-points of Rm|n × B coincides with Rm|n(C) =(
Rm|n ⊗OC

)
0
. Consequently, a supermanifold M over B yields a functor

M : SPointopB → Man

which is locally isomorphic to Rm|n. Here SPointB is the category of superpoints over
B where the objects consist of maps CB : C → B from a superpoint C to B and the
morphisms CB → C ′B are commutative triangles of the form

C C ′

B
CB C′

B

The category SPointB contains an initial object R0|0
B : R0|0 → B and a terminal object

idB : B → B. Furthermore, as R0|0 is also terminal object in SPoint we have SPointR0|0 =
SPoint.

2.3 Products and quotients
In this section we recall the notions of fibered product and quotients of a supermanifold
by a regular equivalence relation.

Let f1 : M1 → N and f2 : M2 → N be two maps between supermanifolds. The fibered
productM1×f1,f2M2 is a supermanifold together with two projections pi : M1×f1,f2M2 →
Mi such that f1◦p1 = f2◦p2. The fiber product is characterized by the following universal
property: For any supermanifold S and maps gi : S → Mi such that f1 ◦ g1 = f2 ◦ g2
there exists a map (g1, g2) : S →M1 ×f1,f2 M2 such that gi = pi ◦ (g1, g2).

S

M1 ×f1,f2 M2 M2

M1 N

(g1,g2)

g2

g1 p2

p1 f2

f1

A sufficient condition for existence of the fibered product is that one of the maps fi is a
submersion. If the fibered product exists, it is of dimension

dimM1 ×f1,f2 M2 = dimM1 + dimM2 − dimN
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and the projections pi are surjective submersions. If the maps fi are clear from the
context, for example for families fi = bMi : Mi → B we may also use the shorthands
M1 ×B M2 or M1 ×M2.

Definition 2.3.1. Let M be a supermanifold and j : R→M ×M a subsupermanifold.
Let ∆: M →M ×M denote the diagonal morphism, p1, p2 : M ×M →M the projection
on the first and second factor respectively and pk = pk ◦ j. The subsupermanifold
j : R→M ×M is called an equivalence relation in M if

i) there exists a morphism δ : M → R such that j ◦ δ = ∆,

ii) there is a morphism c : R×p2,p1 R→ R such that

R×p2,p1 R R

R M

c

πk pk

pk

R×p2,p1 R×p2,p1 R R×p2,p1 R

R×p2,p1 R R

id×p2,p1c

c×p2,p1 id c

c

are commutative. Here π1, π2 : R×p2,p1 R→ R are the projections on the first and
second factor respectively.

iii) there is a map i : R→ R such that i ◦ i = idR and p1 ◦ i = p2.

The equivalence relation is called regular if j : R→M ×M is a closed subsupermanifold
and p1 : R→M is a submersion.

Definition 2.3.2. Let j : R→M ×M be an equivalence relation in M . A submersion
q : M → Q is called quotient of M by R if q ◦ p1 = q ◦ p2 and any map f : M → N such
that f ◦ p1 = f ◦ p2 factors over Q, that is there exists a map f : Q → N such that
f = f ◦ q.

R M Q

N

p1

p2

q

f
f

Such a quotient, if it exists is unique up to superdiffeomorphism and will be denoted
by M�R.

The following supergeometric analogue of a theorem of Godement’s theorem, see Bour-
baki 2007, Section 5.9.5, is proved in Alldridge and Hilgert 2010, Theorem 2.6 based on
the work of Almorox 1987; Bartocci et al. 1998:

Theorem 2.3.3. The quotient M�R exists if and only if the equivalence relation R is
regular. In that case the map

p1 ×M�R p2 : R→M ×M�RM

is a superdiffeomorphism.

9



Remark 2.3.4. The existence of a superdiffeomorphism identifying R = M ×M�R M
implies that for both even and odd dimension we have

dimR = 2 dimM − dimM�R. (2.3.5)

Remark 2.3.6. The Definition 2.3.1 of equivalence relation and the Definition 2.3.2of
quotient reduce to their classical counterpart for point sets when the supermanifold M
has odd dimension zero. More generally, if M is a supermanifold over B and CB : C → B
a B-point the set R(CB) of CB-points of R form an equivalence relation over the
set M(CB) of CB points of M . If the quotient Q exists as a supermanifold, it holds
Q(CB) = M(CB)�R(CB) as manifolds, see Molotkov 2010, Section 6.4.

If the quotient does not exist, one can still define a functor with values in the category
of topological spaces

SPointopB → Top

CB 7→M(CB)�R(CB)

which represents the equivalence classes of superpoints of the quotient, but does not
represent a supermanifold. In Section 2.6 below we will see how to give this quotient the
structure of a superorbifold in certain cases where the equivalence relation is not regular.

2.4 Geodesics on Riemannian supermanifolds
In this section we construct geodesics and exponential maps on supermanifolds with a
Riemannian metric. While geodesics on supermanifolds have appeared before in Go-
ertsches 2008; Garnier and Wurzbacher 2012, the variant we propose here allows for an
exponential map that identifies an open subset of the superorbifold around a point with
an open subset of the tangent space.
Consider a curve γ, that is, a map from an interval I ⊂ R to M parametrized by the

superpoint CB:
γ : I × C →M ×B C.

For any time parameter t ∈ I the evaluation γ(t) is a CB-point of M , γ(t) : C →M ×B C
or γ(t) ∈M(CB). The tangent vector of the curve at time t is given by an even element

dγ (∂t)|t ∈ Γ (C∗Bp∗TM) = Γ (p∗TM)⊗OB OC .

In order to simplify the notation we introduce the following:

Definition 2.4.1. Let M be a supermanifold over B, E → M a super vector bundle
and p : B →M be a B-point of M . We define the functor Γp (E) of sections of E at p by

Γp (E) : SPointopB → Mod(OB)0

(CB : C → B) 7→ Γ (C∗Bp∗E)0 = (Γ (p∗E)⊗OB OC)0

10



Using this notation we write dγ (∂t)|t ∈ Γp (TM)(CB). The tangent map Tf : TM →
TN of a map f : M → N induces functor transformations Γp (TM)→ Γf◦p (TN).
Let now m a Riemannian metric on TM and ∇ the corresponding Levi-Civita con-

nection. A Riemannian metric on the supermanifold M → B is an even, symmetric,
non-degenerate OM -bilinear form m : Γ (TM)× Γ (TM)→ OM such that its reduction
mred is a positive definite metric on (TM)red →Mred, see Keßler 2019, Definition 6.9.1.
In particular, the symmetry condition requires that for all X, Y ∈ Γ (TM)

m(X,Y ) = (−1)p(X)p(Y )m(Y,X).

The symmetry condition together with the non-degeneracy requires that the number of
odd dimensions is even. Conversely, Riemannian metrics can be shown to exist on any
supermanifold of dimension p|2q by using a partition of unity as in classical differential
geometry. Given an isomorphism of supermanifolds f : N →M we denote the induced
metric on N by mf . For the theory of connections on vector bundles and principal
bundles in supergeometry see Keßler 2019, Chapter 4.4, Chapter 6. The existence of a
Levi-Civita connection ∇ on supermanifolds with Riemannian metric has been shown
in Keßler 2019, Lemma 6.9.6; Goertsches 2008, Theorem 4.1.
Proposition 2.4.2. For every B-point p : B →M and every v ∈ Γp (TM)(CB) there a
exists an open interval I = (−T, T ) ⊂ R and a unique map over C

γp,v : I × C →M ×B C

such that

∇∂t dγp,v (∂t) = 0 γ(0) = p ◦ CB dγp,v (∂t)|t=0 = v

We call γp,v the geodesic going through the point p in direction of v.
Proof. Let (XA) = (xa, ηα) be relative coordinates in a neighborhood of p and denote
the Christoffel symbols of the Levi-Civita connection on M by ∇∂

XD
∂XE = ΓFDE∂XF .

Suppose that pC = p ◦ CB is given in those coordinates by p#
CX

A = pA ∈ (OC)p(A) and

v = va∂xa + vα∂ηα

for va ∈ (OC)0 and vα ∈ (OC)1. Writing γA(t) = γ#
p,vX

A as well as γ̇A(t) and γ̈A(t) for
its first and second time derivative respectively, the differential equations for geodesics
read

γ̈A(t) + γ̇E(t)γ̇D(t)γ(t)#ΓADE = 0, γA(0) = pA, γ̇A(0) = vA.

This is a set of ordinary differential equations of second order with coefficients in OC that
can be solved uniquely by expanding recursively with respect to the odd generators of OC .
Notice that the equation of degree zero corresponds to the equation for CB = R0|0

B and is
hence the usual geodesic equation, that is, a non-linear ordinary differential equation.
The differential equations for the higher order coefficients are linear ordinary differential
equations depending on the reduced geodesic. As linear ordinary differential equations
can be solved for all times, super geodesics can be extended in time-direction as far as
the reduced geodesic.

11



Geodesics in supergeometry share some features with their classical counterpart:

• Geodesics are parametrized proportionally to arc-length. Indeed,

d

dt
‖dγp,v(∂t)‖2 = m (∇∂t dγp,v(∂t), dγp,v(∂t)) +m (dγp,v(∂t),∇∂t dγp,v(∂t)) = 0.

Consequently, ‖dγp,v(∂t)‖2 = ‖v‖2 for all times t.

• Let γp,v : (−T, T )×C →M ×B C be the geodesic going through p and in direction
v ∈ Γp (TM)(CB). For any λ ∈ R the map γ : (−T

λ ,
T
λ ) × C → M ×B C given by

γ(t) = γp,v(λt) is also a geodesic and satisfies γ(0) = p and dγ(∂t)|t=0 = λv. Hence
γp,λv(t) = γp,v(λt) for all λ ∈ R.

• Let f : M → M be an isometry, that is mf = m. Then f maps geodesics to
geodesics.

Proposition 2.4.3. There is an open subfunctor of U ⊂ Γp (TM) such that for all
CB : C → B and v ∈ U(CB) the geodesic γp,v is defined on an open interval containing
[−1, 1]. We define the exponential map expp : U →M at p : B →M by

expp(CB) : U(CB) ⊂ Γp (TM)(CB)→M(CB)

v 7→ γp,v(1)

The exponential map is an isomorphism from an open subfunctor U ′ ⊂ U onto its image,
an open subfunctor of M around p.

Proof. It is known that there is an open subset U ⊂ Γp (TM)(R0|0
B ) such that for

every v ∈ U the geodesic γp,v is defined on an open interval containing [−1, 1]. Let
U = Γp (TM)

∣∣∣
U
. As explained in the proof of Proposition 2.4.2 this implies that for

every CB ∈ SPointopB and v ∈ U(CB) the geodesic γp,v can be defined on an open interval
containing [−1, 1]. Consequently, the exponential map expp is well defined on U .
By construction expp(CB)(0) = pC . We will show, in analogy to classical differen-

tial geometry, that dexpp = id : Γp (TM) → Γp (TM), where we identify Γp (TU) with
Γp (TM). Indeed, for v ∈ Γp (TM)(CB), we have

((
dexpp

)
(CB)

)
v =

(
d
(
expp(CB)

))
v = d

dt

∣∣∣∣
t=0

γp,tv(1) = d

dt

∣∣∣∣
t=0

γp,v(t) = v.

From the invertibility of the differential of expp it follows that expp is a local isomor-
phism by Molotkov 2010, Proposition 6.3.1.

2.5 Group actions
In this section we first recall the notions of a super Lie groups and actions of super Lie
groups on supermanifolds. Then we give an explicit construction of the quotient of a
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supermanifold by a proper and free group action. The main new contribution in this
section is a generalization of the slice theorem to supermanifolds in Proposition 2.5.10:
Any supermanifold M with an even number of odd dimensions and a proper group action
by G with finite isotropy groups can be written in a neighborhood of a point p as G×Hp S,
where Hp is the isotropy group at p. This is in preparation for Section 2.6 where we will
see that the quotient of a manifold by a proper group action with finite isotropy groups
is a superorbifold.

A super Lie group is a supermanifold G over B together with maps m : G×B G→ G,
i : G → G and e : B → G such that for any CB : C → B the maps m(CB), i(CB) and
e(CB) equip G(CB) with a multiplication, inverse and neutral element satisfying the
group laws. Examples relevant to the work here are subgroups of the general linear
groups GL(r|s) and finite groups as super Lie groups of dimension 0|0. The module of
sections Γe (TG)0 can be identified with the OB-module of left-invariant vector fields and
inherits the structure of a Lie superalgebra which we denote by g. For details we refer
to Keßler 2019, Chapter 5 and Deligne and Morgan 1999; Carmeli, Caston, and Fioresi
2011.

A left-action of a super Lie group G on a supermanifold M is given by a map
a : G×M →M such that for any CB : C → B the map a(CB) : G(CB)×M(CB)→M(CB)
is an action of the group G(CB) on M(CB). We say that a is a proper group action if
the reduction a(R0|0

B ) : G(R0|0
B )×M(R0|0

B )→M(R0|0) is proper. The isotropy group Hp

of a B-point p ∈M(idB) is given by the functor

Hp : SPointopB → Man
CB 7→ {g ∈ G(CB) | a(CB)(g, p) = p}

It is proved in Balduzzi, Carmeli, and Cassinelli 2009 that Hp is a super Lie subgroup
of G. We say that the action a is free if Hp is the trivial subgroup for all p.
Example 2.5.1 (Action of Rr|s on Rm+r|n+s). Let (xb, ηβ) be coordinates on Rr|s. The
supermanifold Rr|s can be equipped with an additive super Lie group structure as follows:

m : Rr|s × Rr|s → Rr|s

m#xb = xb + xb

m#ηβ = ηβ + ηβ

i : Rr|s → Rr|s

i#xb = −xb

i#ηβ = −ηβ

e : R0|0 → Rr|s

e#xb = 0
e#ηβ = 0

Here (xb, ηβ) denote the coordinates on the second factor Rr|s. If we denote the C-points
of Rr|s by (pa, pα) ∈ (OC)r0 ⊕ (OC)s1 we see that the additive group structure on Rr|s
corresponds precisely to the addition of its C-points.
Let now (yb, θβ) be coordinates on Rm+r|n+s. The supermanifold Rm+r|n+s can be
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equipped with an action of the additive super Lie group Rr|s by setting

a : Rr|s × Rm+r|n+s → Rm+r|n+s

a#yb = xb + yb if 1 ≤ b ≤ r
a#yb = yb if b > r

a#θβ = ηβ + θβ if 1 ≤ β ≤ s
a#θβ = θβ if β > s

This action corresponds to addition of the components of the C-point (pa, pα) ∈ Rr|s(C)
to the first r even and s odd components of a C-point (qb, qβ) ∈ Rm+r|n+s(C).
Example 2.5.2 (Action of GL(p|q) on the supermanifold Rp|q). The group of even, invertible
linear maps from the super vector space Rp|q to itself can be equipped with the structure
of a super Lie group acting on the supermanifold Rp|q as follows: We define its point
functor by setting GL(p|q)(C) = GLOC (Rp|q ⊗OC), that is, the C-points of GL(p|q) are
OC-linear even automorphisms of Rp|q⊗OC . The multiplication map multiplies C-points,
and the inverse and identity are likewise defined on C-points.
Elements of GL(p|q)(C) act on Rp|q(C) which defines the action of the super Lie

group GL(p|q) on the supermanifold Rp|q. For a description of GL(p|q) in the ringed
space approach, see Keßler 2019 and references therein. Using subgroups of GL(p|q) and
homomorphisms of super Lie groups one can construct further interesting examples, see,
for example, Fioresi and Gavarini 2012.
Example 2.5.3 (Action of Z2 on Rm|n). We define two different actions of Z2 on Rm|n on
the level of C-points by

a1 : Z2 × Rm|n(C)→ Rm|n(C)
(z, (pa, pα)) 7→ ((−1)zpa, pα)

a2 : Z2 × Rm|n(C)→ Rm|n(C)
(z, (pa, pα)) 7→ (pa, (−1)zpα)

We call the first action a1 reflection of the even directions at the origin and the second
action a2 reflection of the odd directions at the origin. Note that the reflection of the
odd directions at the origin can be defined for any supermanifold over R0|0.

Definition 2.5.4. Let a : G ×M → M be an action of the super Lie group G on the
supermanifold M . A map f : M → N between supermanifolds is called G-invariant, if
f ◦ a = f ◦ pM .
Let now the super Lie group H act on N via aN : H × N → N and γ : G → H a

homomorphism of super Lie groups, that is mH ◦ γ × γ = γ ◦mG. The map f : M → N
is called γ-equivariant if aN ◦ γ × f = f ◦ a. In the case γ = idG, we say that f is
G-equivariant.

The following Theorem 2.5.5 shows that the quotient by a free and proper action of
a super Lie group on a supermanifold is again a supermanifold. It has been proved
in Alldridge and Hilgert 2010, Theorem 2.12 but we will nevertheless give a proof in
order to introduce notation and concepts used in Section 2.6.
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Theorem 2.5.5. Let G act on M freely and properly. Then there exists supermani-
fold M�G and a G-invariant submersion q : M →M�G such that any G-invariant map
f : M → N factors over q. That is, there exists a map f : M�G→ N such that f = f ◦ q.
The supermanifold M�G and the map q are unique up to superdiffeomorphism.

Proof. We define a map j : R→M ×M , where R = G×M by setting j = (pM , a). The
proof proceeds by showing that j defines a regular equivalence and that the quotientM�R
satisfies the universal property.

To see that j gives an equivalence relation notice first that j is indeed the embedding of
a subsupermanifold because the action is free. By the definition of j the first projection
p1 = p1 ◦ j : R → M coincides with the projection pM : G × M → M on the first
factors and p2 = p2 ◦ j : R → M coincides with the group action a : G × M → M .
Then δ = (e, idM ) : M → R = G ×M satisfies j ◦ δ = ∆ and hence condition i) of
Definition 2.3.1.

Condition ii) reduces to the associativity of the action as follows: One checks that the
fiber product R×p2,p1 R is isomorphic to G×G×M , where the projections are given by

π1 = t23 : G×G×M → R = G×M, π2 = idG×a : G×G×M → R = G×M.

where t23 : G×G×M → G×M is the projection on second and third factor. With this
characterization of R×p2,p1 R we define

c = m× idM : R×p2,p1 R = G×G×M → G×M = R

and verify

p1 ◦ c = p1 ◦ π1,

p2 ◦ c = a ◦ (m× idM ) = a ◦ (idG×a) = p2 ◦ π2.

While the first equation is straightforward, the second uses the compatibility of the action
a with the multiplication m of the super Lie group G. Both equations together show
the left-hand diagram in ii) of Definition 2.3.1. The diagram on the right-hand side of
condition ii) can analogously be reduced to associativity properties of the action using
the identification R×p2,p1 R×p2,p1 R = G×G×G×M .
The inverse map i : G → G gives a map σ : R → R by setting σ = (i ◦ pG, a) which

satisfies σ ◦ σ = idR and p1 ◦ σ = p2. Consequently, σ fulfills the symmetry condition iii)
of Definition 2.3.1.
The properness of the group action implies that j gives a closed subsupermanifold

and the first projection p1 is obviously a submersion. Consequently, the equivalence
relation j : R→M ×M is a regular equivalence relation and the quotient M�R exists
by Theorem 2.3.3.

By definition of the quotient with respect to an equivalence relation, see Definition 2.3.2,
the quotient map q : M →M�R is a submersion satisfying

q ◦ pM = q ◦ p1 = q ◦ p2 = q ◦ a,
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that is, q is G-invariant. It remains to show that the quotient q : M →M�R fulfills the
universal property of the quotient by the group action: If f : M → N is a G-invariant
map, by definition it satisfies

f ◦ p1 = f ◦ pM = f ◦ a = f ◦ p2.

Consequently, there exists a map f : M�R→ N such that f = f ◦ q.

Remark 2.5.6. The dimension formula (2.3.5) for the quotient M�R implies that for both
even and odd dimension

dimM�G = 2 dimM − (dimM + dimG) = dimM − dimG.

In the previous Theorem 2.5.5 the condition that the action is free is strictly necessary.
Indeed, as can be seen in the Example 2.5.3, the quotient of a supermanifold by a
non-free action is cannot be a supermanifold: The quotient of the reduced action of a1 of
Example 2.5.3 would be an orbifold instead of a manifold and in the case of the action a2
a similar phenomenon appears for the odd directions. We will provide a definition
of superorbifold in Section 2.6 and generalize Theorem 2.5.5 to proper group actions
with finite isotropy groups. As a preparation we investigate the local structure of a
supermanifold with actions of a super Lie group such that all isotropy groups are finite.
We will show that one can find a local slice for the group action around every B-point,
that is, a submanifold transversal to the orbits and invariant under the action of the
isotropy group. The corresponding classical results go back to Koszul 1994; Palais 1961.
For a more modern textbook see Alexandrino and Bettiol 2015, Chapter 3.
We denote by ap : G→M the map obtained from a by fixing the second factor to p.

Its tangent at the identity gives a map Teap : g→ Γp (TM).

Definition 2.5.7. Let p : B →M be a B-point of the supermanifold M with G-action
a and denote Hp be the isotropy group at p. A slice at p is an embedded submanifold S
in M such that

i) p ∈ S(B).

ii) Γp (TM) = (Teap) g⊕ Γp (TS)

iii) S is invariant under Hp. That is for all CB : C → B, q ∈ S(CB) and g ∈ Hp(CB)
then a(CB)(g, q) ∈ Hp(CB).

iv) If q ∈ S(CB) and g ∈ G such that a(CB)(g, q) ∈ S(CB) then g ∈ Hp(CB).

Proposition 2.5.8. Let M be a supermanifold over B with an even number of odd
dimensions, a : G ×B M → M a proper group action and p : B → M a B-point of M
such that Hp is a finite group. Then there exists a slice at p.

Proof. We remark that if Hp is finite, we can always construct an Hp-invariant metric by
averaging over Hp as follows: Choose an arbitrary Riemannian metric m̃ on M and for
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h ∈ Hp denote by m̃h the metric obtained by pullback along the diffeomorphism induced
by h. Then

m =
∑
h∈Hp

m̃h

is an Hp-invariant metric.
As Hp acts by isometries and fixes the point p, we have that Teapg ⊂ Γp (TM) is Hp

invariant as is its m-orthogonal complement N . We pick an open subset N |U of N and
define the submanifold

S = exppN |U ⊂M

as a candidate for the slice. Here the open subset U is chosen such that expp is defined
on N |U but might need to be restricted further in the remainder of the argument.

By definition the submanifold S ⊂M satisfies the conditions i) and ii) of Definition 2.5.7.
To see that S satisfies also condition iii) remark that Hp acts via isometries on M and
isometries map geodesics to geodesics.

It remains to prove that S satisfies condition iv) when U is chosen small enough. We
will argue by contradiction and use the properness of the action. Suppose that there is no
U ⊂ N(R0|0) such that S = exppN |U satisfies condition iv). Then for every CB : C → B
we can find sequences pn ∈ S(CB) and gn ∈ G(CB) such that

i) gn 6∈ Hp(CB)

ii) a(CB)(gn, pn) ∈ S(CB)

iii) the reduced points gn = r∗gn ∈ G(R0|0
B ) and pn = r∗xn ∈ S(R0|0

B ) where r : R0|0
B →

CB converge to

lim
n→∞

pn = p lim
n→∞

a(R0|0
B )(gn, pn) = p

Now as a is a proper group action, gn converges to an element h ∈ H(R0|0
B ). By

multiplying the sequence gn by h−1 we can assume that gn converges to e(R0|0
B ). By

condition ii) the restriction of the action a : G×M →M to ã : G×S →M is submersive
at (e, p). Consequently, a is a diffeomorphism in the neighborhood of the identity which
contradicts the existence of the sequences gn and pn as above.

For any closed sub Lie group H in the super Lie group G the quotient G�H with
respect to the right action of H on G exists. Moreover, is proved in Alldridge and Hilgert
2010, Proposition 3.6 that the quotient map q : G → G�H is a principal bundle with
typical fiber H. For further information on principal bundles on supermanifolds we also
refer to Keßler 2019, Chapter 6. The slice constructed in Proposition 2.5.8 carries an Hp

action. Consequently, one can form the associated bundle G×Hp S by replacing the fibers
of the Hp-principal bundle G→ G�Hp

by S, see Keßler 2019, Section 6.2. Alternatively,
in Alldridge and Hilgert 2010, Section 3.2, the associated bundle is described as

G×Hp S = (G× S)�Hp
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where Hp acts freely on G× S such that h ∈ Hp maps on CB-points as follows:

h : G(CB)× S(CB)→ G(CB)× S(CB)
(g, s) 7→ (gh−1, hs)

(2.5.9)

With this characterization we can prove the following supergeometric analogue of the
tubular neighborhood theorem:

Proposition 2.5.10. Let p : B → M be a B-point of a supermanifold M with group
action a : G × M → M and finite isotropy group at p. Then there exists an open
neighborhood T of p in M and a G-equivariant diffeomorphism G×Hp S → T , where S
is the slice at p.

Proof. The restriction of the action a : G ×M → M to G × S → M is G-equivariant
and Hp-invariant, where the G-action consists of multiplication from the left and the
Hp-action is described in (2.5.9). Consequently, there is a well defined G-equivariant map
ã : G×Hp S →M . By the classical tubular neighborhood theorem, see Alexandrino and
Bettiol 2015, Theorem 3.57, its reduction is a diffeomorphism onto its image T ⊂M(R0|0).
It remains to show that ã : G×Hp S →M |T is a superdiffeomorphism. We will do so

by showing that dã is bijective everywhere. But as the dimension of G ×Hp S and M
agree, it is sufficient to show surjectivity of dã which in turn follows from surjectivity of
da because the map G× S → G×Hp S is submersive. We have already seen in the proof
of Proposition 2.5.8 that da is surjective at (e, s) for all s ∈ S(B). As a(g, s) = a(g · e, s)
and left-multiplication by g is a diffeomorphism of G, the result follows.

2.6 Superorbifolds
In this section we introduce superorbifolds as a generalization of supermanifolds such
that quotients of supermanifolds by proper group actions with finite isotropy groups
can be defined. The concept of orbifold goes back to Satake 1956 where orbifolds are
defined as topological spaces that are locally isomorphic to quotients of Rm by finite
group actions. As topological spaces are not sufficient to describe supermanifolds we
will use here a more modern reformulation in terms of equivalence classes of groupoids,
see Moerdijk 2002.
The following definition is adapted from nLab 2020, but super Lie groupoids have

appeared before in Alldridge, Hilgert, and Wurzbacher 2016.

Definition 2.6.1. A super Lie groupoid G consists of two supermanifolds G0 and G1
together with

• a submersive source morphism s : G1 → G0,

• a submersive target morphism t : G1 → G0,
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• e : G0 → G1 called identity assigning morphism, such that source and target of the
identity are given by the identity map:

G1

G0 G0

e

idG0

s

G1

G0 G0

e

idG0

t

• a composition morphism c : G1 ×t,s G1 → G1 that satisfies
– that the source and target of the composite are given by the source of the first

factor and the target of the second:

G1 ×t,s G1 G1

G1 G0

c

p1 s

s

G1 ×t,s G1 G1

G1 G0

c

p2 t

t

– an associativity law for iterated composition:

G1 ×t,s G1 ×t,s G1 G1 ×t,s G1

G1 ×t,s G1 G1

c×t,sidG1

idG1 ×t,sc c

c

– unit laws for composition with the identity from the left and the right:

G0 ×idG0 ,s
G1 G1 ×t,s G1 G1 ×t,idG0

G0

G1

e×idG0 ,s
idG1

p2
c

idG1 ×t,idG0
e

p1

• an inverse morphism i : G1 → G1 that
– flips the source and target morphisms:

G1 G1

G0

i

s t

G1 G1

G0

i

t s

– and acts as a left- and right-inverse to the composition:

G1 G1 ×t,s G1

G0 G1

(i,idG1 )

t c

e

G1 G1 ×t,s G1

G0 G1

(idG1 ,i)

s c

e
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Example 2.6.2 (translation groupoid). The prototypical example of a super Lie groupoid is
the translation groupoid. Assume that the super Lie group G acts on the supermanifoldM
via a : G×M →M . Then we define the super Lie groupoid GnM by setting (GnM)0 =
M and (GnM)1 = G×M where the source map s = pM : G×M →M coincides with
the projection on M and the target map coincides with the action t = a : G×M →M .
Both source and target maps are submersions.
If we denote the identity and inverse of the super Lie group as

eG : B → G iG : G→ G

we define the identity assigning morphism and inversem morphism of the groupoid as

e = (eG, idM ) : M → G×M i = (iG ◦ pG, a) : G×M → G×M

where pG : G×M → G is the projection on G.
In order to define the composition morphism, we identify (GnM)1 ×t,s G1 with

G×G×M where the projections are given by p1 = t23 and p2 = idG×a, like in the proof
of Theorem 2.5.5. The composition map is then given in terms of the multiplication
mG : G×G→ G by

c = m× idM : G×G×M → G×M.

The verification of the commutative diagrams of the definition of super Lie groupoid
reduces to properties of the group action and has in part been done in the proof of
Theorem 2.5.5.
Example 2.6.3 (supermanifolds as super Lie groupoids). Any supermanifold gives rise
to the identity groupoid G over M . Set G1 = G0 = M and let the source and target
maps be the identity, that is, s = t = idM . Also the identity morphism, composition
and the inverse map are given by the identity. This can be seen as a special case of the
translation groupoid when one considers the trivial action of the trivial group on M .
Example 2.6.4 (super Lie groups as groupoids). Any super Lie group G can be seen as a
super Lie groupoid with G0 = R0|0 and G1 = G. The identity, composition and inverse of
the group then yield the corresponding maps of the groupoid. This is another special
case of the translation groupoid with M = R0|0.
Example 2.6.5 (regular equivalence relation groupoid and pair groupoid). Let R ⊂M×M
be a regular equivalence relation as in Definition 2.3.1 with projections p1 and p2. We
can define a groupoid R by setting R0 = M and R1 = R, s = p1, t = p2 and using the
same composition map for the groupoid as for the equivalence relation. The symmetry
condition of the equivalence relation yields the inverse map.

A special case is the trivial equivalence relation R = M ×M . In this case the resulting
groupoid is called the pair groupoid.
Remark 2.6.6. The usual definition of a groupoid, see for example Moerdijk 2002, Sec-
tion 1.1, defines a groupoid as a set of objects G0 and a set of arrows G1 together with
maps as in Definition 2.6.1. The arrows are thought as originating and ending on points
of G0 and need to be invertible. A Lie groupoid is then defined as a groupoid with
additional manifold structure and requiring maps to be smooth.
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As supermanifolds are not sufficiently described as a set of points with additional
structure, our definition of super Lie groupoid describes a groupoid internal to the
category of supermanifolds. For details on groupoids internal to a category see nLab 2020.
We need the even stronger condition that the source and target maps are submersions so
that all fiber products necessary for Definition 2.6.1 exist.

Definition 2.6.7. A super Lie groupoid G is called proper if the reduction of (s, t) : G1 →
G0 × G0 is a proper map of topological spaces. A super Lie groupoid G is called étale if
the source and target maps s, t : G1 → G0 are local diffeomorphisms.

Example 2.6.8. Let a : G×M →M be a group action. The translation groupoid GnM
is a proper groupoid if the group action is proper. If G is a discrete group, the translation
groupoid is étale. If G is a finite group, the translation groupoid is proper and étale.

Definition 2.6.9. A homomorphism F : G → H between super Lie groupoids G and H
consists of two smooth maps between supermanifolds F0 : G0 → H0 and F1 : G1 → H1
such that the following commutative diagram commutes:

G1 H1

G0 × G0 H0 ×H0

F1

(s,t) (s,t)
F0×F0

(2.6.10)

The composition F ′ ◦ F of homomorphisms of super Lie groupoids F : G → H to
F ′ : H → K is defined by (F ′ ◦ F )0 = F ′0 ◦ F0 and (F ′ ◦ F )1 = F ′1 ◦ F1.
A weak equivalence between super Lie groupoids is a homomorphism F : G → H of

super Lie groupoids such that in addition

i) the map
H1 ×s,F0 G0 H1 H0

p1 t

is a surjective submersion.

ii) the square (2.6.10) is a fiber product, that is, the induced map

G1 → H1 ×(s,t),F0×F0 (G0 × G0)

is a superdiffeomorphism.

Example 2.6.11. Let aM : G ×M → M and aN : H × N → N be actions of the super
Lie groups G and H on M and N respectively. A homomorphism of super Lie groups
ρ : G → H together with a ρ-equivariant map f : M → N yield a homomorphism
F : GnM → H nN by setting F0 = 0 and F1 = ρ× f .
Example 2.6.12 (Homomorphism between translation groupoid and equivalence relation
groupoid). Let a : G×M →M be a proper free group action and let R be the equivalence
relation constructed in the proof of Theorem 2.5.5 by setting j = (pM , a) : G ×M →
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M ×M . Then the map j induces a homomorphism F : GnM → R from the translation
groupoid to the regular equivalence relation groupoid. Here F0 = idM : M → M and
F1 = j : G×M → R.
Example 2.6.13 (Weak equivalence between the regular equivalence relation groupoid
and the identity groupoid over its quotient). Let R be a regular equivalence relation
on M with quotient q : M → Q and let the homomorphism F : R → Q be given by
F0 = q : R0 = M → Q = Q0 and F1 = q ◦ p1 : R1 = R→ Q = Q1. Then

Q1 ×s,F0 R0 = Q×idQ,j M = M Q1 = Q Q0 = Q
p1=q t=idQ

is a surjective submersion, showing i) of Definition 2.6.9. In order to show ii), we show
that R1 = R fulfills the universal property of the fiber product. That is, we need to show
that for any two maps f and (g1, g2) from the supermanifold N satisfying the following
commutative diagram

N

R1 = R Q1 = Q

R0 ×R0 = M ×M Q0 ×Q0 = Q×Q

f

(g1,g2)

(f,(g1,g2))

F1=q◦p1

(s,t)=(p1,p2) (s,t)=(idQ,idQ)
F0×F0=q×q

there exists a map (f, (g1, g2)) making the above diagram commutative. One can read
of that (g1, g2) can be seen as a map taking values in M ×Q M = R and satisfies the
conditions. Hence, F is a weak equivalence.
Example 2.6.14. Let a : G×M →M be a free proper group action with quotient q : M →
M�G and denote the identity groupoid over the quotient M�G by Q. We construct a
weak equivalence F : G → G by F0 : G0 = M → Q0 = Q and F1 : q ◦ pM : G1 → Q1 = Q.
The proof that F is a weak equivalence proceeds analogously to Example 2.6.13 and
is omitted here. Alternatively, one can show that the homomorphism between the
translation groupoid and the regular equivalence relation groupoid in Example 2.6.12 is
an equivalence and use associativity of the equivalence relation.

Lemma 2.6.15. Let G be a super Lie group that acts properly and with finite isotropy
groups on a supermanifold M of dimension m|2n. There exists a proper étale groupoid G
and a weak equivalence F : G → GnM .

Proof. Choose a set of B-points pα : B → M , α ∈ A with isotropy groups Hpα and
slices Sα for the action such that G ×Hpα Sα covers M . We define a groupoid G
with G0 = ∐

α∈A Sα. The inclusions Sα → M yield a map F0 : G0 → M . Setting
G1 = (GnM)1 ×(s,t),F0×F0 (G0 × G0) and F1 : G1 → (GnM)1 to be the projection on
the first factor we obtain by construction an equivalence of groupoids F : G → GnM .
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In order to show that G is a proper, étale groupoid, we note that the dimension of G1 =
(GnM)1 ×(s,t),F0×F0 (G0 × G0) coincides with the dimension of the slices. As the source
and target maps are surjective submersions, they need to be local diffeomorphisms.

Definition 2.6.16. The super Lie groupoids H and H′ are called Morita equivalent if
there exists a super Lie groupoid G and weak equivalences F : G → H and F ′ : G → H′.

A superorbifold is the Morita equivalence class of a proper and étale super Lie groupoid.

Remark 2.6.17. In order to see that Morita equivalence is an equivalence relation on
the set of super Lie groupoids we need to verify associativity. Let H and H′ as well as
H′ and H′′ be Morita equivalent, that is, there exist weak equivalences F GH : G → H,
F GH

′ : G → H′, F G′H′ : G′ → H′ and F G′H′′ : G′ → H′′. We need to show that there is a
super Lie groupoid K and weak equivalences FKH : K → H and FKH′′ : K → H′′.

K

G G′

H H′ H′′

FKG
FKG′

FKH FKH′′

FGH
FGH′

FG′H′
FG′H′′

As in Moerdijk 2002, Section 2.3 there are two steps to verify:

• There exists a groupoid K together with weak equivalences FKG : K → G and
FKG

′ : K → G′. The super Lie groupoid K is constructed by setting

K0 = G0 ×FGH′
0 ,s

H′1 ×t,FG′H′
0
G′0 K1 = G1 ×FGH′

0 ◦s,s H
′
1 ×t,FG′H′

0 ◦t G
′
1

and extend the source, target and composition maps component-wise. The projec-
tions on the first and last factor FKG : K → G and FKG′ : K → G′ can be shown
to be weak equivalences using that F GH′ and F G′H′ are weak equivalences. This
construction of K is called weak fiber product and satisfies a universal property.
For more details see Moerdijk and Mrčun 2003, Chapter 5.3.

• The composition of weak equivalences is again a weak equivalence. Consequently,
F GH ◦FKG : K → H and F G′H′′ ◦FKG′ : K → H′′ are weak equivalences and yield a
Morita equivalence between H and H′′.

The idea of Morita equivalence is that an equivalence class represents a quotient. We
have already seen instances of this principle in Example 2.6.13 where we have shown that
a regular equivalence relation groupoid and its quotient lie in the same Morita equivalence
class. Similarly, Example 2.6.14 shows that the translation groupoid of a proper free
groupoid and its quotient are Morita equivalent. We want to apply this principle to
more general situations, where the quotient cannot be realized as a supermanifold, in
particular the situation of proper group actions with finite isotropy groups.
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In order to better motivate the definition of Morita equivalence let us look at the
orbits of the groupoid. Note that the definition of super Lie groupoid implies that for all
superpoints CB : C → B the image of (s, t)(CB) defines an equivalence relation RG(CB)
on the set G0(CB).

Definition 2.6.18. We define the orbit functor of the groupoid G as

G : SPointopB → Top

CB 7→ G0(CB)�RG(CB)

The following lemma shows that Morita equivalent groupoids have the same orbit
functor. Compare also Remark 2.3.6.

Lemma 2.6.19. A weak equivalence F : G → H induces a natural isomorphism of
functors F : G → H.

Proof. By the definition of homomorphism of super Lie groupoids it holds

F0 × F0(CB)(RG(CB)) ⊂ RH(CB)

Consequently, the map F0(CB) descends to a map between the quotients:

F (CB) : G0(CB)�RG(CB)→
H0(CB)�RH(CB)

The map F (CB) is surjective because, by condition i), for any h ∈ H0(CB) there exists an
H ∈ H1(CB) and a g ∈ G0(CB) such that F0(CB)(g) = s(CB)(H) and t(CB) = h. That is,
(F0(CB)(g), h) lies in RH and hence the equivalence class of h lies in the image of F (CB).
The map F (CB) is injective because if (h, h′) ∈ RH(CB) then there exists (g, g′) ∈ RG(CB)
such that F0 × F0(CB)((g, g′)) = (h, h′) by condition ii) of Definition 2.6.9.
Continuity of F (CB) follows from continuity of F0(CB) and the continuity of the

projections. To see that F (CB) is also open we consider the following commutative
diagram:

G1(CB) ' H1 ×(s,t),F0×F0 (G0 × G0)(CB) H1(CB)

G0(CB) H0(CB)

G(CB) = G0(CB)�RG(CB) G(CB) = H0(CB)�RH(CB)

p1(CB)

t(CB) t(CB)
F0(CB)

pG(CB) pH(CB)

F (CB)

Let now U ⊂ G(CB) be open. To show that F (CB)(U) is open it suffices to show that
the saturation of

Ṽ = F0(CB)
((
pG(CB)

)−1
(U)

)
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is open in H0(CB). The set Ṽ is open because
(
pG(CB) ◦ t(CB)

)−1
(U) is open and

t(CB) ◦ p1(CB) is a surjective submersion and hence open. The saturation of Ṽ is the
union

s(CB)
(
(t(CB))−1(Ṽ )

)
∪ t(CB)

(
(s(CB))−1(Ṽ )

)
and hence open because s(CB) and t(CB) are open.
Functoriality of F (CB) follows from functoriality of the functors of points of G0, G1,
H0 and H1 as well as all constructions involved.

Example 2.6.20. Let G be a proper étale groupoid and j : V → G0 an open subsu-
permanifold. We construct the restriction G|V = V by setting V0 = V and V1 =
G1 ×(s,t),j×j (V × V ) and obtain a homomorphism of super Lie groupoids V → G. Up to
restricting V further we have that V1 is a trivial finite cover of V0 = V and hence V is
the translation groupoid of a finite group action on V . The orbit space functor QG of G
is locally isomorphic to the orbit space functor QV of V.

We can find an open cover {Uα}α∈A of G0 such that all restrictions G|Uα are translation
groupoids GαnUα for the action aα : Gα×Uα → Uα of some finite group Gα on Uα. We
define a groupoid U by

U0 =
∐
α∈A

Uα, U1 = G1 ×(s,t),j×j (U0 × U0) ,

where j : U0 = ∐
Uα → G is the map induced from the inclusions Uα ⊂ G0. By construction

the resulting super Lie groupoid homomorphism U → G is a weak equivalence. Up to
refining the cover {Uα} we can assume that if Uα ∩ Uβ 6= ∅ then Uα ∩ Uβ ∈ {Uα} and
that any Uα is an open subsupermanifold of Rm|n. Any embedding λαβ : Uβ → Uα yields
a homomorphism between super Lie groupoids Gα n Uα → Gβ n Uβ, that is a group
homomorphism ραβ : Gα → Gβ such that λαβ is ραβ-equivariant.

We have thus arrived at the notions of superorbifold charts and atlas: LetQ : SPointopB →
Top be a functor.

• A superorbifold chart on Q is an open subsupermanifold U ⊂ Rm|n × B over B
together with an action a : G × U → U of a finite group G on U and a natural
transformation q : Q

GnU → Q such that Q
GnU is naturally isomorphic to its image

in Q.

• An embedding Λ: (U,G, a, q) → (U ′, G′, a′, q′) between two superorbifold charts
consists of a group homomorphism ρ : G→ G and a smooth embedding λ : U → U ′

which is ρ-equivariant. Furthermore the induced map λ : Q
GnU → Q

G′nU ′ satisfies
q′ ◦ λ = q.

• A superorbifold atlas on Q consists of a set of superorbifold charts{
(Uα, Gα, aα, qα)

}
α∈A
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and a set of embeddings{
Λαβ = (λαβ, ραβ, λαβ) : (Uα, Gα, aα, qα)→ (Uβ, Gβ, aβ, qβ)

}
(α,β)∈A′

such that whenever there is a p ∈ Q(CB) such that p ∈ im q
α
(CB) ∩ im q

β
(CB)

there is another superorbifold chart (Uγ , Gγ , aγ , qγ) such that p ∈ im q
γ
(CB) as

well as embeddings Λγα and Λγβ.

We have shown above, how a proper étale super Lie groupoid yields a superorbifold
atlas. The data of a superorbifold atlas can be seen as an alternative definition of a
superorbifold that is closer to the original ideas of Satake 1956.
We briefly indicate how to construct a super Lie groupoid G out of an superorbifold

atlas such that QG = Q. Let

G0 =
∐
α∈A

Uα, G1 =
∐
α∈A
Gα1 ∪

∐
(α,β)∈A′

Gαβ1 ∪
∐

(α,β)∈A′

Gβα1 ,

where

Gα1 = Gα × Uα, Gαβ1 = Gβ × Uα, Gβα1 = (Gβ × Uβ)×aβ ,λαβ Uα.

All the maps necessary for the definition of the groupoid will be defined on the disjoint
open subsets separately:

s|Gα1 = pUα s|Gαβ1
= pUα s|Gβα1

= pUβ

t|Gα1 = aα t|Gαβ1
= aβ ◦

(
idGβ ×λαβ

)
t|Gβα1

= pUα

In particular G1 contains all arrows of the local translation groupoids Gα1 = (Gα n Uα)1
and we use their identity, composition and inverse maps. The composition maps

c|Gα1 ×t,sGαβ1
: Gα1 ×t,s G

αβ
1 → Gαβ1 c|Gαβ1 ×t,sG

β
1

: Gαβ1 ×t,s G
β
1 → G

αβ
1

c|Gβ1×t,sGβα1
: Gβ1 ×t,s G

βα
1 → Gβα1 c|Gβα1 ×t,sG

α
1

: Gβα1 ×t,s G
α
1 → G

βα
1

are defined by using the group homomorphism ραβ and the group multiplication in Gβ
in the only possible way. The ραβ-equivariance of λαβ assures that all maps are well
defined. The inverse maps

i|Gαβ1
: Gαβ1 → Gβα1 i|Gβα1

: Gβα1 → Gαβ1

are constructed with the inverse in the group Gβ.
Remark 2.6.21. We do not attempt to define smooth maps between superorbifolds
here. Certainly, a homomorphism between super Lie groupoids induces a smooth map
between the corresponding Morita equivalence classes. However, the question which of
the super Lie groupoid homomorphisms induce equivalent smooth maps between the
Morita equivalence classes is subtle. For a discussion of this point in the setting of
classical orbifolds we refer to Lerman 2010, Section 3.1.
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Definition 2.6.22. Let G be a super Lie groupoid representing a superorbifold. We say
that the dimension of the superorbifold G is

dimG = 2 dimG0 − dimG1.

To see that the dimension is well defined, suppose F : G → H is a weak equivalence.
Hence,

G1 = H1 ×(s,t),F0×F0 (G0 × G0)
and consequently

dimG1 = dimH1 + 2 dimG0 − 2 dimH0.

If G is a proper étale groupoid, we have dimG = dimG0. If R is a regular equivalence
relation on M the dimension of the regular equivalence relation groupoid is 2 dimM −
dimR and if a : G×M is a group action, the dimension of the translation groupoid is
dimM − dimG.
The following Theorem is now a reformulation of Lemma 2.6.15:

Theorem 2.6.23. Let G be a super Lie group that acts properly and with finite isotropy
groups on a supermanifold M of dimension m|2n. The Morita equivalence class of the
transformation groupoid G nM is a superorbifold of dimension dimM − dimG. We
denote this superorbifold by M�G.

3 Stable supercurves of genus zero
In this section we discuss several moduli spaces of super Riemann surfaces of genus zero
with marked points. Recall that the classical moduli space M0,k of Riemann surfaces of
genus zero with k marked points possesses a compactification by stable curves. While
this idea goes back to Deligne and Mumford using the methods of algebraic geometry,
see for example Harris and Morrison 1998 and references therein, we will use here a
more differential geometric approach: Stable Riemann surfaces of genus are modeled as
trees, where each vertex represents a copy of P1

C and edges represent nodes, see McDuff
and Salamon 2012, Appendix D. If every copy has at least three special points, that
is nodes or marked points, the resulting nodal Riemann surface is stable and has no
automorphisms.
In this chapter we discuss stable trees of super Riemann surfaces of genus zero with

marked points and their automorphisms. Using the methods of the last chapter we show
that the moduli space of stable super Riemann surfaces of genus zero and fixed tree type
is a superorbifold. Taking the union over all tree types yields a candidate for a compact
supermoduli space of stable super Riemann surfaces of genus zero.

In Section 3.1, we discuss the supergeometric analogue of Möbius transformations on
the only super Riemann surface of genus zero, the projective superspace P1|1

C , and show
that a super Möbius transformation is completely determined by the image of three
points. In Section 3.2 we discuss the moduli space of k-marked points on a single copy of
P1|1
C and in Section 3.3 we discuss the moduli space of a stable super Riemann surface of

fixed tree type.
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3.1 Superconformal automorphisms of P1|1
C

In this section we recall the super Riemann surface structure on P1|1
C and investigate its

automorphisms. Recall that the supermanifold structure on P1|1
C is given by an atlas with

two open sets U1 ' C1|1 and U2 ' C1|1 with holomorphic coordinates (z1, θ1) and (z2, θ2)
respectively. The coordinates are identified away from zero by

z2 = 1
z1
, θ2 = θ1

z1
.

The superconformal structure on P1|1
C is generated by ∂θ1 + θ1∂z1 and ∂θ2 − θ2∂z2 respec-

tively.
The B-points of P1|1

C can be described in terms of projective coordinates, that is, triples
[Z1 : Z2 : Θ], where at least one of Zi ∈ (OB ⊗ C)0 is invertible and Θ ∈ (OB ⊗ C)1. The
triple [Z1 : Z2 : Θ] describes the B-point of U1 given by

z1 = Z1
Z2

θ1 = Θ
Z2

if Z2 is invertible and the B-point of U2 given by

z2 = Z2
Z1

θ2 = Θ
Z1

if Z1 is invertible. Notice that [Z1 : Z2 : Θ] and [λZ1 : λZ2 : λΘ] describe the same
B-point of P1|1

C for every invertible λ ∈ OB ⊗ C. We denote by 0, 1 and ∞ the B-points
[0 : 1 : 0], [1 : 1 : 0] and [1 : 0 : 0] respectively. Furthermore, for an odd ε ∈ OB ⊗ C we
denote by 1ε the point [1 : 1 : ε].
Any L ∈ GLOB⊗C(2|1) induces an automorphism l of P1|1

C × B over B via matrix
multiplication on the projective coordinates:

[Z̃1 : Z̃2 : Θ̃] = [Z1 : Z2 : Θ]

a c γ
b d δ
α β e


If the matrix L is an element of SpOB⊗C(2|1), that is,

ad− bc− γδ = 1, aβ − cα+ eγ = 0,
e2 + 2αβ = 1, bβ − dα+ eδ = 0,

(3.1.1)

the automorphism l is superconformal. A superconformal automorphism is an auto-
morphism of the super Riemann surface P1|1

C . That is, it preserves in addition to the
complex structure also the distribution D. In the coordinates (z1, θ1) the superconformal
automorphism l induced by L ∈ SpOB⊗C(2|1) is given by

l#z1 = az1 + b+ θ1α

cz1 + d+ θβ
= az1 + b

cz1 + d
± θ1

γz1 + δ

(cz1 + d)2

l#θ1 = γz1 + δ + θ1e

cz1 + d+ θ1β
= γz1 + δ

cz1 + d
± θ1

1
cz1 + d
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Expressions in the coordinates (z2, θ2) can be obtained analogously. For details of the
calculation see Keßler 2019, Examples 9.4.4 and 2.10.11. Earlier sources are Hodgkin
1987; Crane and Rabin 1988; Manin 1991, Chapter 2.1.

More abstractly, the super Lie group SpC(2|1) given by SpC(2|1)(B) = SpOB⊗C(2|1)
acts on P1|1

C . Any B-point L ∈ SpC(2|1)(B) describes a superconformal automorphisms
l : P1|1

C ×B → P1|1
C and acts on B-points p : B → P1|1

C by composition l ◦ p. The algebraic
super Lie group structure of SpC(2|1) has been investigated in Fioresi and Kwok 2018.
In the following we will show that any superconformal automorphism of P1|1

C ×B over B
is induced from an element L ∈ SpC(2|1)(B) but first we will list some examples.

Example 3.1.2 (Lift of Möbius transformations to P1|1
C ). Any Möbius transformation

a0z+b0
c0z+d0

of P1
C with complex coefficients a0, b0, c0 and d0 such that a0d0 − b0c0 = 1 lifts to

an automorphism of P1|1
C given by

l#z = a0z + b0
c0z + d0

l#θ = θ
1

c0z + d0

The corresponding matrix in SpOB⊗C(2|1) is given bya0 b0 0
c0 d0 0
0 0 1


Example 3.1.3 (Reflection of the odd directions). Another important example, the
reflection of the odd direction Ξ− is given by the matrix−1 0 0

0 −1 0
0 0 1

 .
In the coordinates (z1, θ1) the automorphism Ξ− is given by

Ξ#
−z1 = z1, Ξ#

−θ1 = −θ1.

Example 3.1.4. For odd elements γ, δ ∈ OB ⊗ C and an even nilpotent σ ∈ OB let l be
the automorphism induced by the matrix1 0 γ

σ 1 + γδ δ
δ σδ − γ 1− γδ


In the coordinates (z1, θ1) the automorphism l is given by

l#z1 = z1
σz1 + 1 + γδ

+ θ1
γz1 + δ

(σz1 + 1 + γδ)2 l#θ1 = γz1 + δ

σz1 + 1 + γδ
+ θ1

1
σz1 + 1 + γδ
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The denominators can be rewritten as follows

1
σz1 + 1 + γδ

=
k∑

n=0
(−σz1 − γδ)n =

k∑
n=0

(−1)n
(
σnzn1 + nσn−1γδzn−1

)

=
k∑

n=0
(−σ)n (1 + (n+ 1)γδ) zn1

where k is the smallest integer such that σk+1 = 0. This leads to

l#z1 =
k∑

n=0
(−σ)n (1 + (n+ 1)γδ) zn+1

1 + θ1 (γz1 + δ)
(

k∑
n=0

(−σ)nzn1

)2

= (1 + γδ) z1 − σ (1 + 2γδ) z2
1 + σ2 (1 + 3γδ) z3

1 + · · ·

+ θ1

(
δ +

(
γ − (k + 1)k

2 σδ

)
z1 + · · ·

)

l#θ1 = (γz1 + δ)
k∑

n=0
(−σ)nzn1 + θ1

k∑
n=0

(−σ)n (1 + (n+ 1)γδ) zn1

= δ + (γ − σδ) z1 + (−γσ + σ2δ)z2
1 + · · ·

+ θ1
(
1 + γδ − σ (1 + 2γδ) z1 + σ2 (1 + 3γδ) z2

1 + · · ·
)

Those higher order polynomials might lead to the wrong impression that the auto-
morphism l is not induced by an L ∈ SpOB⊗C(2|1). But as we will see below, in
Corollary 3.1.15, all superconformal automorphisms of P1|1

C are induced by B-points of
SpC(2|1).

Recall that holomorphic automorphisms of P1
C are Möbius transformations. A Möbius

transformation is completely determined by the image of three points. The generalization
of this statement to super Riemann surfaces is the following:

Proposition 3.1.5. Let pi : B → P1|1
C , i = 1, . . . , 3 be three B-points such that the

reduction gives three distinct points of P1
C. There exists a matrix L ∈ SpC(2|1)(B) and an

odd ε ∈ OB such that the induced superconformal automorphism maps 0 to p1, 1ε to p2
and ∞ to p3.

Proof. Denote the projective coordinates of pi by [pi1 : pi2 : πi]. We are looking for a
matrix L ∈ SpOB⊗C(2|1), an odd ε ∈ OB ⊗ C and invertible λi ∈ OB ⊗ C such that0 1 0

1 1 ε
1 0 0


a c γ
b d δ
α β e

 =

 b d δ
a+ b+ εα c+ d+ εβ γ + δ + εe

a c γ


=

λ1p11 λ1p12 λ1π1
λ2p21 λ2p22 λ2π2
λ3p31 λ3p32 λ3π3

 .
(3.1.6)
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From the first and last row we read off

a = λ3p31 b = λ1p11 c = λ3p32 d = λ1p12 γ = λ3π3 δ = λ1π1

By Keßler 2019, Example 2.10.11, the remaining entries of the matrix L are determined
up to a sign by the Equations (3.1.1):

e = ± (1− γδ) = ± (1− λ1λ3π3π1) ,
α = ± (bγ − aδ) = ±λ1λ3 (p11π3 − p31π1) ,
β = ± (dγ − cδ) = ±λ1λ3 (p12π3 − p32π1) .

Now the second line of (3.1.6) yields

λ3p31 + λ1p11 ± ελ1λ3 (p11π3 − p31π1) = λ2p21 (3.1.7)
λ3p32 + λ1p12 ± ελ1λ3 (p12π3 − p32π1) = λ2p22 (3.1.8)

λ3π3 + λ1π1 ± ε (1− λ1λ3π3π1) = λ2π2 (3.1.9)

As e = ± (1− λ1λ3π3π1) is invertible, we can solve (3.1.9) for ε:

ε = ∓ (1 + λ1λ3π3π1) (λ1π1 − λ2π2 + λ3π3) = ∓ (λ1π1 − λ2π2 + λ3π3 + λ1λ2λ3π1π2π3) .

The Equations (3.1.7) and (3.1.8) are linear in λ1, λ3 up to nilpotent perturbation and its
reduction is solvable because [p11red : p12red] and [p21red : p22red] are different points of P1

C.
Consequently, the Equations (3.1.7) and (3.1.8) can be solved for λ1, λ3 as functions
of λ2 using expansions in the odd generators of OB. It remains to solve

ad− bc− γδ = 1

to fix λ2. After all substitutions this is a quadratic function in λ2 up to nilpotent terms
and can be solved, again, by recursion over the odd generators of OB.

Remark 3.1.10. The order of the points p1, p2 and p3 does matter in Proposition 3.1.5.
Permutation of the order of the points leads to a multiplication of the parameter ε by a
power of i. Indeed, there is an automorphism of P1|1

C that is determined by

0 7→ 1iε 1ε 7→ 0 ∞ 7→ ∞

as can be seen by the following matrix equation:0 1 0
1 1 ε
1 0 0


 i 0 0
−i −i −ε
iε 0 1

 =

−i −i −ε
0 i 0
i 0 0

 (3.1.11)

Similarly, there is an automorphism of P1|1
C such that

0 7→ 0 1ε 7→ ∞ ∞ 7→ 1iε

31



given by 0 1 0
1 1 ε
1 0 0


−i −i −ε

0 i 0
0 −iε 1

 =

 0 i 0
−i 0 0
−i −i −ε

 (3.1.12)

More automorphisms of P1|1
C that map {0, 1ε,∞} to {0, 1ε′ ,∞} can be obtained by

composition of the linear maps and their inverses given in (3.1.11) and (3.1.12).
Remark 3.1.13. The number ε such that three given B-points p1, p2, p3 can be mapped
to 0, 1ε, ∞ is called pseudoinvariant of the triple (p1, p2, p3) in Manin 1991, Chapter 2,
2.12.

The next step is to study the set of all superconformal automorphisms of P1|1
C that

preserve the three points 0, 1ε and ∞, or more generally map 0 7→ 0, 1ε 7→ 1ε′ and
∞ 7→ ∞.

Proposition 3.1.14. Let Ξ: P1|1
C × B → P1|1

C × B be a superconformal automorphism
over B such that

[0 : 1 : 0] 7→ [0 : 1 : 0] [1 : 1 : ε] 7→ [1 : 1 : ε′] [1 : 0 : 0] 7→ [1 : 0 : 0]

for some odd ε, ε′ ∈ OB. Then ε = ±ε′. If ε = ε′ = 0 the automorphism Ξ is either
the identity or Ξ− from Example 3.1.3. If ε 6= 0 and ε = ε′ the automorphism Ξ is the
identity. If ε 6= 0 and ε = −ε′ the automorphism Ξ is Ξ−.

Proof. We write the automorphism Ξ in the superconformal coordinates (z1, θ1) as follows:

Ξ#z1 = f(z1) + θ1ζ(z1), Ξ#θ1 = ξ(z1) + θ1g(z1).

Here f , g are even holomorphic functions and ξ, ζ are odd holomorphic functions satisfying

f ′ = g2 − ξξ′, ζ = ξg.

A coordinate change to (z2, θ2) yields the holomorphic maps

Ξ#z2 =
(
Ξ#z1

)−1
=
(
f(z1)

(
1 + θ1

ζ(z1)
f(z1)

))−1

=
(
f( 1
z2

)
(

1 + θ2
ζ( 1
z2

)
z2f( 1

z2
)

))−1

= 1
f( 1

z2
)
− θ2

ζ( 1
z2

)

z2
(
f( 1

z2
)
)2 ,

Ξ#θ2 = Ξ#θ1
Ξ#z1

= ξ(z1) + θ1g(z1)
f(z1) + θ1ζ(z1)

=
(
ξ( 1
z2

) + θ2
g( 1
z2

)
z2

) 1
f( 1

z2
)
− θ2

ζ( 1
z2

)

z2
(
f( 1

z2
)
)2


=
ξ( 1
z2

)
f( 1

z2
)

+ θ2
g( 1
z2

)
z2f( 1

z2
)
.

32



In the last step we have used that ξζ = ξξg = 0. In order to show that f(z1) = z1, let us
expand the holomorphic function f in power series around z1 = 0:

f(z1) =
∞∑
n=0

fnz
n
1

where the coefficients fn are even sections of OB ⊗ C. The condition that Ξ preserves
the point [0 : 1 : 0] implies f(0) = 0, that is, f0 = 0. Furthermore, as the reduction
Ξred : P1

C → P1
C preserves the three points 0, 1 and ∞, the reduction of f(z1) has to be z1.

That is, all coefficients fn of f are even nilpotent with the exception of f1 which is of the
form f1 = 1 + f1nil for an even nilpotent f1nil. Consequently, f1 is invertible and the
Laurent series expansion of f(z1)−1 is of the form

f(z1)−1 =
(
z1

( ∞∑
n=0

fn+1z
n

))−1

= 1
z1

∞∑
n=0

fn+1z
n,

where the coefficients fn are obtained inductively as follows:

f1 = 1
f1

f2 = − f2
f2

1
fn+1 = − 1

f1

n∑
k=1

fk+1fn+1−k.

The function

1
f( 1

z2
)

= z2

∞∑
n=0

fn+1z
−n
2 = 1

f1
z2 −

f2
f2

1
+ f3

1
z2

+ f4
1
z2

2
+ · · ·

is holomorphic around z2 = 0, that is, the fn+1 have to vanish for n ≥ 2. The
automorphism Ξ preserves the point [1 : 0 : 0] and hence f2 = 0 which implies fn = 0 for
n > 2.

A similar argument applies to ξ. Let

ξ(z1) =
∞∑
n=0

ξnz
n
1

be the power series expansion of ξ. All coefficients ξn are odd sections of OB ⊗ C. The
automorphism Ξ preserves the points [0 : 1 : 0] and [1 : 0 : 0] and hence ξ0 = 0 and

ξ( 1
z2

)
f( 1

z2
)

=
( ∞∑
n=1

ξnz
−n
)

1
f1
z2 = ξ1

f1
+ ξ2
f1

1
z2

+ ξ3
f1

1
z2

2
+ · · ·

is holomorphic and vanishes at z2 = 0. This implies ξ = 0 and hence ζ = 0.
As f ′(z1) = f1 = g2 we have g = ±

√
f1. The fact that Ξ maps [1 : 1 : ε] to [1 : 1 : ε′]

implies now

1 = f1, ε′ = ±ε
√
f1,

and the claim follows.
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Corollary 3.1.15. Any superconformal automorphism of P1|1
C × B over B is induced

from a matrix in SpOB⊗C(2|1).

Proof. Denote the preimages of the B-points [0 : 1 : 0], [1 : 1 : 0] and [1 : 0 : 0] under
the automorphism Ξ by p1, p2 and p3. By Proposition 3.1.5 there is an automorphism l
induced from L ∈ SpOB⊗C(2|1) such that l maps

[0 : 1 : 0] 7→ p1, [1 : 1 : 0] 7→ p2, [1 : 0 : 0] 7→ p3.

By Proposition 3.1.14, the map l ◦ Ξ is either the identity or the reflection of the odd
direction Ξ−. Consequently, Ξ is either l−1 or l−1 ◦ Ξ− which are both induced by a
matrix from SpOB⊗C(2|1).

Corollary 3.1.15 is a special case of the result that any holomorphic, not necessarily
superconformal, automorphism of Pm|1C is induced by a linear map, see Fioresi and Kwok
2018, Proposition 4.4.

3.2 Marked points on P1|1
C

In this section we will describe the open moduli spaceM0,k of super Riemann surfaces
of genus zero with k ≥ 3 distinct marked points as a superorbifold using the language
developed in Section 2.6.
By the uniformization of super Riemann surfaces, see Crane and Rabin 1988; Keßler

2019, Theorem 9.4.1, we know that P1|1
C is the only super Riemann surface of genus zero.

Hence, the moduli space of super Riemann surfaces of genus zero with k distinct marked
points is the space of k distinct points on P1|1

C up to automorphisms of P1|1
C .

More precisely, let

Zk ⊂
(
P1|1
C

)k
= P1|1

C × P
1|1
C × · · · × P

1|1
C︸ ︷︷ ︸

k times

be the open subsupermanifold where no two of the reduced projections coincide. The
R0|0-points Zk(R0|0) are k-tuples of distinct points of P1

C. The C-points Zk(C) are
k-tuples of C-points of P1|1

C such that their reduction are distinct. The group SpC(2|1)
acts on Zk diagonally. This action is free and has as isotropy group Z2 on all R0|0-points
of Zk. Consequently, by Theorem 2.6.23, we know that Zk�SpC(2|1) is a superorbifold of
real dimension

dimZk − dim SpC(2|1) = 2k|2k − 6|4 = 2k − 6|2k − 4.

The action of SpC(2|1) on Zk respects the complex structure and hence the quotient can
be equipped with the structure of a complex orbifold.
To describe the orbifold Zk�SpC(2|1) further, let Z̃k−3 ⊂ Zk−3 the open submanifold

such that no reduced point coincides with 0, 1 or ∞. We claim that

Zk�SpC(2|1) '
(
C0|1 × Z̃k−3

)
�Z2.
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This isomorphism is induced from the map f : C0|1 × Z̃k−3 → Zk given by

f(C) : C0|1 × Z̃k−3(C)→ Zk(C)
(ε, (p1, . . . , pk−3)) 7→ (0, 1ε,∞, p1, . . . , pk−3)

Here we parametrize C-points p : C → C0|1 by p#η = ε ∈ (OC)1, where η is a fixed
coordinate of C0|1. The group Z2 acts on C0|1 × Z̃k−3 by reflection of odd directions, see
Example 2.5.3, and the map f is ρ-equivariant, where ρ : Z2 → SpC(2|1) is the group
homomorphism that sends the generator of Z2 to Ξ−. Propositions 3.1.5 and 3.1.14 show
that the resulting homomorphism of super Lie groupoids

F : Z2 n
(
C0|1 × Z̃k−3

)
→ SpC(2|1)n Zk

is a weak equivalence. This proves the following proposition:

Proposition 3.2.1. The moduli space of super Riemann surfaces of genus zero and
k ≥ 3 marked points is an orbifold of real dimension 2k − 6|2k − 4 and given by

M0,k =
(
C0|1 × Z̃k−3

)
�Z2

where Z̃k−3 ⊂
(
P1|1
C

)k
is the open submanifold such that no two reductions of the projec-

tions coincide with each other nor with the points 0, 1 and ∞. The Z2-action is given by
the reflection in the odd directions.

Note that by construction the space of R0|0-orbitsM0,k(R0|0) is homeomorphic toM0,k,
the moduli space of Riemann surfaces of genus zero with k markings. This ignores the
Z2-isotropy group on the R0|0-points which multiplies the odd directions of a super
Riemann surface by −1.

3.3 Stable supercurves of genus zero
In this section we will construct nodal supercurves of genus zero as trees of bubbles,
similar to what is outlined in McDuff and Salamon 2012, Appendix D.3. Every vertex of
the tree represents one copy of P1|1

C with marked points. A sufficient number of markings
guarantees that the nodal supercurve of genus zero is stable, that is, allows only a finite
number of automorphisms. We prove that the moduli spaceM0,T of stable supercurves
modeled on a fixed tree T forms a superorbifold.
We will follow the notation of McDuff and Salamon 2012, Appendix D: A tree is a

connected graph without cycles. We represent the tree by a set of vertices T and the
edges as a subset E ⊂ T × T . For (α, β) ∈ E we also write Eαβ and require that Eαβ
if and only if Eβα, that is, the graph is undirected. A tree satisfies #T = #E + 1. A
k-labeling is given by a map

p : {1, 2, . . . , k} → T

i 7→ pi
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The k-labeled tree is called stable if for every vertex α the number of outgoing edges plus
the number of markings at α is at least three:

#p−1(α) + #{β ∈ T | Eαβ} ≥ 3.

A homomorphism of k-labeled trees f : (T,E, p)→ (T̃ , Ẽ, p̃) consist of a map f : T → T̃
such that for any edge Eαβ also Ẽf(α)f(β) is an edge and p̃i = f(pi). A homomorphism
of k-labeled trees is called isomorphism if it is invertible. In the following we will identify
isomorphic labeled trees. That is, when we speak of a k-labeled tree, we actually think
of its isomorphism class.

Definition 3.3.1. Let T be a k-labeled tree as above. A nodal supercurve of genus zero
over B, modeled on T is a tuple

z =
(
{zαβ}Eαβ , {zi}1≤i≤k

)
consisting of B-points zαβ : B → P1|1

C and zi : B → P1|1
C such that for every α ∈ T the

reduction of the points zαβ and zi for p(i) = α are disjoint. The zαβ are called nodal
points and zi are marked points. Together the nodal points and marked points form the
set of special points

Yα = {zαβ | Eαβ} ∪ {zi | p(i) = α}.

The nodal supercurve of genus zero modeled on T is called a stable supercurve modeled
on T if T is a stable k-labeled tree.

We think of a nodal supercurve of genus zero modeled on T as a tree of projective
superspaces P1|1

C such that every vertex corresponds to a separate copy of P1|1
C . If Eαβ is

an edge, the point zαβ of the P1|1
C touches the point zβα in the copy of P1|1

C at β. The
marked point pi is in the copy of P1|1

C sitting at α = p(i). Note that the condition of
stability is equivalent to #Yα ≥ 3 for all α ∈ T .

Definition 3.3.2. We call the super Lie group

GT =
∏
α∈T

SpC(2|1)

the reparametrization group of nodal supercurves of genus zero modeled on T . An
element g = {gα} ∈ GT (B) acts on a supercurve z = ({zαβ}, {zi}) of genus zero over B
modeled on T by

g(z) =
(
{gα(zαβ)},

{
gp(i)(zi)

})
.

Two stable supercurves over B of genus zero modeled on T are considered to be
equivalent if they differ by a reparametrization. We denote the set of equivalence classes
byM0,T (B).
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The stability condition implies that a stable supercurve of genus zero modeled on T
has only finitely many automorphisms, that is, equivalence transformations fixing the
special points. More precisely, the automorphism group of a stable supercurve of genus
zero modeled on T is given by Z#T

2 because every vertex contains at least three special
points and hence the remaining automorphism group at that vertex is Z2.

The equivalence classesM0,T (B) of stable supercurves over B of genus zero modeled
on T form a functor

M0,T : SPointop → Sets.
Moreover, as the group of equivalence transformations act diagonally on the different
nodes, we can equip this functor with the structure of a superorbifold

M0,T =
∏
α∈T
M0,#Yα .

Here every factor is a moduli space of supercurves of genus zero with #Yα ≥ 3 markings.
Consequently,M0,T is a quotient superorbifold of dimension

dimM0,T =
∑
α∈T

dimM0,#Yα =
∑
α∈T

(2#Yα − 6) |
∑
α∈T

(2#Yα − 4)

= 4#E + 2k − 6#T |4#E + 2k − 4#T
= 2k − 6− 2#E|2k − 4

and isotropy groups of the form Z#T
2 at all R0|0 points. The topological spaceM0,T (R0|0)

is homeomorphic to the moduli space M0,T of Riemann surfaces of genus zero modeled
on the labeled tree T as discussed in McDuff and Salamon 2012, Appendix D.3.
We now define the set-valued point functor M0,k of the moduli space of stable su-

percurves of genus zero by taking the union over all isomorphism classes of k-labeled
trees:

M0,k : SPointop → Sets

C 7→
⋃

T k-labelled tree
M0,T (C) (3.3.3)

Points p ∈ M0,k(C) correspond to stable supercurves over C of genus zero with k
markings. Any such stable supercurve, up to equivalence, is represented by a unique
C-point. By construction,M0,k(R0|0) is in bijection to the moduli space M0,k of stable
Riemann surfaces of genus zero and k marked points. Note also that the union in
Equation (3.3.3) is a finite union because the number of stable k-labeled trees is finite.

We now refine the functorM0,k to take values in topological spaces. The following is
a generalization of the Gromov convergence for stable curves, see McDuff and Salamon
2012, Definition D.5.1 to the case of super stable curves:
Definition 3.3.4. A sequence zν = (zναβ, zνi ) of stable supercurves over B of genus zero
modeled on T ν is said to Gromov converge to to a stable supercurve z = (zαβ, zi) over B
of genus zero and modeled on T if for ν sufficiently large there exists a tree homomorphism
fν : T → T ν and a collection of reparametrizations gν = {gνα}α∈T ∈ GT (B) sucht that
the following hold:
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(Rescaling) If α, β ∈ T are connected by an edge Eαβ and νj is a subsequence such
that fνj (α) = fνj (β) then the sequence(

g
νj
α

)−1
◦ gνjβ (C) : P1|1

C (C)→ P1|1
C (C)

converges uniformly on compact subsets to C∗Bzαβ ∈ P
1|1
C (C) for all CB : C → B

and j →∞.

(Nodal points) If α, β ∈ T are connected by an edge Eαβ and νj is a subsequence
such that fνj (α) 6= fνj (β) then

zαβ = lim
j→∞

(
g
νj
α

)−1
(zνj
fνj (α)fνj (β)) ∈ P

1|1
C (B).

(Marked Points) For all 1 ≤ i ≤ k it holds pν(i) = fν(p(i)) and

zi = lim
ν→∞

(gνp(i))
−1(zνi ) ∈ P1|1

C (B).

Gromov convergence is defined up to reparametrizations. That is, if zν Gromov
converges to z also gν · zν converges to g · z for arbitrary sequences gν ∈ GT ν (B) and
g ∈ GT (B). Hence, we say that a subset U ∈ M0,k(C) is Gromov closed if the limit
of any Gromov convergent sequence zν ∈ U also lies in U . The Gromov closed subsets
define a topology, called Gromov topology, onM0,k(C) such that any Gromov converging
sequence converges also with respect to the Gromov topology. As the definition of
Gromov convergence and hence the definition of Gromov topology is functorial, we obtain
a functor

M0,k : SPointop → Top

taking values in the category of topological spaces which satisfies:

• By construction, the Gromov topology onM0,k(R0|0) coincides with the Gromov
topology constructed in McDuff and Salamon 2012, Appendix D.5. Consequently,
M0,k(R0|0) is compact.

• The restriction of the Gromov topology onM0,k(C) toM0,T (C) is equivalent to
the topology obtained from the orbit functor of the superorbifold M0,T for all
k-labeled trees T and superpoints C.

We expect thatM0,k is the orbit functor of a superorbifold. The moduli space of stable
supercurves of arbitrary genus has been constructed as a smooth super Deligne–Mumford
stack in Deligne 1987; Felder, Kazhdan, and Polishchuk 2020 with methods of algebraic
geometry.
Remark 3.3.5. We conjecture uniqueness up to reparametrization of the limit of a Gromov
converging sequence of super stable curves also in the case C 6= R0|0. Uniqueness of the
limit would imply thatM0,k(C) is Hausdorff and that convergence with respect to the
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Gromov topology is equivalent to Gromov convergence, see McDuff and Salamon 2012,
Lemma 5.6.4.

We do not expect the spacesM0,k(C) to be compact for C 6= R0|0. The space of higher
superpoints is not compact, even if the underlying topological space of the supermanifold
in the ringed space approach is compact. This can already be seen in for

M0,3 =M0,3 = C0|1
�Z2.

Remark 3.3.6 (Neveu–Schwarz punctures and Ramond punctures). In Deligne 1987;
Felder, Kazhdan, and Polishchuk 2020 and also in the more physics oriented literature,
for example in Witten 2019, two types of punctures or marked points are considered:
Neveu–Schwarz punctures on a super Riemann surface M are points p : B → M and
given with respect to local superconformal coordinates (z, θ) by z = a and θ = α for
some a ∈ (OB)0 and α ∈ (OB)1. Ramond punctures are of a different type. They are
divisors of complex codimension 1|0, where the map D ⊗D → TM�D is allowed to be
not injective. More precisely it is required that there is an isomorphism

D ⊗D ' TM�D (−R) ,

where R is the disjoint union of all Ramond punctures. Locally, a Ramond puncture is
given by the equation z = a for some a ∈ (OB)0 and the distribution D is generated by
the vector field ∂θ + θ (z − a) ∂z. In Deligne 1987 it is shown that both Neveu–Schwarz
nodes and Ramond nodes can arise under deformations of super Riemann surfaces.
Let us give a brief argument why in the case of supercurves of genus zero with

only Neveu–Schwarz punctures no Ramond nodes can arise. Assume that M a nodal
supercurve of genus zero with k Neveu–Schwarz marked points where some of the nodes
are Ramond nodes. Then M has a decomposition into a tree of irreducible components,
all of which are of genus zero and some of them carry Ramond punctures as nodal points.
As all nodes are simple nodes we must have a vertex of this tree that has a single Ramond
puncture. But this is not possible because the number of Ramond punctures has to be
even: Let M be an irreducible super Riemann surface of genus p with Ramond punctures
and j : Mred →M the canonical map from the reduced space. Then,

j∗
(
TM�D

)
= TMred

and hence for L = j∗D it holds

L⊗ L = TMred(−Rred) (3.3.7)

and
2 degL = 2− 2p− degRred,

that is the number of points in Rred is even. For a precise discussion of the moduli space
of pairs (Mred, L) satisfying the condition (3.3.7), see Abramovich and Jarvis 2003.

The moduli space of supercurves of genus zero with only Ramond punctures has been
studied in Ott and Voronov 2019.

39



Remark 3.3.8. There are several essentially combinatoric constructions that can be
extended to the case of stable supercurves of genus zero: There are projections πk : M0,k →
M0,k−1 which delete the k-th marked point and collapse the non-stable vertices. The
map πk has canonical sections σj which double the j-th marked point. Furthermore,
if we have a supercurve of genus zero modeled on a tree T which is not stable, it can
be collapsed to a stable supercurve of genus zero, modeled on a different tree with less
vertices. For details in the classical case, we refer again to McDuff and Salamon 2012,
Appendix D.

4 Super stable maps of genus zero
In this section we generalize the notion of stable maps of genus zero to super Riemann
surfaces and study their moduli spaces. Super stable maps are realized as maps from
nodal supercurves to an almost complex manifold, that is a tree of super J-holomorphic
curves of genus zero with conditions on the nodes. For the non-super theory, we refer
to McDuff and Salamon 2012, Chapter 5 and Chapter 6.

In Section 4.1 we recall the notion of super J-holomorphic curve and their properties
from Keßler, Sheshmani, and Yau 2019. Super stable maps and their equivalence classes
are then defined in Section 4.1. In Section 4.3 we give show that the moduli space
of simple super stable maps of genus zero forms a global quotient superorbifold under
certain conditions on the target. In general, sequences of super stable maps of genus zero
may converge to a limit of different tree type. This supergeometric extension of bubbling
is captured in the Gromov topology on super stable maps, defined in Section 4.4.

4.1 Super J-holomorphic curves of genus zero
We fix a classical symplectic manifold N of dimension 2n with symplectic form ω and
compatible almost complex structure J . In Keßler, Sheshmani, and Yau 2019, we have
introduced the concept of super J-holomorphic curves from an arbitrary super Riemann
surface M to N : A map Φ: M → N of supermanifolds over the base C is called a super
J-holomorphic curve if

DJΦ = 1
2 (1 + I⊗J)|D dΦ

vanishes. Here D ⊂ TM is the completely non-integrable distribution of complex rank 0|1
defining the super Riemann surface and I the almost complex structure on M .
In this paper we focus on the case of genus zero, that is M = P1|1

C . There exists a
holomorphic embedding i : P1

C → P1|1
C that reduces to the identity on the topological

spaces. With respect to this embedding the super Riemann surface structure on P1|1
C is

described by the round metric on P1
C = S2, the unique spinor bundle S and vanishing

gravitino χ = 0. Decomposing the map Φ into component fields

ϕ = Φ ◦ i : P1
C × C → N ψ = i∗ dΦ|D ∈ Γ

(
S∨ ⊗ ϕ∗TN

)
F = i∗∆D Φ ∈ Γ (ϕ∗TN)
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the condition for Φ to be a super J-holomorphic curve can be rewritten as

0 = ∂Jϕ+ 1
4 Trg∨

S
(γ ⊗ jJ)ψ, 0 = F,

0 = (1 + I⊗J)ψ 0 = /Dψ − 1
3SR

N (ψ),

see Keßler, Sheshmani, and Yau 2019, Corollary 2.5.3 Here j is the derivative of J in the
direction of D and SRN (ψ) is a term obtained from the Riemannian curvature on N
that is cubic in ψ. Both j and SRN (ψ) vanish when N is Kähler. In that case, ϕ is a
J-holomorphic curve with a holomorphic twisted spinor ψ parametrized over C. In any
case, the reduction φ = Φred : P1

C → N is a J-holomorphic curve.
Under certain transversality conditions on a super J-holomorphic curve Φ: P1|1

C → N
one can use the implicit function theorem to construct a family of super J-holomorphic
curves in the neighborhood of Φ as a subsupermanifold of the space of all maps P1|1

C → N .
Here the transversality condition requires that

Dφ : Γ (φ∗TN)→ Γ
(
T∨P1

C ⊗ φ∗TN
)0,1

ξ 7→ 1
2 (1 + I⊗J)

(
∇ξ − 1

2 idT∨P1
C
⊗ (J (∇ξJ)) dφ

) (4.1.1)

/D
0,1 : Γ

(
S∨ ⊗ φ∗TN

)0,1 → Γ
(
S∨ ⊗C φ∗TN

)
ζ0,1 7→ 1

2 (1− I⊗J) /Dζ0,1
(4.1.2)

are surjective. Here φ = Φred is the reduced map, ∇ the Levi-Civita connection on P1
C

and /D the twisted Dirac operator.
For certain almost complex manifolds N , for example N = PnC, one can show that

the transversality conditions hold for all super J-holomorphic curves. In that case one
can construct the moduli spaceM0(A) of super J-holomorphic curves representing the
homology class A ∈ H2(N,Z). Its functor of points is given by

M0(A) : SPointop → Man

C 7→
{

Φ ∈ HomC(P1|1
C , N)

∣∣∣ DJΦ = 0
}

(
c : C ′ → C

)
7→ (Φ 7→ c∗Φ)

(4.1.3)

and represents a supermanifolds of dimension

2n+ 2 〈c1(TN), A〉 |2 〈c1(TN), A〉 .

Alternatively, if not all maps to a certain target manifold are transversal, one can restrict
to simple super J-holomorphic curves. Here we call a super J-holomorphic curve simple
if its reduction φ is simple, that is cannot be decomposed into a J-holomorphic curve φ̃
and a branched holomorphic covering h : P1

C → P1
C such that φ = φ̃ ◦ h. The Bochner

method shows that /D0,1 is surjective under certain conditions on the curvature. It is then
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known that a generic perturbation of the almost complex structure assures surjectivity of
Dφ for all simple J-holomorphic curves. Consequently, in those cases one can construct
the moduli spaceM∗0(A) of simple super J-holomorphic curves as a supermanifold with
the same dimension (4.1.3).
The super Lie group SpC(2|1) of superconformal automorphisms of P1|1

C acts on the
moduli space of super J-holomorphic curves of genus zero: For g ∈ SpC(2|1)(C) and
Φ ∈ M0(A)(C) we define g · Φ = Φ ◦ g−1. This action is proper and if A 6= 0 the
only fix-points are the R0|0-points which are invariant under the reflection in the odd
directions Ξ−. Every constant map is invariant under every automorphisms of P1|1

C .
Super J-holomorphic curves over C are critical points of the superconformal action

A(Φ) =
∫
P1|1
C /B

‖dΦ|D‖
2[dvol]

=
∫
P1
C

‖dφ‖2 +
〈
ψ, /Dψ

〉
− ‖F‖2 − 1

6
〈
SRN (ψ), ψ

〉
dvol,

which takes values in R(C) = (OC)0. The Berezin integral is independent of the chosen
superconformal metric on P1|1

C , but the reduction of the Berezin integral to an integral
over P1

C depends on the embedding i : P1
C → P1|1

C discussed above. For more details on the
superconformal action, we refer to Keßler 2019, Chapter 12. If Φ is a super J-holomorphic
curve over C = R0|0, we have ψ = 0 and F = 0 and the superconformal action reduces to
the harmonic action

A(Φ) =
∫
P1
C

‖dφ‖2 dvol =
〈

[ω], φ∗[P1
C]
〉
,

which equals to the pairing of the symplectic structure with the homology class of the
image.

4.2 Definition of super stable maps of genus zero
In this section we define super stable maps and their equivalence classes. Intuitively, a
super stable map is a map from a nodal supercurve into the almost Kähler manifold N .
Recall from Definition 3.3.1 that we represent a nodal supercurve of genus zero modeled
on the k-labeled tree T = (T,E, p) by z =

(
{zαβ}Eαβ , {zi}1≤i≤k

)
where zαβ are the

nodal points on the copy of P1|1
C at α ∈ T and zi the marked points at α = p(i). The

reduction of the special points at the node α, that is the union of nodes and marked
points at α, is required to be distinct.

Definition 4.2.1. A super stable map over B of genus zero into N modeled over the
k-labeled tree T is a tuple

(z,Φ) =
((
{zαβ}Eαβ , {zi}1≤i≤k

)
, {Φα}α∈T

)
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consisting of a nodal supercurve z =
(
{zαβ}Eαβ , {zi}1≤i≤k

)
over B of genus zero modeled

on T and super J-holomorphic curves Φα : P1|1
C × B → N such that the following are

satisfied:

(Nodes) For all α, β ∈ T with edges Eαβ it holds Φα ◦ zαβ = Φβ ◦ zβα.

(Stability) The number of special points is at least three for every vertex α such that
(Φα)red is constant.

We point out that the stability condition of a super stable map (z,Φ) does not imply
that the nodal curve z is stable because the stability condition only applies to vertices
α ∈ T where the map Φα is constant. The definition of super stable maps over B = R0|0

coincides with the usual definition of stable maps as given in McDuff and Salamon 2012,
Definition 5.1.1. Furthermore Definition 4.2.1 is functorial in B. That is, for a map
CB : C → B and a super stable map (z,Φ) over B there is a super stable map over C
modeled over the same tree given by

C∗B(z,Φ) =
(

({zαβ ◦ c}, {zi ◦ c}) ,
{

Φα ◦
(

idP1|1
C
×c
)})

.

The following Lemma gives an understanding of the condition at nodes in terms of
component fields:

Lemma 4.2.2. There is a bijection between the set of C-points of P1|1
C and the set of

tuples {
(|p|, s)

∣∣∣ |p| ∈ P1
C(C), s ∈ Γ (|p|∗S)

}
.

Let Φ: P1|1
C → N and be a super J-holomorphic curve with component fields (ϕ,ψ, F =

0). We introduce the shorthands φ = Φred, ϕ|p| = ϕ ◦ |p| and ψ|p| = |p|∗ψ. Then, for any
coordinate system ya around φ(pred) we have

(Φ ◦ p)#ya = ϕ#
|p|y

a +
〈
s, ψa|p|

〉
+
〈
s, ψb|p|

〉〈
s, ψc|p|

〉
ϕ#Γabc.

Here, ψa ∈ Γ (|p|∗S∨) are the coefficients of ψ|p| = ψ|p|a ⊗ ∂ya and the Christoffel symbols
of N are denoted by Γ, that is, ∇N∂

Y b
∂Y c = Γabc∂Y a .

Proof. Pick Wess–Zumino coordinates (xa, ηα) for P1|1
C around pred with respect to some

superconformal metric on P1|1
C , see Keßler 2019, Chapter 11. Recall that in particular

Wess–Zumino coordinates satisfy i#xa = xa and i#ηα = 0. In those coordinates the
point p is given by

p#xa = pa, p#ηα = pα,

for some even elements paOC and odd elements pα ∈ OC . We define |p| and s by

|p|#xa = pa, s = pα (|p|∗sα) ,
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where sα = i∗∂ηα is the local spinor frame induced by the Wess–Zumino coordinates
(xa, ηα). The bijection between C-points of P1|1

C and tuples of the form (|p|, s) is obvious.
The definition of |p| and s does not depend on the actual choice of Wess–Zumino
coordinates because the condition i#ηα = 0 is preserved under change of Wess–Zumino
coordinates.
The coordinate expansion of Φ in Wess–Zumino coordinates is given by

Φ# = ϕ#ya + ηα αψ
a + ηµην µψ

b
νψ

cΓabc,

see Keßler 2019, Chapter 12.3. Recall that for super J-holomorphic curves the component
field F vanishes. The result follows by taking pullback along |p|.

Assume now that α and β ∈ T are connected by an edge, and represent the nodal
points zαβ and zβα of a super stable map (z,Φ) by (|z|αβ, sαβ) and (|z|βα, sβα). If we
write (ϕα, ψα, Fα) and (ϕβ, ψβ, Fβ) for the component fields of Φα and Φβ the condition
on the nodes of stable maps Φα ◦ zαβ = Φβ ◦ zβα reads in a coordinate system ya of N
around (Φα ◦ zαβ)red as

(ϕα)#
|z|αβ

ya +
〈
sαβ, (ψα)a|z|αβ

〉
+
〈
sαβ, (ψα)b|z|αβ

〉〈
sαβ, (ψα)c|z|αβ

〉
ϕ#
α Γabc

= (ϕβ)#
|z|βα

ya +
〈
sβα, (ψβ)a|z|βα

〉
+
〈
sβα, (ψβ)b|z|βα

〉〈
sβα, (ψβ)c|z|βα

〉
ϕ#
β Γabc

We will now turn to the action of the reparametrization group GT , see Definition 3.3.2,
on super stable maps and their equivalence classes.

Definition 4.2.3. An element g = {gα}α∈T of GT (C) acts on a super stable map
(z,Φ) =

((
{zαβ}Eαβ , {zi}1≤i≤k

)
, {Φα}α∈T

)
over C and modeled on T by

g · (z,Φ) =
((
{gα(zαβ)},

{
gp(i)(zi)

})
,
{

Φα ◦ g−1
α

})
.

Like Definition 4.2.1, this definition is functorial in C. The stability condition in
Definition 4.2.1 implies that every super stable map has only finitely many automorphisms,
that is g ·(z,Φ) = (z,Φ). More precisely, the only super stable maps that have non-trivial
automorphisms are super stable maps over R0|0 which have nodes with constant maps:
Reparametrizations acting by reflection of the odd directions on some nodes with constant
maps and by identity on the others are non-trivial automorphisms.
We will say that two super stable maps of genus zero over C and modeled over the

same tree type T are equivalent if they differ by a reparametrization from GT (C). We are
interested in the spaces of equivalence classes of super stable maps fixing the homology
class of the image. A super stable map (z,Φ) represents the homology class A ∈ H2(N,Z)
if its reduction represents the homology class A according to the classical definition. That
is, for φα = (Φα)red : P1

C → N we have

A =
∑
α∈T

(φα)∗[P1
C].
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In particular, we obtain a function

T → H2(N,Z)
α 7→ Aα = (φα)∗[P

1
C]

such that

• A = ∑
α∈T Aα

• if Aα = 0 the number of special points on the node α is at least three, that is
#Yα ≥ 3

• every Aα is spherical, that is, in the image of the Hurewicz map π2(N)→ H2(N,Z).

We use the shorthand {Aα} for such maps. For fixed tree type T and {Aα} we denote
the set of equivalence classes of super stable maps (z,Φ) over C, modeled over T such
that φα[P1

C] = Aα byM0,T ({Aα})(C). As both Definition 4.2.1 and Definition 4.2.3 are
functorial in C, we have a functor

M0,T ({Aα}) : SPointop → Set,

called the moduli space of super stable maps of fixed tree type T and homology
classes {Aα}. Taking the union over all {Aα} we define the moduli space M0,T (A)
of super stable maps of fixed tree type T and total homology class A by

M0,T (A)(C) =
⋃

{{Aα}}
M0,T ({Aα})(C).

This is a finite union because the homology class A can only be decomposed in a
finite number of possible {Aα} with corresponding J-holomorphic curves φα : P1

C →
(N,ω, J). Every homologically non-trivial curve φα contributes a minimum amount
〈[ω], Aα〉 > ~(N,ω, J) > 0 to the total action 〈[ω], A〉, see McDuff and Salamon 2012,
Proposition 4.1.5. The number of α ∈ T such that Aα = 0 is bounded by the number of
stable nodes in the tree T . This also implies that there are no possible partitions {Aα} if
the tree T has too many unstable nodes.

As a special case, let us look at the stable k-labeled tree that is given by a single vertex,
no edges and k ≥ 3 marked points. We denote the moduli space of super stable maps
with this tree type and total homology class A byM0,k(A). If the moduli space of super
J-holomorphic curvesM0(A) can be constructed, we obtain using Proposition 3.2.1

M0,k(A) =M0,k ×M0(A).

That is, the moduli space of stable maps with one bubble and k-markings can be realized
as a superorbifold and its orbit functorM0,k(A) takes values in topological spaces. The
spaceM0,k(A)(R0|0) is homeomorphic to the moduli space of classical stable maps.
In general, the spaces M0,T ({Aα}) cannot be equipped with the structure of a su-

perorbifold. As in the theory of classical J-holomorphic curves the situation improves
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if we restrict to simple super stable maps. Recall that a super J-holomorphic curve
Φ: P1|1

C → N is called simple if its reduction φ = Φred is simple, that is, there is no
J-holomorphic curve φ̃ : P1

C → N and a branched holomorphic covering h : P1
C → P1

C such
that φ = φ̃ ◦ h.

Definition 4.2.4. A super stable map (z,Φ) is called simple if (zred,Φred) is simple,
that is, every (Φα)red is a simple map and no two maps (Φα)red and (Φβ)red have the
same image.

We denote the subfunctor of simple super stable maps of genus zero and modeled over
the tree T and fixed homology classes {Aα} byM∗0,T ({Aα}) ⊂M0,T ({Aα}).

We will see in Section 4.3, that under certain conditions on N the functorM0,T ({Aα})
is the orbit functor of a superorbifold.
Furthermore, we are interested in the functorM0,k(A) which is given by the union

over all isomorphism classes of k-labeled trees:

M0,k(A) : SPointop → Set

C 7→
⋃

tree types T
M0,T (A)(C)

This is a finite union, because there is only a finite number of trees for which there exist
an admissible {Aα} and hence a non-empty moduli space.

In Section 4.4, we will refine this functor to take values in topological spaces such that

• The spaceM0,k(A)(R0|0) is homeomorphic to the space of classical stable maps. If
the target N is compact,M0,k(A)(R0|0) is the compactification ofM0,k(A)(R0|0).

• When restricting to simple super stable maps of fixed tree type T and cohomology
classes {Aα} the topology coincides with the one given by the orbit functor of the
superorbifoldM∗0,T ({Aα}).

• Under certain conditions on the homology class A the space of non-simple stable
mapsM0,T ({Aα})(R0|0)\M∗0,T ({Aα})(R0|0) has a high codimension. Consequently,
also the subfunctorM0,T ({Aα}) \M∗0,T ({Aα}) has a high even codimension if it
can be shown to be a superorbifold.

With this justification, we regardM0,k(A) as the natural compactification ofM0,k(A).

Remark 4.2.5. There is a functorial forgetful map π : M0,k(A) → M0,k which sends
(z,Φ) to the stabilization zs which arises after deletion of unstable vertices from the tree.
This essentially combinatorial construction works as in the case of classical stable maps,
see McDuff and Salamon 2012, Chapter 5.1. Similarly, the definition of the projections
πk : M0,k(A)→M0,k−1(A) which deletes the k-th marked point and the evaluation maps
evi : M0,k(A)→ N which send (z,Φ) to Φp(i) ◦ zi ∈ N(C) is straightforward.
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4.3 Simple super stable maps of fixed tree type
In McDuff and Salamon 2012, Chapter 6 it is shown thatM∗0,T ({Aα})(R0|0) is a manifold
for generic almost complex structure J on N . Here, we will extend the argument to
obtain thatM∗0,T ({Aα}) is the orbit functor of a superorbifold under certain conditions
on the target.

We denote the number of vertices of the k-labeled tree T by #T , the number of edges
by #E = #T − 1. By definition, a simple stable J-holomorphic curve over C is a tuple((

{zαβ}Eαβ , {zi}1≤i≤k
)
, {Φα}α∈T

)
∈
(
P1|1
C (C)

)2#E+k
×
∏
α∈T
M∗0(Aα)(C)

subject to the conditions i)–iii) below. For the moment we assume that all the moduli
spaces on the right hand side are supermanifolds. The moduli space will later be obtained
as a quotient of a subset ZT ×MT of an appropriate sub-supermanifold by the group
acting as equivalence transformations.

i) For a fixed node α the reduction of the special points needs to be distinct. We
denote by ZT the open subsupermanifold of

(
P1|1
C

)2#E+k
such that for each fixed

node α the reduction of the special points contained in Yα are pairwise distinct.
Then ZT is an open supermanifold of real dimension

4#E + 2k|4#E + 2k.

ii) The reduced maps (Φα)red have to be pairwise different. We call the open sub
supermanifold of ∏α∈TM∗0(Aα) such that (Φα)red are pairwise different MT . Then
MT is an open supermanifold of real dimension∑

α∈T
(2n+ 2 〈Aα, c1(TN)〉) |2

∑
α∈T
〈Aα, c1(TN)〉

= 2n(#E + 1) + 2 〈A, c1(TN)〉 |2 〈A, c1(TN)〉 .

iii) At the nodes, super stable maps have to satisfy Φα ◦ zαβ = Φβ ◦ zβα. In order to
understand the geometry of this condition we define the evaluation map

evT (C) : ZT (C)×MT (C)→ N2#E(C)
(z,Φ) 7→ (Φα ◦ zαβ)Eαβ

Denote by ∆T ⊂ N2#E the subset determined by the edges:

∆T =
{

(nαβ) ∈ N2#E
∣∣∣ nαβ = nβα

}
Note that ∆T is of codimension 2n#E|0 in N2#E . The preimage

(
evT

)−1
∆T is

the set of simple super stable maps of genus zero and modeled over the tree T . If
evT is transversal to ∆T the preimage

(
evT

)−1
∆T is a supermanifold of dimension

dimMT + dimZT − codim ∆T

= 2n+ 2 〈A, c1(TN)〉+ 4#E + 2k|2 〈A, c1(TN)〉+ 4#E + 2k.
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Notice that the map evT is transversal to ∆T if its reduction evT red is transversal
to ∆T because N2#E is an even manifold.

The group of equivalence transformations acts properly on
(
evT

)−1
∆T . The only

fix-points of this action are the R0|0-points of
(
evT

)−1
∆T and the isotropy group is

generated by the automorphisms Ξα− which multiply the odd direction by −1 on the
bubble α ∈ T . The group of equivalence transformations GT is a super Lie group of
dimension 6(#E + 1)|4(#E + 1). By Theorem 2.6.23 the quotient is a superorbifold of
dimension

dimMT + dimZT − codim ∆T − dimGT

= 2n+ 2 〈A, c1(TN)〉 − 2#E + 2k − 6|2 〈A, c1(TN)〉+ 2k − 4.

This proves the following theorem:

Theorem 4.3.1. Let N be an almost Kähler manifold, T a k-labeled tree with #E edges
and {Aα} a partition of the homology class A on the tree T . Assume that

• all the moduli spacesM∗0(Aα) of simple super J-holomorphic curves of genus zero
are supermanifolds,

• the edge evaluation map evT : ZT ×MT → N2#E is transversal to ∆T for all simple
stable curves of genus zero modeled over the tree T .

ThenM∗0,T ({Aα}) is the orbit functor of the global quotient superorbifold

M∗0,T ({Aα}) = ZT ×MT
�GT .

The orbifoldM∗0,T ({Aα}) has dimension

2n+ 2 〈A, c1(TN)〉 − 2#E + 2k − 6|2 〈A, c1(TN)〉+ 2k − 4.

and isotropy group Z#E+1
2 on the R0|0-points, generated by the maps Ξα− which act by

reflection of the odd direction on the node α ∈ T and identity on the others.

To understand the conditions of Theorem 4.3.1 better, recall that the moduli space
M∗0(Aα) has the structure of a supermanifold if the maps Dφ and /D

0,1 given in Equa-
tion (4.1.1) and Equation (4.1.2) are surjective for all φ = Φ ∈M∗0(Aα)(R0|0). Surjectivity
depends on the choice of the tame almost complex structure J on the symplectic manifold
(N,ω). By McDuff and Salamon 2012, Theorem 3.1.5, the set of J such that Dφ is
surjective for all Φ ∈ M∗0(A)(R0|0) is dense. In Keßler, Sheshmani, and Yau 2019, we
have shown surjectivity of /D0,1 with the help of a Bochner method under certain curva-
ture conditions such as Kähler manifolds with positive holomorphic sectional curvature.
This argument stays valid under small variations of J . For the transversality of evT it
suffices to check transversality in the reduced case which has been shown in McDuff and
Salamon 2012, Theorem 6.2.6 for generic J . Consequently, starting with an almost Kähler
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manifold (N,ω, J) which satisfies the curvature conditions such that /D
0,1 is surjective,

one can perturb the almost complex structure J a finite number of times such that the
resulting almost Kähler manifold satisfies the conditions of the Theorem 4.3.1. Moreover,
as there is a finite number of subfunctors M∗0,T ({Aα}) in M0,k(A), we can perturb J
further such that all the subfunctorsM∗0,T ({Aα}) are superorbifolds.

4.4 Gromov topology on M0,k(A)

In this section we refine the functorM0,k(A) to take values in topological spaces. The
strategy is to adapt the definition of Gromov convergence as discussed in McDuff and
Salamon 2012, Chapter 5.6 toM0,k(A)(C) in a way that is functorial in C. While this
functor is not expected to represent a superorbifold, its restriction to fixed tree type
coincides withM∗0,T (A) and its reduced points are compact.

In order to define the Gromov topology onM0,k(A) we need some more notation. Let
(z,Φ) = (({zαβ}, {zi}) , {Φα}) be a super stable map over B of genus zero and modeled
on T and g ∈ GT (B). Recall that every map CB : C → B between superpoints gives rise
to a super stable map C∗B(z,Φ) over C and an automorphisms C∗Bg ∈ GT (C). This holds
in particular for the initial object R0|0

B : R0|0 → B of SPointB in which case
(
R0|0
B

)∗
(z,Φ)

is the reduction, that is a classical stable map of genus zero modeled over the tree T .
We denote the set of C-points that have the same reduction as a node on the vertex α

by

Zα(C) =
{
p ∈ P1|1

C (C)
∣∣∣ (R0|0

B

)∗
p =

(
R0|0
B

)∗
zαβ for some edge β connected with α

}
Hence P1|1

C \ Zα is an open subsupermanifold of P1|1
C . This will allow us to formulate the

convergence of super J-holomorphic curves to Φα away from nodes.
Another important requirement is that the harmonic action is preserved under Gromov

convergence, both locally and globally. In order to express this condition we define for
any edge Eαβ of T the tree Tαβ to be the component of T that contains β after removal
of the edge Eαβ. The superconformal action on Tαβ given by

Aαβ(z,Φ) =
∑
γ∈Tαβ

A(Φγ) =
∑
γ∈Tαβ

∫
P1|1
C /B
‖dΦα|D‖

2[dvol]

taking values in R(B). For a node α ∈ T and an open subset U ⊂ P1|1
C (R0|0) we define

the action contained in that open subset as

Aα((z,Φ);U) =
∫
U
‖dΦα|D‖

2[dvol] +
∑
β∈TU

Aαβ(z,Φ)

where the sum runs over the set of nodes contained in U ,

TU =
{
β ∈ T

∣∣∣ (R0|0
B

)∗
zαβ ∈ U

}
.
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We will only consider the case of U = Bε(zαβ) which is the open ball of radius ε around(
R0|0
B

)∗
zαβ in the round metric of P1

C = P1|1
C (R0|0).

Informally, Gromov convergence of super stable maps of genus zero can now be
formulated as convergence of the maps Φα away from nodal points up to automorphisms
of P1|1

C , convergence of the superconformal action on all subtrees Tαβ and convergence of
the nodal curve following Definition 3.3.4. More precisely:

Definition 4.4.1. A sequence (zν ,Φν) =
(({

zναβ

}
, {zνi }

)
, {Φν

α}
)
, ν = 1, 2, . . . of super

stable maps over B of genus zero modeled on T ν is said to Gromov converge to to a
super stable map (z,Φ) = (({zαβ}, {zi}) , {Φα}) over B of genus zero and modeled on T
if for ν sufficiently large there exists a tree homomorphism fν : T → T ν and a collection
of reparametrizations gν = {gνα}α∈T ∈ GT (B) sucht that the following hold:

(Map) For every α ∈ T and every CB : C → B the sequence

Φν
fν(α) ◦ g

ν
α(CB) : P1|1

C (C)→ N(C)

converges to Φα(C) uniformly on compact subsets on P1|1
C (C) \ Zα(C).

(Action) For any edge Eαβ of T

Aαβ (z,Φ) = lim
ε→0

lim
ν→∞

Afν(α) ((zν ,Φν) ;Bε(zαβ)) ∈ R(B).

(Rescaling) If α, β ∈ T are connected by an edge Eαβ and νj is a subsequence such
that fνj (α) = fνj (β) then the sequence(

g
νj
α

)−1
◦ gνjβ (CB) : P1|1

C (C)→ P1|1
C (C)

converges uniformly on compact subsets to C∗Bzαβ ∈ P
1|1
C (C) for all CB : C → B

and j →∞.

(Nodal points) If α, β ∈ T are connected by an edge Eαβ and νj is a subsequence
such that fνj (α) 6= fνj (β) then

zαβ = lim
j→∞

(
g
νj
α

)−1
(zνj
fνj (α)fνj (β)) ∈ P

1|1
C (B).

(Marked Points) For all 1 ≤ i ≤ k it holds pν(i) = fν(p(i)) and

zi = lim
ν→∞

(gνp(i))
−1(zνi ) ∈ P1|1

C (B).

Gromov convergence is defined up to automorphisms and hence defines a topology
on M0,k(A)(B) as in the case of Gromov convergence of stable curves, see 3.3.4. By
construction, this topology is functorial in B and has the following desired properties:
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• The topological spaceM0,k(A)(R0|0) is homeomorphic to the classical moduli space
of stable maps of genus zero. In particular, it is Hausdorff and compact if the
target N is compact.

• The restriction of the Gromov topology to simple super stable maps of genus
zero and fixed tree type T yields the same topology as the orbit functor of the
superorbifoldM∗0,T (A).

We will leave the questions of uniqueness of limits and construction of suitable integrals
overM0,k(A) to define invariants for further work.
Remark 4.4.2. Let fν : M →M ′ be a sequence of maps between supermanifolds over B
and f : M →M ′ a map of supermanifolds over B. The condition that

fν(CB) : M(CB)→M ′(CB)

converges uniformly on compact subsets to f(CB) for all CB : C → B to f(CB) is
equivalent to the uniform convergence on compact subsets of all coefficients of all
coordinate expressions of the maps fν to the corresponding coefficients of f .
Remark 4.4.3. The Definition 4.4.1 can easily be generalized so that every (zν ,Φν) is
a super stable map of genus zero in the almost Kähler manifold (N,ω, Jν) where Jν
is a sequence of ω-tame almost complex structures converging to an ω-tame almost
complex structure J . This allows for additional flexibility as in McDuff and Salamon
2012, Chapter 5.
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