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1 Neoclassical Growth Theory

What are the main lessons of the neoclassical model?

The main lesson is that in the long run, economic growth (in per capita
GDP) is driven by technological change. Without technological change, an
economy can perhaps grow for awhile by accumulating capital, but eventually
that growth will be choked o� by the diminishing marginal product of capital.

With technological change, growth can be sustained and indeed the economy
will converge to a steady-state in which the rate of economic growth is exactly
equal to the rate of technological progress.

What are the main limitations?

�The main limitation of the neoclassical model is that it provides no account
of the rate of technological progress� which it takes as exogenous.

Solow-Swan Model

Basic Solow

What is the overall conclusion of the Solow model on growth rate?

Saving can increase growth rate, but not inde�nitely. In long run will revert
to rate of technological progress.

How does neoclassical theory treat technological progress?

Neoclassical theory takes the rate of technological progress to be independent
of economic forces, or exogenous.
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>Even for endogenous growth theory, neoclassical model still useful because
of analysis of how capital accumulation a�ects national income, real wages, and
real interest rates [just as valid as when technology is endogenous as exogenous].

>Neoclassical can be seen as special case when marginal productivity of
e�orts to innovate have fallen to zero.

What is the set up of the Solow-Swan model?

[Really about 4 & 5]

1. Time is continuous

2. Parameters: �xed over time

(a) Utility not de�ned

(b) Fixed savings rate s

(c) Fixed depreciation rate δ

(d) Given state of technological progress

3. Labor

(a) Supply of Labor is given (�xed over time)

(b) Labor works with an aggregate capital stock K

i. Taken to include human as well as physical capital

4. Production

The maximum amount of output that can be produced depends on K
according to an aggregate production function:

Y = F (K)

A crucial property of the aggregate production function is diminishing
returns to capital.

This idea is captured by assuming the marginal product of capital to be
positive but strictly decreasing in the stock of capital:

F ′(K) > 0 and F ′′(K) < 0 ∀K

and imposing Inada conditions:

lim
K→∞

F ′(K) = 0 and lim
K→0

F ′(K) =∞
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5. Change in Production

Fundamental Di�erential Equation of Neoclassical Growth The-
ory

K̇ = sF (K)− δK

Where K̇ = dK
dt which is the net investment in continuous time.

Together with the historically given initial stock of capital, the equation
determines the entire future time path of capital.

[This is the continuous time version, the discrete version, where I is in-
vestment, or the net increase of the capital stock per unit of time:

I = sY − δK]

6. GDP

(a) We assume that all capital and labor are fully employed, so F (K) is
not only what can be produced but what will be produced

Growth

1. Driver of Growth in Solow Model

Because we are assuming away population growth and technological change,
the only remaining force that can drive growth is capital accumulation.

Output will grow ⇐⇒ the capital stock increases.
[
g ∝ K̇

]
2. Fundamental Equation

K̇ = sF (K)− δK

It describes the net investment, and tells us that rate of increase in the
capital stock at any date is determined by the amount of capital already
in existance at that date.

Together with the historically given initial stock of capital, the equation
determines the entire future time path of capital.

3. Graphical View of Fundamental Equation
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Whenever the savings curve lies above the depreciation line (as it does
when K = K0 in �gure), the capital stock is increasing.

4. Steady State K∗

K∗is de�ned by the condition

sF (K) = δK

K∗ is a unique, stable, stationary state of the economy.

When captial is scarce it is very productive, hence initially capital stock
will rise. However, because of diminishing marginal productivity :

Eventually depreciation will catch up with savings; at that point the cap-
ital stock will stop rising, and growth in national income will therefore
come to an end.

Growth rate will fall back to zero.

5. E�ect of Changes in Parameters: s and δ

(a) What is the e�ect of an increase in s? An increase in δ?

There will be no long-run e�ect on growth rate, which is �doomed to
fall back to zero.�

There will be a temporary rise in the rate of capital accumulation (as
graph is shifted upwards, and distance to depreciation line increases).

There will be an increase in long-run levels of output and capital, as
the intersection point K∗ will have shifted to the right.

[An increase in δ will shift the depreciation line up, lowering growth tem-
porarily which will eventually fall back to zero. Output and capital levels
will be permanently lower, as K∗ shifts left].
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1.2.1 Solow with Population Growth

What happens to Solow when labor is added?
What are the 2 key properties of this function?
[Really about 4 & 5]

1. Time is continuous

2. Parameters: �xed over time

(a) Utility not de�ned

(b) Fixed savings rate s (per person)

(c) Fixed depreciation rate δ (per person)

(d) Population grows at the constant exponential rate n per year

(e) Given state of technological progress

3. Labor

(a) Supply of Labor is given in initial period, grows at rate n

(b) Labor works with an aggregate capital stock K

i. Taken to include human as well as physical capital

4. Production

(a) The maximum amount of output that can be produced depends on
K and L according to an aggregate production function for Y :

Y = F (K,L)

i. The production function is concave,

A. Implying that the marginal product of capital is a diminish-
ing function of K holding L constant. (concavity of a pro-
duction function is a multidimensional version of diminishing
returns)

B. Formally: ∂2F
∂K2 < 0,∂

2F
∂L2 < 0, ∂F

2

∂K2 · ∂
2F
∂L2 ≥

(
∂2F
∂K∂L

)2

ii. Exhibits constant returns to scale, that is, it is homogenous of
degree one in both arguments

A. F (λK, λL) = λF (K,L) ∀ λ,K,L > 0

B. Intuitively, this makes sense under assumption of a given
state of technology, since if labor and capital double, output
should double.

5



(b) Per Capita Production y

y = f(k)

indicating what each person can produce using his or her share of the
aggregate capital stock.

where y = Y
L is output per person, k = K

L is capital per person, and
f(k) = F (k, 1)

This is achieved by homogeneity of degree zero in the aggregate pro-
duction function, dividing through by L (using λ = 1

L ):

y =
Y

L
=

1

L
F (K,L) = F

(
K

L
, 1

)
= F (k, 1)

=⇒ y = F (k, 1) = f(k)

(c) Functional Form of Y and y: Cobb-Douglas

Y = KαLα−1, 0 < α < 1

y = f(k) = kα

5. Change in Production

Fundamental Di�erential Equation with Population Growth

The equation for k̇, the governing the capital-labor ratio, is almost the
same as the �fundamental equation� before except that the depreciation
rate is now augmented by the population growth rate (and the per capita
production function f is used instead of the aggregate F ). [Key Equation]

k̇ = sf(k)− (n+ δ)k

where sy is the rate of savings per person, δk is the capital depreciation
rate per person. Derivation is below.

6. GDP

(a) We assume that all capital and labor are fully employed, so f(k)
is not only what can be produced but what will be produced (per
person).

Growth
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1. Driver of Growth in Solow Model with Labor

Because we are assuming away technological change, the only remain-
ing forces that can drive growth is capital accumulation and population
growth.

Main interest however is growth of output per person y, which again
relies only on growth of capital stock per person.

Output per person will grow ⇐⇒ the capital stock per person increases.[
g ∝ k̇

]
2. Fundamental Equation

k̇ = sf(k)− (n+ δ)k

It describes the net investment per person, and tells us that rate of increase
in the capital stock per person at any date is determined by the amount
of capital per person already in existance at that date.

Together with the historically given initial stock of capital, the equation
determines the entire future time path of capital.

3. Graphical View of Fundamental Equation

Whenever the savings curve lies above the depreciation line (as it does
when k = k0 in �gure), the capital stock per capita is increasing.

4. Steady State: Per capita k∗, y∗

It reaches steady state at value k∗, de�ned by

sf(k) = (n+ δ)k
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Diminishing marginal returns again imposes an upper limit on capital per
person.

While the capital stock per person converges to k∗, the level of output per
person will converge to the corresponding steady-state value

y∗ = f(k∗)

5. E�ect of Changes in Parameters: s and δ

(a) What is the e�ect of an increase in s? An increase in δ?

There will be no long-run e�ect on growth rate per capita, which is
�doomed to fall back to zero.�

There will be a temporary rise in the rate of capital accumulation (as
graph is shifted upwards, and distance to depreciation line increases).

There will be an increase in long-run levels of output and capital per
capita, as the intersection point k∗ will have shifted to the right.

[An increase in δ will shift the depreciation line up, lowering growth tem-
porarily which will eventually fall back to zero. Output and capital levels
will be permanently lower, as K∗ shifts left].

6. Aggregate Production and Capital

Aggregate output and capital stock are still growing at steady state, but
growing only at the rate of population growth.

Growth as measured by the rate of increase in output per person will stop
in long run.

How is the di�erential equation for the net increase in k derived?

We have k = K
L . Take the derivative with respect to time: d

dt

(
k = K

L

)
. Use

quotient rule to get

k̇ =
K̇L− L̇K

L2
=
K̇

L
− L̇K

L2

We now use the assumption that L grows at a constant exponential rate,

that is L̇
L = n:

k̇ =
K̇

L
− nK

L
=
K̇

L
− nk
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From the previous section we have that K̇ = sY − δK. Dividing by L we
get:

K̇

L
= sy − δk

Substituting for K̇
L we get:

k̇ =
K̇

L
− nk = sy − δk − nk = sy − (n+ δ)k

What is a way of expressing the assumption that L grows at a
constant exponential rate?

L̇

L
= n

L̇ = dL
dt = nL ⇐⇒ L = aent

Derivation:
L̇ = dL

dt = nL =⇒ dL
L = ndt =⇒

´
dL
L =

´
ndt =⇒ lnL =

nt+ constant =⇒ lnL = nt+ ln a =⇒ L = aent

1.2.2 Solow with Exogenous Technological Change

> �It follows that the only way to explain the persistent long-run growth
in output per person that we have observed in advanced economies since the
industrial revolution is through technological change that continually o�sets the
dampening e�ect of diminishing returns.�

How is technology introduced into the Solow model?

Productivity parameter A, re�ecting the current state of technical knowledge
in science. Assume A grows at constant rate g, which re�ects progress in science.

Think AL as opposed to AK

1. Time is continuous

2. Parameters: �xed over time

(a) Utility not de�ned

(b) Fixed savings rate s (per e�ciency unit)

(c) Fixed depreciation rate δ (per e�ciency unit)
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(d) Fixed growth rate in e�ciency units (n+ g)

i. n is the rate of population growth

ii. g is the rate of productivity growth (growth rate of A)

(e) Productivity parameter A, re�ecting current state of technology

i. �E�ciency unit� of labor de�ned as AL

3. Labor

(a) Supply of Labor is given in initial period, grows at rate n

(b) Labor works with an aggregate capital stock K

i. Taken to include human as well as physical capital

4. Production

(a) The maximum amount of output that can be produced depends on
K and A,L according to an aggregate production function for Y :
[Key Equation]

Y = F (K,AL)

i. The production function is concave,

A. Implying that the marginal product of capital is a dimin-
ishing function of K holding AL constant. (concavity of a
production function is a multidimensional version of dimin-
ishing returns)

B. Formally: ∂2F
∂K2 < 0,∂

2F
∂L2 < 0, ∂F

2

∂K2 · ∂
2F
∂L2 ≥

(
∂2F
∂K∂L

)2

ii. Exhibits constant returns to scale, that is, it is homogenous of
degree one in both arguments

A. F (λK, λAL) = λF (K,AL) ∀ λ,K,AL > 0

B. Intuitively, this makes sense under assumption of a given
state of technology, since if labor and capital double, output
should double.

(b) Per E�ciency Unit Production ϕ, Capital κ

ϕ = φ(κ)

indicating what each e�ciency unit AL can produce using his or her
share of the aggregate capital stock.

where

ϕ = Y
AL is output per e�ciency unit,

κ = K
AL is capital per e�ciency unit,

and φ(κ) = F (κ, 1)
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This is achieved by homogeneity of degree zero in the aggregate pro-
duction function, dividing through by AL (using λ = 1

AL ):

ϕ =
Y

AL
=

1

AL
F (K,AL) = F

(
K

AL
, 1

)
= F (κ, 1)

=⇒ ϕ = F (κ, 1) = φ(k)

(c) Functional Form of Y and ϕ: Cobb-Douglas

Y = Kα (AL)
α−1

, 0 < α < 1

ϕ = κα

This way of writing the production function makes technological progress
equivalent to an increase in the �e�ective supply of labor� AL (or e�ciency
units of labor) which grows at the rate of population growth plus the
growth rate of productivity (n+ g).

5. Change in Production

Fundamental Di�erential Equation with Population and Technology Growth

The equation for κ̇, the governing the capital-per e�ciency unit, is almost
the same as the �fundamental equation� before except that the deprecia-
tion rate is now augmented by the growth rate of the number of e�ciency
units (n+ g).

κ̇ = sκα − (n+ δ)κ

6. GDP

(a) We assume that all capital and labor are fully employed, so f(k)
is not only what can be produced but what will be produced (per
person).

How do we de�ne a steady state this model?

The main di�erence is that we've replaced the labor input L with the number
of e�ciency units of labor AL. We can now �nd a steady state in terms of

Capital per e�ciency unit:

κ =
K

AL

Output per e�ciency unit:
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ϕ =
Y

AL
= κα

What is the di�erential equation in the Solow model with techno-
logical progress?

κ̇ = sκα − (n+ g + δ)κ

This is almost identical to the previous equation (1.7), except that the growth
rate n of labor has been replaced by the growth rate n + g in the number of
e�ciency units of labor.

Growth

1. Driver of Growth in Solow Model with Population Growth and Technology
Change

Output per e�ciency unit does not grow in the long run.

(a) However, output per capita can now grow

Output per person y, which again relies only on the growth of capital
stock per person:

y =
Y

L
= Aϕ = Aκα

(b) Growth per capita is given by:

G =
Ȧ

A
+
ακ̇

κ
= g +

ακ̇

κ
i. Derivation

A. ẏ = Ȧκα +Aακα−1κ̇

B. G = ẏ
y = Ȧκα

Aκα + Aακα−1κ̇
Aκα = Ȧ

A + ακ̇
κ

(c) In the long run, output per capita will converge to the rate of tech-
nological change g:

G −→ g as t −→∞

2. Fundamental Equation [Key Equation]

κ̇ = sκα − (n+ g + δ)κ

It describes the net investment per e�ciency unit, and tells us that rate
of increase in the capital stock per person at any date is determined by
the amount of capital per e�ciency unit already in existance at that date.

Together with the historically given initial stock of capital, the equation
determines the entire future time path of capital.
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3. Graphical View of Fundamental Equation

[Not given, but similar]

4. Steady State: Per e�ciency unit κ∗, y∗

It reaches steady state at value κ∗, de�ned by [Key Equation]

sκα = (n+ g + δ)κ

Diminishing marginal returns again imposes an upper limit on capital per
e�ciency unit.

While the capital stock per e�ciency unit converges to κ∗, the level of
output per person will converge to the corresponding steady-state value

ϕ∗ = φ(k∗) = (κ∗)
α

5. Per Capita Growth

Although output per e�ciency unit doesn't grow in the long run, the same
is no longer true of output per person:

Y

L
= Aϕ = Aκα

The growth rate of output per person will be:

G =
Ȧ

A
+
ακ̇

κ
= g +

ακ̇

κ

In the long run, when κ → κ∗, the time derivative κ̇ approaches zero, so
the growth rate G approaches the exogenous rate of technological change
g:

G −→ g as t −→∞

Although the height of the steady-state growth path will be determined
by such parameters as s, n, δ, the only parameter a�ecting growth rate is
g.

In the short run, the growth rate can rise temporarily above g as a result
of an increase in the savings rate s, which raises the rate of increase of the
capital stock per e�ciency unit κ according to the fundamental di�erential
equation.

13



In the long run, intuitively, the growth rate of output per person does
not fall to zero because as capital accumulates, the tendency for the out-
put/capital ratio to fall because of diminishing returns to capital is con-
tinually o�set by technological progress.

1.2.3 Conditional Convergence
> �One of the main questions that growth economics addresses is whether

poor countries are likely to catch up with rich ones. If so, we say that there is
cross-country convergence.�

What does the neoclassical model predict about cross country con-
vergence?

It answers with a �quali�ed yes,� known as �conditional convergence�:
The theory predicts that di�erence in per capita GDPs will tend to dissapear

if
a. The two countries share the same technology (as de�ned by the production

function F and the path At of e�ciency units per person)
b. Same fundamental determinants of capital accumulation (the savings rate

s, the depreciation rate δ, and the population growth rate n)
[but not otherwise]
This is because with the same fundamentals and same technology, they will

converge to the same steady state.
Formally:
Suppose steady-state level of GDP per e�ciency unit of labor is ϕ∗1 = y1t

A1t

in country 1 and ϕ∗2 = y2t
A2t

in country 2.
If two countries have the same technology and fundamental deter-

minants, then A1t = A2t and ϕ∗1 = ϕ∗2. Hence by the equations above their
long-run levels of GDP per person will be the same y1t = y2t.

[but if they have di�erent technology and fundamentals, then the equations
say that there is no reason why they should be the same]

Verbally, what has been the approach to testing convergence in
the empirical literature?

�The empirical literature has tested a somewhat stronger version of condi-
tional convergence�

�Suggested by proponents of the neoclassical model who believe that as a
working hypothesis we should assume that all countries share the same technol-
ogy�

Hence they test for convergence conditional on having the same fundamental
determinants (s, n, δ) of capital accumulation.
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�A country that starts further behind the steady state k∗ will have a faster
rate of capital accumulation, and hence a large growth rate of GDP per capita.
Of course, this comparison only works for two countries with the same steady
states k∗.�

What form of equation are authors in this empirical literature
usually estimating? What is cited as evidence for convergence?

Authors in the empirical literature often estimate equations of the form:

1

T
· log

yt+T
yt

= β0 + β1 log yt + β2Xt + ut

We can think of this as growth from t to t+ T since:

g =
1

T
·
(
yt+T − yt

yt

)
=

1

T
·ln
(

1 +
yt+T − yt

yt

)
=

1

T
ln

(
1 +

yt+T
yt
− 1

)
=

1

T
ln

(
yt+T
yt

)
[the second step uses the log approximation, ∆x ≈ ln (1 + ∆x)]
where Xt is a vector of variables (such as s, δ, and n) that control for the

determinants of steady-state output per person.
The left-hand side of this equation is the growth rate of the economy mea-

sured over an interval of T years.
Thus the equation says growth rates vary either because of di�erences in

parameters determining the steady state (β2Xt) or because of di�erences in
initial positions (β1 log yt).

An estimated value of β1 < 0 is taken as evidence for conditional conver-
gence.

What is another way economists talk about convergence?

Economists will often speak of cross-country convergence in growth rates of
GDP per capita rather than its level.

Convergence in this case does not imply that the standard of living in poor
countries would catch up to rich countries, but that the growth rate in slow-
growing countries would catch up to faster-growing countries.

What does the neoclassical model predict with respect to conver-
gence in growth rates?

�The neoclassical model has a stronger prediction with respect to convergence
in growth rates than the conditional convergence prediction we have just seen in
levels. Speci�cally, the model implies that there should be convergence in
growth rates between all countries that share the same technology .�

15



Ramsey Model

1.3 Extension: The Cass-Koopmans-Ramsey Model
1.3.1 No Technological Progress

What is the main additional factor that the Ramsey model takes
into account?

Neoclassical model had assumed a �xed savings rate.
This model takes �subtleties of the permanent income and life-cycle hypothe-

ses into account, on the grounds that people save with a view to smoothing their
consumption over their lifetimes.�

Hence Ramsey model looks at how neoclassical model can be extended to
take into account people's motives for consumption smoothing.

ALSO: [Key Equation]
They are very similar in this sense:
de�ne s as the sum now of s = y − c
Then we have the Solow steady state: k̇ = s− δk = y − c− δk
Which is the same as the Ramsey steady state k̇ = y − c− δk

1. State Model
How is the lifetime plan for consumption modelled in Ramsey?

When evaluating any lifetime plan of consumption {ct}T0 , it uses a weighted
sum of utilities:

W =

T∑
0

βtu (ct) , 0 < β < 1

Where:
Flow of utility is given by the utility function u(c).
Assume marginal utility is positive and decreasing: u′(c) > 0, u′′(c) <

0 ∀c > 0.
Also simplify assuming marginal utility of consumption becomes in�nite as

consumption goes to zero limc→0 u
′(c) =∞

Time is discrete: t = 1, . . . , T
β is household's discount factor
W is lifetime utility

What are the assumptions regarding population, and the notation
for production?
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Abstract once again from population growth by assuming a constant labor
force L = 1.

K is the amount of capital held by each representative household
Technological possibilities of the representative houshold are given by pro-

duction function F (K) with positive but diminishing marginal product, satis-
fying the Inada conditions.

Assume for simplicity that household does its own production (instead of
selling labor and renting capital to businesses and �rms)

What is the constraint the household faces in each period?

The constraint that it faces is: [Key Equation]

Kt+1 = Kt + F (Kt)− ct − δKt

[The growth in its capital stock K equals the �ow of new output F (K) minus
the amount it consumes c and minus the amount that depreciates because of
depreciation δK. That is, Kt+1 −Kt = F (Kt)− ct − δKt]

What is the optimization question the household faces?

The household chooses the sequence {ct,Kt+1}T0 that maximizes its lifetime
utility W , subject to the above equation [Kt+1 = Kt + F (Kt)− ct − δKt] every
period.

Taking the initial stock of capital K0 as given.
Subject to the condition that the amount of capital KT+1 left over at the

end of the planning horizon cannot be negative.

2. Solving the optimization problem
How is the optimization question for the household solved?

As with any constrained optimization problem, the solution is derived by
forming the Lagrangian expression:

L =

T∑
0

βtu(ct) +

T∑
0

µt+1 [Kt + F (Kt)− ct − δKt −Kt+1]

What is the interpretation of the µ's in the above expression?
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The µ's are undetermined Lagrange multipliers. Each µt can be interpreted
as the shadow value of a unit of capital in period t. That is, the discounted
marginal utility from having more Kt.

What are the FOCs from the optimization problem L =
∑T

0 β
tu(ct)+∑T

0 µt+1 [Kt + F (Kt)− ct − δKt −Kt+1]?

The partial derivative of L with respect to each of the choice variables except
KT+1 must equal zero:

∂L
∂ct

= βtu′ (ct)− µt+1 = 0, t = 0, 1, . . . , T

∂L
∂Kt

= µt+1 [1 + F ′(Kt)− δ]− µt = 0 t = 1, 2 . . . , T

The necessary FOC with respect to KT+1 must take into account the pos-
sibility that the derivative of L could be negative if we are at a corner solution
with KT+1 = 0. That is, we have the Kuhn-Tucker necessary conditions:

∂L

∂KT+1
= −µT+1 ≤ 0, KT+1 ≥ 0, µT+1KT+1 = 0

3. Re-writing and interpreting the FOCs
What are the current shadow values of a unit of capital?

De�ne the current shadow value λt as:

λt = β−(t−1)µt

[so λt+1 = β−tµt+1, where λt+1 is the shadow value of a unit of capital in
the next period]

How can we re-write the FOCs with these?

The preceeding �rst-order conditions imply:
∂L
∂ct

= βtu′ (ct)−µt+1 = βtu′ (ct)−β
t

βtµt+1 = βtu′ (ct)−βtλt+1 = βt (u′ (ct)− λt+1) =

0. Since from above β > 0, hence βt > 0 this implies u′ (ct)− λt+1 = 0.

∂L
∂ct

= βtu′ (ct)− µt+1 = 0 =⇒ u′ (ct)− λt+1 = 0

=⇒ u′(ct) = λt+1
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for t = 0, 1, . . . , T

Also: ∂L
∂Kt

= µt+1 [1 + F ′(Kt)− δ]−µt = 0. Dividing through by λt+1 we get:
µt+1

β−tµt+1
[1 + F ′(Kt)− δ]− µt

λt+1
= 0 = βt [1 + F ′(Kt)− δ]− µt

λt+1
. Multiplying by

β−(t−1) we get: 0 = β [1 + F ′(Kt)− δ]− β−(t−1)µt
λt+1

= β [1 + F ′(Kt)− δ]− λt
λt+1

∂L
∂Kt

= µt+1 [1 + F ′(Kt)− δ]− µt =⇒ β [1 + F ′(Kt)− δ]−
λt
λt+1

= 0

for t = 1, 2 . . . , T

Finally we have µT+1KT+1 = βT

βT
µT+1KT+1 = βTλT+1KT+1

µT+1KT+1 = 0 =⇒ βTλT+1KT+1 = 0

What is the intuition behind the FOC with respect to ct? [u′ (ct) = λt+1]

The marginal utility of consumption must always equal the shadow value λt+1

of a unit of capital in the next period.
This relation holds because, as we saw in the constraintKt+1 = Kt+F (Kt)−

ct − δKt, each unit of consumption costs one unit of capital next period, and
hence optimality requires that these alternatives have the same marginal value.

What is the intuition behind the FOC with respect to Kt?
[
β [1 + F ′(Kt)− δ]− λt

λt+1
= 0
]

This is the Euler equation.
We can de�ne the marginal rate of return r(K) as the extra output that the

household could get from a marginal unit of capital:

r(K) =
∂

∂K
[F (K)− δK] = F ′(K)− δ

Then the Euler equation can be re-written using the FOCct as:
β [1 + F ′(Kt)− δ] − λt

λt+1
= 0 = β [1 + r(Kt)] − λt

λt+1
=. Using FOCct , this

implies: β [1 + r(Kt)] − u′(ct−1)
u′(ct)

= 0 =⇒ 1 + r(Kt) = u′(ct−1)
βu′(ct)

. Or, moving

forward one period: [Key Equation]

1 + r(Kt+1) =
u′ (ct)

βu′ (ct+1)

for t = 0, 1, . . . , T − 1
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This is a �familiar condition� for optimal consumption smoothing over time,
namely that the marginal rate of substitution between consumption this period
and next must equal the marginal rate of transformation 1 + r(Kt+1).

What is the intuition behind the FOC with respect to KT+1?[
βTλT+1KT+1 = 0

]
This is the Transversality Condition: either the capital stock must be

zero or it must be valueless (λT+1 = 0). �You must not plan to die leaving
anything valuable unconsumed.�

1.3.1.1 Continuous Time, In�nite Horizon
>Take the limit as the time period shrinks to zero and as the planning

horizon becomes in�nitely long.

What do we re-write from the discrete time set up for continuous
time analysis?

1. Express the discount factor β as:

β =
1

1 + ρ

Where ρ > 0 is the household's subjective discount rate, or rate of time
preference.

2. Next, when time period is short, we can approximate �rst-order di�erences
by derivatives:

u′(ct+1)− u′(ct) ∼= u′′(ct)ċt

[since we have limdt→0
u′(ct+dt)−u′(ct)

dt = u′′(ct)ċt]. Where ċt = dct
dt

How do we re-write the Euler equation from above in continuous
time?

Dividing the approximation of �rst order di�erences from above by u′(ct),
we can use:

1
u′(ct)

[u′(ct+1)− u′(ct) = u′′(ct)ċt] =⇒

u′(ct+1)

u′(ct)
=
u′′(ct)

u′(ct)
ċt + 1

Hence the Euler equation becomes:
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1

β(1 + r)
=

1 + ρ

1 + r
=
u′′(ct)

u′(ct)
ċt + 1

But when the time period is short the rate of time preference ρ and the rate
of return r will be small, so we have:

1 + ρ

1 + r
' 1 + ρ− r

This can be seen through a �rst-order Taylor series approximation to the function G(p,r)≈G(0,0)+ρG1(0,0)+rG2(0,0)=1+ρ−r
Therefore, the continuous-time approximation of the Euler equation is

u′′(ct)

u′(ct)
ċt = ρ− r

1.3.1.2 The Cannonical Euler Equation

What is the isoelastic utility function? Why is this function used
intuitively?

u(c) =
c1−ε − 1

1− ε
In this case, individuals have the same elasticity of substitution 1

ε between
present and future consumption, no matter the level of consumption.

This is the key parameter de�ning the household's desire to smooth con-
sumption over time, here it is independent of level of consumption.

[Formally, the elastiricy of substitution between ct and ct+1 is

η = −
{

ct+1/ct
d (ct+1/ct)

d [u′ (ct+1) /u′ (ct)]

u′ (ct+1) /u′ (ct)

}−1

and in this case u′(c) = c−ε so η = 1
ε

What is the Euler equation using the isoelastic utility function?

Using the fact that in the isoelastic utility case, u′ (c) = c−ε; u′′ (c) =
−εc−(ε+1)

The preceding Euler equation becomes:

−ε ċt
ct

= ρ− r

Or equivalently, if ct is growing at the rate g: [Key Equation]

r = ρ+ εg
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This is the canonical Euler equation.
It says What the equilibrium rate of interest should be in steady state where

representative households consumption & capital stock grow at constant rate g.

What does this cannonical Euler equation mean intuitively? How
do we interpret when g = 0 and when g > 0?

We can interpret r as the interest rate. It is what the equilibrium rate of
interest should be in steady state where representative consumption and capital
stock grow at constant rate g.

(i) If g = 0:
Then in steady state, representative household must have constant capital

stock.
It must be neither borrowing or saving; yet the household is impatient (β <

1), so if there were no cost of borrowing it would prefer to borrow.
The rate of interest must be high enough to dissuade borrowing and have

constant capital stock. So: r = ρ
(ii) If g > 0:
Then in steady state, the household must be saving enough to make its

capital stock grow at rate g.
It takes a larger interest rate to pursuade a household to save than it does

to persuade it not to borrow.
Speci�cally: for every percentage point rise in growth rate g, the equilibrium

interest rate must rise by ε percentage points.

What is the purpose of the Euler equation in growth theory?

1. In neoclassical theory, it shows how the steady-state level of capital de-
pends on the rate of technological progress g

2. The other purpose is to show how growth rate depends on the rate of time
preference in theories of exogenous growth (Romer's model in Ch 3)

1.3.2 Exogenous Technological Change
>It is possible to add technological progress to the Ramsey model, just as

we did with the Solow model [and thereby make growth sustainable in the long
run].

How do we add technological progress to the Ramsey model?

Technological progress is typically added using the �e�ciency units� of labor
set-up as before:
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We can write the aggregate production function as F(K,AL), where F ex-
hibits constant returns to scale and where A is an exogenous productivity pa-
rameter that grows at the constant exponential rate g > 0. A in this case can
be interpreted as the number of �e�ciency units� per unit of labor.

Because we are assuming for simplicity that L = 1, the aggregate production
function becomes

F (K,A)

The only di�erence here is that the constant quantity of labor has been
replaced by growing number of e�ciency units A.

This allows strock of capital to grow inde�nitely without driving the marginal
product below the rate of time preference, since

Diminishing returns is now o�set by the continuing rise in productivity.

How can we characterize the equilibrium growth path?

Assume instant utility is given by the isoelastic utility function, u(c) =
e1−ε−1

1−ε
We also know that the Euler equation −ε ċtct = ρ− r is equivalent to

ċt
ct

=
r − ρ
ε

We have here that:

r = F1(K,A)− δ

is the equilibrium net rate of return on capital, with the marginal product
of capital now being the partial derivative F1.

The assumption that F exhibits constant returns implies that the marginal
product, F1 depends only on the ratio K/A. Therefore, K and A can both grow
at the exogenous rate g without driving the marginal product below the rate of
time preference ρ.

Using the Euler equation ċt
ct

= r−ρ
ε , we see that a steady state will thus exist

with positive growth if the ratio K/A satis�es: [Key Equation]

g =
ċt
ct

=
F1 (K,A)− δ − ρ

ε

How do capital, consumption and output grow in this steady state?
When will this growth path be optimal?

In this steady state, captial, consumption and output all grow at the exoge-
nous rate g.
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Because K̇ = gK in steady state, consumption is given by law of motion:
gK = F (K,A)− δK − c.

The growth path will be optimal ⇐⇒ the following modi�ed transversality
condition also holds:

ρ+ (ε− 1)g > 0

2 AK Model

>Challenge is incorporating technology change endogenously

Why is there no room for endogenous technology based on the
usual theorem of competitive equilibrium?

The usual theory of competitive equilibrium requires that all factors be paid
by their marginal products.

Because the aggregate production function F exhibits constant returns in K
and L alone, Euler's theorem tells us that it will take all of the economy's output
to pay capital and labor their marginal products in producing �nal output,
leaving nothing over to pay for the resources used in improving technology:

>Euler's theorem states if F is homogeneous of degree 1 in K and L (the
de�nition of constant returns), then

F1(K,L)K + F2(K,L)L = F (K,L)

marginal product of capital︷ ︸︸ ︷
F1(K,L) K +

marginal product of labor︷ ︸︸ ︷
F2(K,L) L = F (K,L)

F1(K,L)K︸ ︷︷ ︸
total payment to capital

+ F2(K,L)L︸ ︷︷ ︸
total payment to labor

= F (K,L)

[where Fi is the partial derivative with respect to the ith argument, so the
marginal products of K and L are F1 and F2 respectively].

How is this version of Euler's theorem [F1(K,L)K + F2(K,L)L = F (K,L)]
derived?

To verify Euler's theorem, take the equation F (λK, λL) = λF (K,L) that
de�nes homogeneity of degree one, and di�erentiate both sides with respect to
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λ at the point λ = 1. Since this equation must hold for all λ > 0, the two
derivatives must be equal, implying the Euler equation above.

Intuitively, what was Arrow's (1962) solution to this problem of
endogenizing technological progress?

Arrow's solution was to propose that progress is an unintended consequence
of producing new capital goods.

This phenomenon is dubbed learning by doing .
Learning by doing is assumed to be purely external to the �rms responsible

for it. Technological progress depends on the aggregate production of capital
and �rms are all very small, then they can all be assumed to take the rate of
technological progress as being indepenedent of their own production of capital
goods.

Therefore, each �rm maximizes pro�t by paying K and L their marginal
products, without o�ering any additional payment for their contribution to tech-
nology.

Learning by doing formed the basis of the AK model.

2.1.1 Harrod-Domar Model

What is the aggregate production function in the Harrod-Domar
model?

The aggregate production function has �xed technological coe�cients:

Y = F (K,L) = min {AK,BL}

where A and B are �xed coe�cients.
Under this technology, producing a unit of output requires 1/A units of

capital and 1/B units of labor; if either input falls short of this minimum re-
quirement, there is no way to compensate by substituting the other input.

Hence there will be a 'limiting reagent' � there will be either surplus capital
or surplus labor in the economy, depending on whether the historically given
supply of capital is more or less than B

AL where L is the exogenous supply of
labor.

What is the limiting factor that Harrod-Domar emphasizes? What
is the production function in this case?

Harrod-Domar emphasizes captial as the limiting factor: AK < BL.
Firms will produce the amount: [Key equation]

Y = AK
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and will hire the amount of labor:

1

B
Y =

1

B
AK < L

What happens to growth in this situtation?

With a �xed saving rate, we know that the capital stock will grow according
to the same equation as in the neoclassical model:

K̇ = sY − δK

With our new equation for output Y from Harrod-Domar, this implies:

K̇ = sAK − δK

The growth rate of capital g = K̇
K will be: [Key equation]

g =
K̇

K
= sA− δ

Because output is strictly proportional to capital (Y = AK), g will also be
the the rate of growth of output.

It follows immediately that the rate of growth is increasing in the saving rate
s.

What is the key limitation of Harrod-Domar?

It cannot account for the sustained growth in output per person that has
taken place in the economy.

Let n be the rate of population growth, then growth rate of output per
person is g − n.

If g−n is positive, then so is the growth rate of capital per person K
L . [since

K also grows at rate g]
Eventually, a point will be reached where capital is no longer the limiting

factor in production
(That is, K/L will eventually exceed the limit A/B, above which labor

becomes the limiting factor, and output becomes Y = BL. This would imply
that Y would grow at the same rate as L =⇒ output per person Y

L would
cease to grow.

2.2 A Neoclassical Version of Harrod-Domar: M. Frankel (1962)

Intuitively, what was Frankel trying to do?
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Wanted to construct a model with virtues of Solow (perfect competition,
substitutable factors (with Cobb-Douglas production technologies), full employ-
ment) and Harrod-Domar (long-run growth that depends on savings rate).

Model is built on foundation of learning by doing.
He recognized that because individual �rms contribute to the accumulation

of capital, the AK structure of Harold-Domar does not require �xed coe�cients.

What is the set up of the Frankel version?

Assume each �rm j ∈ {1, 2, . . . , N} has a production function of the form:
[Key equation] (next few)

yj = Ākαj L
1−α
j

where kj and Lj are the �rm's own employment of capital and labor, and Ā
is (aggregate) productivity.

Aggregate productivity depends on the amount of capital that has been
accumulated by all �rms, namely:

Ā = A0 ·

 N∑
j=1

kj

η

where η is a positive exponent that re�ects the extent of the knowledge
externalities generated among �rms.

For simplicity, assume that

Lj = 1 ∀j

Denote aggregate capital stock K

K =

N∑
j=1

kj

Denote aggregate output Y

Y =

N∑
j=1

yj

Since all �rms face the same technology and factor prices, they will hire
factors in the same proportions. Therefore we have that

kj =
K

N
∀j

This implies that in equilibrium, Ā will be:

Ā = A0K
η
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Hence, individual outputs all equal to:

yj = A0K
η

(
K

N

)α
Which gives aggregate output:

Y = NA0K
η

(
K

N

)α
If we let A = A0N

1−α, this gives us

Y = AKη+α

How is Frankel's model then closed? What does this give us for
growth rate of capital stock?

The model is closed by assuming a constant saving rate, which generates the
same capital accumulation equation as in Solow and Harrod-Domar:

Using the output Y = AKη+α to substitute for Y , we get:

K̇ = sAKη+α − δK
Hence the growth rate of capital stock is:

gk =
K̇

K
= sAKη+α−1 − δ

2.2.2 Three Cases
>Now analyze the dynamic path of the economy de�ned by the above equa-

tion

What are the three cases to examine?

α+ η < 1; α+ η > 1; α+ η = 1

1. What happens when α+ η < 1?

This is η < 1 − α. It produces the same picture as Solow. Diminishing
marginal returns to capital still dominates.

The extent of knowledge spillovers η is not su�ciently strong to counteract
the e�ect 1− α of diminishing returns to individual capital accumulation.

The long run growth rate is zero.
The case produces the same dynamics as the Solow model with no techno-

logical progress and zero population growth, which we analyzed in the previous
chapter.
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We can see this since according to the Frankel model equation for growth in

capital stock, gk = K̇
K = sAKη+α−1 − δ. There is a steady-state capital stock

at which the growth of capital gk is zero:
0 = sAKη+α−1 − δ =⇒ δ = sAKη+α−1 =⇒ δ

sA = Kη+α−1 =⇒ sA
δ =

K1−η−α =⇒ K =
(
sA
δ

) 1
1−η−α

K∗ =

(
sA

δ

) 1
1−η−α

If K were to rise above K∗, growth would turn negative, since in this case
gk becomes a decreasing function of K.

Since, for K near K∗

gk = 0 = sAKη+α−1−δ =⇒ sA

[(
sA

δ

) 1
1−η−α

]η+α−1

−δ =⇒ sA

(
sA

δ

)−1+η+α
1−η−α

−δ

From the exponent −1+η+α
1−η−α we see that since α+ η < 1, the numerator will

be negative, the denominator positive, so a K > K∗ will shrink the �rst term

sA
(
sA
δ

)−1+η+α
1−η−α and drive the growth rate gk negative.

Thus, K would fall back to its steady state, at which the growth rate of
capital is zero and therefore the growth rate of output (given Y = AKη+α) is
zero.

2. What happens when α+ η > 1

Explosive growth case.
Externalities are so strong that the aggregate economy experiences an ever-

increasing growth rate.
Although we have the same steady-state capital stock from before

K∗ =

(
sA

δ

) 1
1−η−α

it is no longer stable because gk is now an increasing function of K [if K >
K∗, K would keep on rising at an ever-increasing rate].

3. What happens when α+ η = 1?

This is the knife-edge case, where learning externalities exactly compensate
decreasing returns to individual capital accumulation.

The aggregate production function becomes an AK function: [Key Equation]

Y = AK
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The aggregate growth rate becomes:

g =
K̇

K
= sA− δ

which is the Harrod-Domar growth rate, now obtained as the long-run growth
rate in a model with suitable factors and full-market clearing.

In other words, as capital increases, output increases in proportion, even
though there is continual full employment of labor and even though there is
substitutability in the aggregate production function, because knowledge auto-
matically increases by just the right amount.

Unlike Harrod-Domar, an increase in the savings rate s will increase the
growth rate permanently.

2.3 Romer (1986) AK Model

Intuitively, what did Romer try to do with his model?

Romer developed a Ramsey version of the AK model.
The constant savings rate is replaced by intertemporal utility maximization

of a representative individual.
Again, the assumption is that individuals don't internalize the externalities

associated with the growth of knowledge.

How is the Romer model set up?

Assume a production function with externalities as considered previously.
Labor supply per �rm equals unity.
Rate of capital depreciation is zero (δ = 0).
Saving is determined by the owner of the representative one-worker �rm,

whose dynamic optimization problem is to: [Key Equation]

max

ˆ ∞
0

u(ct)e
−ρtdt

s.t. k̇ = Ākα − c

where k is the capital stock of the individual �rm, y = Ākα is its output, c =
ct is the current consumption of its owner-worker, and Ā denotes the aggregate
productivity which is taken as given by each individual �rm.

As in the previous section, aggregate productivity depends on aggregate
capital stock: [Key Equation]

Ā = A0K
η

where
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K =

N∑
j=1

kj

How is the Euler equation obtained from this set up?

Assuming a constant intertemporal elasticity of substitution as in the previ-

ous chapter, namely, u(c) = c1−ε−1
1−ε , one obtains the Euler equation:

In 1.3.1.1 (p. 14) we derived the Euler equation:

ċt
u′′(ct)

u′(ct)
= ρ− r

In the case of isoelastic utility (1.3.1.2) we saw that the Euler equation
becomes:

−ε ċt
ct

= ρ− r

We have that the net private marginal product of capital is [Key Equation]

F1(k,A)− δ = αĀkα−1 − 0 = αĀkα−1

−ε ċ
c

= ρ− αĀkα−1

What other assumption can we make to re-write this Euler equa-
tion?

Having rational expectations, individuals correctly anticipate that all �rms
will employ the same capital in equilibrium:

K = Nk

Combined with our formula for Ā = A0K
η

The preceding Euler condition
[
−ε ċc = ρ− αĀkα−1

]
can be written:

−ε ċc = ρ−A0 (Nk)
η
Kα−1 =⇒

−ε ċ
c

= ρ− αA0N
ηkη+α−1

This gives us an equation for growth [Key Equation]

g =
ċ

c
=
αA0N

ηkη+α−1 − ρ
ε
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2.3.2 Long-Run Growth

What is aggregate output in the Romer model?

Aggregate output is given by the same equation as the Frankel model, be-
cause:

[We have y = Ākα for the individual �rm in the Romer model]

Y = Ny = NĀkα = N (A0K
η)

(
K

N

)α
= N1−αA0K

η+α

[If we de�ne A = A0N
1−α as in the Frankel set up]

Y = AKη+α

>Again there are 3 cases to consider: η + α < 1; η + α > 1; η + α = 1.

What happens in the case η + α < 1? How do we know?

As before, growth will vanish as in the neoclassical model without techno-
logical progress.

This is demonstrated via proof by contradiction:
Suppose that the growth rate is bounded above 0 [g∞ > 0]
Positive growth implies the capital stock k will converge to in�nity over time

[k →∞ as t→∞]
which implies that the RHS of the Euler equation−ε ċc = ρ−ρ−αA0N

ηkη+α−1

must converge to ρ, since the exponent of k, η + α− 1 is negative.
In turn, this implies that the growth rate ċ

c is negative.
[
g → ρ

ε < 0
]

This contradicts our assumption that growth is positive.

What happens in the case η + α > 1?

As in the Frankel model, there will be explosive growth.
Considering the Euler equation, −ε ċc = ρ− αĀkα−1

If growth is positive in the long-run, then the capital stock k converges to
∞ over time. [k →∞ as t→∞]

This result, together with the fact that η + α > 1 implies that the RHS of
the Euler equation −ε ċc = ρ− αA0N

ηkη+α−1 converges to negative in�nity.

In turn, this implies that the growth rate ċ
c must converge to in�nity.

What happens in the case η + α = 1?
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In the AK case, when there are �constant social returns to capital,� as in
the Frankel model the economy will sustain a strictly positive but �nite growth
rate g.

In this situation, diminishing private returns to capital are just o�set by the
external improvements in technology Ā that they bring about.

Speci�cally, in a steady-state, consumption and output will grow at the same
rate, so in this case implies [since kη+α−1 = 1]

g =
ċ

c
=
αA0N

η − ρ
ε

In particular, we see that the growth rate will be decreasing in ρ (the discount
rate) and increasing in

(
1
ε

)
, the intertemporal elasticity of substitution.

Alternatively, we can say that we have:

g =
αA0N

η − ρ
ε

= g

 N︸︷︷︸
(+)

, ρ︸︷︷︸
(−)

, ε︸︷︷︸
(−)


Okay, so we have similar results in Romer's model to Frankel's

constant savings rate model. What is the other advantage of moving
to Romer's Ramsey model?

Moving to a Ramsey model where savings behavior results from explicit
intertemporal utility maximization allows us to also conduct a welfare analysis.

2.3.3 Welfare

In what way can we do welfare analysis with Romer's model?

Because individuals and �rms do not internalize the e�ect of individual cap-
ital accumulation on knowledge Ā when optimizing on c and k, the equilibrium
growth rate g = αA0N

η−ρ
ε is less than the socially optimal rate of growth.

Hence, the social planner has a di�erent problem:

What is the socially optimal rate of growth? How does this com-
pare to the private agent?

A social planner who internalizes the knowledge externalities induced by the
individual capital accumulation would solve the dynamic program:

max

ˆ ∞
0

e−ρtu (ct) dt

s.t. k̇ = A0 (Nk)
η
kα − c
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That is, he would internalize the fact that Ā = A0(Nk)η when choosing k.

We assume isoelastic utility u(c) = c1−ε−1
1−ε , and obtain the Euler equation:

[Since we have r = F1(k,A)−δ = (η+α)A0N
ηkη+α−1−0, and the 'canonical'

Euler equation −ε ċc = ρ− r]

−ε ċ
c

= ρ− (η + α)A0N
ηkη+α−1

With constant social returns to capital (η + α = 1), this yields the socially
optimal rate of growth:

g∗ =
A0N

η − ρ
ε

> g =
αA0N

η − ρ
ε[

(η+α)A0N
η−ρ

ε → A0N
η−ρ
ε since η + α = 1

]

2.3.4 Concluding Remarks

What are the main strengths and limitations of the AK model?

The strength is that growth has been endogenized.
The limitation is that it relies entirely on external (and therefore unremu-

nerated) accumulation of knowledge.

Does the AK model predict conditional convergence?

No: in the case where η+α = 1, cross-country variations in parameters such
as α and ρ will result in permanent di�erences in rates of economic growth.

Indeed, it predicts that the cross-section distribution of income should in-
stead exhibit both absolute and conditional divergence.

3 Product Variety

>Inability of AK to produce a convincing model of long-run growth and
convergence motivated a second wave of endogenous growth theory, consisting
of innovation-based growth models.

>There are two branches of endogenous growth theory:
>�>The Product Variety model (Romer, 1990). It was in�uenced by trade

and Dixit-Stiglitz.
>�>Schumpeterian growth theory (Aghion and Howitt, 1992), which is con-

sidered in Chapter 4. It grew out of I.O.
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How does endogenous growth work in in the Product Variety
model?

The idea in this model is that productivity growth comes from an expanding
variety of specialized intermediate products.

Growth is induced and sustained by increased specialization (an idea that
goes back to A.A. Young (1928)).

>For each new product, there is a sunk cost that must be incurred just once.
The sunk cost can be thought of as research.

>In this case, technological knowledge consists of a list of blueprints, each
one describing how to produce a di�erent product.

>Every innovation adds one blueprint to this list.
PA: The intuition is that DoL grows as the economy grows.

How is the Product Variety approach di�erent from the AK ap-
proach?

First, there is the sunk cost of innovation.
Also, there is the fact that �xed costs make the product markets monopo-

listically competitive rather than perfectly competitive.
This imperfect competition creates positive pro�ts, which act as a reward

for innovation.

Why is this element of the Product Variety model important?
[Monopolistic competition creating positive pro�ts as an incentive
for innovation]

This process is important because it allows the economy to overcome the
problem created by Euler's theorem (Ch 2):

That is, under perfect competition, all of the output would go to those who
supplied K and L, with nothing left over to compensate those who provide the
technological knowledge underlying A.

3.2.1 A Simple Variant of the Product Variety Model

What are the assumptions in the Product Variety model?

1. Time is discrete

2. Utility
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(a) Depends only on consumption. Consume only �nal good.

(b) Isoelastic utility functional form, same as in Ramsey model:

u(c) =
c1−ε − 1

1− ε
, ε > 0

(c) Discounts utility with a constant rate of time preference ρ

(d) As we saw in Chapter 1, this means that in steady-state, the
growth rate g and the interest rate r must obey the Euler
equation, which can be written as

g =
r − ρ
ε

3. Labor

(a) L individuals, �xed number

(b) Each of whom lives forever

(c) Each has a unit of labor services, supplied inelastically

4. Production: Intermediate Goods

(a) Produced by a monopolist each period

i. Each intermediate product is monopolized by person who created
it

(b) Each intermediate product is produced using the �nal good as input,
one for one.

i. [Each unit of intermediate product i produced requires the input
of one unit of �nal good]

(c) Monopolist pro�t function

i. Πt = pixi − xi
(d) Price of intermediate good:

i. input into perfectly competitive industry = value of its marginal
product

ii. =⇒ pi = ∂Yt
∂xt

(e) Total intermediate good ouput:

i. Xt is the total amount of �nal good used in producing interme-
diate products.

ii. Since intermediate production uses one-to-one technology, this
means Xt equals total intermediate output:

Xt =

ˆ Mt

0

xidi
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5. Production: Final Good

(a) Final good produced by perfectly competitive �rms

(b) Firms use inputs: labor (L) and a range of intermediate goods

i. intermediate inputs are indexed by i in the interval [0, Mt] where
Mt is our measure of product variety

(c) The �nal-good production function at each date t is Cobb-Douglas

Yt = L1−α
ˆ Mt

0

xαi di

(d) We can also re-write this equation in terms of total intermediate good
production as follows:

i. We have total intermediate good productionXt asXt =
´Mt

0
xidi

ii. If we suppose that each intermediate product is produced in the
same amount x (which will be the case in equilibrium, as we see
below).

=⇒ Xt = xii]
Mt
0 = Mtx =⇒ x =

Xt

Mt

iii. Plugging this back into the production function above (c):

Yt = L1−α
ˆ Mt

0

xαi di = L1−α
ˆ Mt

0

(
Xt

Mt

)α
di

=⇒ Yt = L1−α
(
Xt

Mt

)α
i]Mt

0

=⇒ Yt = M1−α
t L1−αXα

t

(e) Parameters:

i. Each xi is the amount of intermediate product i used as input.

ii. The coe�cient α lies between 0 and 1.

(f) Subscripts:

i. There is a subscript t on Mt and Yt because product variety and
�nal-good production will be growing over time in a steady-state.

ii. There is no time subscript on xi because the output of each
intermediate product will be constant over time.

6. Production: GDP

(a) Final good is used for consumption and investment, its only other
use is in producing intermediate products. So GDP is �nal output
minus amount used in intermediate production:

GDPt = Yt −Xt
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i. where Xt is the total amount of �nal good used in producing
intermediate products

3.2.1b Equilibrium Price, Quantity

What are the equilibrium quantity and pro�t for the producers of
intermediate goods?

1. Set up the intermediate (monopolist) producer's optimization problem:

Each intermediate product is monopolized by the person who created it.

The monopolist seeks to maximize the �ow of pro�t at each date, measured
in units of �nal good:

Πi = pixi − xi

where pi is the price in units of the �nal good. That is, her revenue is
price times quantity, and her cost is equal to her output, given one-for-one
technology.

2. Solve for the equilibrium price pi (of the intermediate good i)

(a) The price of an input to a perfectly competitive industry is the value
of its marginal product

(b) Therefore we have:

pi =
∂Yt
∂xi

= αL1−αxα−1
i

[Although ∂Yt
∂xi

makes no mathematical sense (a change in a single xi
would have no measurable e�ect on the integral in the production
function), it �makes economic sense� because the assumption of a
continuum of of intermediate products is an approximation. What is
really being said is that output depends on the sum of contributions
from a large discrete number M of intermediate products, each of
which makes a small contribution: Yt = L1−α∑M

1 xαi , and we are
approximating this production function by assuming a continuum of
products.]

3. Solve for the equilibrium quantity xt (of the intermediate good i) through
the producer's optimization problem:

(a) Plug in the value for pi into the monopolist's pro�t function, and
take the FOCxi :
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Πi = αL1−αxαi − xi

She will choose xi so as to maximize this expression, which implies:

∂Π

∂xi
= α2L1−αxα−1

i − 1 = 0[
α2L1−αxα−1

i = 1 =⇒ xα−1
i = α−2Lα−1 =⇒ xi = α

−2
α−1L = α

2
1−αL

]
x = α

2
1−αL

(b) It follows that the equilibrium quantity will be the same in
every sector i

4. Solve fo the equilibrium producer pro�t:

(a) Plug in values for pt and xt back into monpolist producer's produc-
tion function:

Πi = (pi − 1)xi

using above equations to substitute for pi and for xi we get

Πi =

[
αL1−α

(
Lα

2
1−α

)α−1

− 1

]
Lα

2
1−α

For the term in brackets we have

[
αL1−α

(
Lα

2
1−α

)α−1

− 1

]
=
[
αL1−α

(
Lα−1α

2α−2
1−α

)
− 1
]

=[
αL0α−2 − 1

]
=
[
α−1 − 1

]
=
[
α−1 − α

α

]
=
[

1−α
α

]
. Hence:

Π =
1− α
α

α
2

1−αL

(b) It follows that the equilibrium pro�t will be the same in every
sector i

5. De�ne equilibrium quantity in terms of Mt, and use substitution to �nd
expressions for aggregate behavior of the economy:

(a) Since (by step 3) each intermediate product is produced in the same
amount x, we have

x =
Xt

Mt
where Xt =

ˆ Mt

0

xidi

(b) We now substitute this expression for Xt into the expression for �nal
output
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i. First manipulating the expression for �nal output Yt

Yt = L1−α
ˆ Mt

0

xαi di = L1−α
ˆ Mt

0

(
Xt

Mt

)α
di

=⇒ Yt = L1−α
(
Xt

Mt

)α
i]Mt

0

=⇒ Yt = M1−α
t L1−αXα

t

i. Now substituting for Xt = xMt

=⇒ Yt = MtL
1−αxα

(c) And for GDP
GDPt = Mt

(
L1−αxα − x

)
6. Interpretation

(a) Final good output Yt and GDPt are both proportional to the
degree of product variety Mt{

GDPt
Yt

}
∝Mt

3.2.1c Innovation and Research Arbitrage

How are innovation and research arbitrage incorporated into this
model?

1. Product Variety Growth: Set up

(a) Product Variety grows at a rate that depends on the amount Rt of
�nal output that is used in research

i. That is, the output of research each period is the �ow of new
blueprints, each of which allows a new product to be developed

2. (Variety) Innovation Function

dMt

dt
= λRt

(a) where λ is a (positive) parameter indicating the productivity of the
research sector
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3. Entrepreneur Net Bene�t Function(
Π

r

)
λRt −Rt

(a) Derivation:

i. Assume that the research sector of the economy is perfectly com-
petitive, with free entry

ii. Then the �ow of pro�t in the research sector must be zero

iii. Each blueprint is worth: Π
r to its inventor, which is the present

value of the pro�t �ow Π discounted at the market interest rate
r.

iv. Then, we just take the �ow of revenue (output λRt times price
Π
r ) minus cost Rt to get equation above

[(
Π
r

)
λRt −Rt

]
4. Research Arbitrage Equation

(a) Since the research sector is perfectly competitive, the �ow of pro�t
in research is zero. Hence the Net bene�t function must equal zero.

i. Note: even though the result is the same as taking the
FOC (as in the Schumpeterian model), in this model you
simply set net pro�ts equal to zero

Hence:

Π

r
λRt −Rt = 0

=⇒ Π

r
λRt = Rt =⇒ Π

r
λ = 1 =⇒ λΠ = r =⇒

r = λΠ

(b) Interpretation

i. The rate of interest must equal the �ow pro�t that an
entrepreneur can receive per unit invested in research

3.2.1d Growth

What is the approach to �nding the growth rate in this model?

1. Minor Results Related to Growth
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(a) ↑Mt =⇒ ↑ Yt
i. �Product Variety enhances overall productivity in the economy,�
using info at a3

Yt = M1−α
t L1−αXα

t =⇒
[Taking the comparative static to see how output Yt changes with
Mt]

∂Yt
∂Mt

= (1− α)Mα
t L

1−αXα
t =

(1− α)Yt
Mt

(b) g ∝ dMt

dt

i. �Growth rate of GDP is proportional to growth rate of product
variety,� using info at b5

GDPt = Mt

(
L1−αxα − x

)
=⇒

[to growth (notice no time subscripts for the terms in the paren-

theses: g =
˙GDPt

GDP =
Ṁt(L1−αxα−x)
Mt(L1−αxα−x) = Ṁt

Mt
= 1

Mt

dMt

dt ]

g =
1

Mt

dMt

dt

2. Major Results via the Euler Equation

(a) The assumption of isoelastic utility gave us the Euler equation

g =
r − ρ
ε

(b) Substituting the Research Arbitrage Equation for r gives us

g =
λΠ− ρ

ε

(c) Substituting for equilibrium pro�t Π gives us

g =
λ 1−α

α Lα
2

1−α − ρ
ε

3.2.1e Comparative Statics

How does growth change with respect to 3 parameters?

g =
λ 1−α

α Lα
2

1−α − ρ
ε
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1. Growth increases with the productivity of research λ

2. Growth decreases with rate of time preference ρ

3. Growth increases with size of the economy as measured by labor supply L

(a) �Scale e�ects� prediction

i. Initially seen as virtue of model to predict that g should increase
with L

ii. �However, C. Jones (1995) pointed out that this prediction is
counterfactual, to the extent that the number of researchers in
the United States has substantially increased over the period
since 1950, whereas the growth rate has remained on average at
2 percent over the same period�

In sum we have:

g( λ︸︷︷︸
(+)

, α︸︷︷︸
(−)

, L︸︷︷︸
(+)

, ρ︸︷︷︸
(−)

, ε︸︷︷︸
(−)

)

PA: Competition is bad for growth in this model [?]

4 Schumpeterian Model

Why is the model called Schumpeterian?

It tries to formalize the force Schupeter called �creative destruction�: the
innovations that drive growth by creating new technologies also destroy the
results of previous innovations by making them obsolete.

What is the basic driving force behind the model?

Endogenous technological change, in which growth is generated by a random
sequence of quality-improving innovations.

What are the areas through which this model is built:

• Set-up

• Price, Quantity, Pro�ts and Production [∝ AtL]
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• Innovation and Research Arbitrage [(R), µ]

• Growth [g ∼ growth At; (G)]

• Non-Drastic Innovations [new (G), χ]

• Comparative Statics

• Extension:

� Multisector Model

� Continuous Time Model

4.2 One-Sector Model

What is the set-up of the model?

1. Time is discrete, t = 1, 2, . . .

2. Utility

(a) Depends only on consumption. Consume only �nal good.

(b) Risk-neutral

=⇒ Individuals maximize expected consumption

3. Labor

(a) L individuals, �xed number

(b) Each lives just for that period

(c) Each has unit of labor services, supplied inelastically

4. Production: Intermediate Good

(a) Produced by a monopolist each period

(b) Uses the �nal good as input, one-for-one

(c) Monpolist Pro�t Function

Πt = ptxt − xt

(d) [[?] Since only one intermediate good, �nal output produced by in-
termediate product is described by �nal good production function
above:]

Yt = (AtL)
1−α

xαt
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5. Production: Final Good

(a) Final good produced by perfectly competitive �rms

(b) Firms use two inputs, L and a single intermediate product xt

(c) Cobb-Douglas:

Yt = (AtL)
1−α

xαt

(d) Parameters: At re�ects productivity of the intermediate good; 0 <
α < 1;

i. AtL is referred to as the economy's �e�ective labor supply� (as
in the neoclassical model)

6. GDP

(a) The economy's GDP is the output of �nal good Yt minus the amount
used for intermediate production. The remainder is available for
consumption and research, and constitutes GDP:

GDPt = Yt − xt

4.2.2 Price, Quantity, Pro�ts and Production

What happens in each period once At has been determined? What
are GDP and monopolist pro�t proportional to? [Derivation]

1. Set up intermediate producer's optimization problem:

Monopolist at t maximizes expected consumption by maximizing pro�t
Πt, measured in units of �nal good

Πt = ptxt − xt

where pt is price of intermediate product relative to the �nal good.

2. Solve for equilibrium price pt (of the intermediate good):

(a) The equilibrium price of a factor of production used in a competitive
industry equals the value of its marginal product.

(b) Hence:

pt =
∂Yt
∂xt

= α (AtL)
1−α

xα−1
t
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3. Solve for equilibrium quantity xt (of the intermediate good) through the
producer's optimization problem:

(a) Plug in value for pt into monopolist's pro�t function, and take the
FOCxt :

max
xt

α (AtL)
1−α

xαt − xt

FOCxt : α2 (AtL)
1−α

xα−1
t = 1

[Algebra: =⇒ xα−1
t = α−2 (AtL)

α−1
=⇒ xt = α

2
1−α (AtL)]

xt = α
2

1−α (AtL)

4. Solve for equilibrium producer pro�t Πt (of the intermediate good):

(a) Plug in values for pt and xt back into monopolist producer's produc-
tion function:

Πt = (pt − 1)xt =

[
α (AtL)

1−α
(
α

2
1−α (AtL)

)α−1

− 1

]
α

2
1−α (AtL)

[Algebra:

[
α (AtL)

1−α
(
α

2
1−α (AtL)

)α−1

− 1

]
α

2
1−α (AtL) =

[
α (AtL)

1−α
α

2α−2
1−α (AtL)

α−1 − 1
]
α

2
1−α (AtL) =[

α (AtL)
1−α

α−2 (AtL)
α−1 − 1

]
α

2
1−α (AtL)

=
[
α−1 − 1

]
α

2
1−α (AtL) =

(
1−α
α

)
α

2
1−α (AtL) = (1− α)α−1α

2
1−α (AtL) =

(1− α)α
α−1
1−αα

2
1−α (AtL) = (1− α)α

1+α
1−α (AtL)]

Πt = (1− α)α
1+α
1−α (AtL)

or Πt = πAtL where π = (1− α)α
1+α
1−α

5. Use substitution to �nd expressions for aggregegate behavior of the econ-
omy. Speci�cally, substitute expression for equilibrium intermediate quan-
tity xt (3) into expressions for �nal good output Yt and GDPt:

[Algebra: Yt = (AtL)
1−α

xαt = (AtL)
1−α

[
α

2
1−α (AtL)

]α
= α

2α
1−αAtL]

Yt = α
2α

1−αAtL
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[GDPt = Yt − xt = α
2α

1−αAtL − α
2

1−αAtL = α
2α

1−αAtL − α
2−2α+2α

1−α AtL =

α
2α

1−αAtL− α
2−2α
1−α α

2α
1−αAtL = α

2α
1−αAtL

(
1− α2

)
]

GDPt = α
2α

1−α
(
1− α2

)
AtL

6. Interpretation

(a) Quantity xt, pro�t Πt, �nal output Yt, and GDPt are all propor-
tional to the �e�ective labor supply� AtL

xt
Πt

Yt
GDPt

 ∝ AtL

4.2.3-4 Probability of Innovation and Researcher Pro�t Maximiza-
tion (Research Arbitrage)

How does this model express Innovation Probability and �Research
Arbitrage�?

Steps 1-3: Probability of Innovation: (Set up, derivation, functional form)
Steps 4-6: Researcher Pro�t Maximization: (Set up, derivation, functional

form)

1. Verbally, how does innovation happen?

In each period, there is one person (the �entrepreneur�) who has an op-
portunity to attempt an innovation.

• If she succeeds, the innovation will create a more productive version
of the intermediate product. Speci�cally, productivity of the inter-
mediate good will go from last period's value At−1 to At = γAt−1,
where γ > 1.

• If she fails, no innovation will happen at time t, and the intermediate
product will be the same as in t− 1, so At−1 = At

In order to innovate, the entrepreneur must conduct research, a costly
activity that uses the �nal good as input.

The more the entrepreneur spends on research, the more likely she is to
innovate.

2. The Innovation Function
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(a) Expression

The probability µt that an innovation occurs in any period t depends
positively on the amount Rt of �nal good spent on research, according
to the innovation function:

µt = φ

(
Rt
A∗t

)
= φ (nt)

where A∗t = γAt−1 is the productivity of the new intermediate prod-
uct that will result if the research succeeds, and nt = Rt

A∗t

(b) Interpretation

i. Why does the probability of innovation depend inversely on A∗t ?
As technology advances, it becomes more complex and thus harder
to improve upon
So it is not the absolute amount of research expenditure that
matters for success, but the productivity-adjusted expenditure
Rt
A∗t

= nt.

3. Functional Form of Innovation Function

Cobb-Douglas form:

φ (n) = λnσ

where λ is a parameter that re�ects the productivity of the research sector
and the elasticity σ ∈ (0, 1).

Thus the marginal product of (productivity-adjusted) research in gener-
ating innovations is positive but decreasing:

φ′ (n) = σλnσ−1 > 0 and φ′′ (n) = σ2λnσ−2 < 0

4. Entrepreneur Net Bene�t Function (from Research)

φ

(
Rt
A∗t

)
Π∗t −Rt

Derivation: If the entrepreneur at t successfully innovates, she will become
the intermediate monopolist in that period, because she will be able to
produce a better product. Otherwise the monopoly will pass to someone
else chosen at random who is able to produce last period's product.

Thus, the reward to a successful innovation is the pro�t Π∗t that she will
earn as a result.

Since she succeeds with probability φ (nt), her expected reward is:
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µtΠ
∗
t = φ (nt) Π∗t

and research will cost her Rt whether she succeeds or not; so her net

bene�t from research is the equation above
[
φ
(
Rt
A∗t

)
Π∗t −Rt

]
.

5. Research Arbitrage Equation

The entrepreneur will choose the research expenditure Rt that maximizes
net bene�t.

max
Rt

φ

(
Rt
A∗t

)
Π∗t −Rt

This implies that Rt must satisfy the FOC:

φ′
(
Rt
A∗t

)
Π∗t

1

A∗t
− 1 = 0

This can be re-written using the equation for equilibrium proft Πt = πAtL
as the research arbitrage equation:

φ′ (nt)πL = 1

(a) Interpretation

i. The right hand side of the equation is the marginal cost of re-
search.

ii. The left hand side is the marginal bene�t of research: the incre-
mental probability of innovation times the value of a successful
innovation.

A. The marginal bene�t is decreasing in nt (because the marginal
product of the innovation function φ is decreasing in nt)

B. Any parameter change that raises the marginal bene�t sched-
ule or lowers the marginal cost will increase the equilibrium
research intensity nt

iii. The research arbitrage equation implies that the productivity-
adjusted level of research nt will be a constant n, and hence the
probability of research µt will also be a constant µt = φ (n).

6. Functional Form of (R) to Solve for µ

(a) We can solve for parameters n (productivity-adjusted level of re-
search) and µ (frequency of innovation)

(b) The research arbitrage equation implies that

i. the productivity-adjusted level of research nt will be a constant
n.
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ii. the probability of innovation µt will also be a constant µ = φ (n)

(c) Using the Cobb-Douglas innovation function:

i. Productivity-adjusted level of research

n = (σλπL)
1

1−σ

ii. Probability of innovation

µ = λ
1

1−σ (σπL)
σ

1−σ

4.2.5 Growth

What is the approach for �nding the growth rate in this model?

1. Relationship to At; 2. Probability distribution over 2 cases; 3. LLN and
Long-run growth; 4. Functional Form; 5. Interpretation

1. Growth rate is proportional to the growth rate of productivity parameter
At :

The rate of economic growth is proportional to the growth rate of per
capita GDP (GDPt/L),* which according to the above equation (GDPt =

α
2α

1−α
(
1− α2

)
AtL) is also proportional to the growth rate of the produc-

tivity parameter At:

gt =
At −At−1

At

*Since L is �xed, GDP growth is proportional to the growth rate of GDP

per capita as:
˙GDP

GDP ∼
˙(GDP/L)

GDP/L ∼
Ȧt
At

2. Express the growth rate as a probability distribution over two di�erent
scenarios: a) innovation succeeds and b) innovation fails

It follows that growth will be random.

In each period:

(a) With probability µ the entrepreneur will innovate, resulting in

gt =
γAt−1 −At−1

At−1
= γ − 1

(b) With probability 1− µ she will fail, resulting in

gt =
At−1 −At−1

At−1
= 0
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The growth rate will be governed by this probability distribution every
period.

3. Use the Law of Large Numbers to express the economy's long-run average
growth rate as an expectation:

By the law of large numbers, the economy's long-run average growth
rate will be the mean of the distribution:

g = E (gt) = µ (γ − 1)

4. Functional Form of (G)

We can also substitute our above expression for µ to get: �(G)�

g = λ
1

1−σ (σπL)
σ

1−σ (γ − 1)

5. Interpretation

(a) How do we interpret µ and (γ − 1) in the above expression for growth?

i. µ is both

• the probability of innovation in each period (as we've de�ned
before)

• the long-run frequency of innovations (that is, the fraction
of periods in which an innovation will occur)

ii. (γ − 1) is the proportional increase in productivity resulting from
each innovation.

(b) How do we interpret the overall growth equation in this model?

i. Proposition 1:
In the long run, the economy's average growth rate equals
the frequency of innovations times the size of innova-
tions.

4.2.6 Variant with Nondrastic Innovations
What is nondrastic innovation, and how is it set up?

1. De�nition; 2. Monoplist Price without Fringe; 3. Two Cases; 4. Quantity
and Pro�t with binding price constraint;

1. De�ne Drastic vs. Nondrastic Innovation

• Drastic innovation
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� The intermediate monopolist can charge any price to the �nal
good producers without fearing entry by a potential competitor

� [From IO theory, Tirole 1988]

• Nondrastic innovation

� There is a competitive fringe of �rms able to produce a �knock-
o�� product that is perfectly substitutable for the monopolist's
intermediate product but costs χ > 1 units of �nal output to
produce.

� Then, the incumbent monopolist cannot charge more than χ in
equilibrium, since otherwise the competitive fringe could prof-
itable undercut the monopolist.

� Hence, there is a limit price constraint:

pt ≤ χ

where pt is the price set by the monopolist.

2. Determine Monopolist price in absence of the competitive fringe

[This is all from 4.2.2]

Using the equations for equilibrium quantity and price above:

We simply substitute the expression for equilibrium quantity xt into the
expression for the equilibrium price pt:

xt = α
2

1−αAtL

pt = ∂Yt
∂xt

= α (AtL)
1−α

xα−1
t = α (AtL)

1−α
(
α

2
1−αAtL

)α−1

= 1
α =⇒

pt =
1

α

3. De�ne the two cases for consideration:

(a) χ > 1
α

i. The price constraint is not binding =⇒ this is the drastic case
analyzed previously.

(b) χ < 1
α

i. The limit-price constraint is binding. Analyzed below:

4. Recaluculate quantity, pro�t and other parameters in case where limit-
price constraint is binding
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(a) Equilibrium quantity:

*Since the monopolist's price is still the marginal product
of the intermediate product, it must obey the equation:

pt =
∂Yt
∂xt

= α (AtL)
1−α

xα−1
t = χ

So, subsituting χ = pt into the equation yields the equilibrium quan-
tity:

χ = α (AtL)
1−α

xα−1
t =⇒ xα−1

t = χ
α (AtL)

α−1
=⇒ xt =(

χ
α

) 1
α−1 AtL =⇒ xt =

(
α
χ

) 1
1−α

AtL

xt =

(
α

χ

) 1
1−α

AtL

(b) Monopolist pro�t

We have the equation:

Πt = ptxt − xt

Substituting for pt and xt:

Πt = ptxt − xt =

[(
α
χ

) 1
1−α

AtL

]
(χ− 1)

Πt = (χ− 1)

(
α

χ

) 1
1−α

AtL = πAtL

where the pro�t parameter π = (χ− 1)

(
α

χ

) 1
1−α

is an increasing function of the fringe's cost χ

[Since:

d

dχ

[
χ− 1

χ
1

1−α

]
= χ−

1
1−α+(χ− 1)

d

dχ

(
χ−

1
1−α

)
= χ−

1
1−α

(
1− 1− χ−1

1− α

)

which is greater than zero in the nondrastic case since χ−1 > α]

(c) Other parameters

Other than this change, the economy functions as in the drastic case.
In particular:

i. the research intensity n is still governed by the research arbitrage
equation (R) and the growth rate g is still determined by the
equation (G),
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A. except that the parameter π in both these equations is
now an increasing function of the competitive fringe's
cost parameter χ

5. Rewritten version of Growth Equation (G):

g = λ
1

1−σ (σπL)
σ

1−σ (γ − 1) where now π = (χ− 1)

(
α

χ

) 1
1−α

4.2.7 Comparative Statics

How does growth change with regards to the 5 following param-
eters? Which parameters are they in the equation? How do we
interpret these �ndings?

1) productivity of innovations
2) size of innovations
3) degree of property rights protection
4) degree of product market competition
5) size of population

We have the growth equation (G) from the nondrastic case above:

g = λ
1

1−σ (σπL)
1

1−σ (γ − 1)

where π = (χ− 1)

(
α

χ

) 1
1−α

1. Growth increases with the productivity of innovations λ

(a) This result points to the importance of education, and particularly
higher education, as a growth enhancing device.

i. Countries that invest more in higher education will achieve a
higher productivity of research, and will also reduce the oppor-
tunity cost of research by increasing aggregate supply of skilled
labor

2. Growth increases with the size of innovations, as measured by the produc-
tivity improvement factor γ
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(a) This result follows directly from Proposition 1, together with the

result
(
µ = λ

1
1−σ (σπL)

1
1−σ
)
that shows that the frequency of inno-

vation is independent of γ.

(b) This implies that the further a country lags from the technological
frontier, the bigger the improvement it will get if it can implement
the frontier technology when it innovates. Hence, the faster it will
grow.

i. Called �an advantage of backwardness� by Gerschenkron 1962.

ii. This will be an important feature in discussion of cross country
convergence

3. Growth increases with the degree of property-rights protection, as mea-
sured by χ

(a) That is, a higher χ may re�ect stronger patent protection, which
increases the cost of imitating the current technology in the interme-
diate sector.

(b) Thus it should lead to more intense research, as it raises the pro�t
that accrues to a successful innovator. This in turn should result in
higher growth

4. Growth decreases with the degree of product market competition

(a) That is, a lower χ may re�ect an increased ability of other �rms to
compete against the incumbent monopolist, which lowers the value
of a succesful innovation.

(b) =⇒ This relationship is at odds with the most recent empirical
studies (Nickell 1996; see Ch 12)

5. An increase in the size of the population should also bring about an in-
crease in growth by raising the supply of labor L

(a) This �scale e�ect� was also seen in the Product-Variety model

(b) The e�ect has been challenged in the literature

(c) Section 4.4 shows �how this questionable comparative statics result
can be eliminated by considering a model with both horizontal and
vertical innovations�

g( λ︸︷︷︸
(+)

, γ︸︷︷︸
(+)

, χ︸︷︷︸
(+)

,
1

χ︸︷︷︸
(−)

, L︸︷︷︸
(+)

)
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4.3 Multisector Model

4.3.1 Production and Pro�t
How is the multisector model set up? How about production?

What is the set-up of the model?

• Goal of multisector is to allow for multiple innovating sectors in the econ-
omy.

• There is now a continuum of intermediate products, indexed on the inverval
[0, 1].

Everything is same except:

• The �nal good production is now:

Yt = L1−α
ˆ 1

0

A1−α
it xαitdi

where each xit is the �ow of intermediate product i used at t, and the
productivity parameter Ait re�ects the quality of that product.

In any period, the productivity parameters will vary across intermediate
products because of the randomness of the innovation process.

• The �nal output from each intermediate product is:

Yit = (AtL)
1−α

xαit

which is identical to the production function of the one-sector model
[
Yt = (AtL)

1−α
xαt

]
1. Time is discrete, t = 1, 2, . . .

2. Utility

(a) Depends only on consumption. Consume only �nal good.

(b) Risk-neutral

(c) =⇒ Individuals maximize expected consumption

3. Labor

(a) L individuals, �xed number

(b) Each lives just for that period

(c) Each has unit of labor services, supplied inelastically

4. Production: Intermediate Goods
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(a) Produced by a monopolist each period

(b) Uses the �nal good as input, one-for-one

(c) Monpolist Pro�t Function

Πit = pitxit − xit

(d) Production function for each intermediate good [amount of
�nal output produced] =⇒

Yit = (AitL)
1−α

xαit

i. Identical to production function of total �nal output [since only

one intermediate good] in single-sector model
[
was Yt = (AtL)

1−α
xαt

]
5. Production: Final Good

(a) Final good produced by perfectly competitive �rms

(b) Firms use L and a continuum of intermediate products xit

i. where each xit is the �ow of intermediate product i used at t

(c) Functional form of �nal good production: Cobb-Douglas:

[
was Yt = (AtL)

1−α
xαt

]
=⇒

Yt = L1−α
ˆ 1

0

A1−α
it xαitdi

(a) Parameters: the productivity parameter Ait re�ects the qual-
ity of that product i used at time t; 0 < α < 1;

i. In any period, the productivity parameters will vary
across intermediate products because of the randomness
of the innovation process.

6. GDP

(a) The economy's GDP is the output of tinal good Yt minus the
amount used for intermediate production [this is the same
verbally, but expression changes]. The remainder is available
for consumption and research, and constitutes GDP:

[was GDPt = Yt − xt] =⇒

GDPt = Yt −
ˆ 1

0

xitdi
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4.3.1 Production & Pro�ts

What happens in each period once Ait has been determined? What
are GDP and monopolist pro�t proportional to? [Derivation]

1. Set up intermediate producer's optimization problem:

Monopolist at t maximizes expected consumption by maximizing pro�t
Πit, measured in units of �nal good

Πit = pitxit − xit

where pt is price of intermediate product relative to the �nal good.

2. Solve for equilibrium price pt

(a) The equilibrium price of a factor of production used in a competi-
tive industry equals the value of its marginal product (in the �nal
sector).

(b) Hence: [using new �nal output production function for each

intermediate product, Yit = (AitL)
1−α

xαit]

pit =
∂Yit
∂xit

= α (AitL)
1−α

xα−1
it

[
which is just like the 1-sector case: pi =

∂Yt
∂xi

= αL1−αxα−1
i

]
3. Solve for equilibrium quantity xit (of production of intermediate good
i) through the producer's optimization problem:

[Only the subscripts change, to add an i]

(a) Plug in value for pit into monopolist's pro�t function, and take the
FOCxit :

max
xit

α (AitL)
1−α

xαit − xit

FOCxit : α2 (AitL)
1−α

xα−1
it = 1

[Algebra: =⇒ xα−1
it = α−2 (AitL)

α−1
=⇒ xit = α

2
1−α (AitL)]

xit = α
2

1−α (AitL)
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4. Solve for equilibrium producer pro�t Πit (of intermediate good i):

[Only the subscripts change, to add an i]

(a) Plug in values for pit and xit back into monopolist producer's pro-
duction function:

Πit = (pit − 1)xit =

[
α (AitL)

1−α
(
α

2
1−α (AitL)

)α−1

− 1

]
α

2
1−α (AitL)

[Algebra is above in single-sector model]

Πt = (1− α)α
α+1
1−α (AitL)

or Πt = πAitL where π = (1− α)α
α+1
1−α

[note that the expression for π is completely identical]

5. Use substitution to �nd expressions for aggregegate behavior of the econ-
omy. Speci�cally, substitute expression for equilibrium intermediate quan-
tity xt (3) into expressions for �nal good output Yt and GDPt:

(a) We �rst need to �nd the aggregate productivity parameter,
At

At =

ˆ 1

0

Aitdi

i. At is just the weighted numerical average of all the indi-
vidual productivity parameters.

ii. Then, �nal good output Yt and GDP are determined by [essen-
tially] the same equations as in the one-sector model, but with
At now being this average, instead of the productivity parameter
of the economy's only intermediate product.

(b) For �nal output Yt, we then proceed as before, substituting
for each xit into the equation for �nal good production:

i. Substituting the expression for xit into the expression for �nal
output Yt, and using the equation for At to evaluate the
integral:

[Algebra: Yt = L1−α ´ 1

0
A1−α
it xαitdi = L1−α ´ 1

0
A1−α
it

[
α

2
1−α (AitL)

]α
di =

α
2α

1−αL
´ 1

0
Aitdi = α

2α
1−αAtL]

Yt = α
2α

1−αAtL

59



(c) For GDP , we use the expression above. Substituting our
equations for each xit in the integral, and combining with
this formula for Yt yields:

[GDPt = Yt −
´ 1

0
xitdi = Yt −

´ 1

0
α

2
1−α (AitL) di = Yt − α

2
1−αL

´ 1

0
Aitdi =

Yt − α
2

1−αAtL = α
2α

1−αAtL− α
2

1−αAtL = [↓] = α
2α

1−αAtL− α
2−2α
1−α α

2α
1−αAtL]

α
2α

1−αAtL−α
2

1−αAtL=α
2α

1−αAtL−α
2−2α+2α

1−α AtL=α
2α

1−αAtL−α
2−2α
1−α α

2α
1−αAtL=α

2α
1−αAtL(1−α2)

GDPt = α
2α

1−α
(
1− α2

)
AtL

which is identical to the expression in the 1-sector model.
Again, the GDP is proportional to e�ective labor supply AtL.

4.3.2 Innovation and Research Arbitrage

How does innovation happen in this multi-sector model, and how
is the research arbitrage equation derived?

• Subscripts change

• Results about probability of innovation

1. Verbally, how does innovation happen?

In each period, in each sector, there is one person (the �entrepreneur�)
who has an opportunity to attempt an innovation.

• If she succeeds, the innovation will create a more productive version
of the intermediate product. Speci�cally, productivity of the inter-
mediate good will go from last period's value Ait−1 to A∗it = γAit−1,
where γ > 1.

• If she fails, no innovation will happen at time t, and the intermediate
product will be the same as in t− 1, so Ait−1 = Ait

In order to innovate, the entrepreneur must conduct research, a costly
activity that uses the �nal good as input.

The more the entrepreneur spends on research, the more likely she is to
innovate.

2. The Innovation Function

(a) Expression

The probability µit that an innovation occurs in any period t depends
positively on the amount Rt of �nal good spent on research, according
to the innovation function:
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µit = φ

(
Rit
A∗it

)
= φ (nit)

where A∗it = γAit−1 is the productivity of the new intermediate prod-
uct that will result if the research succeeds, and nit = Rit

A∗it

(b) Interpretation

i. Why does the probability of innovation depend inversely on A∗it?
As technology advances, it becomes more complex and thus harder
to improve upon
So it is not the absolute amount of research expenditure that
matters for success, but the productivity-adjusted expenditure
Rit
A∗it

= nit.

3. Functional Form of Innovation Function

Cobb-Douglas form:

φ (nit) = λnσit

where λ is a parameter that re�ects the productivity of the research sector
and the elasticity σ ∈ (0, 1).

Thus the marginal product of (productivity-adjusted) research in gener-
ating innovations is positive but decreasing:

φ′ (n) = σλnσ−1 > 0 and φ′′ (n) = σ2λnσ−2 < 0

4. Entrepreneur Net Bene�t Function (from Research)

φ

(
Rit
A∗it

)
Π∗it −Rit

Derivation: If the entrepreneur at t successfully innovates, she will become
the intermediate monopolist in that period, because she will be able to
produce a better product. Otherwise the monopoly will pass to someone
else chosen at random who is able to produce last period's product.

Thus, the reward to a successful innovation is the pro�t Π∗it that she will
earn as a result.

Since she succeeds with probability µit = φ (nit), her expected reward is:

µitΠ
∗
it = φ (nit) Π∗it

and research will cost her Rit whether she succeeds or not; so her net

bene�t from research is the equation above
[
φ
(
Rit
A∗it

)
Π∗it −Rit

]
.
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5. Research Arbitrage Equation

The entrepreneur will choose the research expenditure Rit that maximizes
net bene�t.

max
Rit

φ

(
Rit
A∗it

)
Π∗it −Rit

This implies that Rt must satisfy the FOC:

φ′
(
Rit
A∗it

)
Π∗it

1

A∗it
− 1 = 0

This can be re-written using the equation for equilibrium proft Πit =
πAitL as the research arbitrage equation (R):

φ′ (nit)πL = 1

(a) Interpretation

i. The right hand side of the equation is the marginal cost of re-
search.

ii. The left hand side is the marginal bene�t of research: the incre-
mental probability of innovation times the value of a successful
innovation.

A. The marginal bene�t is decreasing in nit (because the marginal
product of the innovation function φ is decreasing in nit)

B. Any parameter change that raises the marginal bene�t sched-
ule or lowers the marginal cost will increase the equilibrium
research intensity nit

iii. The research arbitrage equation implies that the productivity-
adjusted level of research nit will be a constant n, and hence the
probability of research µit will also be a constant µit = φ (n).

6. Functional Form of (R) and Level of Research

(a) We can solve for parameters n (productivity-adjusted level of re-
search) and µ (frequency of innovation)

(b) The research arbitrage equation implies that

i. the productivity-adjusted level of research nit will be a constant
n.

ii. the probability of innovation µit will also be a constant µ = φ (n)

(c) Using the Cobb-Douglas innovation function:

n = (σλπL)
1

1−σ
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and

µ = λ
1

1−σ (σπL)
σ

1−σ

(d) Interpretation: same probability of innovation µ in all sec-
tors

i. One important feature of this model is that the probability of
innovation is the same in all sectors, no matter what the starting
level of productivity Ai,t−1.

A. This may be surprising, because the reward Π∗it = γπAi,t−1L
to a successful innovation is higher in more advanced sectors.

B. This advantage is just o�set by the fact that the cost of
innovating at any given rate is also correspondingly higher.
This is because what matters is research expenditure relative
to the productivity level γAi,t−1.

C. This allows for a simple characterization of aggregate growth
[below]

4.3.3 Growth
What is the approach for �nding the growth rate in this model?

1. Just as before, growth rate is proportional to the growth rate of pro-
ductivity parameter At :

The rate of economic growth is proportional to the growth rate of per
capita GDP (GDPt/L),* which according to the above equation (GDPt =

α
2α

1−α
(
1− α2

)
AtL) is also proportional to the growth rate of the produc-

tivity parameter At:

gt =
At −At−1

At

*Since L is �xed, GDP growth is proportional to the growth rate of GDP

per capita as:
˙GDP

GDP ∼
˙(GDP/L)

GDP/L ∼
Ȧt
At

2. Express the growth rate in each sector as a probability distribution over
two di�erent scenarios: a) innovation succeeds and b) innovation fails

In each period.

(a) With probability µ the entrepreneur will innovate, resulting in

gi,t =
γAi,t−1 −Ai,t−1

Ai,t−1
= γ − 1
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(b) With probability 1− µ she will fail, resulting in

gt =
Ai,t−1 −Ai,t−1

Ai,t−1
= 0

However, in this multi-sector case we are not worried about the
growth rate in each sector. Instead we just use the expression
for Ait

Where we have

Ait =

{
γAi,t−1 with probability µ
Ai,t−1 with probability 1− µ

}
3. Use the Law of Large Numbers to express the economy's growth rate

across sectors of the economy:

(a) An important di�erence to the 1-sector model is that growth
in each period is no longer random.

i. The Law of Large Numbers, instead of being used for
the long run growth rate, is used to look at the growth
of the economy across sectors.

=⇒ LLN tells us that the fraction of sectors that
innovate each period will be µ

ii. We start by noticing that At can be expressed as:

A. µ times the average Ait among sectors that innovated at t,
plus (1− µ) times the average among sectors that did not:

At = µA1t + (1− µ)A2t

B. We can then substitute

C. A1t = γAt−1

D. A2t = At−1

E. So we have

At = µγAt−1 + (1− µ)At−1

(b) It follows that the growth rate (using the question from
step 1) is:

i. In generalized form:

g = µ (γ − 1)

4. Functional Form of (G)
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(a) We can also substitute our above expression for µ to get: �(G)�

g = λ
1

1−σ (σπL)
σ

1−σ (γ − 1)

(b) This is the same as the long-run average rate of growth in
the 1-sector model

5. Interpretation

(a) How do we interpret µ and (γ − 1) in the above expression for
growth?

i. µ is both

• the probability of innovation in each sector in each period
(as we've de�ned before)

• the fraction of sectors innovating in each period

ii. (γ − 1) is the proportional increase in productivity resulting
from each innovation.

(b) How do we interpret the overall growth equation in this model?

i. Proposition 1:

In the long run, the economy's average growth rate
equals the frequency of innovations times the size of
innovations.

4.5 Conclusion
Comparisons to previous models

Di�erent from two alternative models of endogenous growth we've seen pre-
viously

1. AK Model:

(a) knowledge accumulation is a serendipitous byproduct of capital ac-
cumulation

i. Here, thrift and capital accumulation were the keys to growth,
not creativity and innovation

2. Product Variety Model:
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(a) Innovation causes productivity growth by creating new, but not nec-
essarily improved, varieties of products

Comparison on explicit causes of innovation

• Compared to AK, both Schumpeterian and Product Variety have the ad-
vantage of presenting an explicit analysis of the innovation process under-
lying long-run growth

Comparison on creative destruction

• Compared to Product Variety, Schumpeterian has advantage of assigning
an important role to to exit and turnover of �rms and workers

Limitations of Schumpeterian

• Scale e�ect (4.4) of increased population on growth

• Absence of capital

� Which growth accounting exercises have shown to be important (Ch
5 shows how to deal)

• Assumption of perfect �nancial markets

� (Ch 6) Capital markets work better in some countries than others

• Convergence

� (Ch 7) Implies club convergence

� Convergence occurs through productivity, by means of technology
transfer,

• Competition

� In this �rst generation of Schumpeterian models, market competition
is harmful to growth, which runs counter to much evidence

May also be helpful to see how Barro and Acemoglu structure this presen-
tation. Would be nice to have a more common set-up for presenting it.
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5 Schumpeterian: Continuous Time

2.1 (1998) Basic Setup

What is the set up of the Continuous Time Schumpeterian?

1. Time is continuous

(a) τ is real time

(b) t is index of number of innovations

2. Utility

(a) Linear intertemporal preferences

(b) according to functional form

u (y) =

ˆ ∞
0

yτe
−rτdτ

where r is the rate of time preference, also equal to the interest rate

3. Labor

(a) L individuals, continuous mass

(b) Each has one �ow unit of labor

i. =⇒ L =aggregate �ow of labor supply

4. Production: Intermediate Good

(a) Produced by monopolist

(b) Cost of production is wage rate times units of intermediate good:
wtx

(c) Monopolist pro�t function

πt = pt (x)x− wtx

(d) Price of intermediate good
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i. input into perfectly competitive industry = value of its marginal
product

ii. =⇒ pt = Yt
xt

5. Production: Final Good

(a) Final good produced by perfectly competitive �rms

(b) Cobb-Douglas:

i. Output (consumption) depends on the intermediate good x
according to

yτ = Aτx
α
τ

(c) Parameters

i. Aτ is the technology parameter, which re�ects the productivity
of the intermediate good

ii. 0 < α < 1

5 Convergence

Chapter 7

Convergence Predictions of Models

• Neoclassical theory

� Predicts convergence in growth rates, thus implies all countries should
be members of the same club

• AK Theory

� Predicts independent growth rates

• Schumpeterian

� Can account for club convergence by taking into account �technology
transfer� and �distance to the frontier�
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Empirical Evidence on Convergence

• �Great Divergence�

� Pritchett (1997) estimates that proportional gap in living standards
between richest and poorest countries grew more than 5-fold from
1870-1990

• Convergence

� Barro and Sala-i-Martin (1992a), MRW (1992), Evans (1996) imply
that most countries are converging to parellel growth paths

• Club Convergence

� Mayer-Foulkes (2002) saw proprotional gap in per capita income
between richest and poorest convergence groups grew by a factor of
2.6 between 1960 and 1995

� Maddison (2001) saw proportional gap between richest and poorest
groups grew by factor of 1.75 between 1950 and 1998

=⇒ �thus is seems there has been 'club convergence' since the mid-20th
century�

Club Convergence in Schumpeterian: Intuition

• Technology transfer

� Model notion of �advantage of backwardness� by supposing that a
successful innovator gets to implement ideas from around the world

� Technology transfer allows poor countries to grow as fast as rich
countries

∗ but only if the poor countries devote resources to innovation

• Club Convergence

� If a country fails to innovate then it will stagnate while the rest of
the world continues to advance.
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� The convergence club will be the countries that continue to innovate

• Innovation for Technology Transfer

� �Technical knowledge is often taict and circumstantially speci�c�

� Receiving country must invest resources to master technology and
adapt it to local conditions

� Analytically: same characteristics as R&D

∗ costly activity that builds on ideas of others to create some-
thing new in a particular environment

Club Convergence: Model

1. Basics

(a) Schumpeterian as Before

• Production: Y 1−α
t

´ 1

0
A1−α
it xαitdi 0 < α < 1

• L = 1

• Price: pit = αA1−α
it xα−1

it

• Monopolist Pro�t Equation: Πit = pitxit − xit = αA1−α
it xαit −

xit

• Equilibrium Quantity: xit = α
2

1−αAit

• Equilibrium Pro�t: Πit = πA∗it where π = (1− α)α
1+α
1−α

(b) Innovation

• Productivity Function: φ(n) = µ is probability of success

• Productivity-adjusted research expenditure: n = Rit
A∗it

• Now Productivity-adjusted R&D Cost Function: ñ (µ)

� the value of n such that φ(n) = µ

� µ becomes choice variable
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• Now chooses µ for Researcher Pro�t Maximization: maxµ µΠit−
Rit = maxµ [µπ − ñ (µ)]A∗it

2. Innovation Adjustment

(a) Intuition:

i. Change innovation production functional form, which used to
have Inada-like conditions

A. That is, before marginal product of research used to be
in�nite at zero, and marginal cost would be zero when
µ = 0

ii. For club convergence, want to allow for possibility that
some countries do no research

(b) New functional form for Producitivity-adjusted R&D cost function

ñ(µ) = ηµ+ ψ
µ2

2

6 Competition and Growth

Lecture 5 & Chapter 12

• Motivation:

� Innovation models seem to suggest competition is bad for growth

� But empirics suggest that it is good

∗ More consistent with the idea that competition is good for
growth because it forces �rms to innovate

� =⇒ Replace leapfrogging (incumbent always booted) to a less rad-
ical step-by-step assumption

• Intuition

� In level sectors, competition is good for innovation - �escape from
competition e�ect�
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∗ In steady state of low competition → more level sectors →
competition improves innovation

[
dI
d∆ > 0

]
� In unlevel sectors, competition hurts innovation (�Schumpeterian ef-
fect�: decreased rents to be captured from innovation)

∗ In steady state of high competition → more unlevel sectors →
competition hurts innovation

[
dI
d∆ < 0

]

Step-by-Step Innovation Model

1. Basic Environment

1. Time: discrete

2. Utility depends consuming intermediate goods, subject to budget con-
straint (below)

3. Unit mass of identical consumers. Live for one period and supply labor
inelastically.

4. Intermediate Good Production

(a) Each xj is the sum of two good produced by duopolists in sector j:

xj = xAj + xBj

5. Utility depends on amounts consumed from a continuum of sectors:

ut =

ˆ 1

0

lnxjtdj

(a) Log structure of utility function implies that in equilibrium, individ-
uals spend the same amount on each basket xj

(b) We normalize this common amount to unity:

pAjxAj + pBjxBj = 1

which is the houshold's budget constraint

(c) Hence, the representative household devotes the entire expenditure to
the less expensive of the two goods
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2. Technology and Innovation

1. 2 Sector Rule

(a) For simplicity, assume that neither �rm can get more than one tech-
nological level ahead of the other (from knowledge spillovers)

(b) Hence, have

i. Level sectors (or �neck-and-neck�)

ii. Unlevel sectors (where the leader lies ahead of the follower)

2. Technology Level: Ai = γki

(a) ki denotes the technology level of �rm i in industry j

(b) One unit of labor currently employed by �rm i generates an outpu
�ow:

Ai = γki i = A,B

where γ > 1 is a parameter that measures the size of leading-edge innovation

3. Research Intensity Function: cost = Ψ(n) = n2

2

(a) n is the innovation rate or �R&D intensity�

R&D Cost: Ψ (n) =
n2

2

(a) Notation:

i. Level sector: n0 = R&D intensity of each �rm

A. Unlevel sector

B. Leader Firm: n1 = 0 since it cannot gain

C. Follow Firm: n−1 =R&D intensity

D. Also gets boost in probability of h.

E. Hence, costs n2

2 for probability n+ h of catching up

3. Equilibrium Pro�ts and Competition
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1. Unlevel Sector Pro�t Maximization Equation

(a) Leader

πt = p1x1 − cx1

i. Subject to price constraint : p1 ≤ γc since γc is rivals unit
cost

A. Will thus choose maximum feasible price p1 = γc

B. Will capture the entire market p1x1 = 1 so long as sets
p1 ≤ γc

ii. Unit cost is c

(b) Follower

i. π−1 = 0 since follower is priced out of the market

2. Unlevel Sector Equilibrium Pro�ts

(a) From πt = p1x1 − cx1, p1x1 = 1 =⇒ x1 = 1
p1
, and p1 = γc, we

have:

πt = 1− cx1 = 1− c 1

p1
= 1− c 1

cγ
= 1− γ−1

3. Level Sector Pro�t Maximization Set-Up

(a) Conceptually: innovation incentives related to how much �rms can
collude

i. product market competition is inverse of degree to which �rms
can collude

A. If zero collusion, then �rms earn zero pro�t

B. If full collusion, then �rms would earn 1
2 pro�t of leading

�rm in unlevel case (π1)

C. That is, each would set p = γc and earn pro�t 1
2π1

(b) Hence the pro�t of a level sector �rm is:

π0 = (1−∆)π1 where
1

2
≥ ∆ ≥ 1
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i. where ∆ is product market competition

4. Escape Competition and Schumpeterian E�ects

1. Innovation Question

(a) Each �rm chooses innovation intensity n to maximize expected pro�t

(b) Suppose that �rms look only one stage ahead

(c) Suppose only one of the two �rms in level sector has chance to in-
novate

2. Innovation in unlevel sector: n−1 = π0 = (1−∆)π1

(a) Lagging �rm chooses research intensity to maximize expected pro�t
net of R&D cost:

max
n−1

(n−1 + h)π0 −
n2
−1

2

(b) FOC is π0 − n−1 = 0 which gives us

n−1 = π0 = (1−∆)π1

3. Innovation in level sector: n0 = ∆π1

(a) Level �rm's expected pro�t will be π1 with probability n0 and π0

with probability (1− n0). Hence n0 chosen to maximize pro�ts:

max
n0

n0π1 + (1− n0)π0 −
n2

0

2

4. FOC is π1− π0−n0 = 0 which gives us n0 = π1− π0 = π1− (1−∆)π1 =

n0 = ∆π1

5. Interpretation

(a) n−1 = π0 = (1−∆)π1 in unlevel sector ≡ Schumpeterian e�ect

i. Competition reducing the rents that can be captured by a fol-
lower who succeeds in catching up with its rival by innovating

(b) n0 = ∆π1 in level sector ≡ escape competition e�ect
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i. More competition induces neck-and-neck �rms to innovate in
order to escape from a situation in which competition con-
strains pro�ts

5. Competition E�ect and Inverted U

1. Impose Steady State

(a) In steady state, fraction of unlevel sectors (µ1) is constant, as is
fraction of level sectors (µ0 = 1− µ1)

(b) Fraction of �rms moving in one direction must equal fraction moving
in other

i. Fraction of total sectors moving to leveled: (n−1 + h)µ1

ii. Fraction of total sectors moving to unleveled: n0µ0 = n0 (1− µ1)

(c) In steady state, these two fractions are hence equal

(n−1 + h)µ1 = n0 (1− µ1)

i. Which we can solve for µ1 = n0

n−1+h+n0

2. Aggregate �ow of Innovations I

(a) I is the sum of the two �ows: I = (n−1 + h)µ1 + n0 (1− µ1)

i. But since the two �ows are equal, we have I = 2 (n−1 + h)µ1

(b) Substituting for µ1 from above gives us

I =
2 (n−1 + h)n0

n−1 + h+ n0

(c) Substituting n0 = ∆π1 and n−1 = (1−∆)π1 gives us

I =
2 ((1−∆)π1 + h) ∆π1

π1 + h

3. E�ect of Competition on Innovation: ∂I
∂∆

(a) The e�ect of competition on innovation is measured by the deriva-
tive:
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∂I

∂∆
=

2π1

π1 + h
[(1− 2∆)π1 + h]

4. Interpretation

(a) Proposition 1: If h < π1, then aggregate innovation I follow an
inverted-U pattern: it increases with competition ∆ for small enough
values of ∆ and decreases for large enough ∆. When h ≥ π1, then
innovation always increases with competition but at a decreasing
rate.

(b) The inverted-U pattern results from a �composition e�ect� whereby
a change in competition changes the steady-state fraction of sectors
that are in the level state, where �escape-competition� dominates,
versus the unlevel state where the �Schumpeterian e�ect� dominates.

i. At one extereme, when there is not much product competition,
the industry will spend most of its time in the level state.

A. As competition is very low to begin with, increased com-
petition should increase the innovation rate

ii. At other extreme, when competition is initially very high, there
is little incentive for the lagging �rm to innovate and the in-
dustry spends most of its time in the unlevel state.

A. As competition is very high to begin with, increased com-
petition should decrease the innovation rate

5. Empirical Evidence

(a) Aghion, Bloom, Howitt (2005)

i. Test predictions using �rm level data from UK �rms listed on
London Stock Exchange from 1970-1994.

ii. Find inverted-U relationship, and upward sloping part is steeper
when considering those above median �neck-and-neckness�

A. Measure of innovation was citation-weighted patenting

B. Competition measuring by Learner Index (LI)

77



8 Stages of Growth

• 3 Transitions

� Malthusian stagnation to modern economic growth

� Growth based on capital accumulation to growth based on innova-
tion

� Manufacturing to service

8.1 Malthusian Model

• Intuition

� Similar to Solow, except we use land, a �xed factor, instead
of capital

� If per capita income rises, then people would survive longer and
have larger families, decreasing per capita income because of limited
supply of land

∗ Diminishing marginal returns set in when land is �xed (X = 1
in this model)

• Basic Equations:
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� Output

Y = Ya = AXβL1−β
a (1)

∗ where X = 1, Ya is output from agriculture, β ∈ (0, 1), and
productivity parameter A is taken as given

∗ We normalize: X = 1, La = L [that is, everyone supplies one
unit of labor.

· Then we re-write 1 in normalized, and per capita terms:

Y

L
= y = AL−β (1)′

� Population Growth

∗ Assume that population growth depends on per capita income
according to function n

L̇

L
= n(y) (2)

∗ Assume

· n′(y) > 0

· Fixed upper limit: nmax > 0 [n(y)→ nmax > 0 as y →∞]

· Population growth becomes negative as people get poor
enough: nmin < 0;

[
n(y)→ nmin < 0 as y → 0

]
� Steady State

∗ There will be a unique level y∗ of income per capita at which

population growth is just equal to zero: L̇
L = 0 ⇐⇒ y =

y∗ such that

· n(y∗) = 0

· Solving for y∗:

· Substituting (1)' into (2): L̇
L = n(AL−β)

· Given A and initial level of population L0, can be solved
for entire future time path. Implies a unique L∗ such
that n = 0:
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· n
(
A(L∗)−β

)
= 0

· A(L∗)−β = y∗ =⇒

· L∗ =
(
A
y∗

) 1
β

(SS)

∗ Intuition:

· steady state is stable. Population will stabilize at the
level L∗ no matter where it starts

· y will converge to y∗; hence no growth in per capita
output, but rather stagnation.

· Image:

8.1.2 Maltusian Model with Increases in Productivity

• A Once-over increase in income per capita: A′ > A

� In short run, per capita income will rise: A′L−β > AL−β = y∗

� In long run

∗ No lasting change on y, just an increase in L∗
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· Since Malthusian process will start again: population
will rise since y′ > y∗, bringing y back down until it just
eliminates population growth, that is, back to its initial
level y∗

· From equation (SS), we see that steady-state population

size is an increasing function of A: L∗ = ( Ay∗ )
1
β

• Steady Productivity Growth: Ȧ
A = g > 0

� Take equation (1'): y = AL−β

∗ ln y = lnA− β lnL

∗ d
dt (ln y) = d

dt (lnA)− β d
dt (lnL)

∗ ẏ
y = Ȧ

A − β
L̇
L = g − βn(y) (∗)

� (*) is a stable di�erential equation that will converge to a somewhat
higher ỹ steady state so long as g < βnmax:

n(ỹ) =
g

β
=
L̇

L
in new steady state

∗ Hence there will be population growth in new steady state

∗ But unlike Solow, no long run growth in per capita GDP, even

though Ȧ
A = g > 0

· (since everything is absorbed through population growth)

Escape from Malthusian Trap 1: g large enough

• Scale E�ects and Demographic Transition (Galor)

� Basically if g(L)
β > nmax =⇒ escape

∗ (for L su�ciently large = scale e�ect)

� Problem is that this also predicts L̇
L accelerates as well, which is not

supported empirically
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Transition from Agriculture to Manufacturing

• Intuition

� When land is scarce, becomes pro�table to activate the manufactur-
ing technology to escape constraint

∗ At critical level , manufacturing becomes pro�table

∗ Then, population in labor La becomes constant, while popu-
lation growth goes entirely towards manufacturing

• Output: 2 Sectors

� Total output comes from both manufacturing and agriculture (Ya)
as above:

∗ Y = Ya + Ym

� Manufacturing output is produced by labor alone, according to the
following:

∗ Ym = ALm

� Two sectors compete for a given labor supply

∗ La + Lm = L

• Wages and Industrial Pro�ts

� Agriculture Wages

∗ Assume Malthusian equilibrium; population growing at rate g
β

∗ Real wage = marginal product of labor

· w̃ = (1− β)AL−β = (1− β) ỹ which is constant over
time

� Manufacturing Pro�ts and Wage

∗ Πm = Ym − w̃Lm = (A− w̃)Lm

• Critical Point
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� So long as technology A is low enough, it won't be pro�table to
manufacture. But A continues to grow; as soon as A surpasses
w̃, industrialization begins

∗ Once manufacturing starts, free entry guarantees Πm = 0,
hence we will have w = A

∗ Agricultural sector will need to pay same wage

• Labor in Argiculture becomes Constant

� Agricultural sector now needs to pay same wage. Will do this, max-
imizing pro�t:

∗ Πa = AL1−β
a − wLa = A

(
L1−β
a − La

)
� Employment in the agriculture sector will then be chosen to maxi-
mize pro�t:

∗ ∂Πa
∂La

= A
[
(1− β)L1−β

a − 1
]

= 0

La = (1− β)
1
β

� Hence, with employment in agriculture constant, employment in man-
ufacturing will be:

Lm = L− La

∗ =⇒ manufacturing employment will continue to rise
over time as population grows, while agricultural em-
ployment remains constant

• Sustainable Growth

� Population will not only continue to grow (starting at Malthusian
rate n(ỹ)) but will accelerate

� Rate of economic growth ẏ
y will rise from previous rate of zero to

new steady-state

� This is all because

y =
Y

L
=
A(L− La)

L
+
AL1−β

a

L
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∗ Over time, the share to agriculture → 0, since La is constant
and L becomes large

∗ Therefore, income per capita will ~ A, growing with out bound
(and approaching rate g)

� Interpretation

∗ Transition from stagnation to growth takes place because ac-
cumulation of knowledge allowed people to escape limitations
of land (and diminishing marginal returns)

∗ Once freed from land, no diminishing marginal returns in
manufacturing , hence nothing to choke growth in per capita
income

From Manufacturing to Services

Acemoglu and Guerrieri (2006)

• Intuition

� Trend from manufacturing to services predates outsourcing; also
common to all advanced economies

� Service sectors are not as capital intensive as manufacturing

� As capital-labor ratio goes to ∞, labor share in manufac-
turing falls to 0

• Output: 2 Sectors

� Make extreme assumption that manufacturing requires capital and
labor, while services require only labor

∗ YM = AKαL1−α
M

∗ YS = ALS

� Two sectors compete for labor supply

∗ LM + LS = L
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� Leontie� production function

∗ Y = min {YM , YS}

� =⇒ Labor allocated to result in equal output according to:

∗ KαL1−α
M = LS = (L− LM ) (Y)

• Manufacturing Share of Employment → 1
[
limk→∞ λ̃(k) = 0

]
� De�ne the manufacturing share of employment: λ = LM

L

� De�ne economy-wide capital-labor ratio: k = K
L

� Rewrite (Y)

∗ kαλ1−α = 1− λ

� Denote its solution λ̃(k)

� dλ̃
dk < 0: As the economy accumulates more capital per worker, the
manufacturing share of employment falls to zero

∗ kαλ1−α − 1 + λ = F (k, λ) = 0

∗ Fkdk + Fλdλ = 0

∗ =⇒ dλ
dk = − Fk

FL
< 0

=⇒ lim
k→∞

λ̃(k) = 0

• Economy Post-Manufacturing Employment [y → g]

� Output

∗ Y = YS = ALS = AL
[
1− λ̃(k)

]
� Solow model for capital motion (with the assumption of saving as
�xed proportion of output):

∗ K̇ = sY − δK

∗ K̇ = sAL
[
1− λ̃(k)

]
− δK
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∗ =⇒ k̇ = sA
[
1− λ̃(k)

]
− (n+ δ)k

· This shows that if A is growing in long run, then k will
indeed rise without bound

� y → A hence ẏ
y → g

∗ If we assume growth rate of A is g > 0, then in long run k
will indeed rise without bound, manufacturing share of em-
ployment will fall to zero, and per capita income will appraoch

∗ y = Y
L =

AL[1−λ̃(∞)]
L = A

· which grows at rate g

9 Wage Inequality & Directed Technical Change

Problem of Wage Inequality

Over time, there has been an increase in the skill premium

• Skill premium/college premium has increased since the 1970s (baby boom
generation)

• Even though scarcity of college labor has gone down.

Empirically:

• Auts-Katz-Krueger (98): show that

� the ratio of [�college equivalents� (that is, with a college degree) +
1
2 number of workers with �some� college education] to noncollege
equivalents increased avereage rate of 3.05% between 1970 and 1995
verses 2.35% between 1940-1970

� in the meantime, the ratio between the average weekly wage of col-
lege graduates & high school graduates went up by more than 25%
over the period 1970-1995 after having fallen by .11% per year 1940-
1970
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Three Explanations

What are the three explanations for the increase in skill premium?

1. Trade Liberalization

• Globalization should drive up the demand for skilled in �North� when
skilled labor is more abundant and therefore cheaper than in �South.� It
should reduce demand for unskilled workers in �North� which is cheaper
in the South.

• [Argument uses standard Heckscher-Ohlin theory of international trade]

• =⇒ However:

� In early 1980s, trade with non-OECD countries accounted for ~2%
of US GDP

� In all industries, see this shift to skilled labor

2. De-Unionization

• [Richard Freeman (1992)] Showed that standard deviation of within-�rm
log wages in the U.S. was 25% lower in unionized �rms compared to non-
unionized

• =⇒ However:

� De-unionization began in the 1950s at the time when wage inequality
was relatively stable

� In UK, rise of wage inequality started in the mid-1970s, while union
density kept increasing until 1980s

• [Note: Aghion's view is that SBTC −→ decrease in worker solidarity be-
cause of better outside options −→ de-unionization]
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3. Skill-Biased Technical Change (SBTC)

• Consider a model with production function where physical capital com-
plements skilled labor, substitutes unskilled labor (Krusell et al 2000)

� =⇒ Evidence of SBTC, but not a theory (or explanation of why
this acceleration)

A. Set Up: Two Goods Production & Skill Premium

1. Economy has two �nal goods:

(a) Skill intensive goodXs and labor-intensive goodXu, both producted
under perfect competition

i. Xs is producted using skilled labor Ls and a continuum of
specialized intermediate products xis

ii. Xu is producted using unskilled labor Lu and a di�erent con-
tinuum of specialized intermediate inputs xit

Xs = L1−α
s

ˆ 1

0

Aisx
α
isdi

Xu = L1−α
u

ˆ 1

0

Aiux
α
iudi

(b) Intermediate good production

i. Local monopolist in each intermediate sector can produce one
unit at no cost, but cannot produce any more than one unit at
any cost: xis = xiu = 1

ii. We can re-write Final Output:

Xs = AsL
1−α
s (a)

Xu = AuL
1−α
u (a)

where As =
´
Aisdi and Au =

´
Ausdi
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2. Equilibrium Wage Rate

(a) Equilibrium in competitive �nal markets implies that the wage rate
of each type of labor must be equal to the value of its marginal
product :

Since Πs = PsXs, given limitation of X = 1 and C(X) = 0.[
ws = ∂Xs

∂Ls
Ps = Ps (1− α)AsL

−α
s = Ps (1− α) XsLs , where Ps is the �nal good price

]
ws = Ps (1− α)

Xs

Ls

wu = Pu (1− α)
Xu

Lu

3. Skill Premium

(a) The skill premium is de�ned as the relative wage rate ws
wu

of skilled
labor, which can be expressed as:

ws
wu

=

(
PsXs

PuXu

)(
Ls
Lu

)−1

4. Restating the skill premium: Utility Function

(a) Assume a utility function u(xs, xu) such that:

Ps
Pu

=

(
Xs

Xu

)−υ
, υ > 0 (b)

where Ps
Pu

is the marginal rate of substitution in demand between the
two goods, υ is an inverse measure of the substitutability between the
two goods.[
We therefore have PsXs

PuXu
=
(
Xs
Xu

)1−υ
]

5. Immediate E�ect of Relative Supply on Skill Premium

(a) We can therefore reexpress the skill premium using (a) as:

ws
wu

=

(
As
Au

)1−υ (
Ls
Lu

)−1+(1−α)(1−υ)

= skill premium (1)
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i.

[
Algebra: wswu =

(
PsXs
PuXu

)(
Ls
Lu

)−1

=
(
Xs
Xu

)1−υ (
Ls
Lu

)−1

=
(
AsL

1−α
s

AuL
1−α
u

)1−υ (
Ls
Lu

)−1

=
(
As
Au

)1−υ (
Ls
Lu

)−1+(1−α)(1−υ)
]

=⇒ Given As, Au, the skill premium ws
wu

is decreasing in Ls
Lu

=
scarcity e�ect

i. That is, an increase in education levels that raises the
relative supply of skilled labor will always reduce the
skill premium by making skilled labor less scarce

B. Market Size E�ect

1. Basic Intuition:

(a) First, Scale E�ect: If you can invent improved versions of an inter-
mediate product that is used by a particular kind of labor (either
skilled or unskilled) then, other things equal, there is more pro�t to
be earned by improving a product that is used by the more abundant
kind of labor.

i. [People ↑ education−→ skilled labor ↑ −→ technological progress
becomes increasingly directed towards products that are used
by skilled people]

(b) Second: Technological progress in products that are use by a par-
ticular kind of labor raises the equilibrium wage rate of that kind of
labor, by raising its marginal product.

i. [(above, technological progress directed towards products used
by skilled people) −→ raises relative wage of skilled workers]

2. Production and Pro�ts

(a) Pro�t for local monopolist in skill-intensive intermediate sector

Πis = pisxis = pis

(b) Price

i. Must be equal to the marginal product of xis:

Πis = pis = Ps
∂Xs

∂xis
= αPsAisL

1−α
s
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(c) Putting together we have

Πis = αPsAisL
1−α
is

3. R&D

(a) Innovation Set up: Just like Schumpeterian

i. Each period, unique entrepreneur has an opportunity to be-
come the monopolist if she innovates

A. If successful, productivity is raised by the factor γ > 1

ii. Probability of innovation is φ(ns)

A. ns = Ris
A∗is

is productivity adjusted R&D expenditure, A∗is
is target productivity level.

B. Note that the cost of innovation Ris = A∗isns, which is
what is used below

C. φ′ > 0, φ′′ < 0

(b) Researcher Pro�t Maximization

i. Choose ns to maximize expected payo�

max
ns

φ(ns)Πis −A∗isns = max
ns

A∗is
[
φ(ns)αPsL

1−α
is − ns

]
ii. FOCnt

φ′(ns)αPsL
1−α
is = 1

iii. Re-write, using production function
[
Xs = AsL

1−α
s

]
φ′(ns)α

PsXs

As
= 1

(c) Symmetric Argrument for Low-Skilled Sector:

φ′(nu)α
PuXu

Au
= 1
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4. Growth

(a) Growth rate of average productivity As (in the skill-intensive sector)
will be

gs = (γ − 1)φ(ns)

i. This is since the the growth rate of each Ais will be (1 − γ)
with probability φ(ns) and zero with probability 1− φ(ns), so
the expected growth rate is gs = (γ − 1)φ(ns).

ii. By the law of large numbers, this is also actual growth rate of
the aggregate parameter As.

(b) Similarly, the growth rate in average productivity Au in the labor-
intensive sector will be

gu = (γ − 1)φ(nu)

5. Steady State

(a) Intuition

i. In steady state, As and Au must grow at the same rate

A. (if one grows faster than the other, the one that grows
less fast becomes so expensive that it makes research
there more pro�table, because the price will go up)

(b) De�nition

i. In long run, economy will approach steady state in which the
relative productivity As

Au
is constant (c)

ii. This requires

gs = gs and hence ns = nu

iii. Hence, relative productivity must equal rela tive expen-
diture As

Au
= PsXs

PuXu

As

Au
=

PsXs

PuXu
(∗)
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(c) Steady state: Deriving Market Size E�ect (2)

i. Since from above it follows that, using (c) and (a):

As
Au

=
PsXs

PuXu

ii. Substituting on the RHS for the skill premium expression (b)[
Ps
Pu

=
(
Xs
Xu

)−υ]
we have

As
Au

=

(
Xs

Xu

)−υ
Xs

Xu
=

(
Xs

Xu

)1−υ

iii. Substituting
(
Xs
Xu

)
for production functions (a)

[
Xs = AsL

1−α
s

]
gives: As

Au
=
(
AsL

1−α
s

AuL
1−α
u

)1−υ
which reduces to As

Au
=
(
L1−α
s

L1−α
u

) 1−υ
υ

,

thus

As
Au

=

(
Ls
Lu

)(1−α)( 1−υ
υ )

= equilibrium relative productivity (2)

A. Ratio is increasing in the relative supply of skilled labor

B. So here, AsAu goes up with increasing skilled labor, which
counteracts the scarcity e�ect seen above

C. Putting E�ects Together

Putting (1) and (2) together:

[
ws
wu

=
(
As
Au

)1−υ (
Ls
Lu

)−1+(1−α)(1−υ)
]
and

[
As
Au

=
(
Ls
Lu

)(1−α)( 1−υ
υ )
]

ws
wu

=

(
Ls
Lu

)(1−α)
(1−υ)2
υ

(
Ls
Lu

)−1+(1−α)(1−υ)

Interpretation:

ws
wu

=

(
Ls
Lu

)(1−α)
(1−υ)2
υ

︸ ︷︷ ︸
market size e�ect

(
Ls
Lu

)−1+(1−α)(1−υ)

︸ ︷︷ ︸
scarcity e�ect

• If you increase supply of skilled labor

� You reduce wage premium through scarcity e�ect term
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� You are directing technical change towards As, which increases size
of market size e�ect term

∗ So all depends on which term dominates the other

• ↪→market size e�ect dominates if υ → 0

� Hence, if the two �nal goods are close enough substitutes (υ < 1)
then an increase in the relative supply of skilled labor will have the
long-run e�ect of raising the relative productivity of skill-intensive
inputs.

� If this e�ect is large enough then it will override the negative direct
e�ect:

∗ =⇒ the overall e�ect of an increase in education will be to
raise the long-run skill premium

� It will indeed be large enough if the two �nal goods are close enough
substitutes, since as υ → 0 the exponent of Ls

Lu
goes to ∞

• ↪→ if υ ≈ 1, scarcity e�ect dominates

• Acemoglu

� In short run, AsAu given, so the scarcity e�ect dominates

� In long run, there is a technological response (to the relative supply
of skilled labor)

• Two �nal remarks

� Are we convinced?

∗ High School Movement (early 1900s): no large increase in skill
premium then

� Alternative view (GPT)

∗ General purpose technology - technology used progressively in
all sectors of the economy (i.e. steam engine, computers)

∗ Di�usion of technology often �at, then acceleration �

· Baby Boom: �rst abundance, but then in 1980s, di�usion
of computers, which required skilled-intensive labor =⇒
this e�ect outweighs scarcity e�ect
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· If this was true, boost in skill premium wouldn't last
forever (as computers would eventually di�use), would
be more like a Kuznet's transition from ag to industry

· =⇒ So wage inequality would go up (with GPT) and
then go down (as GPT is di�used)

• SBTC also used to study Productivity Di�erences (Acemoglu & Zilibotti)
& Climate (Direct technical change towards clean vs. dirty technologies)

10 Human Capital

Lecture 9, Chapter 13:

>US spends 3% of GDP on higher ed, whereas in Europe it is 1.4%. Is this
a big deal for growth?

Two approaches to human capital & growth
What are the 2 approaches, verbally:

1. Capital Accumulation models

g = f(rate of accumulation of human capital)

Human capital accumulation as a source of growth

(a) MRW - Mankiw, Romer, Weil (1992).

i. Neoclassical

ii. Augmented version of Solow model with human capital as an
additional factor of production;

A. Slows down the conversion to steady-state by counter-
acting e�ects of decreasing returns to capital [

B. though no long-run growth, as it's a Solow model

(b) Lucas (1988)

i. AK

ii. Human capital accumulates at a speed proportional to the ex-
isting stock of human capital
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A. Leads in turn to a positive long-run growth rate

=⇒ in both models the rate of growth* depends upon the rate of accu-
mulation of human capital , not on the stock on human capital

[*in MRW this is growth in the sense of transition to the steady-state,
whereas in Lucas it is steady-state]

2. Stock of human capital models

g = f(level of human capital)

(a) Nelson, Phelps (1966) [Later empirical work by Benhabib and Spiegel
(1994)]

i. Describes growth as being driven by stock of human capital

ii. More human capital � easier to innovate

iii. Underlying story of growth of productivity [they don't endo-
genize, as 1966 was pre-endogenous growth], or of �catching
up�

iv. One equation: Source of convergence is knowledge-spillovers

A. Idea is that rate at which you converge depends on how
much human capital you have.

B. If you have more human capital, you can absorb more
technologies faster [ =⇒ grow faster]

Aghion's Approach and Limitations of Nelson Phelps
What are some limitations of Nelson, Phelps? What is Aghion's approach?

1. Limitations to Nelson Phelps � empirical

(a) Correlation between growth and education ceases to be signi�cant
when restricting analysis to OECD

(b) Positive correlation between education and growth may reverse causal-
ities from growth to education

2. Aghion: Appropriate Education Systems

(a) [Book] Argue that signi�cant correlations restored when
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i. Decomposing education spending into levels (i.e. primary/secondary,
tertiary)

ii. Interacting education spending & types of education with dis-
tance to technology frontier

(b) [Lecture] Can reconcile the two views

i. Human capital is a factor of production (an input into the
production process) but also an input into the growth process

8.1 Lucas-MRW Approach

MRW Model
What are the key equations? What does the model say about convergence?

Augmented Solow Model
Like Solow, except add in new term H as a third factor of production:

1. Production:

Y = AKαHβL1−α−β

[So human capital is di�erent from raw labor L]

2. Accumulation of physical and human capital

(a)
dK

dt
= skYt − δKt

(b)
dH

dt
= snYt − δHt

*Note that the discount rate is the same for physical and human capital,
but could also do it with di�erent discount rates

Model Converges to a Steady State:

Kt =⇒ K∗ =

(
s1−β
k sβh
δ

) 1
1−α−β
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Ht =⇒ H∗ =

(
sβks

1−β
h

δ

) 1
1−α−β

Yt =⇒ Y ∗ =

(
sαk s

β
h

δα+β

) 1
1−α−β

Model will converge more slowly than basic Solow model:
>Basic Solow model: Y = AKαL1−α

>We know that α ∼ 1
3 [that is, share of capital in output is approximately

1/3]
>The smaller α, the faster you converge to the steady state (because the

stronger the decreasing returns to capital accumulation)
>Barro etc found that in general countries or states converge even more

slowly than predicted by Solow
>MRW say that there is a clear �x to this problem: just add human capital,

and convergence will be slower [seen as a important contribution of paper]
>As you grow, H grows, which implies that the marginal product of capital

decreases less rapidly [since there is Hβ in the marginal productivity of capital,
presumably ∂Yt

∂Kt
]

As seen through logarithmic di�erentiation of the model: [shows link between
growth rate and accumulation of human capital]

ẏ

y
=
Ȧ

A
+ α

K̇

K
+ β

Ḣ

H
+ (1− α− β)

L̇

L

No long run growth of per capita GDP is predicted [since Solow model]

Lucas Model (1988)

1. Key Equations and Intuition
Essentially an AK model, but most interested in inter-temporal externalities
>The more human capital you have in the economy, the easier it is to ac-

cumulate human capital in the future [this is the externality that may sustain
growth in the long run]

Here, like Ramsey: Economy populated by in�nitely-lived individuals who
choose at each date how to allocate their time between current production and
skill acquisition (which will make you productive in future periods).

(1) y = kα (uH)
1−α

H = current human capital stock of representative agent
u = fraction of agent's time currently allocated to production =⇒ (1 − u)

allocated to education
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=⇒ choice is between producing for consumption now, and schooling so that
more productive tomorrow

k is the physical capital stock, which evolves over time according to the same
di�erential equation as in the Solow or Ramsey model: �Capital equation�

(K) k̇ = y − c

Current schooling time a�ects accumulation of human capital:

(2) Ḣ = δH(1− u)

This is the key assumption in Lucas. It allows for long-run growth,
since if you replaced H on the RHS with Hγ where γ < 1, then you would not
have long-run growth

So H is the intertemporal knowledge externality. The more human capital
that has been accumulated, the easier it is to increase my human capital by
investing in it.

The assumption that human capital accumulation involves constant returns
to the existing stock of human capital produces a positive growth rate in steady
state: [since physical capital will not contribute to long-run growth rate]

g =
Ḣ

H
= δ(1− u∗)

Where u∗is the optimal allocation of agent's time between production and
eduation.

>Representative agent will choose u to

max

ˆ ∞
0

c1−σt

1− σ
e−ρtdt s.t.(1), (K), (2) are satis�ed

=⇒ u∗(ρ, σ, δ)

2. Solving for u∗

Simpli�ed, discrete time version of Lucas (1988) �all the dynamics of Lucas
are in here�

Overlapping generations of two-period lived inviduals
Output is (simpli�ed, taking out physical capital):

(a) Yt = utHt

In the �rst period of life, an individuals chooses how to spend her time
between production and human capital accumulation.

Human capital accumulates according to (analogous to Ḣ above)

(b) H2 −H1 = δ(1− u)H1

At period 1, individuals chooses u to: [β is a discount factor]
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(No point in investing in education in 2nd period, since no 3rd period. Next
generation takes it on afterwards. Also assume isoelastic utility)

max
u

{
(H1u)1−σ

1− σ
+ β

(H2)1−σ

1− σ

}
s.t. (b)

Substitute for H2 to get FOC :

FOC : u−σ − βδ[1 + δ(1− u)]−σ = 0

=⇒ u∗ =
1

δ + (βδ)
1
σ

Hence we can now sign:

u∗( δ︸︷︷︸
−

, β︸︷︷︸
−

, σ︸︷︷︸
∼

)

g = g∗ = δ(1− u∗) = g∗( δ︸︷︷︸
+

, β︸︷︷︸
+

, σ︸︷︷︸
∼

)

δ ~ �productivity of education�; β ∼ (inverse of) rate of time preference

=⇒ Lucas model generates long-run growth rate.
Through intertemporal externalities
Shares with MRW that since growth is related to u, and u is related to the

rate of accumulation of human capital ḢH , then growth is related to Ḣ
H

8.2 Nelson-Phelps (1966)

Nelson-Phelps Model

Cross-country convergence due to knowledge externalities (/spillovers)

Ȧ = f(H)(Ā−A)

Ā is the frontier technology or �best practice,� [which if it grows, grows at
some exogenous rate or would have to assume R&D or something. this part of
the model is not worked out]

A higher stock of human capital would thus foster growth by making it easier
for a country to catch up with the frontier technology.

Key: =⇒ rate of convergence to frontier technology depends positively on
the stock of human capital ]

Benhabib-Spiegel test an augmented version, where the second term captures
the innovation component of growth, according to the dynamic equation:
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Ȧ = f(H)(Ā−A) + g(H)γA

Human capital not only facilitates the adaptation to more advanced tech-
nologies, but also makes it easier to innovate (even at the frontier).

[Note that will still grow faster if A < Ā, since when A = Ā only the second
term is in play]

8.3 Comparing & Combining the two approaches: Health
& Growth

Aghion likes to combine:
AJ 2007:
Regress growth on α0, increase in life expectancy
Growth rate from 1940-1980; instrument for increase in life expectancy �

based on which illness was cured, and prevalence in that country

g = α0 + α1∆LE + u

g = growth rate in per capita GDP
AJ �nd α1negative
But when do it on overall GDP, they �nd a non-signi�cant coe�cient (where

they should have found a very postive coe�cient)�which is mysterious.
Lorenz-Macmil-Valencia (sp?):
Why not combine Lucas and Nelson-Phelps?
Regress growth on:

g = α0 + β∆LE + cLE0 + ε

�depends on both�
�> can explain negative result in AJ because there is convergence in life

expectancy

6 Appendix: Math Reminders

Taylor Approximation

f(x+ ∆x) ≈ f(x) + f ′(x) (∆x) +
1

2
f ′′(x) (∆x)

2
+ . . .

Terms are of form 1
n!f

(n)(x) (∆x)
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Log Approximation

ln (1 + ∆x) = ∆x

1 + ∆x = e∆x

This is derived through a �rst order taylor approximation of ln, around the
point 1:

ln(1 + ∆x) ≈ ln(1) +
1

1
∆x

ln(1 + ∆x) = ∆x
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