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Abstract 

The question of whether students’ school-year learning rates differ by race/ethnicity is important for 

monitoring educational inequality.  Researchers applying different modeling strategies to the same 

data (the ECLS-K:99) have reached contrasting conclusions on this question.  We outline the 

similarities and differences across three common approaches to estimating gains and heterogeneity 

in gains: 1) a gain score model (with intercept), 2) a first-difference (FD) model (in some cases 

equivalent to regression-through-the-origin [RTO] and student fixed effects models), and 3) a 

student random effects (RE) model.  We show via simulation that FD/RTO and RE models 

produce estimates of learning rates – and group differences in learning rates – with more favorable 

RMSD compared to the gain score model with intercept.  Using data from the ECLS-K:99, we 

demonstrate that these precision differences lead to contrasting inferences regarding learning rate 

heterogeneity, and likely explain the inconsistencies across previous studies.       

 

Keywords: heterogeneity in learning rates, gain score model, regression-through-the-origin, first-

difference model, student fixed effects model, student random effects model, simulation, ECLS-

K:99 

 

Highlights: 

 Removing the intercept from a gain-score model yields a first-difference (FD) or regression 

through-the-origin (RTO) model  

 Simulations show FD/RTO and RE models produce estimates with smaller RMSD 

compared to the gain-score model with intercept 

 RTO/FD/FE and RE models show racial heterogeneity in learning in the ECLS-K:99; gain 

score models with intercept do not  
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 Precision differences may explain why studies have disagreed over heterogeneity over K in 

the ECLS-K:99      
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I. Introduction 

The question of whether students’ learning rates differ by race/ethnicity over the school year 

is important for understanding educational inequality.  However, researchers have arrived at 

contrasting conclusions on this question, even when analyzing the same data.  In a 2011 article, 

Fitzpatrick, Grissmer, and Hastedt reported no significant heterogeneity in learning rates over 

kindergarten after fitting a gain-score model to data from the Early Childhood Longitudinal Study, 

Kindergarten Class of 1998-99 (ECLS-K:99).  Downey, von Hippel, and Broh (2004), fitting 

longitudinal growth models to the same data set, found that learning rates differed by race/ethnicity 

and socioeconomic status (SES).  (In our own work using the ECLS-K:2011 [Quinn, Cooc, 

McIntyre, & Gomez, 2016], we found heterogeneity by race/ethnicity and SES with models similar 

to Downey et al.’s [2004]).   

In this research note, we present results from simulations and real-data applications (using 

the ECLS-K:99) that demonstrate how modeling choices affect inferences on this question.  

Specifically, we examine the similarities and differences between: 1) Fitzpatrick et al.’s (2011) gain-

score model with an intercept, 2) a regression-through-the-origin (RTO) model, which is equivalent 

in this case to a first-difference (FD) model and a student fixed effects (FE) model, and 3) a student 

random effects (RE) model.  We find that including an intercept in certain specifications of the gain-

score model leads to less precise estimates of growth rates and heterogeneity in growth rates, 

compared to the FD/RTO/FE and RE models.  We conclude that learning rates differ by 

race/ethnicity over kindergarten in the ECLS-K:99. 

II. Econometric Models 

II.I Predicting Gains. In a clever and informative article, Fitzpatrick et al. (2011) estimated 

the causal effect of time in school on student learning gains by exploiting quasi-random variation in 

the fall- and spring-of-kindergarten test administration dates in the ECLS-K:99.  The authors found 
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that additional time between tests had an effect on students’ math and reading gains (compared to 

having fewer days between tests), and estimated that the average student made approximately 1.6 SD 

of reading growth and 1.5 SD of math growth over a full K school year.  While it was not the focus 

of their analysis, the authors tested for, and did not find evidence of, racial/ethnic and 

socioeconomic heterogeneity in the effects of additional time in school.    

To estimate the average effects of additional days in school, Fitzpatrick et al. (2011) fit gain-

score models of the form:  

𝐺𝑎𝑖𝑛𝑖 = 𝛽0 + 𝛽1
(𝐼𝐺𝑆)

𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖 + 𝜖𝑖          (1) 

where 𝐺𝑎𝑖𝑛𝑖 represents student i’s fall-to-spring gain score over K (in math or reading) and 

𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖 represents the number of days between the fall K assessment and the spring K 

assessment.1  We will refer to this as the “intercept gain-score” (IGS) model.    

Model 1 is a rare example of a case in which regression through the origin (RTO) would be 

an appropriate alternative, given that the expected value of the outcome must equal zero when the 

predictor equals zero (Wooldridge, 2006).  In other words, the true function must pass through the 

origin because it is not possible for students to make any gains over a time period of zero (i.e., 

Δ𝑆𝑐𝑜𝑟𝑒 must equal zero when Δ𝑇𝑖𝑚𝑒 equals zero).  When we fix the intercept in model 1 to zero, 

we have:      

𝐺𝑎𝑖𝑛𝑖 = 𝛽1
(𝐹𝐷)

𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖 + 𝜖𝑖          (2) 

Notice that adding this constraint leaves us with the familiar first-difference model (hence 

the “FD” superscript on 𝛽1).  When there are two time points, as in this case, the FD model (model 

2) is equivalent to another common approach for estimating student gains: the student fixed effects, 

                                                 
1 Fitzpatrick et al. (2011) divide the outcome by its SD and divide the DaysBtwn variable by 250 (the typical number 

of days between the first and last day of school) in order to interpret the DaysBtwn coefficient as the expected gain 

in SD units over a full school year.  In our analyses, for simplicity and to facilitate comparisons across our models, 

we keep all variables in their original metrics.  
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or least squares dummy variable model (i.e., �̂�1
(𝐹𝐷)

 in model 2 will equal �̂�1
(𝐹𝐸)

 in model 3 below, and 

their variance estimates will be equal; Wooldridge, 2006):  

𝑆𝑐𝑜𝑟𝑒𝑖𝑡 = 𝛼𝑖 + 𝛽1
(𝐹𝐸)

𝐷𝑎𝑦𝑠𝐾𝑖𝑡 + 𝜖𝑖𝑡  (3) 

where t indexes the fall or spring test, 𝛼𝑖 is a vector of student-specific intercepts, and 𝐷𝑎𝑦𝑠𝐾𝑖𝑡 

represents the number of days of K that student i had experienced prior to being tested at time t.     

II.II Heterogeneity in Gains.  To test for heterogeneity in learning rates, Fitzpatrick et al. 

(2011) add to model 1 dummy variables for the main effects of race/ethnicity, mother’s education 

categories, and poverty status; interactions between these dummy variables and each other; and 

interactions between the dummy variables and the 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖 variable.  They report in text that 

none of those terms was significant, and conclude that learning rates did not differ by these 

characteristics.  In models not shown here, we used the ECLS-K:99 to fit Fitzpatrick et al.’s models, 

and we replicated their null findings.       

For simplicity, we will focus the rest of this discussion on a model that tests for 

heterogeneity in learning rates by race/ethnicity alone.  Within the framework used by Fitzpatrick et 

al. (2011), the model for testing heterogeneity in learning rates by race/ethnicity is:  

    𝐺𝑎𝑖𝑛𝑖 = 𝛽0 + 𝛽1𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖 + ∑ 𝛽𝑟𝑅𝐴𝐶𝐸𝑖 +𝑟 ∑ 𝛽𝑐(𝑅𝐴𝐶𝐸𝑖 × 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖)𝑐 + 𝜖𝑖          (4) 

where ∑ 𝛽𝑟𝑅𝐴𝐶𝐸𝑖𝑟  represents the race/ethnicity dummy variables and ∑ 𝛽𝑐(𝑅𝐴𝐶𝐸𝑖 × 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖)𝑐  

represents the interactions between the race dummy variables and the DaysBtwn variable.   

 In model 4, using White students as the reference group, 𝛽0 now represents expected growth 

for White students specifically, over a time period of zero; the coefficients on the race/ethnicity 

main effects represent the expected growth differences between White students and the named 

racial/ethnic group, over a time period of zero.  Given that there can be no growth before any time 

has passed, there also cannot be any racial/ethnic differences in growth.  Therefore, in model 4, we 

can restrict the intercept and the main effects of race/ethnicity to equal zero, giving us the model:        



7 

 

𝐺𝑎𝑖𝑛𝑖 = 𝛽1
(𝐹𝐷)

𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖 + ∑ 𝛽𝑐
(𝐹𝐷)

(𝑅𝐴𝐶𝐸𝑖 × 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖)𝑐 + 𝜖𝑖          (5) 

which is the FD model, where 𝛽0 and the time-invariant variables (i.e., the main effects of race) have 

been differenced out.  Again, this produces parameter estimates and standard errors that are 

equivalent to those from a student FE model: 

𝑆𝑐𝑜𝑟𝑒𝑖𝑡 = 𝛼𝑖 + 𝛽1
(𝐹𝐸)

𝐷𝑎𝑦𝑠𝐾𝑖𝑡 + ∑ 𝛽𝑐
(𝐹𝐸)

(𝑅𝐴𝐶𝐸𝑖 × 𝐷𝑎𝑦𝑠𝐾𝑖𝑡)𝑐 + 𝜖𝑖𝑡  (6) 

where subscripts and variables are as defined above.    

 As an alternative to model 6, one might replace the student FE with student random effects 

(RE).  Unlike FE, the RE do not absorb the time-invariant student characteristics, allowing for the 

main effects of race to be re-inserted into the model (providing projected estimates of the 

racial/ethnic gaps on the first day of K):   

𝑆𝑐𝑜𝑟𝑒𝑖𝑡 = 𝛼𝑖 + 𝛽1
(𝑅𝐸)

𝐷𝑎𝑦𝑠𝐾𝑖𝑡 + ∑ 𝛽𝑟
(𝑅𝐸)

𝑅𝐴𝐶𝐸𝑖 +𝑟 ∑ 𝛽𝑐
(𝑅𝐸)(𝑅𝐴𝐶𝐸𝑖 × 𝐷𝑎𝑦𝑠𝐾𝑖𝑡)𝑐 + 𝜖𝑖𝑡   

𝛼𝑖~𝑁(𝜇𝑦, 𝜎𝑦
2)  ⊥ 𝜖𝑖𝑡~𝑁(0, 𝜎𝜖

2)    (7) 

Model 7 is closer to the model that Downey et al. (2004) fit, which led them to the conclusion that 

K learning rates differed by race/ethnicity (and SES) in the ECLS-K:99.2  

II.III Assumptions, Interpretation, and Model Selection.  In order to interpret �̂̂�1 from 

the IGS and RTO/FD models as the mean daily increment in score gain, we must assume a linear 

relationship between Gains and DaysBtwn (which occurs when Score is a linear function of DaysK).  

The RTO/FD model adds the assumption that students cannot make any gains before any time has 

passed.  If we assume that linearity holds over the entire school year, then we can interpret �̂�1from 

each model as the estimated daily learning rate for all of K.  If we assume that linearity holds only 

for the time period covered by the observed range of DaysBtwn (i.e., if scores are nonlinear with 

                                                 
2 Downey et al.’s (2004) actual model also included data from the fall and spring of first grade, and included random 

slopes for learning rates and RE for schools.  The authors included race, SES, and additional control variables.    
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respect to time prior to the first test and/or after the second test), then we interpret �̂�1from each 

model as the daily learning rate during the time period covered by the test window.   

As we show in our simulations, if linearity holds, and if Δ𝑆𝑐𝑜𝑟𝑒 equals zero when Δ𝐷𝑎𝑦𝑠𝐾 

equals zero,3 then both the IGS model and the RTO/FD model will produce unbiased estimates of 

daily learning rates.  However, the RTO/FD model will do so with more precision.  The reason is 

that there is inherent uncertainty in the estimate of the intercept; by fixing the intercept to 0, the 

extent to which slope estimates are allowed to vary across samples is reduced.  Specifically, the 

(classical) standard error for 𝛽1̂ in the IGS model (model 1) is estimated as 𝜎
�̂�1

(𝐼𝐺𝑆)
= √

𝑀𝑆𝐸

Σ(𝑥𝑖−�̅�)2 while 

the (classical) standard error in the RTO/FD model (model 2) is estimated as 𝜎
�̂�1

(𝑅𝑇𝑂)
= √

𝑀𝑆𝐸

Σ𝑥𝑖
2  .  

This implies that the standard error for the RTO model will never be greater than the standard error 

for the IGS model.  Additionally, the standard error formulas indicate that the magnitude of the 

improvement in precision for the RTO/FD model over the IGS model will be larger when the 

mean number of days between tests is further from zero (see Online Appendix A).  In sum, while 

the RTO/FD model is more restrictive than the IGS model in the sense that it forces the intercept 

to equal zero, this restriction is intuitive in this context and serves the goals of the analysis. 

If the linearity assumption does not hold, then comparing the modeling approaches becomes 

more challenging.  The question of which model will perform better will depend on the estimand of 

interest, the exact nature of the true achievement function, and the test administration schedule.  

                                                 
3 While it is hard to argue that true gains in the underlying latent trait might be non-zero over a time period of zero, 

one might question whether there is some systematic, immediate, and permanent test-taking effect (when the 

passage of time approximates zero) that contributes to a student’s measured gain from fall to spring.  If there were 

such an effect, and if it were desirable to subtract that effect from the learning rate estimates, the effect would need 

to be unreasonably large before rendering the IGS model preferable to the RTO/FD model.  In supplementary 

simulations, we found that (with linear gains) an immediate effect (i.e., intercept) would need to be 15 times the 

magnitude of the daily learning rate before the RMSD for DaysBtwn from the RTO/FD model became larger than 

the RMSD from the IGS model. 
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Online Appendix B provides additional details about nonlinear effect scenarios; in the remainder of 

this note, we focus on comparing models under the linearity assumption, consistent with past 

research.   

The principles discussed above also apply to estimates of heterogeneity in learning rates.  As 

we will explore through simulations, when achievement is a linear function of time, we expect IGS 

and RTO/FD/FE models to provide unbiased estimates of group differences in learning rates, but 

those estimates will be more precise with the RTO/FD/FE model and the RE model (though 

slightly biased in the RE model) compared to the IGS model.   

III. Simulations 

We conducted two sets of simulations in order to compare the estimates of DaysBtwn, and 

estimates of racial heterogeneity in DaysBtwn, across models.  For simplicity, we simulated samples of 

students from two groups, which we will name White and Black for illustrative purposes.  In the 

first set of simulations, we compared the variation in estimates of DaysBtwn across an IGS model 

(model 1), a FD/RTO model (model 2), and a RE model.  In the second set of simulations, we 

compared estimates of the DaysBtwn*Black coefficient across the same three model types.  For each 

set, we perform 5,000 simulations.   

III.I Simulations Estimating DaysBtwn Coefficients.  

For the simulations estimating the effect of DaysBtwn using the IGS and FD/RTO models, 

we randomly drew values of DaysBtwn from a uniform distribution between the minimum and 

maximum values observed in our ECLS-K:99 analytic sample (118, 259).4  We then randomly 

generated gain scores for each student from 𝐺𝑎𝑖𝑛~ 𝑁(𝜇 = 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛 × .06, Σ = .77) (𝑛 = 1,000, 

with Black/White proportions similar to unweighted ECLS-K:99 statistics).  Using these simulated 

                                                 
4 The actual distribution of DaysBtwn in the ECLS is bell-shaped, but we use a uniform distribution to ensure min 

and max.  
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data, we fit model 1 (IGS model), model 2 (FD/RTO model), and a RE model similar to model 3, 

except that 𝛼𝑖 now represents random, rather than fixed, effects: 𝛼𝑖~𝑁(𝜇𝑦, 𝜎𝑦
2)  ⊥ 𝜖𝑖𝑡~𝑁(0, 𝜎𝜖

2).  To 

fit the RE model, we randomly assigned students fall scores from 𝑁(𝜇 = −1.26, Σ = .51) for White 

students and 𝑁(𝜇 = −1.51, Σ =  .51) for Black students, and obtained a spring score by adding to 

that fall score the random gain score the student had already been assigned for the FD/RTO and 

IGS simulations.  We assigned students a random value for DaysK for the fall observation uniform 

on (48, 165) and added to that value their random DaysBtwn value in order to get their DaysK for the 

spring observation. 

III.II Simulations Estimating DaysBtwn*Black Coefficients.   

For the simulations estimating the DaysBtwn*Black coefficient using the IGS and FD/RTO 

models, we followed the procedures described above, except that we randomly generated gain scores 

for each student from 𝐺𝑎𝑖𝑛~ 𝑁(𝜇 = 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛 × (.06 − .01𝐵𝐿𝐴𝐶𝐾), Σ = .77), where BLACK is a 

binary indicator for whether the student is Black (0=N, 1=Y), and other terms are as defined above.  

We then fit an IGS model similar to model 5 (except that RACE contained a single dummy variable 

for BLACK), an RTO/FD model similar to model 6 (except that DaysBtwn*Black was the only 

interaction term), and an RE model similar to model 9 (except that BLACK was the only race main 

effect and interaction).   

III.III Simulation Results 

In Figure 1, we present the results for each set of simulations.  The left panel of the figure 

shows the kernel density plots for coefficient estimates of DaysBtwn across the three model types.  

As can be seen, the IGS model produces estimates that are less precise than the RTO/FD model.  

The RTO/FD model and the IGS model show no evidence of bias (i.e., the estimates are not 

statistically different from the true value), but the RE estimates are very slightly (negatively) biased, 
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as expected (p<.001).  The RTO/FD model produced the lowest RMSD (.00013), followed by the 

RE model (.00028) and the IGS model (.00059).   

<Figure 1> 

In the right panel of Figure 1, we display the density plots for the DaysBtwn*Black interaction 

coefficient estimates.  Again, the IGS model and the RTO/FD model show no evidence of bias, but 

the inclusion of the intercept and race main effect in the IGS model substantially increases the 

variance of parameter estimates.  The RE model produces slightly biased estimates of the 

interaction, but again the RE model simulations have a more favorable (though quite similar) RMSD 

compared to the IGS model (.0199 versus .0200).  

IV. Model Comparisons with ECLS-K:99 Data  

Using data from the ECLS-K:99, a nationally representative sample of U.S. students 

attending kindergarten over the 1998-99 school year, we fit each of the three model types described 

above (IGS, RTO/FD, and RE)5 to estimate average learning rates over K and to test for 

racial/ethnic heterogeneity in learning rates over K for math and reading scale scores (see Online 

Appendix C for detail on the ECLS-K:99 and descriptive statistics).  In all models, we use the base-

year sampling weight and cluster standard errors by school; all models drop students who were not 

first-time kindergarteners, and who were missing on the predictors and on mother’s education and 

poverty status, for consistency with our models that replicate Fitzpatrick et al.’s (2011) analyses (not 

shown).      

                                                 
5 To be clear, we fit the RTO/FD specification of models 2 and 5 (with differenced data – i.e., one row of data per 

student - and the “noconstant” option in Stata), as opposed to the student fixed effects/LSDV specification (i.e., with 

2 rows of data per student).  As noted above, estimates for parameters and classical standard errors will be identical 

in the RTO/FD model and the student FE/LSDV model.  When clustering standard errors by school, however (as we 

do in these models), the standard errors differ slightly in the RTO/FD model compared to the FE/LSDV models (but 

significance levels to do not differ, except in the case of the (𝑜𝑡ℎ𝑒𝑟 𝑟𝑎𝑐𝑒 × 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛) interaction for math).    
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 In Table 1, we present the math and reading results from the intercept gain-score model 

(columns 1 and 2 for math, 5 and 6 for reading) and the FD/RTO model (columns 3-4, 7-8). In all 

models, additional time between tests has a significant main effect on gains (columns 1, 3, 5, and 7).  

As seen in columns 2 and 6, none of the race/ethnicity dummies significantly interacts with 

DaysBtwn in the IGS model, consistent with Fitzpatrick et al. (2011) (interaction terms are also not 

jointly significant for either outcome; p=.92 for reading, p=.20 for math).  In column 4, however, the 

RTO/FD model shows that Black students, Hispanic students, and “other race” students learn math 

at significantly slower rates over K compared to White students.  In reading, the RTO/FD model 

(column 8) reveals that Black students learn significantly slower over K than White students, and 

Asian students learn significantly faster.       

<Table 1> 

 In Table 2, we present math and reading results for the student RE models.  As anticipated 

given the simulations, these results are quite similar to the RTO/FD models, and again we find 

significant racial/ethnic heterogeneity in math and reading gains over K (in fact, in most cases, the 

estimated coefficients and standard errors for the RTO/FD and RE models are identical to shown 

decimal places).  These results are consistent with Downey et al.’s (2004) findings.      

<Table 2> 

V. Conclusion 

We have shown that the modeling strategy used when testing for learning rate heterogeneity 

can matter for the inferences drawn.  When test scores are a linear function of time, RTO/FD (FE) 

models and IGS models alike provide unbiased estimates of learning rates and group differences in 

learning rates; however, the RTO/FD (FE) model does so with much more precision.  The RE 

model also produces estimates with lower RMSD (slight bias but less variation) compared to the 

IGS model.  As explored in Online Appendix B, when test scores are a nonlinear function of time, 
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IGS models will not, in general, provide unbiased estimates of the average learning rate between 

tests, but the RTO/FD (FE) will.  Under nonlinearity, if one is interested in extrapolating this 

average growth rate beyond the period covered by the testing window, then none of these models 

will, in general, provide unbiased estimates and the approach with the more favorable RMSD will 

depend on the nature of the true (generally unknown) achievement function (see online Appendix 

B)   

Substantively, in the ECLS-K:99 data, the RTO/FD (FE) models reveal heterogeneity in K 

learning rates by race/ethnicity while the estimates from the IGS model are less precise and leave us 

unable to rule out equal learning rates by race.  Given that we fail to reject the null of equal learning 

rates, common practice is to reduce to the parsimonious model that assumes no racial heterogeneity.  

At the same time, the imprecision of the IGS model leaves us unable to rule out a wide range of 

possibilities.  For example, in the IGS model for math (column 2 of Table 1), the 95% confidence 

interval for the Black* DaysBtwn interaction implies that over 165 days of the kindergarten school 

year (the mean for DaysBtwn), the Black-White math gap could widen by .84 SD (of the fall 

distribution) or narrow by .05 SD.  In other words, beyond ruling out large gap-narrowing, we have 

not learned much from the analysis.  The story is much different with the RTO/FD (and RE) 

models; these models  provide a much narrower interval estimate, suggesting the gap may widen 

over this period by .31 to .20 (fall) SD.6   

Whenever one is choosing among possible models, both bias and precision matter.  In many 

modelling situations, the inclusion of an intercept is essential for obtaining unbiased estimates of 

                                                 
6 Note that this magnitude is larger than what has been reported in previous ECLS-K:99 studies because we express 

changes in fall SD units.  When we use our analytic sample to separately estimate fall and spring gaps using test 

scores standardized by the wave-specific SD, we find descriptive Black-White math gap widening comparable in 

magnitude to Fryer & Levitt’s (2004) estimates with these data (approximately .04 SD).  The gap-widening is larger 

when expressed in fall SD units because spring test score variance in the analytic sample is greater than fall test 

score variance.   
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other model parameters.  In some cases, however, we know a priori that the true function must pass 

through the origin, and estimating an intercept in such cases can substantially increase the standard 

errors for the other parameter estimates.  We have examined a particular case in which, under 

certain conditions, the intercept can be removed from the model in order to improve precision 

without biasing key parameter estimates.   
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Figure 1. Simulation Results for Parameter Estimates for DaysBtwn (left panel) and DaysBtwn*Black 
(right panel), 5000 Simulations.  
Note. FD=first-difference; RTO=regression through the origin; FE=student fixed effects; 
RE=student random effects. 
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Table 1.  
Intercept Gain-Score and Regression-through-the-Origin (First Difference/Fixed Effects) Models (Scale Score Metric). 

Note. Standard errors clustered by school in parentheses. RTO=regression-through-the-origin; FD=first difference.  Sampling weight BYCW0 applied. DaysBtwn = # 

days between fall K assessment and spring K assessment. Note that the high 𝑅2s in the RTO/FD models are due to the fact that these models calculate the SST and 
SSM using squared deviations from zero, as opposed to deviations from the outcome mean.   
* p < 0.05, ** p < 0.01, *** p < 0.001

 (1) (2) (3) (4) (5) (6) (7) (8) 
 Math Reading 

 Intercept Gain-Score 
Models 

RTO/FD  Intercept Gain-Score 
Models 

RTO/FD  

DaysBtwn 0.0492*** 0.0567*** 0.0569*** 0.0603*** 0.0661*** 0.0678*** 0.0615*** 0.0631*** 
 (0.00517) (0.00619) (0.000608) (0.000739) (0.00540) (0.00604) (0.000693) (0.000826) 
Black  1.296    -0.886   
  (2.081)    (2.565)   
Black*DaysBtwn  -0.0198  -0.0127***  -0.00541  -0.0102*** 
  (0.0112)  (0.00137)  (0.0137)  (0.00157) 
Hispanic  2.311    0.548   
  (2.146)    (2.969)   
Hispanic*DaysBt
wn 

 -0.0208  -0.00879***  -0.00484  -0.00187 

  (0.0116)  (0.00129)  (0.0158)  (0.00179) 
Asian  3.698    3.340   
  (3.565)    (4.573)   
Asian*DaysBtwn  -0.0179  0.00200  -0.00259  0.0154*** 
  (0.0202)  (0.00255)  (0.0258)  (0.00321) 
Other Race  -0.972    1.867   
  (2.259)    (2.636)   
Other 
Race*DaysBtwn 

 0.000620  -0.00461**  -0.0133  -0.00320 

  (0.0127)  (0.00171)  (0.0150)  (0.00191) 
Constant 1.426 0.679   -0.861 -0.879   
 (0.933) (1.103)   (0.984) (1.089)   

N 10817 10817 10817 10817 10315 10315 10315 10315 
R2 0.023 0.041 0.710 0.715 0.033 0.044 0.698 0.701 
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Table 2.  
Student Random Effects Models (Scale Score Metric). 

 (1) (2) (3) (4) 
 Math Reading 

DaysK 0.0569*** 0.0603*** 0.0615*** 0.0631*** 
 (0.000608) (0.000739) (0.000693) (0.000825) 
     
Black*DaysK  -0.0127***  -0.0102*** 
  (0.00137)  (0.00157) 
     
Hispanic*DaysK  -0.00879***  -0.00187 
  (0.00129)  (0.00179) 
     
Asian*DaysK  0.00200  0.0154*** 
  (0.00255)  (0.00321) 
     
Other Race*DaysK  -0.00461**  -0.00320 
  (0.00171)  (0.00191) 
     
Black  -4.830***  -2.903*** 
  (0.338)  (0.375) 
     
Hispanic  -5.395***  -3.379*** 
  (0.307)  (0.364) 
     
Asian  1.514*  2.784** 
  (0.652)  (0.944) 
     
Other Race  -3.909***  -2.948*** 
  (0.566)  (0.638) 
     
Constant 21.28*** 22.87*** 29.94*** 30.70*** 
 (0.184) (0.201) (0.184) (0.196) 

lns1_1_1     
Constant 2.320*** 2.263*** 2.444*** 2.421*** 
 (0.0139) (0.0142) (0.0224) (0.0222) 

lnsig_e     
Constant 1.219*** 1.209*** 1.324*** 1.318*** 
 (0.0190) (0.0192) (0.0170) (0.0169) 

N 21634 21634 20630 20630 
Note. Standard errors clustered by school in parentheses.  Sampling weight BYCW0 applied. DaysK = # days of K 
student experienced at time t.  
* p < 0.05, ** p < 0.01, *** p < 0.001 
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Online Appendix A. Simulation Results Shifting the Center of the DaysBtwn Distribution 

We conducted additional simulations to examine the way in which the mean number of days between 

tests influences precision differences between the IGS and RTO/FD models.  All simulations followed the 

same procedures as those described in the main text, except that we varied the minimum and maximum 

values for DaysBtwn.  Specifically, for each simulation we gave the DaysBtwn variable a range of 141 days on a 

uniform distribution (as in the main simulations), but varied the minimum value (and maximum) of the 

parameters for the uniform distribution, starting with a minimum of 0 and going up to 300 in 10-day intervals 

(with 1,000 simulations for each interval).  For each scenario, we checked for bias in the estimates of 

DaysBtwn and Black*DaysBtwn, and compared mean standard errors across models.  As expected, bias was 

significantly different from zero more often than would be expected by chance, and the estimates from the 

intercept model were more variable than those from the RTO/FE model (see Figure A1).  

In Figure A2, we show the standard errors that were estimated through simulations.  As expected, 

standard errors from the IGS model were relatively stable across minimum values for DaysBtwn (with random 

variation), while standard errors for the RTO/FD model became smaller as the minimum value of DaysBtwn 

increased.    
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Figure A1. Differences between parameter mean estimates from simulations and relevant true parameter 
value, by the minimum value for DaysBtwn.  In each simulation, DaysBtwn is a random uniformly distributed 
variable with a range of 141.  Estimates are not statistically different from true values more often than would 
be expected by chance (1,000 simulations per minimum observed value for DaysBtwn).  
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Figure A2. Mean standard errors for DaysBtwn obtained through simulations using the intercept gain score 
model and regression-through-the-origin model, as a function of the minimum value for DaysBtwn.  In each 
simulation, DaysBtwn follows a uniform distribution with a range of 141 (1,000 simulations per minimum 
observed value for DaysBtwn).  
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Online Appendix B.  Comparing Models when Achievement is a Non-linear Function of Time.  

If the linearity assumption does not hold, then we can no longer interpret 𝛽1̂ as a daily increment in 

test score gain, and the interpretation of the coefficient will differ for the IGS model compared to the 

RTO/FD model.  When the interest is in kindergarten learning rates, it is natural to want to estimate 
Δ𝑆𝑐𝑜𝑟𝑒

Δ𝐷𝑎𝑦𝑠𝐾
; 

in the case of nonlinearity, we can estimate this quantity so long as we interpret it as an overall summary of 

the rate of change between tests, while recognizing that the effect of an additional day of K differs at 

different points within the testing window.  The RTO/FD model will produce an estimate that can be 

interpreted in this way, but the IGS model will not.  For intuition as to why this is the case, imagine that 

students’ learning curves are steeper in the fall and winter, but flatten toward the end of the school year.  

Suppose that all students take the fall test on the same day, then a random group A takes the spring test 200 

days later and a random group B takes it 210 days later.  Suppose also that groups A and B both have a mean 

fall score of 10 (on some arbitrary test scale) and a mean spring score of 20 ( 𝐺𝑎𝑖𝑛𝑎
̅̅ ̅̅ ̅̅ ̅̅ = 10, 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑎

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =

200; 𝐺𝑎𝑖𝑛𝑏
̅̅ ̅̅ ̅̅ ̅̅ = 10, 𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑏

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 210).  The basic arithmetical calculations show that sample mean growth 

between tests was 10 points and the mean growth rate (assuming equal group sizes) was .049 points per day.  

However, the IGS model (model 1) would estimate a coefficient of zero on the DaysBtwn variable because 

between-student variation in DaysBtwn does not predict between-student variation in gains.  Due to the 

inclusion of the intercept, �̂�1 in the IGS model estimates the rate of learning between day 200 and day 210 

(which is zero).  If one is only interested in the growth rate between these days, then the IGS model would be 

preferred over the RTO/FD model (however, the interpretation of the IGS model becomes more 

complicated when there is more variation in test dates in both seasons).7  We can obtain an estimate of 

Δ𝑆𝑐𝑜𝑟𝑒

Δ𝐷𝑎𝑦𝑠𝐾
 by removing the intercept from the IGS model, because by doing so we switch from identifying off 

of between-student variation to identifying off of within-student variation (which can also be understood by 

recalling the equivalence of the RTO/FD model to the student FE model).  As demonstrated in the example, 

                                                 
7 In a situation in which all students experienced the same number of days between tests, it would not even be 

possible to fit the IGS model because DaysBtwn would be collinear with the intercept; in contrast, one could fit an 

RTO/FD or FE model and obtain an estimate of mean learning rates.   
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within-student variation in the number of days of K before each test predicts within-student variation in test 

scores, and therefore the RTO/FD model provides a proper estimate of 
Δ𝑆𝑐𝑜𝑟𝑒

Δ𝐷𝑎𝑦𝑠𝐾
 for the time window 

between tests.8     

If test scores are a non-linear function of time over the entire school year and one is interested in 

estimating whole-year learning rates, then – depending on the timing of the tests and the true achievement 

function – either the IGS model or the RTO/FD/FE model might have the better RMSD (though both will 

likely be biased).9  Unfortunately, outside of simulation scenarios, we will seldom, if ever, know which model 

will provide the better estimate.  

We examined two scenarios via simulation: when test scores are a log function of time, and when test 

scores are a quadratic function of time.  In these simulations, we drew 𝑇𝑖𝑚𝑒𝑖1 as a random variable uniform 

on (1, 60) and 𝑇𝑖𝑚𝑒𝑖2 as a random variable on (210, 270).  We then drew time 1 and time 2 test scores for the 

log simulations as 𝑌𝑖𝑡~𝑁(10 + log(𝑇𝑖𝑚𝑒𝑖𝑡) , .5) and for the quadratic simulations as 𝑌𝑖𝑡~𝑁(10 +

𝑇𝑖𝑚𝑒𝑖𝑡
2 , .5).  We ran simulations for each scenario with 𝐺𝑎𝑖𝑛𝑖 = (𝑌𝑖2 − 𝑌𝑖1) as the outcome and 

𝐷𝑎𝑦𝑠𝐵𝑡𝑤𝑛𝑖 = (𝑇𝑖𝑚𝑒𝑖2 − 𝑇𝑖𝑚𝑒𝑖1) as the predictor.  We used sample sizes of 1,000 and ran 1,000 

simulations for the IGS and RTO/FD models.  For each scenario, we compared the estimates to the true rate 

of learning over the entire school year – i.e., 
log(270)−log (1)

269
 for the log model and 

2702−1

269
 for the quadratic 

model. 

 Figure B1 shows the distribution of parameter estimates from the RTO/FD model and the IGS 

model when achievement is a log function of time.  The vertical red line represents the true average learning 

rate over the entire school year.  As can be seen, both models produce biased estimates but the IGS model is 

less biased than the RTO/FD model; the IGS model also has a smaller RMSD (.004 vs. .01).  In contrast, we 

                                                 
8Though note that 𝛽1̂

(𝐹𝐷)
 will not equal the sample mean of 

Δ𝑆𝑐𝑜𝑟𝑒𝑖

Δ𝐷𝑎𝑦𝑠𝐾𝑖
; rather, these values will differ by 𝐸 (

𝜖𝑖

Δ𝐷𝑎𝑦𝑠𝐾𝑖
). 

9 Note that although the RTO/FD fixes an intercept that is beyond the range of the data, this does not amount to an 

extrapolation if the intention is to interpret the coefficient as the estimated learning rate for the time period between 

the two tests.  This can be understood most simply by recalling that the RTO/FD model is equivalent to a student FE 

model, which does not extrapolate but rather identifies learning rates off of within-student variation.    
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see in Figure B2 that the RTO/FD model yields less biased estimates of mean school-year growth rates when 

achievement is a quadratic function of time (IGS RMSD=5.16, RTO/FD RMSD=.86). 
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Figure B1. Estimates extrapolating growth between tests to represent growth across the entire school year 
when test scores are a log function of time.  Vertical line represents the true mean growth rate over the entire 
school year. 
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Figure B2. Estimates extrapolating growth between tests to represent growth across the entire school year 
when test scores are a quadratic function of time.  Vertical line represents the true mean growth rate over the 
entire school year.  
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Online Appendix C. ECLS-K:99 Descriptive Statistics.  

The ECLS-K:99 used a three-stage sampling design (geographic regions, schools, students) to obtain 

a nationally-representative (when weighted) sample of U.S. students attending kindergarten over the 1998-99 

school year.  Although students were followed through their eighth grade year, we make use only of the 

kindergarten-year data in our analyses.   

Trained child assessors administered math and reading tests (and general knowledge tests, not used 

here) to students in the fall and spring of their kindergarten year.  To avoid floor effects, students were first 

administered a set of routing items in order to determine the appropriate difficulty level of their full set of test 

items.  IRT models were fit to students’ responses in order to produce test scales.  The “scale score” metric, 

which was the only scale initially released with the ECLS, provides an estimate of the number of items from 

the entire item pool that the student would have answered correctly had the student been given the chance to 

answer all of the items.  Because items are not all equally difficult, this metric does not purport to have 

interval properties; we use this metric in our main analyses for consistency with past research conducted 

before the ECLS released the preferable theta scores.       
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Table C1.  Weighted Descriptive Statistics for ECLS-K:99 Data by Race (Kindergarten Year) 

 Asian Black Hispanic Other Race White 

 Mean SD N Mean SD N Mean SD N Mean SD N Mean SD N 

DaysBtwn 183.57 20.63 473 183.22 19.26 1410 188.51 21.37 1693 181.53 21.07 622 184.01 21.01 6631 

Fall Math 
Scale Score 29.74 10.45 473 22.57 6.49 1410 22.02 7.20 1690 23.98 8.11 621 28.24 9.15 6626 

Spr Math 
Scale Score 41.24 13.24 473 31.31 9.38 1410 31.74 9.98 1693 34.08 10.94 622 39.33 11.97 6628 

Fall Reading 
Scale Score 40.37 15.33 473 32.94 8.32 1408 32.56 8.06 1187 33.07 10.28 621 36.37 9.80 6626 

Spring 
Reading Scale 
Score 54.80 19.87 473 42.60 11.11 1408 44.05 11.57 1187 43.95 13.60 621 47.96 13.51 6626 

Math Gain 
Score (Scale) 11.49 7.38 473 8.74 5.98 1410 9.75 6.06 1690 10.11 6.28 621 11.11 7.13 6623 

Reading Gain 
Score (Scale) 14.43 10.00 473 9.66 6.83 1408 11.48 7.44 1187 10.88 7.25 621 11.59 7.71 6626 

Fall Math 
Theta Score -0.97 0.47 473 -1.35 0.40 1410 -1.40 0.45 1690 -1.28 0.46 621 -1.04 0.44 6626 

Spring Math 
Theta Score -0.50 0.44 473 -0.88 0.42 1410 -0.87 0.44 1693 -0.77 0.43 622 -0.56 0.42 6628 

Fall Reading 
Theta Score -1.07 0.61 473 -1.43 0.48 1408 -1.45 0.48 1187 -1.45 0.53 621 -1.22 0.48 6626 

Spring 
Reading Theta 
Score -0.46 0.53 473 -0.88 0.49 1408 -0.81 0.48 1187 -0.84 0.50 621 -0.65 0.46 6626 

Math Gain 
Score (Theta) 0.47 0.27 473 0.46 0.27 1410 0.53 0.29 1690 0.51 0.28 621 0.48 0.26 6623 

Reading Gain 
Score (Theta) 0.61 0.32 473 0.55 0.32 1408 0.64 0.35 1187 0.61 0.33 621 0.57 0.30 6626 

Note. Base year sampling weight BYCW0 applied. DaysBtwn=number of days between the student’s fall and spring test. 


