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1 Basic Facts about the Business Cycle

Organization of the Class

First two parts are very structured; last part is more �exible.
1) RBC (Cooley)
2) New Keyensian Model [NKM] (Gali)
3) Policy Focus

Exam
1) Goes back and forth - there's no speci�c structure. In the past has done a lot of Q&A, but last year
did problems. Doesn't know what he'll do this year�maybe a bit of both. So need to be prepared for
both. Best way to prepare for problems is through problem sets.

Motivating Questions about Business Cycle

Goal of lecture is to lay down some stylized facts, so as to lay down the structure of these two paradigms
(RBC and NKM)
Indented, italicized answers given from lecture - �nal slide
Not all business cycles are alike, but what we want to know if whether there are some statistical
regularities about business cycles. [If so, then hope of building a theory to explain it]
RBC-Supporting Facts:

• How long do booms and recessions last?

• How do C, I move with output?

[Do the di�erent components move together? Are some completely stable? Do the move by the
same amount? Do they are they correlated or anti-correlated? Is consumption more volatile
than investment, or vis-versa? →Are there some regularities about cycles that we can tease out,
and then come up with a theory for]

� Components of output move together.

∗ C smoother than Y ; I more volatile than Y
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• How does L move with output?

[When we talk about total hours, is it hours per person, or number of people working that is
moving around?]

� Procyclical hours and employment

• How does productivity move with output?

� Procyclical measured productivity

New Keyensian Model Supporting Facts:

• How do real wages move with output?

� Not much movement in real wages

• How do nominal/real interest rates move with output?

� Relation with in�ation

• How does nominal/real money stock move with output?

� Monetary a�ects output, not prices in the short run(?)

Additional Notes:

• These stylized facts do not cover �special episodes�: current �nancial crisis, Japan, Argentina,
Asian Crisis, Mexico, European unemployment, and so on.

• Focus is on the US (or OECD). For emerging economies, picture is somewhat di�erent.

� In particular, BCs are much more pronounced. C and I are much more procyclical. When
these countries are open to capital markets, you see very sharp counter-current reversals�
people call them �sudden stops.� This is not something you see in developed countries. There
are some statistical regularities about these steps and some theories that try to understand
them.

� Gita Gopinath's International Macro class has a focus on business cycles in developing
countries

Two Statistical Issues

For Taking on Stylized Facts: Covariance Stationarity and Existance of Trends

Covariance Stationarity

• No hope of �nding regularities if things don't repeat themselves in some way. Right concept:
Covariance Stationarity

• Stationary Process [W Def]

� A stationary process is a stochastic process where the joint probability distribution does
not change when shifted in time or space.
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� Consequently, parameters such as the mean and variance, if they exist, do not change over
time or position.

• Covariance Stationarity [Slides]

� Let Yt be a random variable (could be a scalar or a vector [i.e. can think about components
of GDP]).

∗ Yt is covariance stationary ⇐⇒

1) EYt = µ ∀t

· Mean is constant

2) E(Yt − µ)(Yt−k − µ)′ = ρk ∀t

· Covariance between a variable and a variable that lags �k� periods is constant over
time.

∗ So if observe business cycle in period 0 and period 10, might have di�erent realizations,
but in expectation they are the same

Covariance Stationarity and GDP

• Have immediate problem that U.S. postwar GDP is not covariance stationary, since GDP trends
upwards

• However, if we apply a transformation to GDP, everything becomes covariance stationary

� One example that follows immediately: instead of looking at GDP, look at GDP growth

• GDP Growth

� There's no trend in GDP growth. If anything you see some breaks in periods, but no major
violations of covariance stationarity.

� However, the variance in GDP growth has decreased over time

∗ Sharp reduction in standard deviation of GDP growth in early 1990s =⇒ ”great moderation”

· Before �nancial crisis, looked like things had become more stable, and perhaps
business cycles were a thing of the past

� Hence, even when you do simple transformation like GDP growth, need to be careful. There
are things that are changing about business cycles.

Trends

• If you have a macroeconomic series that trends up, you need to remove the trend somehow

� It's not a mere statistical issue. It's really an economic issue.

• Big Question: It's a conceptual question�are there two di�erent sets of forces which drive the
trend and the cycle? Is there any hope of separating the trend and the cycle?
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� If you can't separate, then will need a theory of growth with one set of mechanisms that
explains business cycles and growth

� Assume in this class: You can separate trend and cycle. This is an assumption; we are not
able to prove it.

Example where trend and cycle are inseparable:

• Imagine GDP follows the following process:

Yt = d+ Yt−1 + εt

� Called Random Walk with Drift. If d = 0, it would be a random walk. If no noise (εt = 0)
then it would be pure drift.

∗ [Empirically, not a bad approximation of what GDP looks like]

� Problem is that there is no clean separation between trend and cycle

∗ If you plug in the realization of the series and try to �t some kind of deterministic trend
(i.e. a linear trend), then the deviation will be �garbage�

• So try to put more structure on the problem

Examples with trend and cycle:

• Assume we have a series that can be decomposed into a trend and a cycle. When can we recover
the cycle and trend separately?

� [We are not given the trend and cycle, just given the series]

• Assume the following

Yt = Tt + Ct where Tt = d+ Tt−1 + εTt︸ ︷︷ ︸
geometric rand walk w drift

and Ct = aCt−1 + εCt︸ ︷︷ ︸
AR(1) process

� Note: An AR �autoregressive� model [W] is a type of random process, and is one of a
group of linear prediction formulas that attempt to predict the output of a system based
on previous output.

∗ An AR(1) process is given by: Xt = c+ ϕXt−1 + εt

∗ Another note: εT is �uxuations in the trend; εC is �uxuations in cycle

� In slide before, completely meaningless to do any trend cycle decomposition

� Here we have hope because we have something that mean-reverts

• Can trend and cycle be separated?

1. [Stock and Watson, 1988] One approached (not used in this class): Yes, if εT and εCare
either uncorrelated or perfectly correlated. This is typically not reasonable.

2. [Smooth Trend Assumption / HP Filter] If εT has a small variance (smaller variance than
εC) then we can hope to remove trend by taking out smooth curve.

(a) Essentially, making the assumption that the trend is smooth (or at least smoother than
a business cycle process)
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(b) HP Filter (Hodrick-Prescott)

min

t1∑
t0

(Yt − Tt)2
+ λ [(Tt − Tt−1)− (Tt−1 − Tt−2)]

2

i. Try to �t a trend Tt (i.e. realization of GDP) to a series, and achieve dual objectives
(and thus trade-o�):

A. Don't want trend too far from actual series (equation: distance from original
variable)

B. Want trend to be relatively smooth (equation: di�erence in growth rates between
two periods)

ii. Two quadratic terms re�ect these two desires for the trend.

min

t1∑
t0

(Yt − Tt)2︸ ︷︷ ︸
closeness

+λ [(Tt − Tt−1)− (Tt−1 − Tt−2)]
2︸ ︷︷ ︸

smoothness

iii. λ: Balance between closeness and smoothness

� λ parameterizes how much weight we put on two objectives

A. ↑ λ =⇒ ↑ weight on trend being smooth; tolerate larger deviations of the trend
from the series

B. ↓ λ =⇒ ↓ trend will become equal to series

3. Alternative: Band Pass Filter

(a) Any series can be decomposed into variations at di�erent frequencies. (Any signal is
the combination of signals that move at di�erent frequencies)

(b) Can decide to focus on the set of frequencies that you believe correspond to business
cycles and GDP

i. Decompose GDP into components that vary at di�erent frequencies

A. (There's a statistical theory that says this is always possible)

ii. Filter out the frequencies that you are not interested in � Band Pass Filter

A. e.g. not interested in frequencies larger than 8 years. Focus on frequencies that
are shorter; isolate them, and call them the business cycle. Leave frequencies
longer than 8 years for long-run growth

(c) =⇒ Taking a stand on which frequencies correspond to the business cycle

(d) Band Pass �lter seen as better than HP �lter because conceptual cleaner (as an approach
to isolating cycle and trend)

i. HP �lter is an approximation of band pass �lter.

ii. Threshold for frequencies cut depends on λ. Small λ→accepting all frequencies.

4. Note on Growth & BC

(a) In this class, take long run growth to be driven by technological change, taken to be
exogenous.

(b) You model both long and short run together; we will see an example in this class but
the interactions are not very sophisticated

(c) If you think business cycles are permanent, you can have this in endogenous growth
models. Then separation between trend and cycle doesn't make as much sense.

5. Example: De-trend log GDP in US with di�erent methods

(a) Lower graph has lower λ, so most weight on being close to original series
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(b) Higher graph parameter (1600) corresponds to taking out frequencies less than 8 years

i. This is the �lter we will be using

(c) Timing of cycles don't change with λ, but magnitudes do

30 years of BC research:
RBC's contribution has been to look at business cycles separately, and methodolgy to isolate some
statistical stylized facts, then try to build models that match these facts. These processes of estimation
and calibration are here to stay.

Stylized Facts

Most come from Stock and Watson (1995); also Cooley and Prescott (1995)

Lead-Lag

• Look at correlation structure between cyclical component of output Y Ct (GDP) and that of other
variables XC

t (investment, consumption, etc), most often in logs
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ρ
(
XC
t , Y

C
t+k

)
= k for k = −6, . . . , 0, . . . ,+6 (in quarters)

� if ρ is positive and highest for k < 0, then X is procyclical and lags

� if ρ is positive and highest for k > 0, then X is procyclical and leads

∗ gives correlation between the X variable and Y �k periods from now�

∗ this is a way of getting 'correlation structure.' But doesn't give sense of amplitudes

• Note: All these variables should be understood as the cycle component of the variables. We're
removing the trend.

Magnitude

• Look at standard deviation

• Expressed as percentages:

lnCCt − ln C̄ = ln
(
CCt
C̄

)
= ln

(
1 +

CCt
C̄
− 1
)

= ln
(

1 +
CCt −C̄
C̄

)
≈ CCt −C̄

C̄
(which is given in

percentage terms)

� the last step since ln(1 + ∆x) ≈ ∆x

Comovements of output with components

• Comovement of cyclical component of output (Y Ct ) with other variables (XC
t )

� (most often in logs)

∗ Output : highly autocorrelated.
s.d. 1.66%
corr 1 @k = 0

. Cycles are persistent

∗ Consumption: highly positive covement with Y Ct .
s.d. 1.26%
corr .9 @k = 0

Consumption

smoother than GDP, and very correlated

∗ Consumption (non-durables & services): highly positive comovement.
s.d. .78%
corr .87 @k = 0

Even

smoother than consumption as whole.

∗ Consumption (durables): highly positive comovement.
s.d. 4.66%
corr .86 @k = 1

. More

volatile than output.

· Purchasing durable is similar to investment

∗ Investment : highly positive comovement
s.d. 4.97%
corr .89 @k = 0

. More volatile than

output.

∗ Import/Export : more covementment from imports. Both more volatile than output.

· Exports: s.d. 4.76%
corr .50 @k = −3

, .27@k = 0.

· Imports: s.d. 4.42%
corr .78 @k = 0

∗ Government spending : Total Purchases:
s.d. 2.49%
corr .21 @k = −1

. Not much co-

movement
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· We also have problem that government spending is endogenous, so not too much
that we can say

• Employment:

� Comovements of output with employment

∗ Total hours: Highly positive comovement. Total Purchases:
s.d. 1.61%
corr .82 @k = −1

About as volatile as output.

· More returns to labor in boom. These e�ects appear to win out.

∗ Employment vs. Average Hours:

· Adjustment is more through employment than average hours

· Employment: s.d. 1.39%
corr .92 @k = −1

· Average Hours: s.d. 0.37%
corr .82 @k = 0

∗ Productivity: TFP more volatile than average productivity. Both positive covemove-
ment.

· TFP: s.d. 2.29%
corr .86 @k = 1

· Average Productivity: s.d. 1.05%
corr .72 @k = 2

Helps a bit in the BC puzzle:
Some think that BCs are driven totally by demand shocks, with nothing to do with
TFP, but if it is about demand shocks
↑ employment to meet demand shock →↓ MPL → ↓ Average productivity. This is not
consistent with data
So this is a hint that not entirely driven by demand.

• Prices

� Comovements of output with prices

∗ Real Wage:
s.d. .64%
corr .16 @k = 0

Slightly procyclical, but not much.

· Consistent with notion of �sticky wages�

· Inconsistent with people moving along a labor demand curve, or labor supply curve.
There seems to be more here.

∗ Interest Rates (Nominal): Strongly procyclical and lags output. High in booms.

· Fed Funds:
s.d. 1.47%
corr .60 @k = −3

· 10-year yields: s.d. .71%
corr .16 @k = −1

∗ Interest Rates (Real):
s.d. .71%
corr −.36 @k = 3

Mildly countercyclical. Low in booms.

Leads output a bit
Real interest rates don't move around all that much.
This wil be big problem for RBC model. Important part of the model is intertemporal
substitution�the fact that there are good times and bad time and consumers respond to
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these incentives. In model, real interest rates will be moving from productivity shock,
and this will lead people to want to substitute consumption and/or labor intertempo-
rally. But in the world we don't see that much action here.

∗ In�ation: GDP de�ator:
s.d. 1.44%
corr .58 @k = −3

Strong correlation. Most lag at

-3 or -4
This is the Phillips Curve relation.
[W]: Lower unemployment with higher in�ation.

� Comovements of Ouput with Money

∗ M2 nominal:
s.d. 1.48%
corr .59 @k = 2

∗ M2 real:
s.d. 2.00%
corr .73 @k = 2

∗ High comovement. but what does this show? Don't know if it is causal or not.

∗ In macro, has been theory (though not popular any more) that cycles are driven by
shock in money supply. Clearest example is Volckler disin�ation of 1982.

2 The Neoclassical Growth Model

Emphasis on both content of business cycles and methodology

Outline:
�Set up the model: preferences and technology
�Set up the social planning problem (Ramsey problem) as a sequence problem
�Show how to obtain a recursive representation (Bellman equation) of the social planning problem
�Characterize the solution: necessary and su�cient conditions for optimality
�Steady state and dynamics
�Study decentralization of this solution as a competitive equilibrium

1. Solving social optimum of the model

Want to be pedagogical in solving the model. Go step-by-step through solving the social opti-
mum.

Set up a planning problem (sequence, then recursive methods), characterize solution using N&S
conditions for optimality.

Using FOCs, be able to solve a lot of the model � steady state properties, dynamic properties.

2. Link social optimum to use welfare theorems (using N&S conditions)

Take a step back: How would a competitive equilibrium compare to the solution of the social
planning problem?

[This is what we're doing now in 2010b] We will see that this is an environment in which the
social welfare theorems apply.

Show decentralizations: market solution that implements social optimum.

In general, this is an easier approach: ask if you're in an environment where the social welfare
theorems apply. If they do, it's easier to solve a maximization problem then to start with a
competitive equilibrium and to derive the necessary and su�cient conditions.

This kind of approach runs through many problems, especially macro and policy.
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Preferences and Technology

We have a representative agent with preferences over consumption and leisure.
Preferences

• Preferences over consumption and leisure {ct, zt}t≥0

• With neoclassical utility function U :

∞∑
t=0

βtU (ct, zt)

Impose time constraint. Technology is simple: resource constraint.
Constraints

• Time constraint (normalize z̄ = 1)

zt + lt = 1

• Resource constraint (with neoclassical production function F )

ct + kt+1 ≤ F (kt, lt) + (1− δ) kt

≡ consumption+ investment ≤ output

Ramsey Problem

Ramsey problem (takes as given an initial capital stock and) asks how we can maximize the net present
value of the utility of agents, subject to the constraints in the economy.

• Sequence problem given initial capital k > 0:

V (k) = max
{ct,lt,kt}t≥0

∞∑
t=0

βtU (ct, 1− lt) s.t.

• Two kinds of constraints:

ct + kt+1 ≤ F (kt, lt) + (1− δ) kt (resource contrainst for each period)
k0 = k (initial value of capital)

• V is the value of the sequence problem

� For any k we can solve this problem.

� Nothing recursive in these equations (unlike Bellman)
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Bellman Equation

Introduce recursive method to solve Sequence Problem. We are not de�ning the problem recursively;
rather, recursive methods are used to solve the problem.

• Bellman Equation

V (k) = max
{c,l,k+1}

U (c, 1− l) + βV (k+1) s.t.

ct + kt+1 ≤ F (kt, lt) + (1− δ) kt

• Relationship between Sequence Problem value function and Bellman Equation:

� Sequence Problem value function solves Bellman Equation

� Bellman Equation solves Sequence Problem value function only under certain conditions
(we've seen with Laibson, see Stokey-Lucas)

∗ Computationally easier

∗ Good for intuition

· Gives us representation of the solution in terms of policy functions

· We have one state variable, the only thing we need to understand is how the di�erent
policy functions look

· [Three policy functions total: two for control variables c (k) and l (k), and one for
state variable in next period k+1 (k)

Derivation of Euler and Labor-Leisure Conditions:

• Strategy: derive FOCs and Envelope condition for Bellman Equation. Combine to derive formu-
las.

V (k) = max
{c,l,k+1}

U (c, 1− l) + βV (k+1) s.t. ct + kt+1 ≤ F (kt, lt) + (1− δ) kt

• Envelope, and 3 FOCs:

Envelope: V ′ (k) = Uc (ct, 1− lt) (F1 (kt, lt) + (1− δ))

FOCc: 0 = Uc (ct, 1− lt)− βV ′ (k+1)

FOCl: 0 = −U2 (ct, 1− lt) + βV ′ (k+1)F2 (kt, lt)

FOCk+1 :0 = −Uc (ct, 1− lt) + βV ′ (k+1)

1. To get Euler Equation, combine FOCc with Envelope condition (moved forward one period):

FOCc: Uc (ct, 1− lt) = βV ′ (k+1). We replace V ′ (k+1) with Envelope condition: V ′ (k+1) =
Uc (ct+1, 1− lt+1) (F1 (kt+1, lt+1) + (1− δ)) to get:

Uc (c, 1− l) = β [F1 (kt+1, lt+1) + (1− δ)]Uc (ct+1, 1− lt+1)
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2. To get Labor/Leisure Condition, (as suggested by the name) combine FOCl with FOCc:

FOCl: U2 (ct, 1− lt) = βV ′ (k+1)F2 (kt, lt). We replace βV ′ (k+1) using FOCc: Uc (ct, 1− lt) =
βV ′ (k+1) to get:

U2 (ct, 1− lt) = Uc (ct, 1− lt)F2 (kt, lt)

Euler Equation

Euler Equation: Intertemporal substitution of consumption

Uc (ct, 1− lt) = β [F1 (kt+1, lt+1) + (1− δ)]Uc (ct+1, 1− lt+1)

Can also write as the marginal rate of substitution between today and tomorrow = the marginal rate

of transformation: Uc(ct,1−lt)
Uc(ct+1,1−lt+1) = β [F1 (kt+1, lt+1) + (1− δ)]

Intuition

• Consumption growth is high if F1 (kt+1, lt+1) is high (substitution e�ect from interest rates)

• ex: Functional Form

� u (c) = ln (c); u′ (c) = 1
c ; =⇒ ct+1

ct
= 1− δ + Fkt+1

� This says that consumption growth will be high when the marginal product of capital will
be high

• We will soon see that the marginal product of capital = rental rate of capital

� When marginal product of capital is high, it's a good time to invest. So you'll
want to lower consumption today in order to invest more.

Pertubation Argument

• Imagine we reduce ct by ε, increase by kt+1 by ε

� We will have more captial in t + 1, and we suppose that we ensure from t + 2 onwards we
have as much capital as before. So we need to consume more in period t + 1. How much
more can we consume?

• Increase ct+1 by (1− δ) (kt+1 + ε)+F (kt+1 + ε, lt+1)−(1− δ) kt+1−F (kt+1, lt + ε) ≈ F1 (kt+1, lt+1) ε

� LHS times ε = utility loss from reduced consumption at time t.

� RHS times ε = discounted utility gain from increased consumption at t+ 1

Labor/Leisure Condition

Labor Leisure Condtion: Intratemporal Labor Supply
Equates the marginal rate of substitution between consumption and leisure to the marginal rate of
transformation.

U2 (ct, 1− lt) = Uc (ct, 1− lt)F2 (kt, lt)

a.k.a. marginal utility of leisure = marginal utility of consumption × marginal product of labor

Intuition
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• lt is high (high supply of labor) if (2 e�ects)

� Substitution e�ect : F2 (kt, lt) is high

∗ This is substitution e�ect from higher wages (which is what F2 (kt, lt) essentially is).

∗ The real wage is the opportunity cost of leisure � this can be high or low

· Substitution E�ect: Is this a good time to produce? (Given MPL. Look
at F2)

� Wealth e�ect: ct is low (wealth e�ect in labor supply)

∗ If consumption ct is low, then marginal utility of consumption is very high.

∗ �When you are poor, and your consumption is very low, then your marginal utility of
consumption is very high�

· Wealth E�ect: Do I need more consumption now? (Look at Uc)

Perturbation Argument

• Increase lt by ε, then this would increase ct by F (kt, lt + ε)− F (kt, lt) ≈ F2 (kt, lt) ε

• LHS (of L/L condition) times ε = utility loss from reduced leisure.

• RHS times ε = utility gain from increased consumption

� [At optimum, these should be equal]

Necessary & Su�cient Conditions for Optimality

Are two 'FOCs' and resource constraint enough? Turns out we need more: transversality condition to
rule out explosive path.

• The resource constraints and FOCs are necessary but not su�cient

• We need to add the transversality condition to rule out explosive paths:

lim
t→∞

βtUc (ct, 1− lt) kt = 0

� Saying that you don't want to have a path where the product of the marginal utility of
consumption and captial are bounded away from zero.

� Basically, you don't want to over-accumulate capital (accumulate capital just to accumulate
more later)

• Where is transversality condition in Bellman equation?

� When you solve Bellman, you bound the solutions. Bound on capital will impose the
transversality condition.
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Summary: Necessary and Su�cient Conditions

for Optimality of

Resource Constraint ct + kt+1 ≤ (1− δ) kt + F (kt, lt)

Two FOCs:

Euler Equation Uc (ct, 1− lt) = β [1− δ + F1 (kt+1, lt+1)]Uc (ct+1, 1− lt+1)

Labor/Leisure Condition Uz (ct, 1− lt) = Uc (ct, 1− lt)F2 (kt, lt)

And

Transversality Condition lim
t→∞

βtUc (ct, 1− lt) kt = 0

Example: Balanced Growth Preferences:
Utility Speci�cation:

U (c, z) = (1− b) ln (c) + b ln (z)

Conditions:

ct+1

ct
= β [1− δ + F1 (kt+1, lt+1)] and

1

1− lt
=

1− b
b

F2 (kt, lt)

ct

Balanced Growth Preferences Intuition:
Imagine that the economy is completely static. Imagine we multiply production function by 2 (tfp
growth). MP of labor, will be multiplied by this amount, and consumption will be multiplied by this
amount. Given the right utility function, will be consistent with all the conditions: will want to work
the same amount. Since multiply numerator and denominator by the same amount. The reason we
like these preferences is because if you look at GDP data, you see something exponential; whereas
when you look at the graph of hours worked, (while it may not be �at) there is no trend that is
commensurate with GDP.

Finding Steady State

• Policy function for capital, that is kt+1 (k) intersects the 450 line at two points, k = 0 and k = k∗.

� These are the two steady-states of the system.

� We have one state variable, and the policy function k+1 (k) tells us what the state variable
will be next period.

• Steady state is where state variable in the next period is the state variable today.

Steady State & Convergence

• Not only do you know that there is a steady state, but you know that if you start on either end,
you will converge.

� If you start to the left or right, can see on graph will converge to steady state�hence it is
stable.

• Saddle path and phase diagram
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� Saddle path tells us for any given level of capital, what consumption will be (k on x-axis, c
on y-axis, draw arrows to show convergence)

∗ Hence Bellman equation recovers the same object

� Policy function c (k) corresponds to the saddle path (So this recursive construction gives
you the saddle path directly)

• Shape of c (k) and l (k) based on a number of di�erent things:

� c (k)

∗ Typically, c (k) increasing with k (Substitution e�ect) [k < k∗ =⇒ c < c∗]

∗ Substitution E�ect : When k < k∗, marginal product of capital F1 will be high, so
it's a good time to invest, not to consume.

· Euler equation tells us growth rate of consumption will be high�consumption will
be increasing over time.

� l (k): Two e�ects

∗ Wealth E�ect : [k < k∗ =⇒ l > l∗]

· low k → low c, hence good time to produce.

∗ Substitution E�ect : [k < k∗ =⇒ l < l∗]

· low k → low MPL (F2), hence not good time to produce.

∗ Which one wins depends on speci�cation of preferences and on technology.

· Typically, wealth e�ect dominates

� Typical Situation (one that we'll �nd for callibrations we look at):

∗ c (k) increasing with k (Substitution e�ect)

∗ l (k) decreasing with k (Wealth e�ect dominates)

∗ ∴ when k is low, see low consumption c, high labor l.

Rate of convergence

• Compared with exogenous labor, endogenous labor raises the speed of transition and mitigates
the e�ects of initially low capital on output and consumption.

Neoclassical Growth Model Exercises

Brock-Mirman
See Problem Set 1, Question 1

• Motivation

� Turns out that you can't solve the neoclassical model in closed form. There is one case that
you can solve in closed form: Brock-Mirman

� When you're trying to check your intuition for the neoclassical growth model, it's a good
place to start

• Set up

� Utility - Log:U (c, z) = (1− b) ln (c) + b ln (z)

� Production - Cobb Douglas and full depreciation F (k, l) = Akαl1−α and δ = 1
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• Solve

� Bellman Guess and Check: V (k) takes form V (k) = ψ + φ ln (k)

∗ Maximization Problem

ψ + φ ln (k) = sup
{ct,lt,kt+1}

(1− b) ln (c) + b ln (z) + β [ψ + φ ln (k+1)]

s.t. ct + kt+1 = Akαl1−α, k0 = k

∗ FOCs and Envelope [two FOCs, since third is redundant]

FOCct : 1−b
c = βφ

(Akαl1−α−ct)

FOClt : b
(1−l) = β

(
(1−α)Akαl−α1
Akαl1−α−ct

)
ET : φ

k = (1−b)
ct

(
αAkα−1l1−α

)
· Have 3 equations, 3 unknowns (φ, c, l)

∗ Policy function for c:

∗ Plug FOCct into Envelope to get k
∗
t+1, solve for φ and policy function c (k) and l (k)[

φ
k=

βφ(αAkα−1l1−α)
(Akαl1−α−ct)

=⇒ 1
k=

β(αAkα−1l1−α)
(Akαl1−α−ct)

where kt+1=Akαl1−α−ct =⇒ 1
k=

β(αAkα−1l1−α)
(kt+1)

=⇒
]

· k∗t+1 = αβAkαl1−α

· Plug k∗t+1 into ET to solve for φ = α(1−b)
1−αβ

� Policy Functions:

∗ c (k) = (1− αβ)Akαl1−α

· From plugging k∗t+1 into budget constraint

∗ l (k) = 1−α
1−α+b(1−αβ) = constant, not dependent on k

· From plugging c∗ into l (k)

• Intuition

� Wealth and substution e�ect completely cancel out, making l (k) constant

Balanced Growth Preferences
See Problem Set 1, Question 2

• Balanced Growth Preferences

� Given by Utility function

U (c, z) =
(cυ (z))

1− 1
σ − 1

1− 1
σ

∗ where υ is increasing and concave and σ ∈ (0,∞)

∗ When σ = 1, the preferences are given by U (c, z) = ln (c) + ln (v (z))

∗ (like CRRA, except with the υ (z))

• Set Up

� Problem
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∗ Consider one-period model

∗ No capital and linear technology F (l) = Al

� Planning Problem

max
{c,l}

U (c, 1− l) s.t. c ≤ Al

• Solution

� Policy functions c∗ (A) , l∗ (A)

∗ Use constraint (and transversality condition, given that 1-period problem) to make

1-variable maximization maxl
(Alv−Al2v)

1− 1
σ −1

1− 1
σ

FOC:(Alv−Al2v)−
1
σ (Av−2Alv)=0 =⇒ Av=2Alv

∗ l∗ = 1
2 , c
∗ = Al∗ = 1

2A

� Derivatives

∗ dc∗

dA = 1
2

∗ dl∗

dA = 0

• Intuition

� Balanced growth preferences are precisely the case when wealth and substitution e�ects in
labor supply from shifts in productivity exactly cancel out

� When you increase A, you have both a wealth and substitution e�ect in labor supply.

∗ Wealth e�ect: ↑ A→↓ Uc =⇒ Ul ↓
∗ Substitution e�ect: ↑ A→↑ F2 =⇒ Ul ↑

� Important since empirically we see TFP going up all the time, but don't see a similar change
in labor

Intertemporal substitution of leisure

• Motivation

� Relates the marginal utility of leisure in one period to the next

� In between, there's the marginal product of capital and the inverse of the growth rate of
the marginal product of labor

• Form

Uz (ct, 1− lt) = β [(F1 (kt+1, lt+1) + (1− δ))] F2 (kt, lt)

F2 (kt+1, lt+1)
Uz (ct+1, 1− lt+1)

� Note that z =leisure, l = 1− z =labor,U2 = Uz

• Derivation

� Just combine Euler Equation and Labor/Leisure condition

From Labor/Leisure condition: U2(ct,1−lt)
F2(kt,lt)

= Uc (ct, 1− lt) , U2(ct+1,1−lt+1)
F2(kt+1,lt+1) = Uc (ct+1, 1− lt+1)

Substituting into Euler:U2(ct,1−lt)
F2(kt,lt)

= β [(F1 (kt+1, lt+1) + (1− δ))] U2(ct+1,1−lt+1)
F2(kt+1,lt+1) . Rearrange.
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• Intuition

� If the wage is expected to be very high tomorrow versus today, this means I want to
substitute labor from today to tomorrow (since labor will be more productive tomorrow)

� Leisure growth is high (labor growth is low)

∗ if F1 (kt+1, lt+1) is high (substitution e�ect from high interest rates)

· �about to get a bump in investment returns�

∗ or if F2(kt,lt)
F2(kt+1,lt+1) is high (wage growth is low so that working at t is attractive to working

at date t+ 1)

· �making more today than tomorrow�

2nd Part of Lecture

• Above we saw solution to neoclassical growth model with endogenous labor. This was about
constraining the environment and solving the social planning problem. We saw that the solution
to the social planning problem boils down to solution we studied with Aghion, and see how
endogenous labor supply changes some of the intutions.

• How can we decentralize social optimum? Move away from equalized outcomes, and towards
competitive equilibrium.

• Many ways to use competitive equilibrium to construct social optimum (which is what we've
been solving for above); here we'll see one way.

Competitive Equilibrium (Arrow-Debreu)

• Set Up

� Many goods: in each period there is a consumption and a leisure good, indexed by t

� Let
qt price of one unit of (consumption) good at date t(normalize: q0 = 1is numeraire)
wt wage rate
rt rental rate

�
Agents indexed by j ∈ J

Initial ownership of capital kj0

max
{cjt ,ljt ,kjt}t≥0

∞∑
t=0

βtU
(
cjt , 1− l

j
t

)
∗ �Maximizing the NPV of his utility, subject to a budget constraint. This says that the
NPV of consumption plus capital in next period is less than resources�

s.t.

∞∑
t=0

qt

[
cjt + kjt+1

]
≤
∞∑
t=0

qt

[
wtl

j
t + (1− δ + rt) k

j
t

]
� Also �rms indexed by m ∈M

Πm
0 = max

{km,lm}

∞∑
t=0

qtΠ̂
m
t where Π̂m

t = F (kmt , l
m
t )− wtlmt − rtkmt

∗ �Each �rm tries to maximize NPV of pro�ts, at the same prices�
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∗ Zero pro�ts because of Constant Returns to Scale (CRS)

Πm
0 = 0

· We can ignore issue of ownership of �rms (don't need to worry about which house-
holds own which �rms�need to specify but won't matter)

• Market Clearing

� What do we need for equilibrium? Need markets to clear

� [In 3 Market Clearing conditions, one side is producers, one side is consumers. Simply that
sums need to equal for each]

� Labor Market clear i� ∑
m∈M

lmt =
∑
j∈J

ljt

∗ �aggregate supply from households = aggregate demand from �rms�

� Rental Market clears i� ∑
m∈M

kmt =
∑
j∈J

kjt

∗ �aggregate demand of capital from �rms has to = aggregate supply of capital from
households�

� Goods market clears i�∑
j∈J

cjt +
∑
j∈J

[
kjt+1 − (1− δ) kjt

]
=
∑
m∈M

F (kmt , l
m)

∗ �in every period, the demand for consumption and the demand for investment has to
= output�

• General Equilibrium

� A competitive equilibrium is

An allocation

{(
cjt , l

j
t , k

j
t

)
j∈[0,1]

, (kmt , l
m
t )m∈[0,M ]

}
and prices {qt, rt, wt}

∗ �An allocation � a choice of consumption, labor and capital for each consumer and a
choice of capital and labor for each �rm, and a set of prices [in every period]�

⇐⇒ the following conditions hold

1. Given prices,
(
cjt , l

j
t , k

j
t

)
j∈[0,1]

households solve their utility maximization problem �

consistent with behavior for household j for all j ∈ J
2. Given prices, (km, lm) consistent with pro�t maximization of �rm m for all m ∈M
3. Markets clear.

• First Order Conditions
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� Agents

∗ qt
qt+1

= 1− δ + rt ≡ 1 +Rt, where Rt is the interest rate

Just an arbitrage argument that leads to this relationship.
This is because capital can be accumulated over time, and serve as a store of value.
Just like a bond, since no risk in this economy.
Hence the rate of return on capital must equal that of a bond.
When we add risk (RBC model), this won't be true anymore (the real interest rate and
the marginal product of capital can be decoupled).

∗ Uc
(
cjt , 1− l

j
t

)
= β (1 +Rt)Uc

(
cjt+1, 1− l

j
t+1

)
· Real interest rate must satisfy Euler equation

∗ Uz
(
cjt , 1− l

j
t

)
= wtUc

(
cjt , 1− l

j
t

)
· Wage must satisfy labor/leisure condition

· =⇒ These two conditions are similar to those from social planning problem, the
di�erence is that we have prices instead of marginal products

� Firms

∗ F1 (kmt , l
m
t ) = rt �MPK = rental rate of capital�

∗ F2 (kmt , l
m
t ) = wt �MPL = real wage�

� FOCs for �rms imply

∗ kmt
lmt

(capital-labor ratio) is independent of m, �rms di�er only by size

· Won't tell us the scale of the �rm. Can construct many equilibria with di�ering
�rm size.

∗ If we let kt =
∑
m∈M kmt and lt =

∑
m∈M lmt , we have F1 (kt, lt) = rt and F2 (kt, lt) = wt

· This tells us that �rental rate of capital = MPK for aggregate production function�
(above we saw that holds for the individual �rm)

� **We recover the FOC from the social planning problem IF agents are identical
(
kj0 = kj

′

0 ∀j, j′
)

∗ =⇒ We can use above equations to replace the prices (rt, wt) by their corresponding
marginal products (F1, F2)

· Can also recover resource constraint using budget constraint of households

· We can also recover the transversality condition from the transversality condition
of the agent's optimization problem

∗ Hence can recover all the N&S conditions for optimality from the social planner's prob-
lem

· Can go other direction: if you have solution to the social planning problem, can
de�ne prices in this way (have 1st and 2nd WT from Hart)

Social Planning Problem and Competitive Equilibrium

• This is now more general: even if we have di�erent agents (i.e. di�erent preferences, di�erent
initial capital stocks, etc):

� Set of competitive equilibrium allocations ⇐⇒ set of Pareto-e�cient allocations for social
planner

∗ Combination of 1st and 2nd welfare theorems

� Consequence: existence and uniqueness of competitive equilibrium
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� We have only characterized one Pareto e�cient allocation for social planner → equalize
utility across agents (utilitarian)

∗ Correspeonds to competitive equilibrium allocation with kj0 equal across j

• How do we deal with di�erent agents? =⇒ Pareto Weights

� Other competitive equilibria ⇐⇒ social social planning problem with Pareto weights µj

max
∑
j∈J

µj
∞∑
t=0

βtU
(
cjt , 1− l

j
t

)
∗ �Sum over agents of the NPV of utility, weighted by pareto weights�

∗ 1:1 mapping between Pareto weight µj and initial capital kj0

• Representative Agent

� Imagine utility function is very general

� This is how the utility function is de�ned:

∗ The givens are

· the Pareto weights µj

· the utility functions for the di�erent agents U j

∗ We are de�ning �ctitious preferences for the social planner � the representative agent

· Hence, �ctitious preferences depend on Pareto weights as well as individual agents'
preferences

� Let each agent's utility vary, =⇒ utility depends on j so that U j
(
cjt , 1− l

j
t

)
� For a given set of Pareto weights, De�ne a ��ctitious utility function� (preferences of repre-
sentative agent) as follows

U (c, J − l) ≡ max
∑
j∈J

µjU j
(
cj , 1− lj

)
s.t.

∑
j∈J

cj = c,
∑
j∈J

lj = l

∗ �maximize the weighted average of utility in a given period (there are no t subscripts),
subject to constraint that aggregate consumption has to equal c and aggregate labor
has to equal l.�

· In every period, will be solving this as part of maximization with the resources
constraint (breaking the Pareto frontier problem into steps)

∗ Note the aggregated J stock of leisure

• The competitive equilibrium coincides with the social planning problem for the representative
agent

� We generally solve social planning problem for a particular utility function. This also helps
tell us how general is that.

� Can think agents are identical and this is a competitive equilibria

∗ Can think these preferences are a construct that help me represent the outcome of a
competitive equilibrium in a potentially heterogeneous economy
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· We don't know if this aggregate U function has any resemblance to the individual
U js

· No guarantee that if agents have U j with certain properties (i.e. CRRA, log) that
representative agent U will have these properties

3 Stochastic Neoclassical Growth Model and Real Business Cy-

cles

Outline
�Incorporate uncertainty into the neoclassical growth model
�Set up the model: preferences and technology
�Set up the social planning problem (sequence problem and recursive representation)
�Characterization of the solution: N&S conditions for optimality
�Decentralization as a competitive equilibrium
�Calibration
�Log-linearization and impulse responses
�Extensions:
extensive margin of employment
capital utilization
welfare costs of business cycles

Incorporating Uncertainty

Goal: Add TFP shocks to neoclassical growth model

• Typically model ln (At) as an AR(1) Process:

lnAt = ρA lnAt−1 + εt

� where the εt are iid draws from N
(
0, ρ2

A

)
and At−1 is given

• The probability distribution of At given At−1 is denoted by π (.|At−1)

� (Here, At−1 just a�ects the mean of At, but it could be more general)

• Note on discrete vs. continuous:

� For numerical applications on computer, we sometimes work with �discretized� versions
where εt or At can only take a �nite number of values. In the notes, to derive analytical
results, we proceed for simplicity as if shocks were discrete but the analysis generalizes to
continuous shocks

• Notation for the history of shocks:

st = (A0, A1, . . . , At)

� The functions A0 (st) , A1 (st) , . . . , At (st) are just the realizations of the shocks along the
history
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� Think: �Tree structure.� To each history of shocks st corresponds a node in the tree; the
predecessor is st−1 and the successors are (st, At+1)

∗ The tree inherits probabilities: conditional on st, At+1 is drawn from π (.|At (st)).

∗ We denote by π (st) the probability of history st:

π
(
st
)

=

t∏
u=0

π (Au|Au−1)

• Notation for Outcome

• Xt is the outcome of s
t; that is, Xt (st) is a random variable which is denoted simply by Xt

• E [Xt+1] is the associated conditional expectation, which is a function of st.

� For a random variable Xt+1

(
st+1

)
we write:

Et [Xt+1]
(
st
)

=
∑
At+1

Xt+1

(
st, At+1

)
π
(
At+1|At

(
st
))

� More generally, for the random variable Xt+u (st+u) we write:

E [Xt+u]
(
st
)

=
∑

At+1,At+2,...,At+u

Xt+u

(
st, At+1, At+2, . . . At+u

) t+v−1∏
v=1

π (At+v+1|At+v)π
(
At+1|At

(
st
))

Preferences and Technology

• We denote consumption, leisure and capital at history st by ct (st) , zt (st) , lt (st) , kt+1 (st)

• Preferences (balanced growth with σ = 1 in these notes, but more general)

∞∑
t=0

∑
st

βt
(
ct
(
st
)
, zt
(
st
))
π
(
st
)

� Balanced Growth Preferences:

U (c, z) = (1− b) ln c+ b ln (z)

• Time Endowment

zt
(
st
)

+ lt
(
st
)

= 1

• Technology

� Resource Constraint

ct
(
st
)

+ kt+1

(
st
)
≤ At

(
st
)
F
(
kt
(
st−1

)
, lt
(
st
))

+ (1− δ) kt
(
st−1

)
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� Functional form for production

F (k, l) = kαl1−α

• These are often written as:

E0

[ ∞∑
t=0

βtU (ct, zt)

]
, zt + lt = 1, ct + kt+1 ≤ AtF (kt, lt) + (1 + δ) kt

Social Planning Problem

• Sequence Problem given initial capital k ≥ 0 and shock A:

� Shock History (st) Notation:

V (k,A) = max
{ct,ltkt}t≥0

∞∑
t=0

∑
st

βtU
(
ct
(
st
)
, 1− lt

(
st
))
π
(
st
)

s.t.
1. (Resource Constraint) ct (st) + kt+1 (st) ≤ At (st)F

(
kt
(
st−1

)
, lt (st)

)
+ (1− δ) kt

(
st−1

)
2. (Two Conditions a) k0

(
s0
)

= k
3. (Two Conditions b) A0

(
s0
)

= A

� Expectation Notation:

V (k,A) = max
{ct,ltkt}t≥0

∞∑
t=0

βtE0 [U (ct, 1− lt)]

s.t.
1. (Resource Constraint) ct + kt+1 ≤ At (st)F (kt, lt) + (1− δ) kt
2. (Two Conditions a) k0 = k
3. (Two Conditions b) A0

(
s0
)

= A

• Bellman Equation

V (k,A) = max
{c,l,k+1}

U (c, 1− l) +
∑
A+1

βV (k+1, A+1)π (A+1|A)

s.t. ct + k+1 ≤ (1− δ) k +AF (k, l)

� Expectation Notation

V (k,A) = max
{c,l,k+1}

U (c, 1− l) + βEt [V (k+1, A+1)]

s.t. ct + k+1 ≤ (1− δ) k +AF (k, l)

• Denote policy functions: c (k,A) , l (k,A) , k+1 (k,A)
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N&S Conditions for Optimality

• 3 Conditions, like before, which must hold for optimality (they must hold 'almost surely' for any
history st):

� Euler Equation:

c−1
t = βEt

[
(1− δ +At+1F1 (kt+1, lt+1)) c−1

t+1

]
� Labor/Leisure Condition

1

1− lt
=

1− b
b

1

ct
AtF2 (kt, lt)

� Transversality Condition

lim
t→∞

βt
1

ct
kt = 0

• Derivation Exercise

� Envelope Theorem

We have ct = At (st)F (kt, lt) + (1− δ) kt − kt+1 so we can rewrite the Bellman in terms of k:

V (k,A) = max{c,l,k+1} U (At (st)F (kt, lt) + (1− δ) kt − kt+1, 1− l)+
∑
A+1

βV (k+1, A+1)π (A+1|A)

V1 (k,A) = U1 (c, 1− l) (AtF1 (kt, lt) + (1− δ))

� FOCct

Re-write budget constraint: k+1 = At (st)F (kt, lt) + (1− δ) kt − ct
Bellman: V (k,A) = max{c,l,k+1} U (c, 1− l) + βEt [V (At (st)F (kt, lt) + (1− δ) kt − ct, A+1)]

0 = U1 (c, 1− l) + βEt [V1 (k+1, A+1) (−1)]

U1 (c, 1− l) = βEt [V1 (k+1, A+1)]

� FOClt

Bellman: V (k,A) = max{c,l,k+1} U (At (st)F (kt, lt) + (1− δ) kt − kt+1, 1− l)+βEt [V (At (st)F (kt, lt) + (1− δ) kt − ct, A+1)]

0 = −U2 (c, 1− l) + βEt [V1 (k+1, A+1)AtF2 (kt, lt)]

� Note: We don't di�erentiate for U1 to get the term U1 (c, 1− l)AtF2 (kt, lt) (because
partial derivative)

U2 (c, 1− l) = βEt [V1 (k+1, A+1)]AtF2 (kt, lt)

• Euler Equation

� Move up Envelope 1 period: V1 (k+1, A+1) = U1 (ct+1, lt+1) (At+1F1 (kt+1, lt+1) + (1− δ))
∗ Substitute in for V1 (k+1, A+1) in to FOCct :
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U1 (c, 1− l) = βEt [U1 (ct+1, lt+1) (At+1F1 (kt+1, lt+1) + (1− δ))]
∗ Functional form: Balanced growth preferences, U (c, 1− l) = (1− b) ln c+ b ln (1− l)

1

ct
= βEt

[
(At+1F1 (kt+1, lt+1) + (1− δ)) 1

ct+1

]
• Labor/Leisure Condition

� Take the FOClt U2 (c, 1− l) = U1 (c, 1− l)AtF2 (kt, lt) + βEt [V1 (k+1, A+1)]AtF2 (kt, lt)

∗ Substitute in for βEt [V1 (k+1, A+1)] from FOCct :

U2 (c, 1− l) = U1 (c, 1− l)AtF2 (kt, lt)

∗ Functional form: Balanced growth preferences, U (c, 1− l) = (1− b) ln c+ b ln (1− l)

1

1− l
=

1− b
b

1

c
AtF2 (kt, lt)

Competitive Equilibrium (Arrow-Debreu)

Notice similarity to set up in certainty case above

• Set Up

� Many goods: in each period there is a consumption and a leisure good, indexed by t, indexed
as well for each state

� Let

qt(s
t) price of one unit of (consumption) good at date tafter history st(normalize: q0 = 1is numeraire)

wt(s
t) wage rate at date t

rt(s
t) rental rate at date t

�
Agents indexed by j ∈ J

Initial ownership of capital kj0

max
{cjt ,ljt ,kjt}t≥0

∞∑
t=0

∑
st

βtU
(
cjt
(
st
)
, 1− ljt

(
st
))
π
(
st
)

∗ �Maximizing the NPV of his utility, subject to a budget constraint. This says that the
NPV of consumption plus capital in next period is less than resources�

s.t.

∞∑
t=0

∑
st

qt
(
st
) [
cjt
(
st
)

+ kjt+1

(
st
)]
≤
∞∑
t=0

∑
st

qt
(
st
)
wt

(
st
)
ljt
(
st
)

+
(
1− δ + rt

(
st
))

kjt
(
st−1

)︸ ︷︷ ︸
investment from
previous period


� Also �rms indexed by m ∈M

Πm
0 = max

{km,lm}

∞∑
t=0

∑
st

qt
(
st
)

Π̂m
t

(
st
)

where Π̂m
t

(
st
)

= At
(
st
)
F
(
kmt
(
st
)
, lmt
)
−wtlmt

(
st
)
−rt

(
st
)

kmt
(
st
)︸ ︷︷ ︸

depends on realization
of today's shock
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∗ �Each �rm tries to maximize NPV of pro�ts, at the same prices�

∗ Zero pro�ts because of Constant Returns to Scale (CRS)

Πm
0 = 0

· We can ignore issue of ownership of �rms (don't need to worry about which house-
holds own which �rms�need to specify but won't matter)

� Note on kjt
(
st−1

)
but kmt (st):

∗ Households must decide how much capital to hold for period t in period t− 1

∗ Firms can decide how much capital to rent for period t in period t after the realization
of the shock At (st)

∗ In equilibrium, the stock of capital kt will depend only on st−1 and not on At (st)

· However, the rental rate rt (st) will depend on st−1 and At (st)

• Market Clearing

Labor Market :
∑
m∈M lmt (st) =

∑
j∈J l

j
t (st)

Rental Market :
∑
m∈M kmt (st) =

∑
j∈J k

j
t (st)

Goods Market :
∑
m∈M F

(
kmt
(
st−1

)
, lm (st)

)
=

∑
j∈J c

j
t (st) +

∑
j∈J

[
kjt+1 (st)− (1− δ) kjt (st)

]
• General Equilibrium

� A competitive equilibrium is

An allocation

{(
cjt , l

j
t , k

j
t

)
j∈[0,1]

, (kmt , l
m
t )m∈[0,M ]

}
and prices {qt, rt, wt}

∗ �An allocation � a choice of consumption, labor and capital for each consumer and a
choice of capital and labor for each �rm, and a set of prices [in every period]�

⇐⇒ the following conditions hold

1. Given prices,
(
cjt , l

j
t , k

j
t

)
j∈[0,1]

households solve their utility maximization problem �

consistent with behavior for household j for all j ∈ J
2. Given prices, (km, lm) consistent with pro�t maximization of �rm m for all m ∈M
3. Markets clear.

Incorporating Growth

�No fancy math just changing variables�

• Preliminaries

� We can easily incorporate growth: let γ be the rate of growth of GDP per capita on a
deterministic balanced growth path

∗ (such a path always exists with balanced growth preferences)

� This amounts to assuming that the production function is AtF (kt, Xtlt) where Xt grows
at rate γ
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� Assume constant population to simplify (easy to extend)

� Introduce i

• De�ne the intensive variables:

� (modify variables to de-trend)

k̂t = kt
(1+γ)t

ĉt = ct
(1+γ)t

l̂t = lt

• Modi�ed Social Planning Problem

V (k,A) = max
{ct,lt,kt}t≥0

∞∑
t=0

βtE
[
ln (ĉt) + ln

(
1− l̂t

)]

s.t.

1. ĉt + ît ≤ AtF
(
k̂t, l̂t

)
2. k̂t+1 = (1−δ)k̂t+ît

(1+γ)

3. k̂0 = k
4. lnAt+1 = ρA lnAt + εt+1

� Note we have made use of the fact that

∞∑
t=0

βtE0

[
ln
(
ĉt (1 + γ)

t
)

+ ln
(

1− l̂t
)]

=

∞∑
t=0

tβt ln (1 + γ)+

∞∑
t=0

βtE0

[
ln (ĉt) + ln

(
1− l̂t

)]
� The only di�erent in the social planning problem is the law of motion for capital :

k̂t+1 = (1−δ)k̂t+ît
(1+γ)

• Steady State

� On a deterministic balanced growth path, the intensive variables are constant:

Denote the corresponding intensivevalues by (c∗, l∗, k∗, y∗, i∗)

∗ Note the key role of balanced growth preferences

• Conditions for Optimality

1. From the Euler Equation

(1 + γ) = β

[
α
y∗

k∗
+ 1− δ

]
(1)

2. From the Labor/Leisure Condition

l∗

1− l∗
=

1− b
b

(1− α)
y∗

c∗
(2)
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3. From the Law of Motion for Capital

(1 + γ)
k∗

y∗
= (1− δ) k

∗

y∗
+
i∗

y∗
(3)

4. From the Resource Constraint

y∗ = c∗ + i∗ (4)

• Derivation

1. We have the generalized Euler equation from above:

U1 (c, 1− l) = βEt [U1 (ct+1, lt+1) (At+1F1 (kt+1, lt+1) + (1− δ))]

But we see that this latter term (At+1F1 (kt+1, lt+1) + (1− δ)) is really ∂ct+1

∂kt+1
which has

changed slightly with the new law of motion for capital

U1 (c, 1− l) = βEt
[
U1 (ct+1, lt+1)

∂ct+1

∂kt+1

]
And we now have that:

If we plug in for U (c, 1− l) = ln (ĉt) + ln
(

1− l̂
)
we get:

Now plugging in for F (kt, ll) = kαl1−α

1

ct
= βEt

[
1

ct+1

(
At+1αk

α−1
t+1 l

1−α
t+1 + (1− δ)

)]
Start Over

=

L =

∞∑
t=0

βtE
[
(1− b) ln (ĉt) + b ln

(
1− l̂t

)]
+

∞∑
t=0

λt

[
AtF

(
k̂t, l̂t

)
− ĉt − ît

]

FOCct : βt (1− b) 1

ĉt
λt

FOClt : βt
1

1− l̂t
b = λtAtF2

(
k̂t, l̂t

)
with Cobb-Douglas technology:βt

1

1− l̂t
b = λtAt (1− α) k̂αt l̂

−α
t

2. Labor/Leisure Condition

(a) Substituting for λ from FOCct into FOClt gives us:

1

1− l̂t
=

(1− b)
b

1

ĉt
At (1− α) k̂αt l̂

−α
t
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(b) Multiplying through by l̂t gives us

l̂t

1− l̂t
=

(1− b)
b

1

ĉt
At (1− α) k̂αt l̂

1−α
t

(c) And noting ŷ = Atk̂
α
t l̂

1−α
t we get [hats are redundant since ĉ∗t = c∗ in Farhi notation]

l̂∗

1− l̂∗
=

(1− b)
b

(1− α)
ŷ∗

ĉ∗

3. Law of Capital

(a) We have the law of motion for capital. Rearranging:

k̂t+1 =
(1− δ) k̂t + ît

(1 + γ)
=⇒ (1 + γ) k̂t+1 = (1− δ) k̂t + ît

(b) Dividing through by ŷt gives us:

(1 + γ)
k̂t+1

ŷt
= (1− δ) k̂t

ŷt
+
ît
ŷt

(c) Applying steady state, where k̂t+1 = k̂t we get

(1 + γ)
k̂∗

ŷ∗
= (1− δ) k̂

∗

ŷ∗
+
î∗

ŷ∗

4. Resource Contraint

(a) We simply re-write the resource constraint:

ĉt + ît ≤ AtF
(
k̂t, l̂t

)
=⇒ ĉ∗ + î∗ = ŷ∗

Calibration

• Basic idea (originally proposed by Kydland-Prescott)

1. Pick parameters of the model so as to match some key long-run macro facts and some micro
evidence

2. Simulate the model, generate arti�cial data

3. Compare key moements of the calibrated model's arti�cial data to their empirical counter-
part in U.S. data

• Parameters:

b coe�cient in utility (how much care about cvs z)
β time discount factor
α share of capital in Cobb-Douglas production
δ depreciation rate of capital
ρA related to persitance of shock
σ2
A ρA, σA are parameters of the productivity process
γ rate of growth of economy (trend)
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� β = 0.9375 in annual values, to match average return to capital of 6.5% using (1)

∗ (all annual values can be made quarterly by just dividing by 4)

� γ = 1.6% in annual values

� α chosen to match capital share α = 0.33

� δ = 10% by (3)

� b = 0.7768 to match steady state leisure of 80%

∗ We can compute k∗

y∗ and k∗

l∗ from (1), and i∗

y∗ from (3) and c∗

y∗ from (4). We then use

(2) to determine b.

� ρA = 0.979 and σA = 0.0072 (quarterly values)

∗ We use

lnAt−lnAt−1 = lnYt−lnYt−1−α [lnKt − lnKt−1]−(1− α) [lnHt − lnHt−1]−(1− α) ln γ

· where Ht is total quarterly hours. Assume quarterly variations in the capital stock
are zero. Use this to construct a series for At. Fit an AR(1) and �nd values for ρA
and σA.

• Generating and Filtering Arti�cial Data

� Solve the modi�ed social planning problem and then the intensive variables.

∗ (For example by solving numerically the corresponding Bellman equation)

� Then we get the true variables by multiplying the intensive variables by the appropriate
deterministic geometic trends

� We apply the same HP �lter in the arti�cial data as in the true data to extract cyclical
components and obtain the model counterparts of the empirical moments

Evaluating the Model

• The model does well on quantities

� It generates large �uctuations in output and employment

� It correctly predicts the amplitude of �uctuations, serial correlations

� In the model, consumption is less volatile than output, and investment is much more volatile
than output (what is seen in reality)

� there is some ampli�cation of y in the model (output is more volatile than At)

• The model does not do well on prices

� Real wages are volatile and procyclical in the model, not in the data

� Real interest rates are volatile and procyclical in the model, not in the data
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Log-Linearized Dynamics and Impulse Responses

This is what the calibration uses for simulation. We're going over this to see what is going on, but
aside from the de�nition he hasn't historically asked about speci�cs of log-linearization.

• We ignore growth for simplicity, but everything works with growth using the intensive variables

De�ntion

• Denote x̃t as the log-deviation of a variable from its steady state value:

x̃t = ln (xt)− ln (x∗)

• The idea is to describe the economy �up to second order terms.�

� The approximation is valid for small shocks (when σ2
A is not too large).

Proposition A:

• Let f be di�erentiable. Then

f (xt) ≈ f (x∗) + x∗f ′ (x∗) x̂t

[= f (x∗) + x∗f ′ (x∗) (lnxt − lnx∗)]

• Proof: Write f
(
eln x

)
and Taylor expand around lnx = lnx∗

� Taylor Series formula: f (x) =
∑∞
n=0

fn(a)
n! (x− a)

∗ We have

f
(
eln x

)
≈ ln

(
eln x∗

)
+ 1
eln x∗

(
eln x∗

)
lnx∗ 1

x∗

(
ln
(
eln x

)
− ln

(
eln x∗

))
= ln

(
eln x∗

)
+ 1
eln x∗

lnx∗
(
ln
(
eln x

)
− ln

(
eln x∗

))
• Taking this equation at xt = 1 we get

xt ≈ x∗ + x∗x̂t

Log-Linearization Simple Example

• Example

Log-linearize Ct + It = Yt around steady-state C∗ + I∗ = Y ∗

• First we-write the variables in terms of x = eln x:

Ct + It = elnCt + eln It = elnYt

• We now use Proposition at with f (x) = 1 · x. to write:

� Use �Proposition A� with f (x) = 1 · x. This gives f (x) ≈ 1 · x∗ + x∗ · 1 · x̂ = x∗ + x∗x̂

C∗ + C∗ĉt + I∗ + I∗ît ≈ Y ∗ + Y ∗ŷt
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• We can use the steady-state condition y∗ = c∗ + i∗ to simplify

C∗ĉt + I∗ît ≈ Y ∗ŷt

C∗

Y ∗
ĉt +

I∗

Y ∗
ît ≈ ŷt

• Where the latter gives us ŷt as a linear function in the hat variables

5 Tricks of Log Linearization

1. Xt = X∗ex̂t

2. ex̂t+aŷt ≈ 1 + x̂taŷt
3. x̂tŷt ≈ 0
4. Z = aXbY c =⇒ ẑ = bx̂+ cŷ

5. Z = X + Y =⇒ ẑ ≈ X∗

Z∗ x̂+ Y ∗

Z∗ ŷ

We use the following heuristics:

x̃tỹt = 0

˜(xt + yt) = x∗x̃t + y∗ỹt

exp (ax̃t) = 1 + ax̃t

xat = x∗a (1 + ax̃t)

ln (a+ x̃t) = ln (a) +
x̃t
a

• When taking expectations, we need to be careful about Jensen's inequality:

Et [exp (ax̃t+1)] = Et [ax̃t+1] + const

Et
[
xat+1

]
= x∗at Et [ax̃t+1] + const

Optimization Conditions in Log-Linear Form

• The Euler equation reduces to

1 = β (1 + γ)R∗Et [1− (c̃t+1 − c̃t) + r̃t] + const

� where
R∗ is the steady state value of the interest rate

const is a constant caputring terms in σ2
A capturing risk

1 = β (1 + γ)R∗ + const (steady state)

� so the Euler equation can be written as:
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0 = Et [− (c̃t+1 − c̃t) + r̃t]

• The Labor/Leisure condition reduces to(
1 +

l∗

1− l∗

)
l̃t = ỹt − c̃t

• The interest rate is given by

R∗r̃t = α
y∗

k∗

(
ỹt − k̃t

)
• The resource constraint becomes

c∗c̃t + (1 + γ) k∗k̃t+1 = (1− δ) k∗k̃t + y∗ỹt

• Output is given by (where ãt = lnAt)

ỹt = ãt + αk̃t + (1− α) l̃t

Expressing Choice Variables as Linear Combinations of State Variables

• As we've seen, there are 2 state variables, At and kt

� All other variables are given by applying policy functions of Bellman equation to At and kt.

� Policy functions can be log-linearized

� This allows us to express any variable x̃ ∈
(
c̃t, l̃t, ỹt, r̃t, k̃t+1

)
as linear functions of the state

variables ãt and k̃t:

x̃t = λxkk̃t + λxaãt

� Finally we have

Et [ãt+1] = ρAãt

• Plugging these equations in (5), (6), (7), (8) and (9) we get four equations. the j − th equation
is

Λ̃j,kk̃t + Λ̃j,aãt = 0

� where Λ̃j,k and Λ̃j,a are functions of the λ's. Since this has to hold for all values of k̃tand
ãt, it must be that

Λ̃j,k = Λ̃j,a = 0

• This is a system of 10 equations and 10 unknowns (the λs).

� All the equations are linear except for the Euler equation, which involves a quadratic term
in λkk

∗ (there are two solutions, but only one is stable)
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� So boils down to 1 quadratic and a system of linear equations

• The solutions for the λ's depends on the parameter of the model.

� When we calibrate the model, we therefore get the values of the calibrated values of the λ's

• We can use this to simulate the log-linearized economy as before

Calibration with Log-Linearized Model

Plotting Impulse Responses

• We can also plot impulse responses: [Compute shocks in a, compute path of k, then compute
paths of choice variables]

� Imagine that the economy is initially in steady state and consider an initial increase of 1%
in TFP (ã0 = 0.01) and there are no further shocks so that ãt = ρtAã0.

� Then use λkk and λka to compute recursively the path of k̃t

� Finally, use the other λ's to compute
(
c̃t, l̃t, ỹt, r̃t

)
for all t, and plot the corresponding

paths

� Note that they all eventually asymptote to zero as the economy converges back to steady
state

Results of Impulse Responses

• Two phases

1. First, shock dominates.

(a) Raises lt, it, and ct

2. Second, the impact of the shock fades away � transition back to steady state.

(a) Mean reversion is slower than mean-reversion of the shock. So transitional dynamics
will dominate this 2nd phase.

(b) This phase of impulse response is basically given by the transition dynamics of the
neoclassical growth model (convergence back to the steady-state)

• At impact

� ct

∗ increases because of a wealth e�ect (the economy is more productive so the agent feels
richer, so they want to consume more. �there's more to eat now�)
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∗ this increase is mitigated by a substitution e�ect through a high marginal product
of capital (real interest rate increases). Signals to consumers they should postpone
consumption, since consuming tomorrow is cheaper than today.

� Overall, the reaction of consumption will be dampened because of consumption smoothing
(this is independent of substitution e�ect, which also increases the smoothing)

∗ So this �ts very important stylized fact that consumption varies less than output. The
reason it matches in this model, is that the model for consumption is permanent income.

� lt increases because of a substitution e�ect through the wage (marginal product of labor)

∗ but this is mitigated by a wealth e�ect

∗ Another way to see this: intertemporal substitution of labor supply. Real wage is high
today compared to tomorrow, that means it's good to work now. (Substitute labor
intertemporally)

∗ Can always look at l through two ways: FOC (L/L); or alternative FOC (intertemporal
substitution of labor supply)

� Investment

∗ We can understand after looking at behavior of consumption and labor: we see that
there is this big movement in productivity, but consumption isn't moving around all
that much, and people are supplying more labor, then you know that investment will
go up.

∗ Another reason to see why investment is going up is that MPK is booming during shock.
Good time to build machines, and people are responding.

• Path for ct is hump-shaped

� Initiatlly, interest rate is high because productivity is high and the capital stock is low, so
the path for ct is increasing

� Eventually, the interest rate is low because productivity is back to normal but the capital
stock is higher than in steady state

• The e�ect of high peristance ρ

� If I make persistance ρ higher, then:

∗ First let's think about labor supply l. There are these two e�ects, wealth and substi-
tution. Persistance will not change substitution e�ect�productivity today is what it is
to day, so the wage is what it is. But I will increase the wealth e�ect. This is because
productivity is expected to be higher for a longer time in the future.

· So will get less of a response in l when make shock more persistent.

· One of the reasons that models show large �uxuations in output compared to TFP
shock is labor response. Hence we see that we will have less overall �uxuation
from a more persitstent shock because of mitigated labor response. More �uxuation
in output due to shocks that are more transitory because of increased labor response.

� The higher the persistance ρ, the smaller the initial response of lt and yt, the higher is the
initial response of ct and the lower is the initial response of it

� This is because of a wealth e�ect :

∗ If the productivity shock is very persistent, agents feel rich, consume a lot, and do not
work as much

∗ (longer shock → ↑ wealth e�ect)
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From solution set to PS2:

Extension 1: Employment Lotteries

• Two di�culties with labor supply in RBC model

� It requires a large elasticity of labor supply

∗ Not in line with micro estimates (see below)

� The movements are due to total hours per worker, and not due to employment

∗ Model: entirely intensive margin, no extensive margin. In data: mostly extensive
margin.

• Approach to �xing both: introduce an extensive margin

Seeing the problem

• Elasticity of labor supply ελL in model is too high

� Empirical: Microestimates of ελL � 1, usually less than .5

� Model: estimate of ελL = 1−l
l u 4 for l u l∗ = 0.2

• Can't just �x the parameter:

� An RBC model with ελL consistent with microestimates would have a lower volatility of yt
and lt

∗ The model already has lower volatility of these variables than empirical data, so this
adjustment to ελL would bring the results further away

• ελL is the Frisch Elasticity of Labor Supply
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� �Elasticity of labor supply that keeps consumption constant�

∗ �Want to kill the wealth e�ect, focus on substitution e�ect�

∗ If you keep Uc constant, and vary MPL (that is, F2), how much does l lag?

� Isolates the substitution e�ect from the wages (the λ-constant elasticity of labor supply)

� Using balanced growth preferences

∗ λ = 1
c is the marginal utility of consumption (so dλ

λ = −dcc )
∗ L/L condition: dl

l = 1−l
l

(
dw
w + dλ

λ

)
Introducing an Extensive Margin

• Assume non-convexities in individual's opportunity set (e.g. �xed costs of going to work)

• Assume extreme form: labor is indivisible. Each individual can either work 0 or a �xed h hours.
Cannot adjust your hours.

• Two approaches

� Assume heterogeneity in reservation values of work

� Employment lotteries with identical individual ←the one we use

Employment Lottery

• Set up

� Each period, agents participate in lottery which
employed E with probability p
unemployed U with probability 1− p

� This introduces a risk (of being employed or unemployed) which agents can perfectly share
on an insurance market

∗ Imagine a very powerful unemployment system. Your consumption doesn't su�er if you
are employed or unemployed.

• [Model]

� Individuals can either work or not work. But will construct a �ctitious agent that allows us
to solve the economy, with number of hours worked varying purely on the intensive margin.

∗ But the underlying reason for changes in labor supply is extensive.

∗ Representative agent has to consume the same amount and work same number of hours
as if in decentralized economy. We can construct if we know that there is perfect
insurance.

� Representative agent, which has divisible labor:

Û (c, 1− l) = max
{p,cE ,cU}

pU (cE , 1− h) + (1− p)U (cU , 1)

s.t. pcE + (1− p) cU = c and ph̄ = l

∗ Average consumption of household = c. Total number of hours supplied has to equal l.
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� N&S FOC for Optimality:

Uc
(
cE , 1− h̄

)
= Uc (cU , 1)

∗ Risk sharing condition for the insurance. Marginal utility of employed and unemployed
is equal.

∗ If seperable utility of consumption and leisure (example below), consumption of em-
ployed and unemployed will be equal.

� Example:

∗ Log balanced growth preferences: U (c, z) = ln (c) + ln (v (z))

∗ We �nd cE = cU so that

Û (c, 1− l) = ln (c)− l

h̄
ln

(
v (1)

v (1− h)

)
+ ln (v (1))

• Determining labor supply elasticity of this �ctitious agent:

� Since we are claiming that this �ctious agent, supplying labor on intensive margin, represents
an economy of agents supplying labor on the extensive margin.

� In above utility functional form, we see that preferences are linear in labor.

∗ Frisch Elasticity of labor supply is ∞ for this representative agent

· So if you give slightly higher wages than the ones that make this equation hold,
then the agent will be willing to work ∞. (If you give them lower, then will work
0)

· The only way to have �nite elasticity is to introduce concavity.

· (??) Calculation of Frisch Elasticity

∗ =⇒ The point is that there is a divergence between the micro elasticity of labor supply
of the individuals and the macro elasticity of labor supply for the representative agent

∗ If we just use micro evidence, there is no presumption on whether elasticity of labor
supply for this macro individual should be large or small. It can be very large (though
it doesn't have to be, these particular preferences make it look as such)

• Equivalent Representation

� Each houshold is a �big family� that decides how many of its members to send to work

∗ �Of course we will cook a meal for everyone� so consumption will be equal.

• Bottom line: What do we get from this?

� A model with positive unemployment

� variations in hours re�ect variations in employment (extensive margin)

� the representative agent has an in�nite elasticity of labor supply (disutility of labor is linear)

� there is a complete disconnect between the individual intensive labor supply elasticity (which
is 0 since labor is indivisible) and the representative agent's labor supply elasticity (which
is ∞)

∗ So this is a bit of a word of caution about how to use micro estimates to discipline
preferences of representative agents

• How seriously do we take this?
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� Don't think this explains unemployment in the world

� Doesn't comport to evidence on elasticity of labor supply on the extensive margin (see
below).

∗ Data says that although elasticity on extensive margin is larger than on intensive, it is
not nearly as large as would be required to make this adjustment to RBC model work

• Evaluation

� Problem: at odds with evidence on elasticity of extensive margin of labor supply

∗ Chetty (2010)

· Estimates of extensive labor supply elasticity ≈ .2
· Estimates of intensive labor supply elasticity ≈ .12

Extension 2: Capital Utilization

Solow residual ≡ empirical measure of productivity growth

This extension is about whether the Solow residual is a good measure of TFP, or are we missing
something.

• Many problems with Solow Residual as measure of productivity

1. �Wall Street Journal Critique�: If these shocks are so large and important, why can't we
read about them in the WSJ?

(a) If we have a recession driven by productivity shocks, we are hard-pressed to say what
these productivity shocks really are.

2. Solow Residual can be predicted by a number of variables: military spending, monetary
aggretates

(a) Makes you suspicious that it is an endogenous object, that maybe doesn't capture TFP

3. Measured Solow Residual (that we use for calibration) implies high probability of techno-
logical regress

(a) Hard to wrap our heads around the idea that people are forgetting to do things, espe-
cially at business cycle frequencies

4. Plant-level measurements of productivity suggest much smaller volatility

(a) Micro data is much better and has fewer measurement issues

5. Proxies of capital utilitzation (electricity consumption) or labor hoarding/e�ort (accidents)
are highly procyclical; the 'puri�ed' Solow residual less volatile

(a) Solow residual is built by saying that from observing growth rate of output, will try to
net out growth rate of inputs. The di�erence should be explained by TFP.

(b) However, if you don't measure the use of inputs correctly, you are going to atribute
something to TFP that you shouldn't

i. i.e. if you have additional capital, it will show up as low TFP, when it might just
be that you have excess capital and are not utilizing to full extent
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=⇒ focus on capital utilization

• Examine Capital utilization

� φt is capacity utilitzation (i.e. how much we are using capital stock), and higher utilization
increases depreciation

∗ �have a choice between running machines hard and longevity of machines�

yt = AtF (φtkt, lt)

ct + kt+1 ≤ (1− δ (φt)) kt +AtF (φtkt, lt)

· where δ is increasing and convex

∗ Additional FOC, characterizing optimal use of capacity

AtFk (φtkt, lt) = δ′ (φt)

· Want to equate marginal product of using your capital more to the marginal cost
[Equate bene�t of going hard with cost of depreciation]

� Look at functional form to examine impact of parameter ξ

∗ δ (φ) = ∆φ1+ξ where ξ > 0, and F (k, l) = kαl1−α

·
[
FOC: α yt

φtkt
= ∆ (1 + ξ)φξt =⇒ φt =

(
α

∆(1+ξ)
yt
kt

) 1
1+ξ

]
· Reduced form production function:

yt =

(
α

∆ (1 + ξ)

) α
1−α+ξ

Aηt k
α̂
t l

1−α̂
t

· Still looks Cobb-Douglass, but a number of di�erences:
∗ Notice the parameters on At and kt and their sizes:

· η = 1+ξ
1−α+ξ > 1, decreasing with ξ

· α̂ = αξ
1−α+ξ < α, increasing with ξ

∗ What we see is that if η is very large (though ξ small), then in the model it is as if TFP
much more volatile

· When TFP is higher, we are using the capital stock more =⇒magnify the pro-
ductivity �uxuation. [TFP hasn't actually moved more than we were analyzing
before]

� Cases:

∗ ξ →∞ No capital utilization

· η → 1, α̂→ α. Benchmark economy with no capital utilization.

∗ ξ → 0 Can vary capital utilization a lot.

· η → 1
1−α , α̂→ 0. Productivity becomes linear in labor and impact of productivity

shocks is magni�ed.

• Why do we care?

� Suppose we compute Solow residual ignoring capacity utilitzation
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∗ A lower ξ implies a higher volatility of the Solow residual for a given volatility in the
true underlying productivity

∗ A lower ξ increases the elasiticty of labor demand, and hence increases the response of
labor to changes in productivity

� Bottom line: if you allow for capacity utilization, and depreciation that does not vary too
much with capacity utilization (so that you can see a lot of variation in capacity utilization
over the BC), then you can get a lot of ampli�cation.

∗ So for much smoother productivity changes, you can get the same �uxuations that we
saw before.

∗ In particular, we can get a calibration process in which the true TFP process is smoother
(which reduces the puzzle of the origin of the variation of these shocks), and can com-
pletely cut the probability of technological regress.

� Not that capacity utilization is the answer. What we should get is a word of caution: there
are a lot of di�culties with Solow residual.

Extension 3: Welfare Costs of Business Cycles

Idea: welfare costs of business cycles seem very small

• Lucas' idea: compute costs of business cycles inside the model

• Back-of-the-envelope calculation

� If we could get rid of business cycles, welfare gain λ = 0.05% (using U.S. data)

4 Empirical Evidence on Money, Output, Interest Rates and

Prices

• Monetary Economics

� Investigates the relationship between real economic variables at the aggregate level and
nominal variables

∗ Real variables include real output, real rates of interest, employment, real exchange
rates

∗ Nominal variables include in�ation rate, nominal interest rates, supply of money

• Long Run

� Long-run: money prices and output

∗ Strong positive correlation between growth rate of money supply and in�ation

∗ No correlation between in�ation (or money growth) and real output
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· So looks like all you achieve with ↑ money supply is in�ation

� Long-run: money, prices and interest rates:

∗ Fisher Equation

it = rt + Et [πt+1]

∗ Positive correlation between long-term nominal interest rate and money growth rate
(.87) in Monnet, Weber (2001)

• Short Run

� Correlation with lagged variables

∗ Positive correlation between GDPt and Mt−j for j > 0 (movements in money lead
output)

∗ Increases in real output tend to be followed by increases in prices (also, higher nominal
interest rates)

� Correlation with contemporaneous variables

∗ Negative contemporaenous correlation between output and prices

· Kydland, Prescott have argued that this means supply shocks are responsible for
BC

· Ball and Mankiw saw that prices rise later in demand shock (when output starts
falling), which could explain this negative correlation

• [Older approaches to short-run correlations]

� Saint Louis Equations:

ynt ≡ yt + pt = yn0 +

kA∑
i=0

aiAt−i +

km∑
i=0

bimt−i +

kz∑
i=0

hizt−i + ut

∗ where yn denotes log of nominal income, A is a measure of autonomous expenditures,
m is monetary aggregate, z is set of variables relevant for explaining nominal income
�uxuatios

∗ Problems: If mt and ut are correlated, OLS estimates are inconsistent. Lucas critique
about expectations

� Granger Causality

yt = y0 +

ky∑
i=1

aiyt−i +

km∑
i=1

bimt−i + et

� Both are vulnerable to a version of the Lucas critique (1976): empirical relationships are
unlikely to be invariant to changes in policy regimes
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5 Incorporating Money into the RBC Model: Money in the

Utility Function

Neoclassical dichotomy:

• Complete dichotomy between real and nominal isdes of the economy

Interest Rate Rules (with Log-Linear Approximation):

• Fischer Equation: it = Et [πt+1] +Rt

� [If we log-linearized the system around a steady state with no in�ation]

• Taylor Rule: it = Rt + φπt

• Combining equations: Et [πt+1] = φπt

� If φ > 1, unique solution at all t is πt = 0.

∗ ≡ Taylor principal.

6 Nominal Rigidities in a Static Setting: The Blanchard-Kiyotaki

Model

Outline

Motivation
�Introduce imperfect competition and nominal rigidities (the former is required to make sense of the
latter)
�Money is not neutral, and monetary disturbances act as demand shocks
�Why? Start with a money demand equation (i.e. from previous lecture): MP = cL (i) = cL (r + πc). In
this equation, the price level looks like an asset price, since P increases with future expected in�ation.
But P is not an asset price. It is an aggregate of millions of prices, which are unlikely to move together
at a point in time. The consequence is stickiness.
Intuition
�IfM moves but P doesn't move immediately one-for-one, then the real money balances MP are higher.
From the money demand equation, the nominal interest rate i will decrease (??). What will happen
to output? It depends on producer response. If they do not change their prices and accomodate the
increase in demand by supplying more goods, output will increase.
Why would they do this? Perhaps there are some costs to adjusting prices? If they are selling above
marginal cost, then they would be making money by selling more.
Plan
�Static Model
�Introduce imperfect competition
�Then introduce nominal rigidities
�[Then onto NKM]
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Model with Imperfect Competition

Static model of monopolistic competition in the goods market

• Set up

� Labor Market: competitive with nominal wage W

� Goods: continuum of di�erentiated goods indexed by j ∈ [0, 1]

� Households: indexed i ∈ [0, 1]

• Firm Side

� Production

∗ Good j is produced monopolistically by �rm j with the technology

yj =

(
lj
β

)β
and β ≤ 1

∗ So only labor as an input

� Pro�ts

∗ Firm j's pro�ts are

Πj = Pjyj −Wlj

· Firm is price setter. Firm j does not take Pj as given, and instead knows that it
faces a downward sloping demand curve yj (Pj) that we derive below.

· Will see that �rms are able to set prices because goods are imperfectly substitutable

∗ Total pro�ts are

Π̄ =

ˆ
Πjdj

• Household side

� Utility

∗ Value consumption ct, real money balances Mi

P and labor li

u

(
ci,

Mi

P
, li

)
=
(ci
α

)( Mi

P

1− α

)α
− ξli

� Consumption ci

∗ ci is a CES basket of the consumption cij of di�erent good j ∈ [0, 1]

ci =

(ˆ 1

0

c
σ−1
σ

ij dj

) 1
1−σ

� Price index P

∗ P is the price index for the CES consumption basket (minimum cost of ensrring a level
of CES basket equal to one)

P =

(ˆ 1

0

P 1−σ
j dj

) 1
1−σ

∗ Pj is the price of good j
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Blanchard Kiyotaki Exercise:

• Let Xi be the total nominal expenditure of a household i on consumption goods.

• Given Xi, agent i solves:

ci = max
{cij}

(ˆ 1

0

c
σ−1
σ

ij dj

) σ
σ−1

s.t.

ˆ 1

0

cijPjdj = Xi

� We are also given the price index:

P =

(ˆ 1

0

P 1−σ
j dj

) 1
1−σ

� The solution is:

cij = ci

(
Pj
P

)−σ
and Pci = Xi

Blanchard-Kiyotaki :
Problem:

ci = max
{cij}

(ˆ 1

0

c
σ−1
σ

ij dj

) σ
σ−1

s.t.

ˆ 1

0

cijPjdj = Xi

1. Maximize using Lagrangian:

max
{cij}

(ˆ 1

0

c
σ−1
σ

ij dj

) σ
σ−1

+ λ

(
Xi −

ˆ 1

0

cijPjdj

)

FOCcij :

(
σ

σ − 1

)(ˆ 1

0

c
σ−1
σ

ij dj

) 1
σ−1

(
σ − 1

σ

)
c
−1
σ
ij = λPj

(ˆ 1

0

c
σ−1
σ

ij dj

) 1
σ−1

c
− 1
σ

ij = λPj

2. Ratio of two goods: (Divide FOCs to get relative prices)

c
− 1
σ

ij

c
− 1
σ

ik

=
Pj
Pk
⇒ cij =

(
Pj
Pk

)−σ
cik

3. Substitute into Budget Constraint:

Xi =

ˆ 1

0

cijPjdj =

ˆ 1

0

(
Pj
Pk

)−σ
cikPjdj = Pσk cik

ˆ 1

0

P 1−σ
j dj
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4. Substitute using P :

(a) Given: P =
(´ 1

0
P 1−σ
j dj

) 1
1−σ ⇒ P 1−σ =

´ 1

0
P 1−σ
j dj

Xi = Pσk cikP
1−σ

5. Substitute using Integrated Budget Constraint:

(a)
´ 1

0
cijPjdj = Xi ⇒ Pci = Xi

Pci = Pσk cikP
1−σ

ci = Pσk cikP
−σ ⇒ cik = ciP

−σ
k Pσ

cik = ci

(
Pk
P

)−σ

7 The Basic New Keynesian Model

• RBC model augmented with

� Imperfect Competition

� Sticky prices (through staggered price setting � Calvo ferry). Matters for 2 reasons:

1. Will magnify e�ect of nominal rigidities. You have strategy complementarities in price,
so if I know some people are not going to adjust price, then maybe I don't want to fully
adjust. Therefore staggering will multiply the e�ects of stickiness. (Stickiness matters
more with staggering)

2. Normative point: if you have in�ation, since not everyone can change their prices at
the same point, you will have to live with some dispersion in relative prices. For two
goods that �should� have had same price, one �rm may be able to adjust its price and
other won't.

(a) Relative prices will be distorted =⇒ consumption decisions will be distorted
So this is capturing in a precise way the idea that when there is in�ation, you screw
up the price system. Price mechanism is becoming less e�cient.

i. When we think about optimal monetary policy, it will be mindful of this relative
price dispersion. It will try not to generate in�ation if it doesn't need to, because
it is costly.

• Last time we considered these two ingredients in static model. Now we are putting into neoclas-
sical model

• Abstract from investment: no capital [one twist]

� Can think of interest rates as price that will clear the market for savings. People can borrow
and lend at the interest rate.
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∗ (usually have that savings = investment. but here investment =0)

Plan

• Set up model

• Study competitive equilibrium, not social planning problem. (need competitive equilibrium to
think about frictions)

� (Competitive equilibrium does not coincide with social optimum, so welfare theorems do
not apply. This is because of frictions�imperfect comp and sticky prices)

� So we will solve competitive equilibrium directly, rather than solving socially planning
problem

• Log-linearization:
1) New Keyensian Philipps Curve
2) dynamic IS curve
3) Interest rate rule

� We'll work mostly with log-linearized version

� Model boils down to 3 equation (so it's a dynamic, stochastic general equilibrium model
with 3 linear equations)

∗ NKPC: about the inclusion of prices. Used to be called aggregate supply curve

∗ dIS: Euler equation. So it will govern the evolution of consumption or output over time
as a function of the interest rate. Used to be called aggregate demand curve.

∗ Monetary policy rule: Finally we'll have to specify this rule. Will depend on what is
going on in the economy

� With these 3 equations we'll be able to completely solve the model. But getting there
requires some work. Derivation of NKPC is a bit tedious, so won't do detailed derivation.
Not important to reproduce line-by-line, but rather to understand what the ingredients are
and what the economics is. Don't get lost in details of the log-linearization.

• Equilibrium dynamics and local uniqueness

� Revisit questions of determinancy, which are relevant for interest rate rules and monetary
policy.

• Calibration: e�ects of monetary policy shocks and technology shocks

� Compare with estimated response to shocks

Empirical Notes:
Estimated Response to a Monetary Policy Shock :
[Employs structural VAR methods]
E�ects of tightening of monetary funds rate�fed funds rate increases for a few quarters
Observe: GDP decreases, some de�ation (not immediately), money supply decreases
Of course there are many caveats for this presentation. This is what we want to think about for
model�want to see the e�ect of monetary policy to look something like this.
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Evidence for Price Stickiness:
Jeans and haircuts adjust very infrequently�pattern of stickiness.
But also have problem of what to do with a �sale.�

Households

• Representative household solves:

maxE0

∞∑
t=0

βU (Ct, Nt)

where Ct =

[ˆ 1

0

Ct (i)
ε−1
ε di

] ε
ε−1

s.t.

ˆ 1

0

Pt (i)Ct (i) +QtBt ≤ Bt−1 +WtNt + Tt

for t = 0, 1, 2, ... plus solvency constraint (transversality condition) to prevent ponzi-scheme.

� where consumption Ct is the same Dixit-Stiglitz aggregator we used in Blanchard-Kiyotaki.
Idea is that there are di�erent goods, these goods are di�erentiated, and sold by monopolis-
tically competitive �rms. Households purchase all these goods, and have a love for variety,
as encoded by D-S aggregator.

∗ The parameter that is very important here is ε, the elasticity of substitution between
goods?. This will index the degree of monopoly power involved (as well as average
market size)

� budget constraint:
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∗ LHS is income, saying that the household arrives in the period with some wealth in
the form of bonds (nominal bonds, so constraint written in nominal terms) plus income
from wage.

∗ RHS is expenditure: no investment, so spend only on consumption goods, and then
purchase some bonds for the future.

· Qt is the price of one bond that pays of one dollar in the next period. So Qt = 1
1+i

where i is nominal interest rate.

Optimality Conditions

1. Optimal allocation of expenditures across good:

Ct (i) =

(
Pt (i)

Pt

)−ε
Ct

• where Pt =
[´ 1

0
Pt (i)

1−ε
] 1

1−ε

� tells you how households want to split their consumption expenditures between di�er-
ent varieties. They want to do it according to this simple principle: the elasticity of
substitution between di�erent varieties is ε. When variety i is 1% more expensive than
average variety, then the demand for this particular good will be ε% lower.

� Pt is price index, derived exactly as last lecture.

� Below, we see that we can think of consumption from the household perspective as just
being one good with price Pt, and the budget constraint will work.

• Exercise: show that

ˆ 1

0

Pt (i)Ct (i) = PtCt

2. Labor/Leisure

−Un,t
Uc,t

=
Wt

Pt

(a) Marginal rate of substitution between leisure and consumption is equal to the real wage.

3. Euler

Qt = βEt
[
Uc,t+1

Uc,t

Pt
Pt+1

]
(a) Intertemporal rate of substitution has to be equal to the real interest rate.

Utility Speci�cation

U (Ct, Nt) =
C1−σ
t

1− σ
− N1+φ

t

1 + φ

• This is a particular case of balanced growth preferences.
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• Another important parameter: φ. φ is the inverse of the Frisch elasticity labor supply.

� So when you have a lot of convexity in the disutility function for leisure (φ is high), then
people will be very inelastic. This parameter won't be as important here as in the RBC
model (where we needed a very high Frisch elasticity in order to make things work)

• This is a model where people will be on their labor supply curves. This will give same problems
with real wage behavior that we saw in the RBC model�model predicts we should see cyclical
wages. Hard to rationalize why employment is moving around so much.

� Can move to a sticky wage model, where people in short run are not on labor supply curves.
So relationship between real wages and employment is broken. So model will have easier
time with the evidence. For now only dealing with sticky prices; later Farhi will introduce
sticky wages.

• Won't incorporate growth at all (so di�erent than RBC section) to make algebra simpler.

Log Linearized Optimality Conditions

• Labor/Leisure

wt − pt = σct − φnt

• Euler Equation

ct = Et [ct+1]− 1

σ
(it − Et [πt+1]− ρ)

� expected growth rate of consumption (in bonds) has to equal 1/σ times the real interest
rate

∗ 1
σ is intertemporal elasticity of substitution

� where it = − lnQt is the nominal interest rate and ρ = − lnβ is the discount rate

Money Demand

• Introduce �ad-hoc� money demand:

mt − pt = ct − ηit

So far we haven't talked at all about money. We can try to add a money demand equation, and add
money in the utility function exactly like we did with RBC (and into the budget constraint). Then we
would derive some kind of relationship, which would appear as below in log-linear form. We could write
this model, but we're going to do something di�erent: we will work with the cashless limit. Imagine
that there is no money, and the only way money is going to matter is as a unit of account. Prices are
going to be posted in dollars. The nominal interest rate will determine what a dollar today is, as a
function of a dollar tomorrow. This is going to matter, since it will interact with pricing decisions, but
money will not have any kind of other separate role.
So we could introduce back a role for money in helping transcations by incorporating money into the
utility function, and this will not a�ect any of the analysis or derivations of what we do. It is just
something that we can tag on at the end, and can solve out for a path of consumption
and nominal interest rate, and what the money supply is that it corresponds to.
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[Remember 3 functions for money: unit of account, unit of exchange, store of value] New Keyensian
theory has only to do with unit of account. So this is a radical departure�when thinking about
monetary policy�to the previous things that we've done.
So we'll just think about it separately: move out money from the model completely. Money will be
purely a unit of account. We can introduce it back in using this �trick.�

Firms

Di�erent varieties of goods will be sold by continuum of monopolistically competitive �rms.

• Continuum of �rms indexed by i ∈ [0, 1]

• Each �rm produces a di�erentiated good

• Identical technology

Yt (i) = AtNt (i)
1−α

� α is degree of decreasing returns to scale. If α = 0, have constant returns to scale.

• Firms choose price (as in monopolitically competitive competition)

Friction in price setting

• Probability of resetting price in any given period: 1− θ, indepdendent across �rm. �Calvo ferry�
(1983)

� θ ∈ [0, 1]: index of price stickiness. Implied average price duration: 1
1−θ . θ = 0 means

completely �exible, θ = 1 is completely rigid.

� Each �rm has a Poisson process. When there is a realization of this process, �rm gets to
change its price.

Problem with this process is that it is arbitrary. Unclear what this would represent in the
world. A model with a better foundation would say that there are sunk costs (�menu costs�)
from changing prices, and �rms solve optimization problem which includes this cost. But this
model is hard to solve�very nonlinear. Each �rm has a di�erent problem. In the end this model
doesn't behave di�erently than one with Calvo frictions.

So this grounding gives us three things: 1) mathematical tractibility, 2) parameter for price
stickiness (and full spectrum), 3) staggered price setting (so will get price dispersion with π)�as
above, will magnify impact of price rigidities

Aggregate Price Dynamics

• Price index: Pt =
[
θP 1−ε

t−1 + (1− θ)P ∗1−εt

] 1
1−ε

� Pt is aggregate price level. In every period, (1− θ) �rms set to P ∗t (all are identical, so will
set same price). θ fraction are stuck with price from previous period. (Pt−1 is the price
level last period)

� This equation indicates the evolution of the price level, and it re�ects this property. Price
level is D-S aggregator of �rms that cannot change their prices and those allowed to reop-
timize.
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• Dividing by Pt−1: Π1−ε
t = θ + (1− θ)

(
P∗t
Pt−1

)1−ε

� Relates in�ation to how the reset price di�ers from the price level of the previous period.

∗ In�ation will be high if the optimal reset price is going to be much higher than price in
previous period. Low otherwise.

• Log-Linearizing around zero in�ation steady state: pt = θpt−1 + (1− θ) p∗t

• Re-written:

πt = (1− θ) (p∗t − pt−1)

� Saying in�ation π is the share of �rms that get to reset their prices (1− θ) times the
percentage increment of the optimal reset price over the price last period (p∗t − pt−1)

• What we should get is that there is a relationship between [how the optimal reset
price compares to the price in the previous period] and [what in�ation will be]

Optimal Price Setting

Let's think about the optimal reset price:
Firm solving this problem thinks it might be stuck with price for some time. So needs to solve problem
in a forward-looking manner, anticipating what demand will be in future, and what marginal costs
will be in the future. The way this is being done is to maximize expected pro�ts over the lifetime of
the price.
Looking k periods ahead: probability that haven't had the chance to reset price is θk. Pro�ts will
be P ∗t Yt+k|t − Ψt+k

(
Yt+k|t

)
. I then need to discount this (using the SDF, stochastic discount factor

Qt,t+k, which is related to consumer's Euler equation.
SDF Qt,t+k takes into account the fact that the consumers are the owners of the �rms. Representative
household holds every asset, and will price it according to its SDF. Firms are a particular asset class.
Objective of �rm is to maximize the share price.

• The reset price P ∗t solves

max
P∗t

Et
∞∑
k=0

θkQt,t+k
(
P ∗t Yt+k|t −Ψt+k

(
Yt+k|t

))
� s.t.

∗ Yt+k|t =
(

p∗t
Pt+k

)−ε
Ct+k, [demand that �rm faces in t + k depends on overall level of

consumption in the economy, and on how the price set today p∗t relates to the aggregate
price in the economy at period t+ k ]

· Ψt+k

(
Yt+k|t

)
=
(
Yt+k|t
At

) 1
1−α

[cost of producing this output is just going to be given

by technology. We know how much labor we need to hire to produce this much
output]

· Qt,t+k = βk
(
Ct+k
Ct

)−σ (
Pt
Pt+k

)
[Relates SDF to consumer's Euler Equation]

This is problem the �rm is trying to solve.
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• Optimality condition

Et
∞∑
k=0

θkQt,t+kYt|t+k

(
P ∗t −MΨ′t+k|t

(
Yt+k|t

))
= 0

� whereM = ε
ε−1 is the monopolist markup

Imagine that we only have 1 �rm. The optimality condition would say that P ∗t = markup (same
as we saw in the Blanchard-Kiyotaki model) times marginal cost.

But not 1 period�you know that price could still be in place. So try to set your price according to
a weighted average of your marginal costs over the lifetime of your price. (Can't set exactly equal
to markup over marginal cost in every period, since this would require price adjustment. So try
to ensure that on average, over lifetime of price, it is equal to markup*marginal
cost .)

� Rewriting this equation:

Et
∞∑
k=0

θkQt,t+kYt|t+k

(
P ∗t
Pt−1

−MMCt+k|tΠt−1,t+k

)
= 0

� where MCt+k|t =
Ψ′t+k|t(Yt+k|t)

Pt+k
, and Πt−1,t+k = Pt+k

Pt−1

Just rewriting to emphasize notion of real marginal cost. MC is the real marginal cost, and we
need to multiply by an in�ation index. (All we did was to divide through by Pt−1)

Log-Linearization

• Steady state: Perfect foresight, zero in�ation:
P∗t
Pt−1

= 1, Πt−1,t+k = 1, Yt+k|t = Y , Qt+k|t = βk, MCt+k|t = MC = 1
M

• Log linearization

p∗t = (1− βθ)
∞∑
k=0

(βθ)
k Et

[
m̂ct+k|t + pt+k

]
� where m̂ct+k|t = mct+k|t −mc

Note that (1− βθ)
∑∞
k=0 (βθ)

k
= 1. So think of these as weights that sum up to 1.

Reset price P ∗t will be a weighted average of future expected real marginal costs
in�ated by the price level.

� So economics really the same as when described optimality conditions. Trying to set price
= to a constant markup over nominal marginal cost.

Since we're doing log deviations here, average markup will drop out. If marginal cost is a bit
higher, how much would you want to increase price?

• Particular case: Constant returns (α = 0 )

� gives MCt+k|t = MCt+k, same for every �rm
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∗ real marginal cost that you're facing won't depend on price that you set. Price that
you set will a�ect scale of production, but with constant returns to scale won't change
marginal cost.

� implying the recursive formulation: p∗t = βθEt
[
p∗t+1

]
+ (1− βθ) m̂ct + (1− βθ) pt

� this can be combined with the aggregate price equation for π (that relates π to optimal
reset price, from above), πt = (1− θ) (p∗t − pt−1)

• Rough NKPC

πt = βEt [πt+1] + λm̂ct

� where λ = (1−θ)(1−βθ)
θ

� remember m̂ct is deviation of real marginal cost from steady state

You're going to observe π today if either: the real marginal cost is high today, or in�ation is
expected to be high tomorrow.

� These become the two reasons why you would change your price. Your price is nominal, so
increase in expected in�ation will lead you to charge a higher price. If your marginal cost
is very high today, then because you want to set your price equal to some kind of markup
over marginal cost, then if you can reset your price to charge a higher price.

� So the important things about this equation are its forward looking nature and ingredients
that go in it. Firms set price in forward looking manner, because understand it may still be
there in future periods. When they do this, it matters what expectations they have about
in�ation, and what their real marginal cost is.

• [General case of decreasing returns (α ∈ (0, 1) )

� πt = βEt [πt+1] + λm̂ct where λ = (1−θ)(1−βθ)
θ

1−α
1−α+αε

� so just �nd a di�erent λ coe�cient]

Equilibrium

Goods Market Clearing

• Goods market clearing =⇒ can rewrite Euler in terms of y, towards dIS

� Goods market clearing: Yt (i) = Ct (i) for all i ∈ [0, 1] and t.

∗ Goods market will be in equilibrium if the market for every variety clears.

� De�ne Yt =
[´ 1

0
Yt (i)

ε−1
ε

] ε
ε−1

which implies

Yt = Ct

� Can be combined with consumer's Euler equation to yield

yt = Et [yt+1]− 1

σ
(it − Et [πt+1]− ρ)
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∗ will become dIS

Labor Market Clearing

• Labor market clearing =⇒ will use in NKPC (log-linearized, �rst order)

Nt =

ˆ 1

0

Nt (i) di =

ˆ 1

0

(
Yt (i)

At

) 1
1−α

di =

(
Yt
At

) 1
1−α
ˆ 1

0

(
Pt (i)

Pt

) −ε
1−α

di

� Intuition

∗ This is where you see that price dispersion matters.
´ 1

0

(
Pt(i)
Pt

) −ε
1−α

di

· When we compute welfare, this is where we will see the distortion

∗ Equation gives you the amount of labor that will be used in the economy as a function
of the output of the di�erent varieties.

∗ If you want to compute the amount of labor, you'll need to know not only the aggregate
level of output Yt, but also the amount of price dispersion in the economy. More labor
will be employed in varieties that are cheaper than those that are more expensive.

∗ Because all varieties don't have same price, have this term
´ 1

0

(
Pt(i)
Pt

) −ε
1−α

di which is a

distortion. (If prices were �exible, all goods would sell at same price.)

· It will a�ect TFP in the economy�which is when we ask �for a given amount of
labor Nt, how much output can you get?�

· If there is more price dispersion, then you will need more Nt to produce a given
quantity.

• Log linearized

� 2nd order approximation:
(1− α)nt = yt − at + dt

where dt is a second order term dt = (1− α) ln

[´ 1

0

(
Pt(i)
Pt

) −ε
1−α

di

]
∗ dt is the price dispersion term, a second order result

· dropping dt term only for positive result.

· we will consider it again for the normative (welfare) analysis

∗ Log linearization and welfare: On 2nd order terms

· There is something involved about log-linearizations and welfare. For equilibrium
& positive analysis, can ignore 2nd order terms. But for welfare, if you have a
policy instrument and you want to �nd the best competitive equilibrium s.t. some
policy (here monetary policy), then you need to incorporate 2nd order terms. In
fact, will only have 2nd OTs, since at optimum First order terms cancel out. So for
welfare, technically what you need to do is not just log-linearize everything, but do
a 2nd-order approximation on every equation.

· However, sometimes what you can do it a little more clever: if you have managed
to express welfare as a purely quadratic term with no linear terms, then you don't
have to worry about doing 2nd order approximations of the constraints��rst order
approximation will su�ce.
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· When we do welfare in optimal monetary policy, will need to worry about 2nd OTs.
But we'll �nd a way to worry about them where we can still use the log-linearization
that we are doing here. We won't have to do a 2nd order approximation of every
constraint, since we'll be able to express the welfare function in purely quadratic
ways.

� 1st order approximation (for equilibrium)

yt = at + (1− α)nt

Completing Derivation of NKPC

• Writing the output gap ỹt in terms of marginal cost mct:

� [We do this to eliminate the m̂ct term in the NKPC, to write in terms of output yt]

∗ mct = (wt − pt)−mpnt = (σyt + φnt)−(yt − nt + ln (1− α)) =
(
σ + φ+α

1−α

)
yt− 1+φ

1−αat−
ln (1− α)

· Since real marginal cost is just the di�erence between the real wage and the marginal
product of labor

· (σyt + φnt) is real wage (from L/L condition, with market clearing); marginal prod-
uct of labor is purely technological (use an average an ignore non-linearities in log-
linearization). [Subtlety: �rms will have same marginal cost with constant returns
to scale, but not otherwise. If it's not the same for every �rm, then what will matter
for NKPC is average marginal cost]

· RHS is from using relationship between nt and yt from labor market clearing above

∗ mc steady state for natural output ynt (that would occcur if prices were �exible): ynt =(
σ + φ+α

1−α

)
ynt −

1+φ
1−αat − ln (1− α)

• Intuition on the �fundamental� relationship between markupsM, marginal cost

� Overview:

∗ NKPC: πt = βEt [πt+1] + λm̂ct and πt = βEt [πt+1] + κỹt

∗
low markup: high marginal cost high ouput : pressure to ↑markup→ ↑πt
high markup: low marginal cost low ouput : pressure to ↓markup→ ↓πt

·
(
markup compared to desired markup of �ex price eq : mc = 1

M
)

∗ NKPC and dIS are solving for evolution ofM
� Natural level of output ynt is the level of output that would prevail if prices were �exible.

∗ Can impose this just by saying that markups need to equal desired markups. Firms
would charge markup they want to charge over their marginal cost, given by Learner
formula M = 1

1−ε . Real maringal cost will be mc = 1
M . If prices were �exible, then

relationship above for mc should = log
(

1
M
)
.

∗ Flexible Prices: mc = 1
M .

· Marginal cost is real wage divided by marginal product of leisure (Non-logs): MC =
W
P ·

1
MPN and if �rms are charging a markup over nominal marginal cost, then

P = M W
MPN (�markup equation�), hence mc = 1

M . This is result if prices are
�exible. And this relationship gives us monopoly distortion we saw last lecture.
If we had decreasing returns to scale, then the lower the markup, the higher the
marginal cost.
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∗ Sticky Prices: mc 6= 1
M . Do their best to get to above but don't succeed. As a result,

mc 6= 1
M in this economy.

� The di�erence between mc and 1
M is going to be related 1:1 (in log-linearized

world) to the di�erence between output yt and the natural level of output ynt .

∗ =⇒ When output yt > ynt natural output, real marginal cost will be higher than 1
M .

The markup M will be lower than desired markup. (If ỹ < 0, M will be higher than
desired markup)

∗ Will gradually stop talking about markups, and only talk about output. However,
should understand that each time we're talking about output and its comparison with
potential level of output, it is a statement about markups.

� When we go back to Rough NKPC: πt = βEt [πt+1] + λm̂ct

∗ And since in �exible price world mc = 1
M , we can view this relationship as saying:

imagine that the markupM is far below desired markup, so real marginal cost is very
high. Then I want a lot of in�ation πt. Why? Because the marginal cost is very high,
I can just reinterpret this as a low markup compared to desired markup. Therefore I
will try to increase my price. I will try to set the price to markup over marginal cost.

· If average markup is too low (so mct is too high) , �rms try to increase
prices to get markup to where they want it to be. (and vis-versa)

∗ Another way of looking at all of this is to say thatM is endogenous, and starts moving
around, in the monopolist markup equation P = M W

MPN in this economy (where in
�exible price model it would be determined by the markup equation and L/L condition;
and we are doing this in background in each period)

· Like Blanchard-Kiyotaki in sense that lower markup → higher ouput; higher
markup → lower ouput. (Like higher monopoly distortions → lower output).
Doesn't matter where the markup is coming from.

∗ We are solving for the evolution ofM�that is what NKPC is doing, together with dIS
curve.

· Technically, what we are doing is solving the two equations with a di�erent level of
M in every period. M is endogenous, and the reason is that �rms are not able to
set prices to desired markup in each period.

· Can always go back to these two equations to understand that movements in real
activity are movements in markups. That is the only wedge in this economy.

∗ [Markups are a bit more fundamental way of looking at things than movements in
output]

• Marginal cost in terms of output gap:

m̂ct =

(
σ +

φ+ α

1− α

)
ỹt

� where ỹt = yt − ynt

• Substituting this into the Rough NKPC πt = βEt [πt+1] + λm̂ct

πt = βEt [πt+1] + κỹt

� where κ = λ
(
σ + φ+α

1−α

)
=
(

(1−θ)(1−βθ)
θ

)(
σ + φ+α

1−α

)
� Note: κ indexes the degree of price �exibility . High κ → prices are very �exible;
κ = 0 → prices are completely rigid.
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Summary of Log-Linearized Model

1. New Keyensian Phillips Curve (NKPC): πt = βEt [πt+1] + κỹt

2. Dynamic IS equation (dIS): ỹt = Et [ỹt+1]− 1
σ (it − Et [πt+1]− rnt )

3. Monetary Policy Rule: Taylor Rule it = ρ+ φππt + φy ỹt + vt

• Comments

1. NKPC

(a) Prices are forward-looking: �rms are trying to on average set their costs equal to
constant markup over nominal marginal costs.

i. In order to do this, must form expectations about in�ation in the future, and have
to understand what their real marginal cost is.

2. dIS

(a) Euler equation: the only twist is that it is expressed as a function of the output gap.

i. Content is just intertemporal substitution, like Euler equation

(b) Subtracted natural level of output from both sides

(c) Get term that is the growth rate in the natural level of output: rnt called �natural
interest rate.� It is the interest rate that would prevail if prices were �exible.

(d) (it − Et [πt+1]− rnt ) is real interest rate minus natural interest rate it − Et [πt+1]︸ ︷︷ ︸
real interest rate

− rnt︸︷︷︸
natural interest rate


i. Can also think of this as the gap between the real and natural interest rate: �in-
terest rate gap�

So now we have two forward-looking, stochastic di�erence equations, one in πt and one in
ỹt. One endogenous variable still there that we need to specify: nominal interest rate it. So
we will specify an interest rate rule, as we did with �exible prices.

3. Taylor rule

� This was the missing block: to close the model, need description of monetary policy
(determination of it).

� Set interest rate it according to a simple Taylor rule given above (we would imagine
something di�erent), where ut is exogenous (possibly stochastic) with zero mean.

∗ Monetary policy works only through the interest rate. We could add money back
in by specifying money demand function, as discussed earlier. On the equilibrium
path, there will always be a money supply that solves this equation. I.e. saying
'what are the open market operations that will support this nominal interest rate?'
But there is no further action here.

� vt is monetary policy shock

∗ In optimal monetary policy, will be two issues. 1) what is the optimal level of
the interest rate on the equilibrium path. 2) how do we ensure that we have local
uniqueness. But here we're just trying to characterize the equilibrium. vt will be
about (1), and φπ and φy will be about (2)
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∗ You could put shocks in many di�erent places. But because linearized system of
equations, the response of the economy to a linear combination of shocks is going
to be the same linear combination of responses to shocks.

· Now, vt is true monetary policy shock, as opposed to response of monetary policy
to a shock. When we do optimal monetary policy, then vt won't be a pure shock,
but rather you'll have a response of the nominal interest rate to what is going on
in the economy. So we will solve for vt in future. But we learn something from
this exercise, as optimal vt that we will solve for, the response of the economy
will be the sum of 1) the response to the underlying shock hitting the economy
and 2) an exogenous monetary policy shock (with this vt that we will have solved
for). [In simple graph example, shows one shock above the axis, one below, that
when you add together cancel out]

Equilibrium dynamics and local uniqueness

Some algrebra to support above points:

• We can derive [
ỹt
πt

]
= AT

[
Et [ỹt+1]
Et [πt+1]

]
+BT (rnt − vt)

AT = Ω

[
σ 1− βφπ
σκ κ+ β (σ + φy)

]
, BT = Ω

[
1
κ

]
, Ω =

1

σ + φy + κφπ

2 dimensional dynamic system: 2 variables to solve for, ỹt and πt. [Just matrix notation for two
equations we had on previous slide. No additional content] Distinction between the variables we
are solving for and the forcing variables (shocks)

� Can express this vector as a function of its realization in the next period, and the underlying
shocks in the current period. There are two shocks�two forcing variables�the natural interest
rate (shock in dIS) and monetary policy shock vt.

∗ What we want to do is to express ỹt and πt as a function of the shocks.

• Unique bounded solution ⇐⇒ AT has both eigenvalues within the unit circle.

• N&S Condition

� Given φπ ≥ 0 and φy ≥ 0
κ (φπ − 1) + (1− β)φy > 0

is necessary and su�cient (Taylor principle) to ensure local determinancy.

� To ensure local determinancy, the interest rate rule must respond more than
one for one to in�ation and/or the output gap

(Will let two eigenvalues be within unit circle) Can view this as a condition on the coe�cients
in the Taylor rule. The Taylor rule needs to be �responsive enough� to the endogenous variables,
that is, φπ and φy need to be big enough, to get local determinancy. For example, if φy = 0,
then need response of nominal interest rate to π to be strong enough (φπ ≥ 1 ) to get local
determinancy.
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� We also see that this has nothing to do with vt. There's a di�erence between interest rate
implemented in equilibrium, and the coe�cient in the Taylor rule that ensures you have
determinancy.

∗ Determinancy is about how interest rate responds o� equilibrium path�trying to rule
out other equilibria. This is very di�erent from interest rate you observe in equilibrium.
So it makes no sense to collect data on Taylor rule and ask whether N&S conditions for
determinancy are veri�ed. Also, could have in equilibrium the interest rate responding
to πt in any given way, and this would tell you nothing about whether Taylor principal
holds.

• Di�erence between implementation and locally unique implementation:

� Implementation: requires specifying interest rate it in the competitive equilibrium (on the
equilibrium path)

∗ For example if we simply set it = ρ+ ut, then there are multiple bounded solutions so
that we have local indeterminancy

· If you try to sidestep the Taylor principal, and say that you will specify an interest
rate on the equilibrium path. I.e. give a �xed interest rate. What will happen is that
you can't implement the same equilibrium�can't make sure that you have a unique
equilibrium. Like in RBC model, interest rate needs to respond to endogenous
variables, and needs to be responsive enough.

� (locally) unique implementation: requires specifying an interest rate rule (on and o� the
equilibrium path)

What Taylor rule is saying: if in�ation is not exactly what is has to be in equilibrium, then the nominal
interest rate would become so crazy that the economy would explode (diverge). So you're ruling out
other equilibria by having this commitment to do something really crazy (you can question whether
it's a good description of the world). Should understand what is behind Taylor principle, but realize
that there are these problems so don't get too far into it.

E�ects of a Monetary Policy Shock

• No real shocks (set r̂nt = 0)

• Let vt follow an AR(1) process:

vt = ρvvt−1 + εvt

Look at e�ect of monetary policy shock�a shock to the interest rate rule, vt. Shock is mean-
reverter [AR(1)].

� Calibration: ρv = 0.5, φπ = 1.5, φy = 0.5
4 , β = 0.99, σ = φ = 1, θ = 2

3 , η = 4

� Exercise: derive an analytical solution for the e�ects of a monetary policy shock

∗ Work directly with the dIS and NKPC. Say vt will be this AR(1), try to derive analyt-
ically the solution for ỹt and πt as a function of vt. (These will be only a function of vt
because there are no further anticipated montary policy shocks). The shock is marko�,
so all the information about future vt's are encoded.
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• Looking at the response to a contraction in monetary policy

� vt is positive�this is the shock, the forcing variable

� get negative output gap, de�ation, and eventually everything mean reverts back to 0

• Comparing to

� Data has a more gradual fall in output gap then back to steady state

∗ Model doesn't get gradual fall (immediate fall), but does get that it goes down and
then mean-reverts

� Data shows some de�ation, that accelerates

∗ Model has it immediate

� =⇒ We're getting the signs right, but the model has too much action at impact (�too
front-loaded�)

∗ How to �x? People have all sorts of dirty �xes

∗ Farhi not a big fan of these, because a main contribution of the model is the structural
foundations (that will allow us to analyze monetary policy)

• Overall, model does okay qualitatively. But main is advantage is that NKM is set of models that
allows us to think about policy, while taking Lucas critique seriously.

E�ects of a technology shock

This one is less important�just wants us to see it
[Don't want to stress too much because this is a technology shock that is not accomodated with
monetary policy]

• No nominal shocks (vt = 0)

• Technology process: at = ρaat−1 + εat
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� Shock to technology is also AR(1). (the RBC shock)

� How will this feed into our system? It will impact the natural rate of interest, which is one
of the forcing variables in our system.

• Implied natural rate of interest: r̂nt = −σψya (1− ρa) at

� Calibration: ρa = 0.9. (So this implies r̂nt is negative in at)

• This can also be solved in closed form for response of whole economy.

• Looking at a positive technology shock

� Output expands (just like RBC model)

� But ouput gap is negative

� Also get de�ation

� [Increase in money growth is from increase in consumption. Always solving out for money
demand. Central bank will implement whatever open market operations it needs to imple-
ment the nominal interest rate]

∗ Whole system can be solved for evolution of in�ation, output, nominal interest rate,
without solving for money demand. We can also do this with money demand equation
when we'd like.

∗ [If you wanted to look at money rules as opposed to interest rate rules, then to solve
equilibrium would need to add in money demand equation, specify a money rule]

This is a technology shock that is not accomodated by monetary policy. There might be better ways
of responding, but here we are imposing that the way monetary policy responds is through the Taylor
rule.

8 Optimal Monetary Policy in the Basic New Keyensian Model

• We've seen positive e�ects: now want to think about optimal policy.

Here's a model where generally the competitive equilibrium is not e�cient. There can be
shocks, and the response to the shocks is not e�cient. Hence there is a role for macroeco-
nomic stabilization�maybe we can do better. Maybe we can use monetary policy in way that is
helpful to economy.

Here we do an extreme exercise and say what is the optimal monetary policy, given that you
have shocks hitting the economy, to maximize welfare.
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� Outline

∗ Focus on cashless NKM
So put money demand equation completely in the background. Even in RBC model
with money, we see that there is an optimal monetary policy (Friedman rule, i = 0).
We want to think about di�erent dimension of monetary policy:

· =⇒ Stabilization is the focus. Ignore Friedman rule for now.

∗ E�cient allocation in basic NKM

∗ Sources of ine�ciency

1. Monopoly markup distortion (unrelated to price stickiness)

(a) (output is too low�standard monopoly distortion)

2. Dispersion in relative prices (from staggered price setting)

(a) When in�ation is not 0, necessarily some prices are di�erent than other prices.
All these varities should sell at same price (since this is their marginal rate of
transformation) but do not. Price system is becoming less e�cient.

∗ Optimal monetary policy

· Try to navigate these two sources of ine�ciency, and �x them as best it can.

∗ (Locally unique) implementation with a simple interest rate rule (Taylor rule)

∗ Will see in basic NKM, optimal monetary is extremely powerful � you can reach the
�rst best. (You can do perfect macroeconomic stabilization with monetary policy).
What macroeconomic stabilization means: it is not that output won't vary any more.
It means that the two distortions won't play a role.
If we got rid of monopolistic competition and sticky prices, could solve for the compet-
itive equilibrium, and this corresponds to social optimum. The social optimum does
have output moving around (basically, the RBC model)
If monetary policy is not right, then the responses of all the variables to the shocks
are not going to be the right ones. If it is right, then can replicate the �exible price
outcome.

· This lecture, will try to derive this result of reaching �rst-best in macroeconomic
stabilization (�exible price outcome), and see implications for optimal policy

· Next two lectures, talk about monetary policy tradeo�s (twists will mean perfect
macroeconomic stabilization will no longer be possible)

� Two branches to what we are doing:

1. Characterizing the optimal interest rate in equilibrium

2. Making sure that we have a locally unique equilibrium

∗ We will be able to do both at same time, and will be able to do them independently

E�cient Allocation

Flexible price, non-monopolistic outcome:

• The e�cient allocation solves

maxU (Ct, Nt) s.t. for all t = 0, 1, 2...and i ∈ [0, 1]
Ct =

[´ 1

0
Ct (i)

ε−1
ε di

] ε
ε−1

Nt =
´ 1

0
Nt (i) di

Ct (i) = AtNt (i)
1−α

(3rd condition is market clearing)
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� There is nothing dynamic in this optimization. Why? Because there is no capital.

� Optimality conditions

∗ Ct (i) = Ct (consume the same of every variety)

∗ Nt (i) = Nt (work the same for every variety)

∗ −Un,tUc
= (1− α)AtN

−α
t (L/L condition)

These equations completely characterize the e�cient allocation. Exactly as many equations as
unknowns.

Now to Ine�cient Allocation in basic NKM, by considering each of the two reasons. We will want to
try to achieve the optimum just described.

Sources of Ine�ciency 1: Monopolistic Competition

The wedge in the economy that comes from monopoly distortion is targetted with employment subsidy.

• Monopolistic competition

Pt =M Wt

MPNt

� whereM = ε
ε−1 and MPNt = (1− α)AtN

−α
t

If everyone were the same, prices would not be the marginal cost, but would be some markup
M over marginal cost.

The markupM is related to the elasticity of substitution between varieties, which captures the
demand elasticity that each �rm is facing.

• Together with
−Un,t
Uc,t

= Wt

Pt
this implies

−Un,t
Uc,t

=
MPNt
M

< MPNt

If you combine the markup equation with the L/L condition for workers
−Un,t
Uc,t

= Wt

Pt
, it implies

that there is a wedge between the MRS for workers and and the MRT.

� Namely, the marginal rate of substitution between consumption and leisure is less than the
marginal rate of transformation.

� This is not consistent with Pareto e�cient allocation, which would set MRS=MRT. [L/L
condition from previous slide]

• Fix: employment subsidy τ

Pt =M (1− τ)
W

MPNt

So we'll subsidize employment by each monopolistic �rm by reducing their marginal cost.

[Remember that we're trying to get to W
Pt

= MPNt]

� Targetting subsidy so that when they apply markup, will price at marginal cost.

∗ The subsidy implies
−Un,t
Uc,t

= MPNt
M(1−τ)
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� We wantM (1− τ) = 1. So we choose τ = 1
ε , to get

−Un,t
Uc,t

= MPNt

So we recover the e�ciency price.

• Employment subsidy and shocks

� Subsidy solves steady state problem. Subsidy will be constant during shocks.

∗ [Think of subsidy as being funded through lump-sum taxes, so that the tax doesn't
introduce additional distortions]

� However, when shocks hit the economy the markup might deviate from the steady-state
markup, despite the employment subsidy. (Hence output could be too high or too low)

� So will need other ways of �xing this: monetary policy will have a role here. (We will see
that it can do a very good job)

∗ Even with steady-state subsidy, it is possible for markups to get out of line with shocks
(and hence for output not to correspond to �rst-best)

Sources of ine�ciency 2: Sticky Prices and Staggered Price Setting

• Relative price distortion from staggered price setting: Ct (i) 6= Ct (j) if Pt (i) 6= Pt (j)

Whenever you have in�ation in the model: in�ation means that some �rms are changing their
prices. Because not everyone can change prices at same time, this means that prices are not
equal for all varieties. This means that consumption for di�erent varieties won't be the same,
and production of di�erent varieties won't be the same.

• Optimal policy requires prices and quantities to be equalized across goods

Optimal Monetary Policy in Basic NKM

Can recover �rst-best. Note this is only for basic NKM, allowing for employment subsidy

• Optimal employment subsidy: M (1− τ) = 1 for markup distortion

� With the optimal employment subsidy, the �exible price allocation is e�cient. [Even if
shocks, as long as prices are �exible, �exible price allocation is e�cient]

• Suppose that there is no inherited price dispersion so that P−1 (i) = P−1 ∀i ∈ [0, 1]

• The e�cient allocation can be attained by a policy that stabilizes nominal marginal costs at a
level consistent with �rms desired markup, given existing prices

� Price stability : No �rm has an incentive to adjust its prices, i.e. P ∗t = Pt−1 and hence
Pt = Pt−1 for t = 0, 1, 2...

∗ Given that markups = desired markups, no �rm has incentive to change its price, =⇒
πt = 0 for t = 0, 1, 2...
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� Flexible price equilibrium matching : equilibrium output and employment match their coun-
terparts in the e�cient �exible price equilibrium

How do we achieve �exible price outcome? Only way is if there is no in�ation, since prices are
sticky. This is because there is no dispersion in �ex price outcome�all �rms are setting the same
price.

• Still will be �uxuations in output, but they will be the e�cient �uxuations. π will be 0 through-
out.

• Optimal policy:

1. ỹt = 0

2. πt = 0

• Implementation:

� Looking at NKPC and dIS:

it = rnt

Nominal interest rate = natural interest rate.

� If you take it = rnt , then through dIS and NKPC see that ỹt = 0, πt = 0 is a solution

∗ Then if I use a Taylor rule, I know that it is locally unique, and hence the solution

• Local Uniqueness

Set nominal interest rate = real interest rate plus a Taylor rule. This will make sure we implement
�exible price outcome in a unique way.

� We need a reactive enough rule to guarantee local uniqueness. Try Taylor rule: it =
rnt + φππt + φπ ỹt

it = rnt︸︷︷︸
to get a solution

+ φππt + φπ ỹt︸ ︷︷ ︸
to get a unique solution

[φππt + φπ ỹt is the Taylor rule term]

� Equilibrium dynamics:

[
ỹt
πt

]
= AT

[
Et [ỹt+1]
Et [πt+1]

]
∗ In equilibrium, ỹt = πt = 0, so it = rnt + φππt + φπ ỹt gives us it = rnt . But terms in
Taylor rule are still important because they ensure local uniqueness.

∗ rnt plays the same role here as vt in previous set up�it's source of the shock.

∗ We're tailoring the monetary policy shock to the shocks that are hitting the economy,
to ensure that we're doing proper macroeconomic stabilization.

· This means you need to raise or lower nominal interest rates it as shocks hit the
economy (through rnt )

� Unique bounded solution is ỹt = 0 and πt = 0 ⇐⇒ κ (φπ − 1) + (1− β)φy > 0
(Taylor Principle)

∗ Taylor Principle: to ensure local determinancy, just need to make sure that the sum of
the two coe�cients on the endogenous variables are large enough
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• Intuition for monetary policy making:

� Question becomes simply: what is the shock that is hitting the economy, and what is the
impact of this shock on the natural rate of interest rnt ?

∗ If it lowers rnt , you should loosen monetary policy. If it increases rnt , you should tighten
monetary policy.

∗ You achieve �exible price allocation.

• Bottom Line

� In the basic NKM, optimal monetary policy requires setting the nominal interest rate equal
to the natural interest rate. This implements the �exible price allocation with no in�ation.
The allocation is e�cient; stabilization is perfect.

� This doesn't mean we're shooting for perfectly stable output. There are �uxuations in
output that are perfectly e�cient (those that are behind RBC model). What we don't want
is spurious volatility, which we can eliminate through optimal montary policy.

In this basic model, there has been no trade-o� between output gap and in�ation. Gali has referred to
this as the �divine coincidence��the fact that stabilizing output is the same as stabilizing in�ation�it
is not a property of other models.

Observable Variables: Simple Rules

• Optimal interest rate rules assume that rnt is observable

� This requires knowledge of: the true model, true parameter values, realized shocks

• Alternative: simple rules which:

� depends on observable variables only

� do not require knowledge of the true parameter values

� approximate optimal reul (ideally across di�erent models)

Some simple rules will be better than others.
Because we're not going to be able to implement the social optimum anymore, we need to evaluate
welfare. Before we didn't have to, because we had a set up that made sure that once we had labor
subsidy, �exible price allocation would be e�cient.

Welfare-Based Valuation

• Loss Function
With labor subsidy still in place

� Derived in appendix of Gali's book

W u −E0

∞∑
t=0

βt
(
Ut − Unt
UcC

)
=

1

2λ
E0

∞∑
t=0

βt
(
κỹ2

t + επ2
t

)
• Intuition

� If you manipulate the expression for utility, and use the FOCs replace some terms, you
manage to express welfare in this form (approximation).
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� It is a 2nd order approximation of the welfare function: there are no �rst order terms in
this approximation.

∗ This makes sense: we are approximating around something e�cient, so the deviations
should be 2nd order.

� The quadratic expression for welfare has two terms

∗ One term is the square of the output gap, the other term is the square of in�ation.

∗ There are two things that you dislike from welfare perspective: variations in output
that do not re�ect natural variations, and variations in in�ation.

∗ These two terms capture the two distortions that we haven't taken care of (with labor
subsidy still in place).

· Squared output term κỹ2
t captures fact that average markup may not be at the right

level. Because of sticky prices, if there is in�ation in the economy, then the average
markup that �rms are charging might not be equal to the desired markup. We are
doing the desired markup with constant labor subsidies, so may not be undoing
distortion with sticky prices.

· In�ation term π2
t captures relative price dispersion. Di�erent varieties selling at

di�erent prices.

Conceptually, nothing di�cult about evaluating welfare in these model. Getting here alge-
braically is tedious. But wants us conceptually to understand what is behind the welfare
function, and these two terms.

• Evaluate two simple rules:

1. Taylor Rule:
it = ρ+ φππt + φy ŷt

where ŷt is the deviation from the natural level of output

� We see this is di�erent because the natural interest rate does not vary. Now it is just
a constant ρ.

∗ (when people talk about a Taylor rule, this is really what they have in mind�
constant intercept, then coe�cient on π and coe�cient on y)

� You might look at this and still think that you need to determine natural level of ouput
(for ŷt). So we can re-write in terms of steady-state (as opposed to natural level):

(a) Equivalently:

(b)
it = ρ+ φππt + φy ỹt + vt

where vt = φy ŷ
n
t

2. Money Growth Peg

� We also want to look at a money growth rule. The way we'll do this is to introduce
a money demand equation (money in utility function), with some stochasticity, and
impose a rule for the money supply. This rule is going to be a constant money supply.

� Also will introduce some money disturbance

� So we take:

∆mt = 0

(a) where money is introduced through a money demand equation: mt − pt = yt − ηit − ζt
(b) where ζt is a disturbance to money demand such that ∆ζt = ρζζt−1 + εζt

69



• Intuition

� Exact results of these experiments is not too interesting. The main points are

1. What welfare looks like in this economy

2. You can think about optimal monetary policy, and then see that simple policies do a
good job

• Empirical Results: 4 di�erent Taylor rules and a constant money growth rule

σ is standard deviation

� Absolute value of welfare loss

∗ Welfare loss is computed in standard consumption terms .3 =⇒ .3% of lifetime con-
sumption

· =⇒ Lucas calculations are coming back to haunt us. You can have substantial
volatility, yet

∗ welfare costs are very small

· For reasonable degrees of risk aversion, and the kind of volatility we see in con-
sumption this is just not that much

� Comparing the simple rules

∗ There is a rule that does much better: φπ = 5, φy = 0

· There is a theoretical result behind this: In the limit, if I take the coe�cient on
π to ∞, I recover optimal monetary policy. In this scenario, can't have any π in
equilibrium. So in the limit, you'll end up selecting 0 output and 0 in�ation. This
is again �divine coincidence�

If you care only about stabilizing π, and care su�ciently that you set a rate that reacts
a lot to π, Then you will perfectly stabilize in�ation.
But in the process you will also stabilize output.

· This is why you see σ (ỹ) as the lowest as well for this rule focused on π

∗ Also see that money growth rule really doesn't do a good job

� So 2 substantive messages from this table

1. Interest rate rules do a good job

2. An interest rate rule that puts a large coe�cient on π in the limit will achieve the
�exible price outcome

• Two ways very di�erent ways of achieving �exible price outcome

1. Interest rate rule of it = rnt + φππt + φπ ỹt

(a) This separates completely what interest rate is implemented in equilibrium (it = rnt )
from Taylor principle of ensuring local uniqueness

2. Taylor rule with it = ρ+ φtπt where φt is very large

(a) Achieves �exible price outcome because it delivers 0 π. The only way to get 0 π is if
output is at its natural level ỹ = 0.

(b) Note that usually we think about using φt for determinancy. But here we it is used to
achieve the equilibrium
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(c) We could also do this with φy, by a symmetric argument

i. Here, π is playing a unique role: it is determining equilibrium i behavior (since
there will be some π for �nite φt) while also ensuring determinancy

• This is how Taylor rule was discovered. In early 90s, he ran a regression of fed funds rate on π
and y. He found that a simple rule like this does a very good job at describing behvior of the
fed.

• From graph: can see does a good job of describing behavior

� If you do this pre-Volckler, get a very di�erent answer, with di�erent coe�cients on output
and π

• Taylor rules have this mystique around them, but wants us to see them as very simple

� Keep these two ideas separate:

1. Interest rate that we are implementing in equilibrium

2. Taylor principle, which is about ruling out other equilibria

Aside: Monopolist Price Setting / Markup

Monopolist sets its price according to the quantity where marginal cost = marginal revenue. The price
is given by this quantity on the consumer demand function.
Monetary policy (through i) can increase demand. If demand curve shifts up, but prices can't change,
then there will be more demand at the prevailing price. [So long as price is still > than MC, then �rm
will accomodate]. However, once �rm gets chance to reset price, it will, according to (quantity where
marginal cost = marginal revenue) sits on new demand curve.
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[As you can see in the graph, raising the q∗ will increase marginal costs, cutting into monopolists
pro�ts, and lowering price. The monopolist will want to reset to a higher price, and reduce output, to
get maximal pro�ts once again.]
Thus, increasing output will make �rms want to raise prices (raise markup). Higher output results in
lower markup.

Also note that if price declines from monopolistic p∗, �rms will still want to sell as long as price is
above marginal cost.

Basically, since monetary authority knows some �rms are stuck with their prices, it can stimulate
demand so that more people will demand good at stuck price, cutting into monopolist pro�ts (through
decreased markup). Each time �rms have the chance to reset prices, they will shoot higher to recover
their markup, creating in�ation.

This is a cashless economy, so the only thing that monetary policy is doing is to a�ect the nominal
interest rate.
[This is like bank of New Zealand. Have a nominal interest rate, and will take deposits and lend (at
a slightly higher rate). So acting like a bank. Its goal is to keep the nominal interest rate within a
certain corridor. So some central banks do target i in a direct way. Not the Fed, which does more
open market operations�to think about this, would need to introduce money and other things]
With monetary policy, you have the ability to in�uence output, and to increase output above the level
that would prevail with �exible prices.
i.e. because �rms have sticky prices, you manage to nudge them a bit away towards producing more.
You'll manage to stimulate demand above what would happen at the �exible price outcome. Firms that
cannot change their prices will manage to accomodate that demand. In the process, you'll live with
in�ation, because the only way you're achieving a higher level of output is by compressing markups.
So �rms that have a compressed markup, and get the opportunity to change prices, will try to increase
price. This creates in�ation.

I think: lowering nominal interest rate i increases demand in current period. Nominal interest rate
in�uences the marginal rate of substitution between consumption today and consumption tomorrow,
and a lower interest rate shifts consumption towards today. We see from the dIS that lowering i
will increase the output gap x̂t. (more demand today) Increasing x̂t will increase in�ation πt today
through the NKPC (by the above mechanism of �rms trying to reset to a higher price). Hence through
controlling i, monetary authority can stimulate demand, causing in�ation.

Aside 2: Allocations and Implementation

• Optimal allocation �rst, then back out the instrument needed to implement allocation.

There is a set of allocations A. The allocations that we can implement are competitive equilibria�there
are many of them CE.

72



CE ⊂ S.
CE: Competitive equilibria: have to satisfy NKPC in each period (since this encodes the fact that
�rms are setting their prices optimally).
Also, given the nominal interest rate, they also have to satisfy the dIS.
Say that there is a set of allocations N that satisfy NKPC only. Will S be larger than CE? This will
not be true since we can �nd an i for any allocation satisfying the dIS. So S ≡ CE.
Thus we only need to worry about optimizing s.t. the NKPC holds. Then we'll �nd i from dIS.

9 Imperfect Stabilization in the NKM

• Outline

� So far: we did away with monopoly distortion.

∗ We concluded that monetary policy could perfectly stabilize the economy and avoid
in�ation

∗ No meaningful in�ation-output tradeo�

� Now: reintroduce monopoly distortion (eliminate employment subsidy).

∗ Stepping away from the basic NKM. We will break the �divine coincidence� between π
and y

1. Constant distortion: in�ation bias

∗ The main implication is that this distortion causes even the �exible price natural
level of output ynt to be too low relative to the e�cient level yet because the monopoly
distortion suppresses output even when prices are �exible. The gap between these
two is a function of the monopoly distortion.

∗ In�ation bias: to push output above its �exible price level closer to its e�cient
competitive level the cost is that we won't be able to maintain zero in�ation because
�rms will keep wanting to increase their prices to acheive desired markup, so will
have π > 0.

· ⇒So there will be in�ation bias [in that optimally we will have some in�ation,
whereas before was zero].

2. Time-varying distortion: stabilization bias

� In both cases, gains from commitment (rules vs. discretion)

∗ In rules, we will have a value over and above discretion

� Focus on implementation as opposed to locally unique implementation.

∗ Will stop talking about unique local implementation. We can always use the same
tricks as usual can deliver (locally) unique implementation

∗ So focus will be on what interest rate should prevail in equilibrium

9.1 An Economy with a Constant Distortion

Summary:

• Taking advantage of the fact that prices are sticky to implement an allocation above the �exible
price allocation
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• We are solving for the optimal monetary policy under discretion (which means taking future
values of π and y as given).

• We note that there's a relaxed planning problem associated with this problem, where the solution
satis�es the original problem. [s.t. just the NKPC]

• We derive an optimality condition that links x̂t and πt. This optimality condition tells that the
nominal interest rate must be set such that the optimality condition holds.

• We combine the optimality condition with the implementability condition, the NKPC.

� Note this is the 2nd time we use the NKPC. The �rst as a constraint on the minimization
problem. Second as an �implementability condition� which gets us the di�erence equation,
that then pins down the equilibrium.

• (From previous step ⇒) We �nd a di�erence equation that happens to have a unique solution.
this pins down the unique equilibrium, which is constant over time (for output x̂t, in�ation πt).

The bottom line is that if we have a constant monopoly distortion, we reach a solution that perma-
nently has: in�ation, and a positive output gap (x̂t, πt > 0).

• Connection between output and π:

� What you're doing (in every period) is to stimulate output against the natural benchmark
with �exible prices (by x̂t), but in the process you are generating in�ation. Because the only
way you can push output above �exible price allocation is if some �rms have to live with a
lower markup than the markup they desire. This means that whenever �rms get a change
to reset their price, they will try to set a higher price. This is why you get π necessarily.

• You ↑ output (x̂t): ⇒ ↑ marginal cost ⇒(�rms have lower markup than desired) ⇒ �rms want
to adjust price ↑ to restore pro�t ⇒ ↑ in�ation

Now we have a meaningful trade-o� between pushing output towards its e�cient level (above �exible
price level) and in�ation. You stop somewhere in the middle, as a trade-o�.
Also can see this through planning problem: x̂t is positively related to πt. To increase x̂t, you'll have
to live with some πt. Permanently positive πt means in�ation bias.
[i can be deduced from plugging in the constant values for x̂t and πt into the dIS]

πt = βEt [πt+1] + κx̂t
x̂t = Et [x̂t+1]− 1

σ (it − Et [πt+1]− ret )

[Language that confused me, but ignore-able: We take it as a given that monetary policy will be
determined in this way, so we use this relationship in the NKPC�our one implementability condition.
So now we are imposing equilibrium (that πt is determined by this optimal monetary policy). This is our
competitive equilibrium (optimality condition that satis�es NKPC). There coud be many competitive
equilibria, which have a path for πt and x̂t�and they all have to satisfy the implementability condition,
the NKPC. We �nd a di�erence equation for πt. This di�erence equation has a unique solution Hence
it turns out there is a unique equilibrium.]

9.1.1 Set-Up and Welfare

Back to monopoly distortion:

• Assume away employment subsidy (τ = 0)

• Monopoly distortion is present in the steady-state:
−Un,t
Uc,t

= MPNt
M < MPNt
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� In steady state (even if no shocks, so prices are constant) marginal rate of substitution
between consumption and leisure 6= marginal product of labor

• Flexible price allocation (Natural allocation ”n”) not e�cient anymore

� Natural level of output would be below e�cient level of output (ynt − yet < 0)

• Introduce e�cient allocation ”e”

� Notice that distance between yet and ynt is constant: yet − ynt = ye − yn = 1−α
φ+α ln (M) (to a

�rst order approximation)

∗ The magnitude of this distance is positively related to the markup M (which itself is
related to the elasticity of substitution between the di�erent varieties)

Welfare

• Welfare relevant output gap:

� We still have �output gap� ỹt = yt − ynt as before

� Gap between actual yt and e�cient yet :

xt = yt − yet
∗ xt is the welfare-relevant output gap
∗ This means: ỹt = xt + yet − ynt

� De�ne:

x̂t = xt − x

∗ where x = yn − ye < 0.

∗ x̂t is the deviation of xt from steady-state

� This gives:

x̂t = (yt − yet )− (yn − ye)

.

∗ E�cient level would be x̂t = 0− (yn − ye) = −x > 0

• Welfare Loss Function

Calculations are tedious�look for details in Gali's book.

W =
1

ελ
E0

∞∑
t=0

βt
[

1

2

(
π2
t + αxx̂

2
t

)
− Λx̂t

]

� where αx = κ
ε and Λ = (1−ε)

M
λ
ε

∗ Two di�erences from welfare expression in basic NKM:

1. Not ouput gap ỹt anymore that shows up, but welfare-relevant output gap x̂t

2. Linear term in output: this is a welfare loss, so −Λx̂t term will punish when x̂t < 0

(a) Not 2nd order around the steady-state anymore, because steady-state is not e�-
cient.
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∗ �−Λx̂t� term arises because we have taken out labor subsidy. Even in steady state,
you have a markup distortion�so output is below e�cient output. Therefore you have
a welfare incentive to stimulate output. So it is really the monopoly distortion.

∗ Caveat: if Λ is large, would need 2nd order approximation, which we are not going to
do. This equation is valid only for small distortion (small Λ)

· In basic NKM, if you minimize the quadratic loss function s.t. the 2nd order
approximation of the constraints, you get the same solution as if you put the �rst
order approximation of the constraints

· In this world, if Λ is large, won't have same answer in both cases. You really need
2nd order approximation (but we are not going to do this)

Core Equations, Re-written (slightly)
Can still derive all the positive equations that describe the NKM (very small adjustments).

1. NKPC: πt = βEt [πt+1] + κx̂t

2. Dynamic IS equation (dIS): x̂t = Et
[
x̂t+1

]
− 1

σ

(
it − Et [πt+1]− ret

)
(a) where ret is the e�cient rate of interest given by r

e
t = ρ+σE

[
∆yet+1

]
= ρ+σ 1+φ

σ+φ+α(1−σ)Et [∆at+1]

(b) Note that ret = rnt here since monopoly distortion yet − ynt is constant

9.1.2 Optimal Discretionary Policy

Monetary authority has no commitment.
For �rst time in this class, we consider a Ramsey problem. Here, the instruments of policy
will be the nominal interest rate i, and for a given nominal interest rate we will be able to implement
a set of equilibria. Will look for the best possible equilibrium.

• In every period, monetary authority planning problem

Planning problem: try to minimize the welfare loss function, subject to the implementability
constraints that give you the competitive equilibrium as a function of the policy instrument
i

min
(it,x̂t,πt)

1

2

(
π2
t + αxx̂

2
t

)
− Λx̂t

s.t.
πt = βEt [πt+1] + κx̂t

x̂t = Et [x̂t+1]− 1
σ (it − Et [πt+1]− ret )

� taking Et [x̂t+1] , Et [πt+1] as given (as parameters that is cannot in�uence) [no commitment]

∗ Under discretion, in every period you are reconsidering policy. So will set monetary
policy taking the future output gap and in�ation as given.

· Model is entirely �forward-looking,� which means that in equilibrium, Et [x̂t+1] , Et [πt+1]
determined by monetary policy in future periods. Since it cannot bind future mon-
etary authorities, has to take these values as given.

∗ Role of dIS :

· Nominal interest rate�the one policy instrument we have�enters into this problem
only through the 2nd constraint, dIS.
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· Will use dIS to determine what optimal level of interest rate i is

· But it won't be a meaningful constraint on the problem, so we can ignore it when
doing minimization

∗ Solving Strategy:

· We ignore dIS constraint, solve for minimization of loss function s.t. NKPC, and
get a solution. Plug this solution back into dIS to get optimal i.

· Hence we go to �relaxed version� of this planning problem with only one constraint:

• �Relaxed version� of planning problem:

� There is an i which will be consistent with the original planning problem. Dropping a
constraint will necessarily does better.

min
(x̂t,πt)

1

2

(
π2
t + αxx̂

2
t

)
− Λx̂t

s.t. πt = βEt [πt+1] + κx̂t

� taking Et [πt+1] as given (no commitment)

� Simpler problem: we are minimizing a quadratic loss function subject to a linear equation.
The only subtlety here is that we are taking Et [πt+1] as a parameter.

• Optimality condition:

� FOC with respect to x̂t and πt, and combine to get:

x̂t =
Λ

αx
− κ

αx
πt

� Intuition

∗ This is a feedback rule that links two endogenous variables: output gap x̂t to level of
in�ation πt

∗ This is the FOC of the optimal monetary policy problem. This means that if you're at
the optimum, x̂t and πt have to satisfy this relationship. In the background, it means
that the nominal interest rate i will be set in such a way that this equality holds.

� Derivation

∗ Write Lagrangian:min(x̂t,πt)
1
2

(
π2
t + αxx̂

2
t

)
− Λx̂t + λ (πt − βEt [πt+1]− κx̂t)

· FOCx̂t : αxx̂t − Λ = λκ

· FOCπt : πt = −λ
· Combine: x̂t = Λ+λκ

αx
=⇒ x̂t = Λ

αx
− κ

αx
πt as desired

• Plugging this back into the NKPC:

� Replace x̂t as a function of πt. Get �rst order di�erence equation in πt:
(

1 + κ2

αx

)
πt =

βEt [πt+1] + κΛ
αx

∗ πt =

(
1(

1+ κ2

αx

))βEt [πt+1] + κΛ(
1+ κ2

αx

)
αx
. Coe�cient on πt+1 is < 1. Hence we know

that this di�erence equation has unique, bounded solution.
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• Unique, bounded solution (in closed form)

πt =
Λκ

κ2 + αx (1− β)

implying

x̂t =
Λ (1− β)

κ2 + αx (1− β)

� Unique solution has:πt and x̂t as constant (equal to a set of constants)

∗ So πt and x̂t permantently positive, constant.

∗ The bigger Λ, the further these will be from the e�cient point.

∗ Also see that if αx is increased, this will decrease distortion

· αx means that central banker cares more about output gap

• Interpretation

� With constant monopoly distortion, we have an in�ation bias

� There is now a meaningful tradeo� between stimulating output and accepting higher in�a-
tion

� This is a consequence of the monetary authority's incentive to push output above as its
natural steady state level

∗ This incentive increases with the size of the distortion measured by Λ

9.1.3 Optimal Policy Under Commitment

We know right away that under commitment will be better necessarily, since the �exible price allocation
is feasible (as is the optimal policy under discretion).
Monetary authorities choose not to implement that allocation; hence by revealed preferences we see
that optimal policy to come out of this problem will dominate.
Monetary authority can commit.

• In every period, monetary authority problem

� Same form as problem under commitment, except

∗ min NPV over future (before we were looking at a single time period, taking future
periods as given)

∗ s.t. all the future constraints; no longer taking all future variables as given.

min
{it,x̂t,πt}t≥0

E0

∞∑
t=0

[
1

2

(
π2
t + αxx̂

2
t

)
− Λx̂t

]

s.t. for all t = 0, 1, 2...
πt = βEt [πt+1] + κx̂t

x̂t = Et [x̂t+1]− 1
σ (it − Et [πt+1]− ret )
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� For same reason as under discretion, we'll be able to ignore dIS curve here. We have one
policy variable i which is free, and we can use the dIS curve what i is needed to implement
a given allocation.

∗ Given an allocation that satis�es the NKPC, I can always �nd an i that satis�es the
dIS.

∗ This approach of focusing on implementability condition, and then deriving what the
policy instrument should be, is similar to Chamley-Judd result. (Back out taxes from
FOCs). Also like mechanism design.

· Optimal allocation �rst, then back out the instrument needed to implement allo-
cation.

• This problem amounts to:

min
{x̂t,πt}t≥0

E0

∞∑
t=0

[
1

2

(
π2
t + αxx̂

2
t

)
− Λx̂t

]

s.t. for all t = 0, 1, 2...πt = βEt [πt+1] + κx̂t

• Solving via Lagrange multipliers:

min
{x̂t,πt}t≥0

E0

∞∑
t=0

[
1

2

(
π2
t + αxx̂

2
t

)
− Λx̂t + γt

(
πt − βπt+1 − κx̂t

)]
• Optimality conditions for t = 0, 1, 2, ...

x̂t : αxx̂t − Λ− κγt = 0
πt : πt + γt − βγt−1 = 0

where γt−1 = 0

• Plug into NKPC to �nd di�erence equation

� This time di�erence equation is expressed for price level p̂t as opposed to πt

� ***Algebra left as an exercise*** �not particularly interesting�

� These conditions can be combined to yield: p̂t = ap̂t−1 + aβEt [pt+1] + κ
αx

Λ where p̂t =
pt − p−1 �the di�erence between current and initial prices� and a = αx

αx(1+β)+κ2

• Unique stationary solution

p̂t = δp̂t−1 +
δκΛ

αx (1− δβ)
= δp̂t−1 + (1− δ) Λ

κ

� Turns out there's a unique solution, to this �rst-order di�erence equation, and this corre-
sponds to the solution of the 2nd order di�erence equation

� simple AR(1): price level today is related to yesterday. Mean-reverting to a constant

� We can back out using FOC what output gap will be:

x̂t =
κ

αx

(
Λ

κ
− p̂t

)
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∗ where δ =
1−
√

1−4βa2

2aβ ∈ (0, 1)

� Note this implies that

∗ limt→∞ pt = p−1 + δκΛ
αx(1−δβ)(1−δ) = p−1 + Λ

κ

· LR: Price level converges to a constant.

· LR price level: depends on initial price level, as well as a constant that depends
on how much we want to stimulate output Λ

· With labor subisdy, Λ = 0, and we'd get LR p = p−1 initial price. And we'd be
back to �exible price allocation.

· With Λ > 0, we know in the LR, price level will be higher than initial p−1.

∗ limt→∞ πt = 0

∗ limt→∞ x̂t = 0

· LR: go to 0 in�ation and output gap

• Summary

� Looking in terms of output gap:

1. πt starts at π0 = (1−δ)Λ
κ and declines towards 0 at rate δ

2. x̂t starts at x̂0 = δΛ
αx

> 0 and converges to 0 at rate δ

� In�ation bias there in the short run, but not long run

∗ Both πt and x̂t start high, and decline in long run, converging to 0 at rate δ

∗ We are implementing something that resembles what we had under discretion, where
we have positive output gaps and in�ation. But with commitment, we choose to do
this only in the short run, and make sure that in the long run we converge back to
πt = 0 and x̂t = 0. [Contrast this to discretion where you had πt > 0 and x̂t > 0
permanently]

• Intuition

� Gains from commitment: anticipation of convergence back to πt = 0 and x̂t = 0 improves
the in�ation-ouput tradeo� in the short run, allowing the monetary authority to raise
output above its natural level without having to tolerate as much in�ation. This is why
you commit.

∗ (increasing output above its natrual level is good for welfare; in�ation is bad for
welfare)

∗ You promise less π in the future. By doing this, for a given output gap x̂t that you're
trying to implement, you'll be able to live with less πt in the short run.

· Since �rms will be more reluctant to raise prices�they don't want to end up with
a high relative price

� The reasons to try to use monetary policy to stimulate output is the same as under discre-
tion.
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∗ Output is ine�ciently low, and we can use monetary policy to increase output. Cost
is that you have to tolerate more in�ation. Under discretion we resolved these trade-
o�s statically. That led to a constant level of in�ation and constant output gap.
Under commitment, we're choosing to do something di�erent: front-load the output
gap and in�ation, and in the long run they converge to 0.

· This is necessarily better than discretion solution, since under commitment have
the option of implementing the discretion solution. It is one of the competitive
equilibria. [Revealed preference]

� Discounting and time assymtery:

∗ Even if you set β to 1, you will still get this feature (although β does impact constant
in price). It is more driven by assymetry in problem: tomorrow impacts today,
today doesn't impact tomorrow. So by committing to low in�ation in the future,
impacts today. The more into the future that commitment is, the more impact that
commitment has on periods behind it. This logic is here, even if β = 1.

� Mathematics of commitment: γt

∗ multiplier γt is like a �ctitious state variable. This state variable, to the extent
that you capture it, really keeps track of commitment. This is what keeps track
of your previous promises: γt. Because this variable satis�es both equations, we
are constrained�we are keeping track of these previous commitments. So it's this
multiplier that's really doing the trick.

� This can be seen as an application of a more general prinicple: rules vs. discretion

∗ Commitment > discretion. We have seen: optimal allocation, discretion allocation,
and �exible price allocation. These three satisfy NKPC: hence they can be imple-
mented. The planner under commiment can choose any, and is choosing this one.
Hence optimal allocation (in commitment) is best by revealed preference argument.

∗ Flex price allocation has inne�ciency of output being too low (because of monopoly
distortion). If prices are �exible, then I can't do anything, I have to live with the
distortion. With sticky prices, can try to stimulate output above this outcome�though
doing so means living with some in�ation. This is telling you you're happy to deal
with some cost of in�ation to improve output.

· You do better in world with sticky prices than with �exible prices.

· This is an application of the theorem of the 2nd best

Theorem of the 2nd best says that if one optimality condition can't be satis�ed,
it is possible that the next-best solution involves changing other variables away
from the ones usually assumed to be optimal. [W]

In this case, when you have a �rst distortion, sometimes a 2nd distortion can
help you rather than hurt you.

� Comparative static to degree of price �exibility: κ

∗ When prices become more �exible, κ ↑. [Remember this by looking at NKPC, see
that κ→∞, see that x̂t (or ỹt) = 0, since otherwise π would explode. So with large
κ, output has to be equal to �exible price output, so x̂t = 0. If κ = 0, then no matter
what the output gap is, you'll have πt = 0.
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∗ What will happen to commitment solution when we change κ?

9.2 An Economy with a Time-Varying Distortion (�Cost-Push Shock�)

Above was about a transition path�managing to stimulate output for a little bit before going back to
�exible price allocation; not really about how to respond to shocks and how to stabilize the economy.
So will introduce shocks that monetary policy is not going to be able to perfectly stabilize.

9.2.1 Set-Up

• Now assume that yet − ynt is time varying

Assume gap between e�cient level of output yet and natural level of output ynt is time-varying,
and call it ut.

� maybe because of time variations in desired markups, relfecting variations in ε

� We get

ut = ŷet − ŷnt

∗ is a random disturbance with zero mean, where ŷet = yet − ye and ŷnt = ynt − yn

· When yet − ynt is constant, ?expected? ut = 0

� Cost-push shock

ut = ρuut−1 + εut

is a disturbance somtimes called a cost-push shock

∗ You can think of a cost-push shock as an increase in desired markups.
ut = ŷet − ŷnt

∗ ut follows an AR(1), with mean reversion.

∗ Why called cost-push shock? One way of looking at foundation is changes in elasticity
of substitution between goods over the business cycle, which will create variations
in desired markups. These variations are going to translate into variations in real
marginal costs. This will create variations in the di�erence between the e�cient level
of output and natural level.

· We introduce this shock because interesting from a policy perspective. Tradeo�
between output stabilization and in�ation stabilization.

· (�This is not a great microfoundation by any means�it's a big of a trick to get
a shock that people found interesting.� Even if you don't believe in the shock,
there are still lessons from what happens about tradeo�s in monetary policy)

• Suppose that the steady state distortion is small so thatM−1 has the same order of magnitude
as �uctuations in the output gap or in�ation
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� So we can stay with a �rst-order approximation

• Welfare loss

� We still have the same approximation to the welfare loss:

W =
1

ελ
E0

∞∑
t=0

βt
[

1

2

(
π2
t + αxx̂

2
t

)
− Λx̂t

]
where Λ = 0 when there are no distortions in steady state.

• Core Equations, Re-written (slightly)

1. πt = βEt [πt+1] + κx̂t + ut (added ut is only change in the system)

(a) ut is the cost-push shock term

2. x̂t = Et [x̂t+1]− 1
σ (it − Et [πt+1]− ret ) (same)

(a) where ret = ρ+ σE
[
∆yet+1

]
= ρ+ σ 1+φ

σ+φ+α(1−σ)Et [∆at+1] (same)

• Same planning problem, and �relaxed� planning problem (where you ignore dIS) as before, with
new NKPC

• Optimality Conditions

� Same as before

∗ No Commitment: x̂t = Λ
αx
− κ

αx
πt

∗ Commitment:
x̂t : αxx̂t − Λ− κγt = 0
πt : πt + γt − βγt−1 = 0

where γt−1 = 0

� But since we need to combine the optimality conditions with the NKPC to get the solution,
the solution will change

• Optimum (solution)

� Underline shows new terms:

� No Commitment:

πt =
Λκ

κ2 + αx (1− β)
+ αxΨut

x̂t =
Λ (1− β)

κ2 + αx (1− β)
− κΨut

∗ where Ψ = 1
κ2+αx(1−βρu)

83



· What you see is that the solution depends on two terms: a constant term and a
term that depends on the cost push shock ut.

Constant term is exactly the same as what we saw in constant distortion. Hence
in�ation bias is still present.

· Considering response to cost-push shock: under discretion, the solution is en-
tirely static. The cost push shock in period t a�ects πt and x̂t only in period
t.

[Not literally true, since cost-push shock is an AR(1)]

But important point is that πt ∝ ut, and the deviation of the solution for πt
from no cost push shock is also directly proportional to ut

· ⇒ Since ut is an AR(1), the response will also follow an AR(1)

So for cost push shock, given this optimum, expect more in�ation and lower
output, then whole thing will mean-revert

� Commitment:

p̂t = δp̂t−1 + (1− δ) Λ

κ
+

δ

1− βδρu
ut

x̂t =
κ

αx

(
Λ

κ
− p̂t

)
∗ Similar structure: di�erence equation for p̂t: features coe�cient of mean reversion
(on p̂t−1), a constant term which it mean reverts to, and a term proportional to ut.

• Shock and Response:

� Trace out impulse response to two kinds of shocks: First, transitory shock that lasts only
for one period

� Imagine that ρu = 0 and trace out an impulse response to a shock in u0

∗ No commitment: We have

· x̂0 < 0 and π0 > 0

· x̂t = 0 and πt = 0 for t ≥ 1

This makes sense: model is entirely forward looking. From period 1, don't have
any more cost-push shock, so back to equilibrium that we characterized.

For t ≥ 1, solutions for x̂t and πt go to their non-shocked forms, i.e.: πt =
Λκ

κ2+αx(1−β) + αxΨut → πt = Λκ
κ2+αx(1−β) , as without any shock

· Can see this from NKPC: πt = βEt [πt+1] + κx̂t + ut. Takes βEt [πt+1] is given.

At t = 0: will choose πt higher than otherwise would have, and will choose x̂t
lower, to o�set

· So you let the shock go a little bit to in�ation, but try to restrict this by lowering
the output gap

∗ Commitment: We have
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· x̂0 < 0 and π0 > 0

· x̂t < 0 and πt < 0 for t ≥ 1

· Here we are doing something quite di�erent. What you end up having is lower
π than with no commitment, and simaltenously higher (less negative) output
gap.

Output gap is higher and in�ation is lower in initial period under commitment
than under discretion. This is manifestation of the fact that we've been able to
improve in�ation-output tradeo�.

· The reason is we are able to in�uence expectations

What you end up doing is to lower expectations of future in�ation. If you lower
expectations of in�ation, you ameliorate the in�ation-output trade-o� today.
[For any given level of output, now we would lower in�ation]

This is exactly what we do: in period 1, in�ation becomes negative. Also means
that output is not going to be as high as in discretion in period 1.

· So we're able to make things better today by commiting to make them worse
tomorrow

Aside: central bankers: good reasons not to be robots, but take very seriously
managing expectations of π. Want a commitment to low π.

� Takeaway: monetary policy commitments are a powerful tool�by managing expectations,
�you can do great things�

∗ There wasn't a role for commitment in basic NKM, since not needed for �exible
price outcome. But here in imperfect stabilization�both with shocks and no shocks�
commitment helps. Will be a further example in the liquidity trap.

• Interpretation

� Stabilization bias under no commitment

∗ In the long run, more stabilization under no commitment

� Typically at date 0, more in�ation and lower output gap under no commitment than under
commitment

� Policy commitments help improve the short-run in�ation output tradeo� and improves the
ability of the monetary authority to accomodate the cost-push shock u0
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Doesn't want to go over persistent shock: just wants to show.

Last comment: motivating �scal policy
We've seen here that monetary policy alone does not achieve perfect stabilization. This will also
be true for liquidity trap. So may want to think about other instruments to aid in macroeconomic
stabilization, including �scal policy.

10 The Liquidity Trap in the New Keynesian Model

Motivation

• Liquidity trap:

� it = 0

� money and short-term bonds perfect substitutes (no opportunity cost of holding money)

∗ Can't set a nominal interest rate because people will stop investing in bonds, and
substitute to money instead. So this places a constraint on monetary policy

∗ If want �exible price allocation, but interest rate is negative, you can't go there

• Not a theoretical curiosity: great depression, Japan's lost decade(s), great recession

• Keynsian view

� challenge for stabilization policy

� monetary policy is like �pushing on a string�

� �scal policy even more e�ective (no eviction e�ects)

• Challenges for the Keynesian view

� hard to think about dynamics. no role for formation of expectations. no role for adjustment
of prices. hard to think about welfare�this is one of the bene�ts of microfoundations. not
really clear what it means to shift curves; hard to think about optimal stabilization. e�ects
of di�erent taxes (tax incentives)�they only impact wealth, no di�erence between types of
taxes.
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• Goal: revisit these questions in the NKM (dynamic, microfounded, rational expectations)

• See: Krugman (1998) �It's baaack�, Eggertson & Woodford (2003), Correia, Farhi, Nicolini and
Teles (2011)

IS-LM Motivation

Y-axis is i, x-axis is y

[Thanks Pascal for this and remaining Lecture 10 �gures]

• IS curve - like the dIS; combination of nominal interest and output such that the savings market
is in equilibrium

• LM curve - monetary policy acts through shifts in the LM. Usually shift LM outward during

� Has to be a �at portion on the LM curve when i = 0 since money and bonds are inter-
changible

� Shifts on the LM curve will have no e�ect on output y or nominal interest rates i when you
are in a liquidity trap [in Keynesian view]

∗ This is called �pushing on a string.� In Keynesian view, switch to �scal policy to shift
the IS curve. [This is even more e�ective in liquidity trap, since you don't face higher
interest rates from doing it. (Increasing nominal interest rate would reduce demand,
consumption)]

∗ Liquidity trap is when IS curve intersects LM curve on �at portion
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Point: Zero lower bound on nominal interest rate poses a problem for stabilization policy. Will want
to commit to in�ation (if you can) or potentially use �scal policy.

Economy and Shock (Still Discrete Time)

• Change of notation: denote by xt the output gap ỹt (no particular reason�this is just what they
do in the papers)

• Standard deterministic NKM:
πt = βπt+1 + κxt

xt = xt+1 − 1
σ (it − πt+1 − ret )

� Because there are no shocks, expectation has been removed

� where κ = (1−θ)(1−βθ)
θ

1−α
1−α+ε

(
σ + φ+α

1−α

)
. Remember (1− θ) is percent of �rms that can

change prices.

• Shock: rnt = r for t < T and rnt = r̄ > r for t ≥ T

1. Easy case: If r > 0, the perfect stabilization is achievable, with no commitment. It su�ces
to set it = rnt in every period.

2. Case we consider this lecture: If r < 0, then perfect stabilization is impossible since it
would require it < 0 for t < T

(a) (best we can do is i = 0)

• The zero lower bound (ZLB) is an obstacle to perfect stabilization

• [Many reasons we could have a negative real rate.]

� A shock to the discount factor (increased patience) could make people want to save more.
Anticipation of a productivity decline. More aggregate risk puts downward pressure on
real interest rate.

� Many stories we can tell, but bottom line is that there is an increase in the demand for
savings that is so large that is pressures interest rate all the way to 0. (If prices were
�exible, market clearing real interest rate would be negative).

∗ If there were capital in this model, the real interest rate negative would mean MPK
is negative. There is no particular problem with this; however, if you just put capital
in liquidity trap model, it will deliver a recession. It will also deliver an investment
boom, since people suddenly have a way to save. So you'd need to add a twist to
show recession, drop in consumption, but also a drop in investment. We're not going
to look at this. People sometime add adjustment costs to capital, or frictions from
allocation of capital (i.e. let �rms instead of households do investment).

• Outline
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� Continuous time (because of nature of the problem. Take limit as time period ↓)

1. Monetary policy under no-commitment

(a) Easy to analyze: 2nd order di�erence (actually, di�erential) equation

2. Monetary policy under commitment

(a) Managing expecations

� Fiscal policy

∗ Tax incentives, �scal stimulus if time

Continuous Time

Switch to continuous time for simplicity (given mathematics of problem)

• Using 1− θ = λdt and 1− β = ρdt we get

1.
π̇t = ρπt − κxt

2.
ẋt = σ−1 (it − rnt − πt) (Similar to Euler in NC growth model)

� where κ becomes κ = λ (λ+ ρ) 1−α
1−α+ε

(
σ + φ+α

1−α

)
As before, κ positively related to

stickiness of prices.

β = e−ρdt, �rst order approx = 1− ρdt. dt is length of time period

1 − θ is fraction of �rms that can change price. As dt small, 1 − θ goes to 0. As what speed?
The underlying process is Poisson process, so becomes λdt. Idea is that there is a probability λ
per unit of time that the �rm can change its price.

Looking at κ: (1−θ)(1−βθ)
θ ⇒ (λdt)

?︷ ︸︸ ︷
(ρ+ λ) dt

1 = λ (p+ λ) dt2.

*Liquidity Trap*

• Liquidity Trap: rnt < 0

1. Real rate is higher than natural rate: it − πt > rnt ⇒ people saving more than they should ⇒
recession (↓ xt).

• Can see this from dIS: x̂t = Et [x̂t+1]− 1
σ (it − Et [πt+1]− ret ). Given above, (it − Et [πt+1]− ret ) >

0, this means x̂t ↓

89



2. In a recession, there will be an impetus to de�ate since xt is negative. If there is de�ation, real
interest rates rat = it − πt get even higher, prompting an even deeper recession.

• Can see this from NKPC: πt = Et [πt+1] + κx̂t. Negative output gap will drive down
in�ation.

• Which causes real rate to be even higher, suppressing output even more....etc.

• Spiral ENDS perhaps because don't have perfect price �exibility. Can't all reduce your prices all
the way.

� So this �sprial� explains level at any t. But then move forward over time because get closer
to date where expectations give you positive in�ation

• Why gets better? Because get closer to date where expectations giving you positive in�ation

No Commitment

Solve backwards

• For t ≥ T , perfect stabilization πt = xt = 0

� We can replicate the �exible price allocation, since the interest rate is positive. Just set
rnt = i as before, perfect stabilization. πt = xt = 0. [Employment subsidy has been put
back in].

• We construct a candidate solution where it = 0 for t < T . Later we verify that it is indeed
optimal to set it = 0 under no commitment.

The interesting question for us is what happens while we're at the ZLB. You take the future
as given, and you try to stimulate output as much as possible, by setting interest rate as low as
possible, i = 0.

• System of 2 linear (di�erential) equations:
π̇t = ρπt − κxt

ẋt = σ−1 (−r − πt)

� with terminal conditions xT = πT = 0. [Need initial or terminal condition to solve system
of di� eqs; here we have it]

� We have same welfare function as in basic NKM.

� We have an additional constraint: the ZLB. xt+dt + 1
σ (πt + r) ≥ xt. Still have NKPC.

∗ ZLB can be expressed by saying ẋt has to be > than what you would get by setting
i = 0. So you'll get an upper bound on xt, since given the future you have to solve
what this xt+dt is going to be. xt+dt + 1

σ (πt + r) ≥ xt. From the perspective of the
choices you can make today, there is an upper bound on xt that depends on πt: the
higher πt you're able to produce, the more you'll reduce the real interest rate (since
nominal rate = 0), [hence consumption will be higher] and the more you'll stimulate
ouput today.

∗ Solution will have xt, πt < 0. Happy stimulating as much as you can.
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• We are led to second order di�erential equation for output gap:

Reexpress the 2 linear di� eqs as a second order di� eq in xt. When you have a system of 2
linear di�erential equations, you can di�erentiate one of the equations once, and use it to replace.
Here, use dIS to replace πt as a function of ẋt.

� From dIS:

1. πt = −r− σẋt. Stick this into NKPC, but you'll also need to di�erentiate to be able
to replace π̇t.

2. Di�erentiating: π̇t = −σẍt.

3. Plugging into NKPC: −σẍt = ρ (−r − σẋt) − κxt ⇒ ẍt = ρẋt + σ−1ρr + κσ−1xt as
desired:

d2xt
dt2
− ρdxt

dt
− κσ−1xt = ρσ−1r

� with terminal conditions xT = 0 and ẋT = −σ−1r.

∗ Second comes from knowing πT = 0. From dIS [πt = −r − σẋt] this gives ẋT = −σ−1r

For 2nd order di� eq, need both value and value of derivative (initial or terminal), then can
be solved for a unique solution. For 1st order di� eq, just need value of function (initial or
terminal). The way you �nd the solution looking at the characteristic polynomial.

∗ Characteristic polynomial: X2 − ρX − κσ−1 = R (x) = 0. Can look for roots of this
expression

• Roots of the characteristic polynomial associated with this equation are:

µ− =
ρ−
√
ρ2+4κσ−1

2 < 0 and µ+ =
ρ+
√
ρ2+4κσ−1

2 > 0

� Why are these roots useful? You know exactly the structure of the solution of the di�
eq. If you have 1 solution, x1 (t), you can write any other solution as x1 (t) plus a linear

combination of the two roots. x (t) = x1 (t) + a−e
u−t + a+e

u+t. [Any solution of the
di�erential equation can be written as a solution plus a linear combination of the roots]

� Then what you can do is literally solve this di� eq s.t. the condition above R (x)?. There
will be just one solution; you can �nd it in closed form. The only thing we need to do is
determine the value of these coe�cients, the way you do this is by matching the terminal
condition.

• Solution is for all t < T

1. xt = − ρ
κr + r

κ

(µ+)
2

u+−u− e
µ−(t−T ) − r

κ

(µ−)
2

u+−u− e
µ+(t−T )

2. πt = −r + σr
κ

(µ+)
2
µ−

u+−u− eµ
−(t−T ) − σr

κ

(µ−)
2
µ+

u+−u− eµ
+(t−T )

This is the closed form expression for what is going to happen to our economy at the zero bound.
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• Solution:

� We can verify that xt < 0 and πt < 0 for all t < T

∗ Easy to check, won't do it here

� We have a recession and de�ation for the duration of the shock

∗ Why? What's happening is that real interest rate is higher than natural interest rate.

∗ Recession feedback loop is traced out in steps (1),(2),(3),(4)

· This happens for 2 reasons:
A) Nominal interest rate is at 0, while natural interest rate is negative

B) We have some de�ation. So real interest rate is positive. [Remember rt =
it − πt]

∗ Why recession?

· (1) [Missing step, here from Pascal] Positive real interest rate by discrete DIS
curve, supresses output gap today, i.e. goes negative (intuition: high interest
rate gives incentive to save)

∗ The reason you get a depression: the logic of this is just like Eular, with an interest
rate that is too high. High real interest rate keeps pushing consumption into future,
in order to get xt up to 0 at date T .

· (2) Through dIS, positive real interest rate means xt is growing over time.

We know that growth rate of xt is di�erence between real interest rate and
natural interest rate [from dIS: ẋt = σ−1 (−πt − r)]. Just like Euler equation
where ↑ real interest rate increases growth in consumption over time.

· xt also has to limit to 0 at T .
⇒ So xt is increasing over time, and has to limit to 0 at T .

∗ Why do we have de�ation?

· Look at NKPC: π̇t = ρπt − κxt. π̇t > 0, πt < 0. Can also integrate NKPC.
What you'll �nd is that in�ation is the forward-looking integral of the output
gap. Because the output gap is negative, you see that you're going to have
de�ation.

· (3) Another way of saying: If you expect output gap is going to be negative
looking forward (though limiting to zero at T ), you'll also expect de�ation (also
limiting to zero at T ).

· This gives general principle: If agents expect output gap to be positive, you'll
have in�ation. ≡If agents expect output gap in future to be negative you'll
have de�ation (because they expect markup will be too high in future, so want
to lower it)
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· (4) De�ation causes real interest rate to increase [rt = it − πt]. Hence more
recession, so back to (1)

� So we have this perverse logic: what we'd really want is a negative real interest rate, but
we can't. Best thing we can do is set i = 0. But when we do we have a recession. Because
we have a recession, we have de�ation. Because we have de�ation, the real interest rate is
even higher. So we have even more of a recession. Get this feedback loop between output
and in�ation. This feedback loop can be pretty powerful.

• Summary of feedback loop between output gap and in�ation in liquidity trap

� [0) We want to achieve a negative real interest rate, but best thing we can do is set i = 0.
⇒]

1) Increase real interest rate ↓output gap today [="recession"] (discrete dIS curve)
[2)] Increase real interest rate ⇒↑output gap in future to Twhere x = 0 [Another way of seeing recession] (continuous dIS curve: ẋt = σ−1 (−πt − r))
3) Negative output gap in future⇒ ↓ π Firms expect markup to be too high in future. (In�ation is forward looking integral of xt)
4) ↓ π ⇒Increase in real interest rate ⇒ (1) rt = it − πt

Price Flexibility

• Paradox of the liquidity trap: More price �exibility makes outcome even worse

� Increasing price �exibility is equivalent to increasing κ

∗ If you increase κ, paths of πt and xt will start shifting as indicated in diagram below

∗ More de�ation and a more negative output gap when you make prices more �exible.

∗ In the limit, where κ→∞, then these paths have xt = πt = −∞ at any point t < T .
So there's a discontinuity at perfectly �exible prices.
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• For all t < T , xt and πt are decreasing in κ

• Intuition: with more �exible prices, more de�ation, higher real interest rates, lower output, more
de�ation...

• In the �exible price limit, we can see that for all t < T

lim
κ→∞

xt = lim
κ→∞

πt = −∞

As prices become more �exible, the liquidity trap gets worse, generating more de�ation and larger
negative output gaps. The outcome becomes arbitrarily bad as prices become more �exible.

The allocation does not converge to the �exible price allocation (xt = 0 and πt = −r) as prices
become more �exible. There is a discontinuity. This can be seen as a manifestation of destabi-
lizing �exible prices.

� We know there is a discontinuity, because

� Flexible price allocation has to have a zero output gap. So we should have xt = 0 where
κ =∞.

∗ In�ation will actually be �nite: you'd have a rate of in�ation such that the nominal
interest rate is 0: it = πt + r = 0 which gives πt = −r > 0.

· (also note the real interest rate is the natural interest rate)

• The paradox here�the paradox of price �exibility in the liquidity trap�is that as you approach
perfectly �exible prices, you don't converge to the �exible price solution.

� Instead, as get closer to �exible prices, things get (in�nitely) worse. The logic is the
feedback loop between output and in�ation. [More �exible prices⇒more scope for de�ation
(⇒higher real interest rate, output is even lower, even more de�ation,...). So feeback loop
is even more powerful with price �exibility]

� A nice way of looking at this: start with completely rigid prices

∗ If prices were entirely rigid, in�ation/de�ation would be necessarily 0. Output gap:
from dIS ẋt = σ−1 (−r − πt) we get ẋt = −σ−1r. Hence there will be a recession,
but a �nite one.

∗ Price �exibility adds a perverse impact: recession gives de�ation, gives higher real
interest rate...

[Not important: Paradox of price �exibility is an interesting result because people complaing about
Keynesian intuition because they don't think price �exibility is that big a deal. It shows that �exible
prices are not the point (since here you see that �exible prices make things even worse). So you cannot
argue along traditional lines for or against Keynesian explanations of the liquidity trap. (Because
price �exibility has this paradoxical implication). Farhi doesn't think we should take this result too
seriously. It relies on Calvo price setting��rms are trying to shoot a moving target. If prices are more
�exible, easier for �rms to get to their desired markups. Maybe we end up pushing Calvo price setting
too far, but it is an interesting angle. Helps you understand nature of this feedback loop.]
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Traditional line of contentionbetween Keynesians and Neoclassicists: everyone accepts that prices are
not entirely �exible, the question is how much deviation from �exible price outcome does this cause?
New Keynesians think these nominal rigidities are very important. It is not a particularly helpful
debate when you think about particular situations such as this. Because if you accept the logic of
the model, more price �exibility if anything makes the outcome worse. This is a �useful qualitative
conclusion� of the no-commitment case.

Commitment

What you know will happen in a liquidity trap is that i = 0. What you don't know is what monetary
policy will be once you are out of the liquidity trap, that is, once the natural rate become positive.
Start with a simple case, to show that there is a potential to alleviate recessions with commitment.
Very simple policy that we'll be able to work out everything in closed form: simply adopting a higher
in�ation target.

First: Preliminary example, in�ation target π∗

• Before solving for the full optimum under commitment, consider a simple policy consisting of a
(higher) in�ation target π∗

� Just say we'll be happy to implement π∗ > 0. We'll see what policy we need. Assume also
that:

• Assume that π∗ + r > 0

� That is, enough in�ation to create a negative real interest rate (when nominal interest rate
is 0). So assume we're willing to let enough in�ation in that we can actually achieve the
natural real interest rate.

� What we can do then is to completely get rid of the recession.

• Achieving target: this in�ation target can be perfectly achieved by setting it = π∗ + rnt ≥ 0 for
all t.

� We get πt = π∗ and xt = ρ
κπ
∗ [We know exactly what output gap will be from NKPC]

∗ Get this through NKPC: π̇t = ρπt − κxt⇒ρπ∗ = κxt.
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· This also implies output gap should be small. ρ is a small number (i.e. 5%
annual); so as long as κ is not very large or small, xt will be a small fraction of
π∗.

· So you'd have to live with a positive output gap, but a very small one.

� Can we �nd an interest rate policy that achieves this?

∗ We see that xt is constant. Going back to dIS, this requires it = rnt +πt.
[
ẋt = 0 in ẋt = σ−1 (it − rnt − πt)

]
∗ So this is where assumption that it = π∗ + rnt ≥ 0 comes into play, since policy that
is required is a positive nominal interest rate i if at the ZLB.

· So if I'm willing to live with enough π, I can get rid of recession, and produce
a path where output is above potential.

• Note that

� This is not necessarily better than outcome under no commitment, since we have to agree
to have in�ation in future.

∗ Not a good outcome after zero bound, since now have πt > 0,xt > 0 for t > T , whereas
they could have otherwise achieved the �rst-best.

∗ So not time-consistent

� This requires commitment

• The idea is to keep interest rates at zero for a while after T .

The idea is if you actually do this and delivery on π rate of π∗, you know exactly what the output
gap xt will be from NKPC (as above).

� This generates a boom and in�ation after T

� And mitigates the recession and delfation before T

through a combination of a substitution e�ect (in�ation in the future generates more in�ation
today) and a wealth e�ect (higher consumption in the future generates higher consumption
today).

• Good outcome?

� If look at this from the central bank after ZLB, then would not be a good outcome. It will
be inferior at that point to what can be acheived through perfect monetary stabilization.

∗ This solution is not time consistent, as the FB is achievable after T . This is necessarily
better than outcome that has positive xt and some πt.

� But the point is that through commitment it is possible to completely eliminate
the recession.
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� The optimal politcy under commitment is more sophisticated (and it is necessarily superior
to the no-commitment outcome).

• Increasing ρ paradoxically decreases i, through π:

There are two things going on here, that determine what nominal interest rate you will have i

[Often asked on exams]

1. Stance of monetary policy: Taylor Rule: it = ρ+ φππt.

(a) Stance of monetary policy is intercept in this equation

2. Fischer Equation: it = rt + πt

� What is impact of setting a more aggresive interest rate rule? (Going to ρ′ > ρ. For any
given level of π, will set a higher it)

� We can solve for everything here:

ρ+ φππt = it = rt + πt

1. πt = rt−ρ
φπ−1

∗ So the higher ρ, the lower πt

2. Computing it that results: it = rt + πt = rt + rt−ρ
φπ−1 .

∗ **So it is decreasing in ρ .

· (Since πt decreasing in ρ)

∗ Di�erent than what we think just looking at Taylor rule: it = ρ+ φππ

∗ We started with more aggressive monetary policy rule ρ′ > ρ. We intended for any
given level of in�ation πt to have a higher nominal interest rate it. And we end up
in equilibrium with a lower it.

∗ Why? Because we conquered low πt with this more aggresive interest rate rule.

∗ Minneapolis Fed: if economy is ever going to recover, we'll need to raise nominal
interest rates. Logic = Fisher equation: rt back to positive, so will need to raise it.

· Seen as confusing because sounded like he was saying �will raise nominal interest
rates in order to get out of recession�

· Resolved this way: he was setting stance on monetary policy. This in�uences
πt. So you can conquer high or low interest rates with more or less aggressive
monetary policy.

· But point is: when you observe a given it, be careful when translating into more
accomodative or restrictive monetary policy.
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· [Since monetary policy, by picking an equilibrium, in�uences rate of in�ation,
which in turn in�uences it]

� Back to Liquidity Trap

∗ It is a more accomodative equilibrium (ρ ↓). This translates into ↑ πt. Because of
this, we get it ↑. [This is the only thing that is consistent with equilibrium. But it
doesn't mean that the stance of monetary policy is tougher.

This was the simple case where we commit to a time-invariant higher in�ation target. By committing
to this (including high π in future), we're able to completely eliminate recession.
We are now going to try to take this insight and re�ne it: try to design the best possible monetary
policy under commitment.
Given this analysis, we can potentially get rid of the recession. But there are costs involved. Will we
want to do this? Turns out something else. But this illustrates power of monetary policy commitments.

Optimal Policy Under Commitment

To give away idea: commit to keeping it = 0 for a time period extending after T .

1. Until T , rn < 0, i = 0.

2. At T , rn > 0 at T , but keep it = 0.

3. Then at some point, increase nominal interest rate.

Intuition: what we are trying to do is to engineer a boom and some π once you're out of the liquidity
trap at T . Expecting boom in future will increase demand today through wealth e�ect. This will lead
to more π today.
So you're making the future worse, but in current increasing output and π. Way to stimulate demand
is through wealth e�ect because you let the boom in, and substitution e�ect because you create some
in�ation. Because you create some π, you reduce r while you are on the ZLB. So, �shift consumption
pro�le upwards, and tilt it a little bit.� For both reasons, you increase demand today. Given
pain tomorrow, can only do this under commitment.

• Note that we go back to discrete time to set this up

� Wouldn't be too hard to solve on computer, but hard to analyze qualitative features of
solution

� But to solve in continuous time, would need a lot of techniques (optimal control) that would
take us too far. So won't derive all the algebra

• Problem of the monetary authority is

min
{it,x̂t,πt}t≥0

E0

∞∑
t=0

1

2

(
π2
t + αxx

2
t

)
� s.t for all t = 0, 1, 2, ...

πt = βπt+1 + κxt (NKPC)
xt = xt+1 − σ−1 (it − πt+1 − rnt ) (dIS)

it ≥ 0 (ZLB)
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� Looks like what we've had before, except the dIS is now actually a constraint, due to the
ZLB binding.

∗ (We can't just use the dIS to back out an it like before, since that might imply it < 0.)

∗ Still, ZLB and dIS can be combined into one equation, just stated as an inequality.
We get the multiplier φ1,t on this inequality, so will be positive whenever ZLB binds.

• Lagrangian

min
{it,x̂t,πt}t≥0

E0

∞∑
t=0

1

2

(
π2
t + αxx

2
t + φ1,t

(
xt − xt+1 + σ−1 (it − πt+1 − rnt )

)
+ φ2,t (πt − βπt+1 − κxt)

)
• FOCs: (for all t = 0, 1, 2..)

πt : πt + φ2,t − φ2,t−1 − φ1,t−1β
−1σ−1 = 0

xt : αxxt − φ2,tκ+ φ1,t − φ1,t−1β
−1 = 0

KKT φ1,t ≥ 0, it ≥ 0, φ1,tit = 0

• Hardest thing is to deal with these complementary slackness conditions. There's a non-linearity.

• Hard to manipulate because of non-linearity: switch to continuous time and use a phase diagram

A phase diagram

[Use optimal control. Instead of di�erence equations, use di�erential equations. One for π̇t, one for ẋt,
which you can think of as two state variables.]

• Three phases

1. Phase I: before T and it = 0

2. Phase II: after T but it = 0 (ZLB still binding)

(a) Last for an endogenous amount of time after T

3. Phase III: after T but it > 0 (ZLB not binding)

1. In Phase I, the system is characterized completely by:

ẋt = σ−1 (−r − πt) (dIS with it = 0, rnt = r)
π̇t = ρπt − κxt (NKPC)

(a) On computer, this would be easy

2. In Phase II, the system is characterized by:

ẋt = σ−1 (−r̄ − πt) (dIS with it = 0, rnt = r̄)
π̇t = ρπt − κxt (NKPC)
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• Only di�erence from Phase I is level of natural interest rate: rnt = r̄ > 0 instead of r < 0.

3. In Phase III: the system is characterized by:

ẋt = −
(
κ
αx

)
πt (linear relationship between xtand πt)

π̇t = ρπt − κxt (NKPC)

(a) ẋt = −
(
κ
αx

)
πt is the relationship derived when we solved for optimal monetary policy

under commitment through a cost-push shock.

i. For the transition period after the shock, have committed to di�erent path for in�ation
and output gap (don't do perfect stabilization because it helps you accomodate the
cost-push shock), and once the shock has dissappeared, just live with this relationship.
Same optimality comes up here: determines transition of the system.

• This yields a unique solution:

xt = φπt

� where φ =
ρ+
√
ρ2+4 κ

2

αx

2κ

� and corresponding interest rate

it = rnt +

(
1− κσ

αx

)
πt

∗ This means we'll have in�ation once we're out of the 0 bound. So whether it is
above or below rnt depends on κ, the degree of price �exibility.

∗ So, exactly as in the higher in�ation target solution, the optimal solution might
involve eventually higher (or lower) it.

· Hence, we might end up with a higher it eventually. Not clear that they
will go down.
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1. π̇ is NKPC, so π̇ = 0 is ρπt = κxt. It's an upward sloping rate.

2. ẋ = 0 schedule: given by dIS equation. Position of schedule will depend on whether we are before
T or after T (since rnt in�uences this schedule). [So it would be two di�erent lines]

(a) We have ẋt = σ−1 (it − rnt − πt) and it = 0. Looking for ẋt = 0. This gives

πt = −rnt

(b) Then we have a phase diagram very much like that of the Ramsey growth model.

3. At some point, reach x = φπ schedule, when you'll start moving back to π = 0, x = 0.
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• Nature of optimal monetary policy rate necessarily involves jump in it (from 0 to it = rnt +(
1− κσ

αx

)
πt) at transition from II to III

� This is called �exit strategies�: under optimal monetary policy, there is necessarily a point
where you will drastically and quickly increase nominal interest rate. (This is by nature in
the solution)

• Illustration of principle that management of expectations matters. Powerful tool of monetary
policy.

� We saw it in stabilizing cost-push shocks, and see it here. By commiting to something that
will be suboptimal from future's perspective, able to improve things today.

∗ Commitment problem is serious; di�cult. Bernanke now trying to communicate what
policy stance will be when he's done. Now he's trying to bring everyone on Board
onboard. Challenge is once you see signs of in�ation, pressure on �nancial markets,
will be pressure on chairman to tighten monetary policy. So not clear we have the
type of commitment.

∗ Evan's rule (operationalization of this): keep nominal it at zero until πt is above some
target, like 3.5.

∗ Krugman: shows that there is a path with zero in�ation (since people scared of
positive π), and just uses an output boom. But not the optimal path.

∗ Papers: Krugman, Eggerson-Woodford (hard to read), Evans (hard)

� This traces back to Krugman 1998 in seeing ZLB as problem in commitment to monetary
policy

• Two trajectories:

� [Doesn't want to go into this: Two di�erent parameters (i.e. length of the liquidity trap,
or values of price �exibility). Point is that it is possible to end up with de�ation in very
long run (if you overshoot x, π = 0).]

• Comparisons:

� Compared to no commitment: making things better before T , and making things worse
after T .

� This solution will have a higher output gap in phase 1, and lower de�ation in phase 1, than
no commitment solution.

Pascal's notes:
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Price Level Targetting

• Return to the FOCs: For all t = 0, 1, 2...
πt : πt + φ2,t − φ2,t−1 − φ1,t−1β

−1σ−1 = 0
xt : αxxt − φ2,tκ+ φ1,t − φ1,t−1β

−1 = 0
KKT φ1,t ≥ 0, it ≥ 0, φ1,tit = 0

• We can combine them to get �this monster�:

πt+
(
αxκ

−1xt + κ−1φ1,t − β−1κ−1φ1,t−1

)
−
(
α−1
x κ−1xt−1 + κ−1φ1,t−1 − β−1κ−1φ1,t−2

)
−β−1σφ1,t−1 = 0

� Then we can manipulate as follows:

• Let

∆t = κ−1φ1,t (scaled verion of φ1,t)
p̃t = pt + κ−1αxxt (price level adjusted for xt)
p∗t = p̃t + ∆t (p

∗
t 6= p̃twhenever ZLB binds)

• We have

p∗t+1 = p∗t + β−1
(
1 + κσ−1

)
∆t − β−1∆t−1

� p∗t is the solution to this di�erence equation. Here, p̃t is an output-gap adjusted price index.

� How does this help us? It is a way to implement the optimal solution:

• Interpretation:

� This procedure is an implementation of the optimal solution:

� In each period, there is a predetermined price level target p∗t .

∗ It is optimal to achieve p̃t = p∗t .
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· This is what monetary tries to do: set adjusted price level to this target. (Pick
it to acheive this target)

∗ If that is impossible, set i = 0.

· If this happens, adjust target next period to re�ect the fact that there
was a shortfall this period:

· ∆t = p∗t − p̃t. So ↑ p∗t in next period.

� The target for the next period p∗t+1 depends on the target p∗t , and the target shortfall
∆t = p∗t − p̃t and its lagged value ∆t−1. The target increases when there is a target
shortfall

∗ Not really a price level target, since it's a target for an adjusted variable, p̃t.

� Once can evaluate the performance of a simpler (constant) price level target p∗ (performs
well in some simulations)

∗ Even with a constant price level target, you'll still have to make up for lost ground
to bring the price level target back up

· To bring the target back up, you'll have to tolerate some in�ation

∗ So, these solutions are suboptimal, but they incorporate some of the features of
optimal monetary policy

� Hence, some discussion of policies like this. Slightly simpler, slightly suboptimal versions
of the idea behind optimal monetary policy.

∗ In liquidity trap, will miss target and see some de�ation. But reason you'll do better
than no-commitment solution is that when you're out of the liquidity trap, you'll
have to make up for lost ground.

Fiscal Policy

Problem set on �scal policy in NKM

• If you're in a world where you have imperfect monetary stabilization, may want to use �scal
policy. Can't perfectly stabilize the economy.

• Cost-Push Shock Context: What you'll work through in pset is in context of cost-push shock,
try to contrast 2 forms of �scal policy: [�scal policy in a traditional sense vs. taxing some things.
�for your own edi�cation�]

1. Just increase government spending. If you change level of government spending, you change
demand. Like IS-LM.
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(a) What you'll derive is that you wouldn't want to use policy of this form at all in
response to a cost-push shock

i. [This intution is completely misguided]

2. Lower payroll taxes

(a) Acts just like the subsidy that countered monopoly distortion in the steady-state

i. By cutting payroll taxes, can perfectly stabilize these cost-push shocks

ii. Just need to upset the monopoly distortion in the right way. I.e. if it's a
time-varying distortion, will need time-varying payroll taxes.

(b) Combining this with the right monetary policy ⇒ perfectly stabilize the economy

(c) You can think of a cost-push shock as an increase in desired markups

• The point is you have this whole class of policies that are called �tax incentives� which in the
context of the model are extremely powerful

� (�and really a much better idea than �scal policy in the traditional sense of increasing
government spending�)

� you reach the FB through tax incentives; whereas you wouldn't want to use government
spending at all.

• There is something that is puzzling in history of economic thought

� In 1970s, Keynesian arsenal to �nd recession was very rich. Not just monetary and �scal
policy in the form of government spending, but an array of measures (investment tax
credits, payroll tax cuts)�these were routinely discussed, and implemented.

� But in academic circle, consensus shifted away from all this, to just using monetary pol-
icy. All the criticisms�lag, too hard to get to pass through�that Milton Friedman was so
successful at convincing the profession. There's something to this, as �scal policy is more
sluggish than monetary policy.

� When the recession came, and we found ourselves in an old-fashioned liquidity trap, we
found we couldn't do everything with monetary policy.

∗ Then mantra of going back to old Keynesian days of doing everything in terms of
just using government spending. This is what captured the imagination of most
economists, and dominated the policy debate.

∗ But there was this wisdom that was lost�all these other ways of stimulating the
economy. In context of liquidity trap, these are really the �best ideas.� (compared to
untargetted government spending)

• Liquidity Trap and Government Spending G:

� Now government spending can be helpful (not going to review mechanism in detail, but will
describe)
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� The only reason government spending is useful in the liquidity trap is because you manage
to generate in�ation.

∗ For this reason also, you can generate large �scal multipliers from government spend-
ing in a liquidity trap.

∗ Fiscal multiplier can be larger than 1. But mechanism is that

G⇒↑ π ⇒↓ rt ⇒↑ Ct (Consumption)

· Is this channel super believable? Certainly not the channel that germinates the
policy debate.

· So if you believe this, think �scal policy is working in open economy through
devaluing the dollar.

· So would use only to extent that you don't have other ways of devaluing the
dollar, other ways of creating in�ation

∗ If prices are entirely rigid, then you do not want to do any �scal policy.

� Why do you generate in�ation? Because you increase demand.

∗ [You increase overall demand ⇒ increase marginal cost of �rms ⇒ in�ation]

� Why is in�ation helpful? Because it reduces the real interest rate. rt = it − Et [πt+1]

• Liquidity Trap and Tax incentives [Farhi's work]

� Need 2 taxes: consumption tax τc,t (�sales tax�) and payroll tax τn,t

� What you can show is how the economy will be a�ected by these taxes (NKPC and dIS
below)

[Back to discrete time]

• Government expenditures

� role at the zero bound if tax incentives not available

� separate purely opportunistic spending (lower opportunity cost of resources) and stimulus

∗ opportunitistic spending is micro/neoclassical side, just saying spending is cheaper
for government in recession.

� always a role fo the former, little role for the latter

� ��scal multiplier� not very useful concept here (but can be large at the zero bound)

• Tax incentives do better: unconventional �scal policy

• Introduce a consumption tax τc,t (sales tax) and a labor tax τn,t (payroll tax, for example)

• The economy is now characterized by:
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1.
πt = βπt+1 + κxt + κψ (τc,t + τn,t)

2.

xt = xt+1 −
1

σ
(it − πt+1 − rnt ) +

1

σ
(τc,t+1 − τc,t)

� where ψ =
(
σ + φ+α

1−α

)−1

Intution:

• [Start with 2: dIS] If sales taxes are higher tomorrow than today, will act like a reduction in
interest rates

� [Tax more tomorrow than today, giving an incentive to consume in the present]

� Just like a reduction in the nominal interest rate.

� Basic idea: problem is that people don't want to spend enough today. If we could set a
negative nominal interest rate, we could reduce the real interest rate (because prices are
sticky) to bring consumption forward (to present). At ZLB, prevented from doing that.
But nothing that prevents us from implementing a sales tax holiday.

• [NKPC] Problem is: when you do this, will change marginal cost of �rms. So this will change
in�ation.

� In order to neutralize the e�ect of consumption taxes on marginal costs, what you can do
is move the payroll tax in the other direction.

� �Sales tax holiday + payroll tax increase:� Real marginal cost of �rms doesn't change, and
they don't want to change their price.

� ⇒Replicates the First Best

∗ Bring consumption forward, and make sure �rms don't want to change prices.

∗ Has additional advantage of being budget neutral.

∗ It is a solution that doesn't require any commitment

∗ Better than optimal monetary policy, since get FB

· No way to get to FB in optimal monetary policy

So what you've done really is an increasing path of consumption taxes. Do tax holiday, then bring
them back up.

• Stochasitc Environment

� A way to implement this solution in a stochastic environment is to say �sales tax holiday,
and will revert original level of sales tax when we're out of liquidity trap.�

� Implementing an expected increase in consumption taxes would be enough to bring con-
sumption forward, and stimulate the economy.
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• In sum, Farhi thinks this is a very good solution to the liquidity trap

� Advantages of solution.

1. Gets to FB. Can't do this in optimal monetary policy

2. Does not require any commitment. This is a serious constraint on the other solution.

� Disadvantages: a lot of instruments, and a lot of things moving.

• In real world

� Because also capital, would need investment tax credit

• For t > T , set it = r̄ and τc,t = τc, τn,t = τn where τc + τn = 0.

• For t ≤ T , set it = 0 and τc,t+1 − τc,t = −r and τc,t + τn,t = 0.

• Achieve perfect stabilization xt = πt = 0

• With capital, supplement with a temporary investment tax credit (increasing consumption taxes
act as a tax on capital)

• Advantage over monetary policy commitment

� better allocation

� time consistent (does not require commitment)

• Additional features

� works with di�erent models of price stickiness (state and time dependent)

� revenue neutral

• Comparing NKM to ISLM:

� Use them for what they are better at (NKM): microfoundations, dynamics, expectations

∗ We get additional insights that couldn't get in ISLM

∗ Dynamics: get dynamic schemes

∗ Expectations: can talk about monetary policy commitments, dynamic path

∗ Microfoundations: don't have to say all taxes are created equal. Di�erent taxes have
di�erent e�ects. Can also talk about welfare.

����������������������-
PS: If you've been using these notes and �nd them helpful, maybe you'll consider a donation ($20
perhaps?) to Partners In Health (www.pih.org), Doctors Without Borders or another similar organi-
zation.
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