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ABSTRACT
Improving on recent work on joint source-filter analysis of speech
waveforms, we explore improvements to an autoregressive model
with exogenous inputs represented by flexible basis functions. Fol-
lowing a brief review of the maximum likelihood estimators of the
model parameters, the Cramér-Rao bounds are derived to provide
evidence for the challenging nature of estimating source and fil-
ter characteristics with overlapping spectra. Wavelet expansion of
the exogenous inputs is employed, and the selection of an appro-
priate subset of wavelets is described as an online, signal-adaptive
approach. Results from synthesized and real vowel analysis illus-
trate the promise of iterative wavelet shrinkage using soft and hard
thresholding and an alternative regularization method.

Index Terms— Glottal flow, harmonics-to-noise ratio, linear
prediction, spectral estimation, wavelet regression

1. INTRODUCTION

In classical source-filter representations of acoustic speech wave-
forms, autoregressive (AR) models parameterize the filter transfer
function of the vocal tract with a white Gaussian noise term mod-
eling the glottal source waveform and radiation characteristics. To
address the model mismatch due to the presence of quasi-periodic
source waveforms during speech [1], our group previously incorpo-
rated the ARX model to include a time-varying eXogenous compo-
nent μ[n] to explicitly capture the quasi-periodic nature of the glottal
airflow derivative [2]. In this parameterization, μ[n] is modeled by
a basis function expansion that exhibits flexible properties, which
preclude the need to estimate pitch periods and/or glottal closure in-
stants during speech analysis.

First, the current work derives the Cramér-Rao bounds of the re-
sultant estimators of the ARX model parameters and explores sensi-
tivity issues dependent on the spectral content of the source and filter.
Second, as a wavelet expansion is proposed for the exogenous vari-
able, we address the issue of how to adaptively select the appropri-
ate wavelet subspace to represent source waveforms in synthesized
and real speech examples. Wavelet thresholding and �1-penalty ap-
proaches are compared through experiments on vowel waveforms
with constant and time-varying fundamental frequency.

2. MODEL FORMULATION

Modifying the classical AR(p) speech model for length-N signal
x[n], here we briefly describe the ARX(p) model of [2] that adds an
exogenous input μ[n]:

ARX(p): x[n] =

p∑
i=1

aix[n− i] + μ[n] + σw[n]. (1)

The discrete-time difference equation of (1) comprises an all-pole,
linear time-invariant system driven by a Gaussian process w[n] with

constant variance σ2 and a time-varying mean μ[n], which we use
to capture the quasi-periodic nature of the glottal airflow derivative.
Specifically, the sequence μ[n] is defined as

μ[n] �
r∑

k=1

βkgk[n], (2)

where the r basis functions {g1[n], g2[n], . . . , gr[n]} are specified
before any data are observed.

The ARX(p) model specified by (1) and (2) reduces to the clas-
sical AR(p) process when βk = 0 for 1 ≤ k ≤ r. The application of
the ARX(p) model to speech source estimation has appeared in other
literatures. Its study was initiated in [3–6] from a theoretical perspec-
tive (i.e., estimation and asymptotic analysis) and as an application
to econometrics. It has since been used in control theory [7] and sig-
nal processing [8]. As an alternative to the representation of (2), one
may also assume a linear [9] or nonlinear [10] parameterization for
the source waveform μ[n].

A variety of natural choices for the basis functions exists, includ-
ing a small set of low-order polynomials [8]. If μ[n] were periodic,
a Fourier series could be used; pitch period estimates would be re-
quired, however, leading to robustness issues regarding natural pitch
variation and irregular phonation due to the global support of the
Fourier basis functions. The selection of time-localized functions
aids in addressing these issues; thus, the use of wavelets as flexible
basis functions first proposed in [2] is explored further in this paper.

3. PARAMETER ESTIMATION

3.1. Maximum Likelihood

The ARX(p) model of (1) and (2) is specified by a vector of AR

coefficients a �
(
a1 a2 · · · ap

)T ∈ R
p×1, a vector of expan-

sion coefficients β �
(
β1 β2 · · · βr

)T ∈ R
r×1, and the noise

variance σ2. The maximum likelihood (ML) estimator of the model
parameters θ � (aT ,βT , σ2)T is the least-squares solution to the
following linear regression problem:

xN−p = Xa+Gβ+ σwN−p =
(
X |G)(a

β

)
+ σwN−p, (3)

where wN−p �
(
w[p] w[p+ 1] · · · w[N − 1]

)T ∈ R
(N−p)×1,

and matrices X ∈ R
(N−p)×p and G ∈ R

(N−p)×r are defined by

X �

⎛
⎜⎝

x[p − 1] · · · x[0]
x[p] · · · x[1]

.

.

.

.
.
.

.

.

.
x[N − 2] · · · x[N − p + 1]

⎞
⎟⎠ , G �

⎛
⎜⎝

g1[p] · · · gr [p]
g1[p + 1] · · · gr [p + 1]

.

.

.

.
.
.

.

.

.
g1[N − 1] · · · gr [N − 1]

⎞
⎟⎠ .

Following prior derivations [2], the least-squares estimates of a,
β, and σ2 are(

â

β̂

)
=

(
XTX XTG
GTX GTG

)−1 (
XT

GT

)
xN−p, (4a)
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σ̂2 =
1

N − p
‖xN−p −Xα̂−Gβ̂‖22. (4b)

Note that if all the basis functions gk were equal to 0 everywhere,
then the model of (1) reduces to the classical AR model, and the
least-squares estimators of (4) reduces to the standard covariance
method of linear prediction.

3.2. Cramér-Rao Bounds

The Cramér-Rao lower bounds on the variance of estimators (4a) and
(4b) provide insight into their performance on signals representative
of speech. The Fisher information I for the ARX(p) model (1) has
been derived in [8] as

I(θ) =
1

σ2

⎛⎝R̃+MTM MTG 0p×1

GTM GTG 0r×1

01×p 01×r (N − p)/(2σ2)

⎞⎠ , (5)

where R̃ = (N − p)R and R is the symmetric Toeplitz matrix con-
structed from the autocorrelation sequence (rxx[0], rxx[1], . . . , rxx[p−
1]).

To define matrix M ∈ R
(N−p)×p, let m[n] � E(x[n]) and

suppose that the first p means m[0],m[1], . . . ,m[p− 1] are known.
Since w[n] is a zero-mean process, it follows from (1) that m[n]
can be recursively computed for any p ≤ n ≤ N − 1 as m[n] =∑p

i=1 aim[n − i] + μ[n]. For each 1 ≤ i ≤ p, let the vector

mi ∈ R
(N−p)×1 be defined via

mi �
(
m[p− i] m[p+ 1− i] · · · m[N − 1− i]

)T
,

and define the matrix M as

M �
(
mp mp−1 · · · m1

)
.

The Cramér-Rao lower bounds of interest (in the sense of matrix
inequalities) are thus given by

Cov(â) ≥ 1

σ2

(
R̃+MTM −MTG(GTG)−1GTM

)−1

, (6)

Cov(β̂) ≥ 1

σ2

(
GT

(
IN−p +MR̃−1MT

)−1

G

)−1

, (7)

Var(σ̂2) ≥ 2σ4

N − p
.

Now consider (6) and (7) when entries of M are large. This
may occur when the spectral energy of the columns of G (and, con-
sequently, the mean signal μ[n] = Gβ) and the all-pole spectrum
associated with a concurrently take large values over the same set
of frequencies. In this case, (6) and (7) dictate that the trace of the
CRLB for the AR coefficients â decreases, whereas the trace of the
CRLB of the expansion coefficients β̂ increases.

We illustrate this somewhat counterintuitive result using N =
250 observations of the following ARX(2) process:

x[n] = a1x[n− 1] + a2x[n− 2] + β1 cos[2πnω/fs] +w[n]. (8)

In the first experiment, we set the variance of w[n] to 1, a1 and a2

such that the corresponding second-order resonator has a center fre-
quency of 2 kHz and bandwidth of 51 Hz, and fs = 16 kHz signal.

Consider the CRLBs for â and β̂1 as a function of ω. The largest
spectral overlap of the exogenous sinusoid and the autoregressive
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Fig. 1. Square root of the Cramér-Rao lower bound (CRLB) for

estimates â1, â2, and β̂1 in the ARX(2) model of (8). Left: CRLBs
over varying frequencies of the exogenous sinusoid. Right: CRLBs
over varying bandwidths of the AR filter.

filter should occur when ω is around 2 kHz, verified by the left three
panels of Figure 1.

In the second experiment, we fix ω at 2 kHz and vary a1 and a2

such that the center frequency of the associated second-order digital
resonator is fixed also at 2 kHz but with bandwidth varied. As the
bandwidth approaches 0, the frequency response of the all-pole filter
sharpens around 2 kHz. In fact, when the bandwidth is equal to 0, the
AR(2) model converges to the exogenous sinusoid exactly. The right
three panels of Figure 1 confirm that, as the bandwidth decreases, the
entries of the matrix M decrease, resulting in the predicted increases

and decreases in the CRLB for β̂1 and â, respectively.

This suggests that the coefficients of μ[n]–e.g., the sinusoid
in (8)–in the ARX model may be more difficult to estimate when
the spectral content of μ[n] significantly overlaps with that of the
autoregressive filter. This is not too surprising from the point of view
of deconvolution. For instance, in the context of speech processing
with μ[n] representing a glottal source waveform, this result implies
that it is more difficult to estimate the spectral characteristics of the
source if they match those of the filter, as is often the case with
high-pitched speakers [11].

4. SUBSPACE SELECTION

To apply wavelets, it may seem natural to use all wavelets in a basis
supported on N − p samples (assuming that N − p is a power of 2).
In this case, G would be a full rank matrix (r = N − p), and the
columns of X would lie in the span of the columns of G, rendering
an ill-defined matrix inverse in estimator (4). One approach to avoid
this problem is to select a subspace of dimension r << N − p
to model the time-varying mean. In this section, we explore three
algorithms that provide such wavelet shrinkage.

Given a time series of observations, an appropriate subset of a
wavelet basis for RN−p is selected online in a signal-adaptive man-
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ner:

μ[n] =

L∑
j=0

2j−1∑
k=0

φj,k2
−j/2φ[2−jn− k]+

M∑
j=L+1

2j−1∑
k=0

ψj,k2
−j/2ψ[2−jn− k],

(9)

where ψ[n] is the mother wavelet, ψj,k are the wavelet function co-
efficients, φ[n] is the low-pass scaling function, φj,k are the scaling
function coefficients, and L is an integer such that 2L denotes the
number of scaling function coefficients in the decomposition.

To begin, we assume that N − p is a power of two to admit
dyadic sampling, and let columns of a matrix W ∈ R

(N−p)×(N−p)

contain the elements of some wavelet basis for R
N−p. Thus, W

is the orthonormal discrete wavelet transform (DWT) matrix so that
W TW = I . We define the vector xw � W TxN−p and the matrix
Xw � W TX as the DWTs of the data xN−p and the design matrix
X , respectively. Rewriting the normal equations of (3) [12] in the
wavelet domain yields the estimators

â =
(
XT

wXw

)−1

XT
w (xw − β̂), (10a)

β̂ =
(
W TW

)−1

W T (xN−p −Xâ) = (xw −Xwâ) , (10b)

which, in conjunction with wavelet thresholding, provide a natural
iterative estimation approach described in Algorithm 1.

To fully specify Algorithm 1, recall that L is an integer such that
2L denotes the number of scaling function coefficients in the wavelet
decomposition. Thus there are 2L “coarse” (low-pass) coefficients
associated with translations and dilations of the scaling function and
(N−p−2L) “detail” (high-pass) coefficients associated with trans-
lations and dilations of the mother wavelet. Accordingly, we parti-
tion the coefficient vector β via

β =
(
βT

c βT
d

)T
,

with coarse coefficients βc and detail coefficients βd.
At the ith iteration of Algorithm 1, the estimate of μ[n] based on

β̂(i−1) is subtracted from the waveform, and the covariance method
of linear prediction is used to estimate a from the residual.1 Next
the waveform is inverse filtered using a moving average filter with
coefficients â(i), and the discrete wavelet transform of the residual
is obtained. A nonlinear thresholding step is then applied to the re-

sultant detail coefficients β̂
(i)
d in order to regularize the overall so-

lution. Thresholding is achieved through a hard or soft thresholding
rule with threshold λ1, using an estimate of σ̂ advocated by [13].
Hard thresholding in Algorithm 1 explicitly promotes sparsity in the
estimate of β. The algorithm stops after the convergence of AR coef-
ficients or after a specified number of iterations. Other thresholding
rules and stopping criteria are possible [13]. A follow-up step selects
the subspace matrix G from W by taking the top-r β coefficients to
produce a smoothed estimate of μ[n] by joint estimation using (4).

Alternatively, we can penalize the detail coefficients directly us-
ing an �1-norm criterion, leading to the following convex optimiza-
tion problem:(

â, β̂
)
= argmin

(a,β)

(‖xw −Xwa− β‖2 + λ2‖βd‖1) , (11)

where λ2 is an appropriately-chosen threshold. Efficient solutions
to (11) can be found using, e.g., CVX [14].

1Thus the estimate of a during the first iteration is equivalent to that ob-
tained by the covariance method.

Algorithm 1 Subspace Selection via Iterative Shrinkage

• Initialization: Set tolerance level ε0, iteration counter i = 1,
number of coarse levels L, and initial estimate of the coeffi-
cients β̂(0) = 0(N−p)×1

• While ε > ε0 and i < i0

– Update estimates â and β̂ using (10)

â(i) =
(
XT

wXw

)−1

XT
w

(
xw − β̂(i−1)

)
β̂(i) �

(
β̂

(i)T

c β̂
(i)T

d

)T

= xw −Xwâ
(i)

– Calculate threshold λ1

∗ Calculate σ̂ as median absolute deviation of
finest-resolution wavelet coefficients, divided by
0.6745 [13]

∗ Set λ1 to
√

2σ̂2 log(N − p− 2L)

– Thresholding: for all 1 ≤ j ≤ N − p− 2L

Hard: β̂
(i)
d (j) =

{
β̂

(i)
d (j) if |β̂(i)

d (j)| > λ1

0 if |β̂(i)
d (j)| ≤ λ1

Soft: β̂
(i)
d (j) = sgn

(
β̂

(i)
d (j)

)
max

(∣∣∣β̂(i)
d (j)

∣∣∣− λ1, 0
)

– Compute change in AR coefficient vector and incre-
ment: i = i+ 1

ε =
1

N − p

∥∥∥â(i) − â(i−1)
∥∥∥2

2

• Return â(i), β̂(i), and σ̂

5. EXPERIMENTS: SIGNAL-ADAPTIVE SUBSPACE
SELECTION

Here we illustrate the algorithms on a synthesized and real vowel.
The synthesized waveform (fs = 16 kHz, N = 518, p = 6 so that
N − p is a power of 2) is generated using the linear source-filter
model with a Rosenberg pulse derivative as source and 10 dB source
SNR. Constant-pitch and time-varying pitch contours are simulated
for the phoneme /i/. The real vowel is the phoneme /ae/ produced by
an adult male exhibiting glottalized voice quality.

First, we apply Algorithm 1 to iteratively estimate μ[n] and the
AR spectrum. As a follow-up step, the wavelets associated with
the 64 largest-magnitude inferred coefficients are taken as columns
of matrix W , and the conditional maximum likelihood estimators
of (4) are used to jointly fit the basis function coefficients and AR co-
efficients. Finally, the �1-regularization approach of (11) is applied.
For all methods, we employ Daubechies 6 wavelets with L = 0 and
p = 6. Results are evaluated using the root-mean-square-error of
estimates of μ[n] and the log-spectral distance (dLS) of estimates of
the AR spectrum [2]. For comparison, the residual of the covariance
method is applied with p = 8 and pre-emphasis filter.

Figure 2A and B show that Algorithm 1 with hard threshold-
ing is able to accurately estimate both μ[n] and the AR spectrum in
the synthesized constant-pitch condition, improving upon the non-
white residual of the covariance method. Figure 2C and D show the
potential of hard thresholding to handle a synthesized time-varying
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Fig. 2. Subspace selection via iterative wavelet shrinkage and
hard thresholding on synthesized /i/ with constant (A, B) and time-
varying (C, D) pitch contours. Covariance method (arcov) residual
and filter estimates shown. Waveforms offset for visualization.

pitch contour. Soft thresholding and �1-regularization outputs are
displayed in Figure 3A and B, providing comparable performance
as additional approaches. Finally, Figure 3C and D show the outputs
of Algorithm 1 (hard and soft thresholding) and �1 regularization ap-
plied to the spoken vowel. Here, the vowel’s irregular pitch periods
do not affect the applicability of the ARX methods, whose estimates
of the source and AR coefficients absorb the non-white components
of the covariance method residual.

This initial evaluation of sustained vowels is a natural first step
recognizing the need for accurate clinical voice assessment where
voice quality is often acquired in a controlled environment. The ap-
plied estimators show promise for obtaining source-related informa-
tion immune to pitch irregularities, warranting further investigation.
Level-dependent thresholding or penalization of wavelet coefficients
may further improve performance of the presented algorithms.
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