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Abstract
Multilevel models have long played an important role in a variety of social sciences. We
extend this framework by bring to bear recent developments in the machine learning literature
to allow for considerable flexibility. We introduce a sparse regression framework that covers
both the linear case as well as a logit model for binary outcome data. We leverage recent
computational tricks based on data-augmentation to dramatically speed up estimation times
with equal or better performance compared to existing approaches. We apply our model in
the context of multilevel modelling with post-stratification which has become a common tool
for survey researchers.
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Introduction

Data where units cluster into known groupings are commonly encountered across a range of disciplines (Hox, Moerbeek and van de Schoot, 2017; Gelman and Hill, 2006; Gelman, 2006a; Singer
and Willett, 2003). For example, on a national survey, respondents may be grouped by their state
or region, or in a study of youth, students may be clustered within schools. Because data is often
clustered in real world applications, building this structure into a regression model leads to a variety of improvements. Incorporating this known grouping can lead to dramatic improvements in the
efficiency of estimated outcomes, by separating out within-group and across-group variation. This
improvement carries through to prediction, where the predicted values contain a contribution from
the group-level effect as well as the unit-level characteristics. Ignoring either can lead to misleading
models.
While multilevel regression has grown in popularity, it has been constrained in practice by
considering only a handful of covariates. As we move to a hierarchical model to more accurately
represent the data, we argue that we should also allow for more complexity in the covariates and
interactions we allow in the model as well. We illustrate here, through applied and simulation
evidence, that there is indeed room for improvement.
To allow for flexibility in the hierarchical model, we provide a unified framework for sparse
multilevel regression by connecting a variant of the LASSO model (Tibshirani, 1996; Zou, 2006;
Ratkovic and Tingley, 2017) with multilevel regression. Furthermore, by leveraging some recent
estimation “tricks” (Polson, Scott and Windle, 2013), we can easily extend estimation to the logistic
regression. Consequently, we incorporate the gains from variable selection through the LASSO
into the multilevel regression context, while allowing for binary outcomes and accommodating
observation (e.g. survey) weights.1
One application of multilevel models is in the public opinion literature, where multilevel regression with post-stratification (MRP) has become increasingly popular. Popularlized by Park, Gelman
and Bafumi (2004), MRP has two steps. First, a multilevel regression model is fit to public opinion
data. Individual features of an individual are treated as ‘normal’ covariates (X) and other features,
such as the state someone is from, is treated as a random effect. Second, in the post-stratification
1

Applications of LASSO type models to the context of multilevel regressions are relatively sparse (e.g., Bondell,
Krishna and Ghosh, 2010; Ibrahim et al., 2011; Pan and Huang, 2014; Groll and Tutz, 2014).
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step the results are combined with information about the distribution of individual characteristics
within geographic units to obtain local level estimates of the survey outcome of interest. Typically
this requires the joint distribution of the set of variables used in the survey model, though recent
work suggests alternative strategies are useful (Leemann and Wasserfallen, 2017). The use of MRP
extends beyond political poll applications, and includes work in epidemiology (Zhang et al., 2014,
2015). In this paper, we show how our sparse approach to multilevel models can be linked up to the
post-stratfication step, enabling what we call Sparse Multilevel Regression and Post-Stratification
(sMRP). This enables researchers to consider many potential variables that predict an outcome,
including interactions between variables, when fitting an MRP model.2
The structure of the paper is as follows. In section 2 we briefly review multilevel models and
MRP. Next in section 3 we introduce our modelling approach and section 4 provides performance
simulations that highlight the usefulness of our approach. Section 5 applies our approach to real
data where we show the advantages of our multilevel model. Section 6 concludes and highlights
areas for future work.

2

Multilevel Regression

2.1

Multilevel models: a primer

Before introducing our approach we briefly review multilevel regression models as well as their
application to survey data with post-stratification. We refer readers to Gelman and Hill (2006) for
a more complete discussion of multilevel models. Throughout this paper, we will use a common
running example: Attempting to predict the state-level support for the Democratic party using a
non-representative national survey with known survey weights.
In order to estimate these state-level outcomes, a naive approach would be to subset the survey
into each state and run a separate regression to predict state-level support. This runs into problems,
however, given that some states may have a small number of observations.3 This likely would lead
to state-by-state regressions overfitting the data, perhaps by having variables that perfectly predict
the outcomes inside the state, and thus lead to poor out of sample performance.
2

3

Using sparse models with post-stratification is rare. For example, Si et al. (2017) use a structured prior to
induce sparsity in the context of jointly estimating survey weights and post-stratifying.
Of course, if one had a sufficiently large survey for each state, the ‘first best’ approach would be to stratify one’s
sample as that allows for most flexibly modelling the heterogeneity across units.
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A common solution to this problem is multilevel modelling (Gelman and Hill, 2007). In the
context of extrapolating survey results to smaller geographic units, the traditional framework is
the following: Assume that the effect of our covariates (e.g. age, income, race) are constant across
states; we refer to these as fixed effects. However, we can allow for level-differences in the support
for the Democrats by adding the state as a predictor variable. Again, to avoid issues with possible
overfitting and to enable some ‘partial pooling’ of information across the coefficients (Gelman and
Hill, 2007), the traditional framework for multilevel regression includes the state dummy as a
random effect that may, itself, be a function of some state-level covariates (Park, Gelman and
Bafumi, 2004).4 To outline this more formally, consider the following simple example: Our survey
contains some number of observations i. We use the notation j[i] to represent the state j that
observation i is nested in. A simple formulation of our model of interest is shown below
exp(xTi β + αj[i] )
P r(yi = 1|xi , αj[i] ) =
;
1 + exp(xTi β + αj[i] )

αj ∼ N (0, σα2 )

(1)

In words, this is a logistic regression to predict the outcome (supporting the Democratic party)
where some covariates xi are included linearly and a random effect for the state αj[i] . A motivation
for this paper is to introduce an estimation strategy that can handle a proliferation of covariates,
including interactions between them. This framework can be easily generalized to include much
more complex random effects, although we focus on this simple and common case for exposition.
Our software that accompanies this package incorporates multiple random effects.
Random Effects As noted above, a key feature in the literature on multilevel regression (and
hence those using MRP) is to include random effects for a geographic region. In our running
example, including a random effect for state is standard; this is a way of estimating a level-difference
between states—conditional on all other covariates, a voter in Massachusetts may be more likely
to support the Democrats than a voter in Texas. The key benefit of the random effect approach
is that the level shift in each state j is not estimated solely using the observations in that state;
rather, the level of the random effect is a weighted average of the data coming from state j and the
global average calculated across all states. This encourages ‘shrinkage’ where states with limited
numbers of observations have random effect estimates that are closer to the global average (Gelman
4

The traditional model includes all categorical variables as random effects, although simply putting some adaptive
regularization, as our proposed framework does, onto those coefficients will avoid problems of separation.
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and Hill, 2007). Below we revisit exactly how we utilize random effects and fixed effects in our
model, as terminological slippage is large (Gelman et al., 2005; Gelman and Hill, 2007).5

2.2

Multilevel regression with post-stratification

In this paper we introduce a way to estimate multilevel models that model the outcome linearly
or with a logistic function in the case of a binary outcome variable. Below we show how this
naturally links up with a particular application of multilevel models, multilevel regression with
post-stratification.
A multilevel model, on its own, is insufficient to predict state-level public opinion as it is based on
a survey that, while hopefully nationally representative, is unlikely to exactly mirror the distribution
of the population in specific geographic regions (i.e., the stratification units). Thus, Park, Gelman
and Bafumi (2004) introduced multilevel regression with post-stratification (MRP) in order to
obtain better estimates.6 Given some model that we think predicts the survey data well, we combine
that model with information about the known population distribution within the unit of interest—in
this case, the states.7 This model is then combined with information known about the within-state
population distribution of variables that were used in the model to predict the outcome variable
within each region.
In our running example of predicting Democratic support, traditional applications use variables
such as age, ethnicity, gender, income, and education for which the joint distribution at the state
level is known from census data. In a standard regression context, these would be entered as ‘fixed
effects’ (i.e. turned into a data matrix X). However, the traditional approach in the multilevel
setting is to include all of these covariates as separate random effects, i.e. have a random effect for
each level of each variable. A justification behind this approach is that the pooling of information
across the coefficients in the random effects approach provides a small amount of regularization that
improves performance. While that has been used to great effect, we show it is possible to do even
better by incorporating more recent priors that allow for the identification of relevant interactions
5

6
7

The sparse regression model we introduce below incorporates random effects, although it does not yet perform
any sort of variable selection/regularization on the random effects.
See also Breidt and Opsomer (2008) for a similar idea.
It is important to note that there is no need for this procedure to inherently involve multilevel modelling,
but the tendency in this literature has been to use this framework and thus we follow that trend. With our
framework, another viable strategy is to interact the dummies for the geographic units with the covariates and
give this to the regularization procedure, described shortly, and thus have no random effects at all. Whether
this outperforms the procedure in this paper is a question for future research.
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and leading to massive gains in performance while also being much faster to estimate than earlier
models that included the interactions directly as random effects (e.g., Ghitza and Gelman, 2013).8
In the social sciences MRP has been employed extensively (Park, Gelman and Bafumi, 2006; Lax
and Phillips, 2009b; Wang et al., 2015; Warshaw and Rodden, 2012; Tausanovitch and Warshaw,
2013; Ghitza and Gelman, 2013; Howe et al., 2015; Lax and Phillips, 2009a, 2012; Kastellec, Lax and
Phillips, 2010; Tausanovitch and Warshaw, 2014; Mildenberger et al., 2016). And recently outside
of the United States (Lauderdale et al., 2017). Often these models are fit using the non-Bayesian
lmer or glmer routines in the lme4 R package (Bates and Sarkar, 2008). Some scholars use Bayesian
methods via stan (Carpenter et al., 2017).
Along the way there have been various innovations. One is to encourage researchers to consider
interactions between covariates in order to get better predictions. This, too, is a motivation of the
current paper. For example, Ghitza and Gelman (2013) allow for interactions between variables
by specifying each level of the interaction as a random effect. We provide a variable selection
framework with some computational advantages.9
We provide an alternative estimation strategy to this standard approach. By leveraging a
recent model for variable selection (Ratkovic and Tingley, 2017), we can examine a large possible
number of interactions—beyond what was possible in Ghitza and Gelman (2013)—while retaining
computational tractability (unlike tree based methods, e.g. Montgomery and Olivella (2018)) and
performing competitively with state-of-the-art machine learning methods for uncovering non-linear
relationships.
8

9

A different strategy that is complementary to ours but we do not explore here is trying to regularize the random
effects themselves, see work by Kinney and Dunson (2007); Bondell, Krishna and Ghosh (2010); Ibrahim et al.
(2011); Fan and Li (2012).
The potential value of using variable selection methods is implicitly highlight by the authors. “Here, however,
we are modeling based on only three factors (ethnicity, income, and state), but the survey adjustments use
several other variables, including sex, age, and education. Ultimately we want to fit a complex model including
all these predictors, but for now we must accept that our regression does not include all the weighting variables.”
Montgomery and Olivella (2018) follow up on this in a reanalysis of the Ghitza and Gelman (2013) data to
illustrate the use of random forests, “To illustrate, consider a model that allows for interactions between state,
ethnicity, income, age, sex, education, marriage status and whether a person has children-the full array of
demographic variables contained in the Ghitza and Gelman data, which could not be included in their MRP
implementation for computational reasons” (emphasis added, p. 13).
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Sparse Multilevel Modelling

Next we introduce our approach to multilevel regression that integrates with previous work on
sparse regression techniques. In particular we extend the LassoPLUS framework of Ratkovic and
Tingley (2017) to the multilevel context. We further innovate by allowing survey weights, extending
the approach to a logit model, and introduce a fast approximate EM algorithm made feasible by
utilizing recent developments in Bayesian statistics (Polson, Scott and Windle, 2013).
A Sparse Bayesian Regression Model We update LassoPLUS model in Ratkovic and Tingley
(2017) which is a Bayesian LASSO (Park and Casella, 2008) model that has a sparse posterior mode
and endogenous tuning parameters. It also incorporates the adaptive properties of the adaptive
LASSO (Zou, 2006). The method was initially designed for the normal regression model, in the
situation where the researcher had a large number of possible covariates but did not know which
ones entered the model. The model is constructed so as to estimate the coefficients such that the
estimation error is optimal

10

, while zeroing out irrelevant variables. For a further introduction to

LASSO models like ours, and related regression based variable selection tools, see Hastie, Tibshirani
and Friedman (2010).
In this paper we extend the framework to both binary outcomes and a hierarchical structure
in the data. We therefore extend the model to the hierarchical logistic regression, which is the
workhorse model for applications like MRP.
Formally, we assume a set of p covariates xi with associated parameters β, with the intercept β0 .
We also assume a random effect that takes on one of j ∈ {1, 2, . . . , J} values, where αj[i] indicates
that observation i is in cluster j and takes on value αj . We also include known survey weights δi .
10

In that the estimation error decreases no slower than a provably optimal rate as a function of the sample size
n and number of covariates p, the minmax rate.
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The hierarchical representation of our model is now
Pr(yi |xi , β, αj[i] ) =

exp(xTi β + β0 + αj[i] )yi
1 + exp(xTi β + β0 + αj[i] )

βk |λ, wk ∼ DE (λwk )

λ2 |n, p, ρ ∼ Γ {n × log(p)}.25 − p, ρ
wk |γ ∼ generalizedGamma(1, 1, γ)

(2)
(3)
(4)
(5)

γ ∼ exp(1)

(6)

αj ∼ N (0, σα2 )

(7)

σα2 ∝ 1/σα2

(8)

β0 ∝ 1

(9)

where DE(a) denotes the double exponential density, Γ(a, b) denotes the Gamma distribution with
shape a and rate b, and generalizedGamma(a, b, c) the generalized Gamma density f (x; a, d, p) =
p/ad
xd−1
Γ(d/p)

exp{−(x/a)p }. We have two remaining prior parameters. We set ρ = 1 in the generalized

Gamma density. The prior term on λ2 governs the asymptotic properties of the estimator both as
the sample size (n) and number of covariates (p) grows. A key concern in any Bayesian model is
how to select these prior parameters. In the least squares setting, taking λ2 ∝ n × log(p) gives us an
p
optimal (minmax) prediction rate of λ ≈ n log(p). We have found this rate to be too aggressive
in the logistic regression setting so we adopted the prior above and found that it performed well in
our simulations and applied examples.11
Random effects As mentioned earlier, the exact definition and explanation of what random
effects are doing in a model is quite variable. We, please reader, are not trying to wade into a
terminological morass on this point.12 Instead, we briefly describe the role of these two different
parameters in our model.
In our model, there is a simple distinction: When we say ‘random effect’ αj , we mean a quantity
that has a normal prior whose variance is random (i.e. σα2 is a parameter in our model) and shared
across all random effects αj . A random effect would be specified by a researcher providing a single
variable with some number of discrete levels (e.g. ‘state’) to the function; it is exactly analogous to
11
12

We are currently working to derive a rate-optimal value for this term.
See Gelman and Hill (2007) for a more detailed discussion on this topic.
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random effects in lmer (Bates and Sarkar, 2008). The ‘fixed effects’ β correspond to the variables
that the researcher provides in the form of a rectangular matrix (X) as is standard in regression.
From the researcher’s point of view, it is entered in an identical way to the ‘fixed effects’ in lmer.
However, the key innovation of this paper is to place the lassoPLUS prior (outlined above) on these
coefficients to induce sparsity; by contrast, the traditional non-sparse set up places independent
normal priors (whose variance is fixed) on each coefficient. This traditional case with a flat prior
can be thought of a limiting case of the lassoPLUS prior when there is no sparsity.13 As within any
multilevel model, the decision of what variables to treat as fixed effects versus random effects is a
substantive choice.
Incorporating Survey Weights In practice most surveys come with survey weights to allow for
estimation on a representative sample. Incorporating weights into our model is straightforward; for
our purposes, we rely on the provided weights from the surveying organizations, although one could
in principle estimate the weights using methods such as those outlined in Caughey and Hartmann
(2016). As is standard, we include weights as a multiplicative factor on the log-likelihood scale.
Weights do not change the computational complexity of the model at all; rather, they can be
trivially folded into the model updates as outlined in Appendix A.
Construction of Interaction Terms In the standard all variables are entered in additively. This
of course may not be appropriate. The outcome variable might be better modelled as including
interactions between covariates, as in Ghitza and Gelman (2013). However, a naive approach
of including all possible interactions as fixed effects will likely lead to over-fitting and thus poor
performance. Ghitza and Gelman (2013) adopt a different solution; using the traditional approach
of including the predictors as random effects, they include random effects for each level of the
interaction. For example, their ethnicity variable has five levels and their income variable has four
levels; their random effect on ‘income x ethnicity’ thus has 20 levels. Their framework, however,
only includes a limited number of interactions and, as the number of random effects increases, the
computational time increases enormously.
We suggest a different approach that leverages the sparse model outlined above; in the fixed effect
13

As the lassoPLUS prior implies some pooling of information between the coefficients via the shared regularization
parameters (λ, γ) to calibrate the level of sparsity, it differs from the ‘no pooling’ case commonly associated
with fixed effects. Thus, it could be thought of as ‘partial pooling’ in a way that induces sparsity, rather than
the normal ‘partial pooling’ associated with a ‘random effect’.
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portion of our model, we include a large number of interactions between the covariates (all pairwise
interactions, by default) and apply the sparse modelling strategy outlined above to eliminate many
irrelevant interactions. To help resolve the high degree of collinearity of the data entered into the
fixed effects portion of the regression, we partial out the lower order terms as part of a pre-processing
step (see Ratkovic and Tingley (2017) for discussion). Open source software provided with this paper
constructs interactions automatically, or researchers can create their own interactions.
Estimation The complete model we seek to estimate, with random effects and survey weights, is
a slight adaptation of Equation 1. We add the possibility of survey weights (δi ) on a multiplicative
log-scale by raising each term in the likelihood to the power of the weight. We write this in the
canonical non-Bayesian formulation where our likelihood to optimize integrates out the random
effects.

l(β, σα2 )

δ i Y
Z Y
exp(xTi β + αj[i] )yi
;
φ(αj ; 0, σα2 )dαj
=
T
β
+
α
)
1
+
exp(x
j[i]
i
j
i

(10)

Estimation of this model is challenging using standard methods for basically two reasons. First,
the raw likelihood function itself has an integral. In the linear case, one can use a standard EM
algorithm to address this (Laird and Ware, 1982; Meng and Van Dyk, 1998); or, one can approximate
the integral using various forms of quadrature methods (Bates and Sarkar, 2008). Second, in the
non-linear case, the standard EM solution does not work. And in addition to having to rely on
quadrature methods, it is also necessary to rely on some iterative procedure, possibly unstable and
dependent on starting values, for finding the maximum likelihood of the β (e.g. Fischer Scoring
or Newton-Raphson). This is because there is no closed form solution for the coefficients of a
multivariate logistic regression. In the fully Bayesian framework, the problems are compounded as
the logistic link is intractable and thus the simple updates of a linear random effects model Gibbs
Sampler are not applicable.
As a result, the non-linearity of the logistic random effects model leads to large computational
burdens for researchers. For example, using the non-Bayesian approach employed in the lme4
package (i.e., approximating the integral with quadrature), the main model presented in Ghitza
and Gelman (2013) takes 40-60 minutes on a 3.1Ghz laptop. We instead use recent developments
in Bayesian “data augmentation” to avoid some of these problems and rapidly increase the speed
of computation for this non-linear model. Data augmentation transforms a seemingly intractable
9

problem into a simple one by showing that there is some latent variable that, if known, would make
the problem tractable. Since the latent variable is unobservable, data augmentation estimation
algorithms iterate between updating the latent variable based on the observed data and a current
guess to the parameters and then updates the parameters based on the latent variable. As the
particular form of data augmentation we are using (Polya Gamma - Polson, Scott and Windle
(2013)) is relatively new and has seen limited use in the social sciences, (see, e.g., Goplerud, 2018;
Goplerud et al., 2018), we outline it briefly.
Data Augmentation Primer - The Probit case Explaining Polya-Gamma data augmentation
to a new reader can be difficult. However, showing its conceptual similarity to the latent variable
interpretation of a probit regression can be helpful. After providing intuitions, we shift to the logit
case which is the more common model in the MRP literature.
Consider the likelihood implied by a probit regression.

`(β) =

N
Y

1−yi
Φ(xTi β)yi 1 − Φ(xTi β)

(11)

i=1

There is no closed-form solution to this problem and thus common optimization techniques rely
on iterative procedures like Fisher Scoring. However, there is a different way to find the maximum
likelihood estimates of β: data augmentation. This refers to a broad procedure that casts a difficult
problem into a simpler one if two conditions are satisfied: (i) the difficult problem can be written
equivalently as one involving the observed data yi and some latent variable zi for which, if we knew
both (yi , zi ) for all observations, it would be easy to solve; (ii) the conditional distribution of the
unobserved zi is tractable given yi and the parameters of the model (Tanner and Wong, 1987). For
the probit case, data augmentation relies on the well-known identity that:

P (yi = 1) =

Φ(xTi β)

Z
=



φ(zi ; xTi β, 1) I(zi > 0)yi + I(zi < 0)1−yi dzi

(12)

This says, we can think of a probit link as having some latent variable zi that, if positive, yi = 1
and if negative, yi = 0. We can thus write the probability of yi in terms of the latent variable as
shown on the second line. Further, and crucially, even though zi is fundamentally unobservable, its
distribution given the observed data, i.e. zi |yi , has a simple distribution (truncated normal).
The reason for writing a model in terms of some latent variable zi is that, if we knew zi , we
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could estimate β in a single step by performing linear regression of zi on xi . However, since zi is
unobserved, we have to use an iterative procedure. The details vary but the intuition is that we
plug in some guess as to the zi that is based on the observed data yi and the current iteration of the
parameters and then perform a linear regression of that estimate of zi on the data xi to update the
β. In the non-Bayesian case, this procedure is an implementation of the Expectation Maximization
algorithm (Dempster, Laird and Rubin, 1977) and can be shown to deterministically converge to
the maximum likelihood estimate of the β. In the fully Bayesian case, this procedure (a Gibbs
Sampler) will eventually give us a sample of β that converges to the true posterior distribution.
Polya-Gamma augmentation primer-the logistic case While multilevel models can be framed
using a probit link, the many scholars and especially the MRP literature has almost exclusively
adopted the logistic regression model in both academic and industry usage. Estimating using a
logistic link, however, was typically assumed to be rather complicated: Bayesian models had to rely
on algorithms that had internal tuning parameters (e.g. Metropolis-Hastings) that necessarily resulted in some inefficiencies in the sampler. This slowed down the estimation—especially as the size
of the data increases—resulting in models that took a very long time evaluate. Non-Bayesian implementations (e.g. Bates and Sarkar (2008)) also run into computational difficulties as they needed
to perform increasingly complex numerical integration as the number of random effects increases.
Further, attempts to estimate models quickly, e.g., by variational inference, turn on approximations
that may lead to rather poor out-of-sample performance (see our simulations below).
However, a recent development in data augmentation by Polson, Scott and Windle (2013) elegantly resolves all of these issues. To quote the authors, their form of data augmentation allows
models involving logistic links, including but not limited to multilevel logistic regression, to be
estimated using “simple, effective methods for posterior inference that (1) circumvent the need for
analytic approximations, numerical integration, or Metropolis Hastings; and (2) outperform other
known data-augmentation strategies, both in ease of use and in computational efficiency” (p. 1339).
Their analysis shows that Polya-Gamma augmentation which can be estimated via a Gibbs Sampler
is much more efficient than traditional samplers in terms of higher effective sample sizes and lower
autocorrelations for any given run of a sampler (p. 1347). In practice, this means that researchers
can likely run their samplers for much shorter lengths of time to achieve sufficiently good mixing,
and can estimate even more complex models in a reasonable time.
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For our purposes, this data augmentation also admits an Expectation Maximization algorithm
to find the posterior mode that is directly analogous to the probit outlined above that is orders
of magnitude faster than full Bayesian samplers but have competitive performance. We show this
in Figures 1 and 2 better performance and run times of at least x100 faster than a state-of-art
Hamiltonian Monte Carlo implementation of the multilevel logit model.
It is not an overstatement to suggest that this development has revolutionized estimation of nonlinear Bayesian models and is rapidly becoming the ‘default’ option—analogously to the response to
the development of probit data augmentation. It is now standard in new papers performing tasks
such as logistic regression, multinomial regression (Polson, Scott and Windle, 2013), ideal point
estimation (Goplerud, 2018), topic models (Jianfei et al., 2013), and others. This development
has yet to penetrate deeply into the social sciences (with some exceptions, e.g. Goplerud (2018);
Goplerud et al. (2018)), and thus we explain it here in some detail.
As outlined above, the crucial identity in the probit augmentation is showing that the probit
link can be written as the integral over some latent variable such that the marginal distribution of
yi has the correct form. Polson, Scott and Windle (2013) showed that the following identity exists
for the logistic link:

P (yi = 1) =
exp(x)a
P (yi = 1) =
= 2−b
(1 + exp(x))b

Z

exp(x)a
(1 + exp(x))b

(13a)

∞


exp [a − b/2]x − ωx2 /2 f (ω|b, 0)dω;

ω ∼ P G(b, 0) (13b)

0

Here, the augmentation variable ω serves as the tool to turn the logistic link into a tractable
form—note that, conditional on the augmentation variable, the log-likelihood is linear. Unlike in the
probit case, ω does not have a clear latent variable interpretation and thus it should be thought of as
more of a book-keeping trick than having some inherent meeting. In the second line, ‘PG’ denotes
a Polya-Gamma random variable with shape parameter b > 0 and scale c ∈ R. The distribution of
the augmentation variables ω cannot be expressed in a simple form, but they can be represented as
an infinite weighted sum of independent gamma random variables:

ω ∼ P G(b, c);

∞
1 X
Zn
ω= 2
;
2π n=1 (n − 1/2)2 + c2 /(4π 2 )

12

Zn ∼iid Gamma(b, 1)

(14)

The key benefit of this augmentation is that, despite its complicated density, their mean is known
in closed form and they are conditionally conjugate, i.e. p(ω|x) ∼ P G(1, x),14 and thus inference is
straightforward. In an analogous fashion to the probit case, we update our estimate of the PolyaGamma variables using the identity noted (equivalent to updating the zi in the probit case). Then,
one can perform a weighted least squares to update β using the second line of Equation 13.
For our purpose–and here a critical contribution of the present paper–this data augmentation
approach means we can adapt the estimation algorithms in Ratkovic and Tingley (2017) for fitting
sparse regression models. The highly competitive performance of that model against other machine
learning methods in their paper suggests that it will also have large gains, that we demonstrate
below, when applied to the MRP case.15
This adaptation is straightforward as the Ratkovic and Tingley (2017) framework does not
require a separate re-derivation for the logistic case. Rather, we can simply perform a PolyaGamma step at the beginning of each iteration of their algorithm and then perform all of their
updates exactly as described in their paper and the relevant appendices.
Estimation via the EM algorithm As outlined in detail in Appendix C, our EM implementation relies on the following idea: If we were trying to estimate a standard multilevel logistic
regression, we could first augment based on the Polya-Gamma random variables. If those were
known, the augmented model can be written as a linear mixed effects model that can, itself, be
estimated via an exact EM algorithm (Laird and Ware, 1982; Meng and Van Dyk, 1998). The
representation of LASSOplus as a mixture of normal random variables, see Appendix B, shows
that we can perform a marginally modified version of this linear mixed effect update to similarly
estimate the EM algorithm for our proposed model.
A slight complication occurs, however, because calculating the expectations of the Polya-Gamma
variables in the presence of random effects is, unfortunately, not trivial. We rely on an approximation
of a proper EM algorithm, i.e., approximating the E-Step based on a point mass of high density,
14

The mean of a Polya-Gamma b, c variable is Polson, Scott and Windle (2013):
b
tanh(c/2)
2c

15

Of course, other machine learning methods, e.g. the horseshoe, could be adapted to rely on Polya-Gamma
augmentation. For example, recently Makalic and Schmdit (2016) propose a Gibbs Sampler to do this.
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that performs extremely well in our simulations and on actual data.16
The benefits of the EM algorithm are numerous: It is very fast (see Figure 2) and performs
well in our simulations and on actual data versus fully Bayesian methods. Further, it is able
to scale to datasets of a size at which fully Bayesian methods (e.g. a Gibbs Sampler) would be
unable to feasibly run. However, the EM algorithm is not without costs; first, it returns only a point
estimate and thus calculating measures of uncertainty require further work, either by bootstrapping
or using analytical approximations such as those in Ratkovic and Tingley (2017). Moreover, the
EM algorithm is approximate in that because the method relies on an approximate E-Step as
noted above.17 This may trouble researchers who care about a model with guaranteed convergence,
although if the model’s predictions perform well on held-out data or other validation metrics, the
approximations are perhaps less troubling.
Post-Stratification Researchers wishing to do a post-stratification step can take our estimates
of the coefficients and random effects from the model and calculate the predicted probability of the
outcome (p̃)) for each unique combination of covariates (x̃) in the dataset used to fit the model. In
practice this is done through a simple predict function in the statistical software. We then construct
a weighted average for each post-stratified unit (e.g. state) based on the distribution of the x̃ in that
state. In our sparse procedure, where we interact all of these covariates together, the interactions
of those covariates alone does not complicate the mechanics of post-stratification. It simply means
that the predicted outcome for each combination of covariates is calculated (p̃) in a more complex
way accounting for the interactions, but the post-stratification proceeds identically to the linear
additive case as that is simply a weighted average of the predictions based on the distribution of
the covariate profiles x̃ in the population.
The classical applications of MRP are limited by the fact that we have to know the distribution
of x̃ in order to post-stratify. For example, using the canonical case, if we are extrapolating to
16

17

In slightly more technical terms, we perform the correct M -Step implied by our EM algorithm, but we must rely
on an approximate E-step because of the mix of both Polya-Gamma variables and random effects. A variety
of solutions are possible besides the one we employed, e.g., quadrature methods, but the approximate solution
is faster, scales to multiple random effects with ease, and is computationally tractable for the cases that are
commonly applied to random effects. We also note, related to our comments above, that one could simply
include the random effects as ‘fixed effects’ and use the regularization inherent in lassoPLUS to stabilize their
values. We further stress that in the case of a model with no random effects, the EM algorithm is exact (no
approximations needed) and has the usual convergence guarantees.
Another slight point to note is that the EM algorithm maximizes the joint posterior of β, σα2 , γ, λ versus the
typical desire to find the posterior mode over β, σα2 alone.
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states using census data, our regression cannot use a variable (such as partisanship) for which the
joint distribution with all of the other covariates (e.g. age) is unknown in the population.
One benefit of our approach, though, is that we can add in other covariates (for which we
only have a marginal distribution for) and include their complex interactions with the existing
variables in a regularized way that will often increase the model’s performance without falling prey to
overfitting. To do this, however, one needs to rely on an approximate method for post-stratification.
Leemann and Wasserfallen (2017) consider the case where the joint population distribution assumes
independence between the underlying variables. They then approximate the joint distribution by
the product of the marginal distributions
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Importantly, we note that the independence assumption is only necessary for a variable whose
joint distribution with the others is unknown. For example, we can post-stratify using the correct
joint distribution for age, education, and ethnicity—but we would create synthetic joint distributions
assuming independence with additional variables, such as partisanship. Thus, the joint distribution
of the census variables, marginalizing away the census variables, remains exact.19 We are aware this
is, at best, a rather crude approximation; however, as Leemann and Wasserfallen (2017) point out
it may provide markedly better performance.20 We discuss future directions that might improve
this step of the process in the conclusion, although we note that one can stick only to variables for
which the joint is known and still see improvements by including a large combination of interactions
of those variables.

4

Performance Simulation Evidence

Next we investigate the performance of our modelling approach across several different contexts. We
vary the number of candidate fixed effects, whether the true data generating process has interactions
18

19

20

They suggest another procedure, ‘adjusted synthetic distributions’, that involves using the survey to estimate
correlations between the variables when post-stratifying. In our running example, one can use the fact that
partisanship, education, and age are all measured in the survey to better create joint distributions that reflect
the observed correlations when post-stratifying.
More formally, one could define a random variable X̃ that takes on all possible combinations of values in the
known joint data, e.g., 20 if our two variables are ethnicity and income as coded above. With that variable, we
then use an independent assumption with the marginal distribution on, say, partisanship to create the synthetic
joint.
Ornstein (2017) provides some theoretical justification for this approximation: If the underlying first stage model
is additively linear in the included covariates (and one estimates a linear model), then the synthetic method
outlined above will return the same post-stratified estimates as classic MRP if the true joint was known. Most
applications of MRP rely on non-linear models, however, and thus further work to see whether similar guarantees
can be obtained is an interesting question for future research.
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between fixed effects, and whether or not the random effects are correlated with the fixed effects.
Here we focus only on the case of a binary outcome using logistic regression.21
Simulation Structure We use several simulation setups to vary the complexity of the data
generation process. There are two dimensions along which we increase the complexity: adding
interaction terms to the model between fixed effects and allowing a correlation between the random
effects and our covariates. We assess how well each method performs when confronting these two
scenarios. Throughout we fix the sample size at n = 1000 and conduct 500 Monte Carlo simulations
per setting.
The underlying structure of the simulation has a vector of covariates xi drawn from a multivariate
normal, where the correlation between each pair of covariates is 0.5 and the data are generated as
i.i.d.

yi ∼ logit−1 −1 + x>
i β + aj[i] + bk[i]



(15)

where a and b denote random effects. We adopt the notation of Gelman and Hill (2006), where
aj[i] denotes that observation i is in group j[i] with level aj , and similarly with bk . Across settings,
j ∈ {1, 2, . . . , 8} and k ∈ {1, 2, . . . , 25} with each group of approximately equal size. Across settings,
a1 = 0.25, a3 = −.25, and a4 = .1, and b1 = .25, b3 = −.25, b4 = .1, and b12 = .1
When we estimate the model, we also include a set of other covariates that in truth do not
impact the outcome. Throughout all simulations we vary the number of these covariates entered
into the model over p ∈ {10, 25, 50, 100}.
In the first, “No interactions/No RE correlation”, setting, we simulate data from a model with
a set of random effects and a set of covariates that enter linearly into the model. That is, there are
no interactions among the fixed covariates, and the groups are assigned completely at random so
there is no correlation between between the random effects and covariates.22
This setting serves as a benchmark, as all of the assumptions for the proposed method, STAN,
and glmer are satisfied. We expect glmer to perform well in the low p setting but to degrade as p
increases, due to the lack of regularization. We expect the STAN model with the horeseshoe prior
to perform better than glmer, due to the impact of the prior. The glmmlasso should also perform
21

22

In the case of a linear regression we found that the efficacy of our approach was even stronger than what we
report below.
Formally, we take β = [1, .8, .6, .4, .2, 0, . . . , 0], and observations are assigned to clusters in {a, b} completely at
random.
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reasonably well given its use of regularization.
In our second simulation setting, “Interactions/No RE correlation” the fixed effects that in truth
impact the outcome also impact the outcome in an interactive way. Here, all two-way interactions
of these fixed effect terms have an impact on the outcome. Fixed effects (p) that do not, in truth,
impact the outcome linearly also do not impact the outcome in any interactive way. However,
because in practice an analyst does not know ex ante what is the right model specification we still
enter into the estimation model all two way interactions. Hence the estimation model contains all
two way interactions between all fixed effects. Importantly, we note that while our software allows
the analyst to automatically calculate these interaction terms as an option, other candidate models
do not. We none the less pass this larger covariate space to these other estimators.
In the third setting, “No interactions/RE Correlation”, we induce some correlation between
cluster assignment in a, b (the random effects) and the covariates. We keep the same setup as in
our first setting, but we assign units to a, b based on coarsened covariates.23 We set the correlation
to be relatively high in order to differentiate this simulation setting from the first one. In our final
simulation setting, “Interactions/RE correlation”, we simply add the same correlation structure to
the model where we had interactions between fixed effects.
Evaluation Metric We evaluate the model performance via deviance, which is −2 times the
log-likelihood.

dev(b
p) = −2 ×

n
X

pi log pbi + (1 − pi ) log(1 − pbi )

(16)

i=1

The model deviance is the standard measure of the performance of a model, relative to the true
probabilities pi . In a normal regression model with error variance 1, it reduces to the residual sum
of squares. For the logistic regression, it takes a different functional form but inherits the same
basic property that lower values are preferable. We then scale the deviance metric by the sample
size, which in our simulations is n = 1000.
23

Specifically, we take the third covariate x3 and sort it from largest to smallest. We then place units in the top
octile in group a1 , those in the next in a2 , and so on to a8 . For the next random effect, we sort x5 , place units
in the top 1/25th in b1 , the next in b2 , and so on to b25 . In this way, the random effects are not independent of
the covariates. Regressing the covariate on the categories as fixed effects gives an R2 of approximately 0.9, so
the categories are highly collinear with the covariate.
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Comparisons In practice, most researchers utilize the glmer function in the lmer4 package to fit
multilevel logistic regression model (Bates and Sarkar, 2008). Thus we benchmark our performance
against status quo practice. In addition to including this model in our simulations, we also include
two models from the STAN library (Carpenter et al., 2017): a variational version of the logit
multilevel model with a horseshoe prior (Carvalho, Polson and Scott, 2010) and a version of the
same model but fit using a full run of their Hamiltonian Monte Carlo routine.24 Finally, we include
the glmmLasso model (Groll, 2017; Groll and Tutz, 2014) which uses gradient ascent to apply
regularization in the logistic random effects framework.25
Results We present our results starting with Figure 1 which presents the average model deviance
for each simulation setting and number of candidate covariate (p). The best performing models
throughout all the simulation settings were our proposed method (black line) and the rstan model
with horseshoe prior fit with a Hamiltonian Markov chain sampler (rstanHMC). The rstan model
fit via a variational approximation did the worst throughout the simulation settings (rstan). The
glmmlasso model performed well at low p but its performance quickly degraded as the number of
candidate variables increased.26
Given the competitive performance of rstanHMC Figure 2 presents the ratio of the average
amount of time to fit the rstanHMC model to our proposed method. The results are dramatic,
with our proposed methods regularly over 100 times as fast with no compromise in performance
(as shown in Figure 1). In some sense, this comparison is unfair:27 Our proposed method gives
only a point estimate whereas rstanHMC gives a full sample of the posterior distribution for calculating uncertainty.28 However, if one is merely interested in point prediction, our method is far
superior—much faster and equally good performance. Indeed, the fastest alternative option (HMC
via variational inference) does markedly worse than our method and is roughly comparable in terms
24

25

26

27

28

The horseshoe prior is a prior similar to the LASSOplus, in that it will both aggressively zero out small effects
while leaving larger effects approximately unbiased.
We also fit a standard logit model including the random effects as fixed effects. The performance of this model
unsurprisingly was not competitive and so we exclude it below.
The results are presented on an expected deviance scale, so multiplying a difference by n = 1000 will be on a
χ2 scale. Lower values are to be preferred.
We are currently working on the Gibbs Sampler implementation of our model that we believe would have both
better performance than our EM method and would still have speed gains on HMC because of the computational
gains inherent in using Polya-Gamma data augmentation outlined above.
Note that the bootstrap procedure can be applied to our method to get estimates of uncertainty in times that
are competitive with rstanHMC—especially noting that the bootstrap is trivially parallelized.
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Figure 1: Deviance estimates. Average deviance, divided by sample size, by simulation. Each
pane represents a different simulation setting and the x-axis displays the number of additional
candidate covariates (p). Results for glmer with p > 25 are omitted due to non-convergence.
of speed.29

5

Application

Finally, we evaluate our approach in practice by re-analyzing data from previous work using multilevel modelling with post-stratification. For this we turn to the analyses and replication data
provided by Ghitza and Gelman (2013).
Using a series of Pew polls conducted during the Fall of 200830 , Ghitza and Gelman (2013) predict
29

30

A plausible explanation for why our method outperforms the variational method is that said method is not
guaranteed to maximize the true posterior while our method targets the true posterior directly.
Pew polls were largely done by random digit dial with a supplemental cell number. Ghitza and Gelman (2013)
provide a cleaned version of about ten different Pew polls, standardizing demographic variables and selecting
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Figure 2: Ratio of average simulation time for rstanHMC to EM version of proposed
method. Results show that even in the most complicated settings (p = 100) the proposed method
is 100 times faster yet still maintains equal or better performance as shown in Figure 1.
state-level estimates of the 2008 Republican presidential vote share using approximate marginal
maximum likelihood estimates by glmer. They estimated a broad range of models. We consider
the two specifications they focus on as benchmarks. The first, what we refer to as their simple model
below is a specification with random-effects for state, race, income, and age.31 By not modeling any
of the covariates as fixed effects, the model avoids estimating coefficients on demographic variables
by the usual maximum likelihood, instead using a prior for each of the four variables and computing
the parameters for the underlying Gaussian distribution of random effects.
They also estimate a “deep interaction” specification where random effects are estimated for 18
groupings, each grouping being some combination of the demographic variables. Below we refer
31

only registered voters.
In R code, the specification is glmer(y ~ (1 | eth) + (1 | inc) + (1 | age) + (1 | stt), family =
binomial(link = "logit")). Here y is the binary outcome for intending to vote for McCain, stt is a categorical variable for state, eth is a categorical variable for race, inc is a categorical variable for income group,
age is a categorical variable for age group. In addition, reg is a categorical variable for the Census region and
z.inc is the income grouping transformed into a numerical Z-score.
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to this as their full model. Even by starting with six categorical variables, the number of possible
coefficients easily reaches the order of hundreds once interactions between each variable and random
effects for each interaction are included. Drawing on previous work that shows how the effect of
income on political attitudes vary considerably by state (Gelman et al., 2007), the authors choose to
include multiple terms involving income.32 All categorical variables are entered as random effects.
Ghitza and Gelman (2013) also translate income group into a continuous Z-score, and compute
its fixed effects with state-level income Z-score. Finally they estimate separate coefficients of the
continuous variable, Z-score of income, within each categorical group of region, state, race, and age.
This additional specification allows for the effect of income on vote choice to vary by geographic
group, instead of the impact of geographic-groups affecting estimates by a common factor. This is
what is often called a varying slopes specification33 . Other random effects do not include varying
slopes, but compute varying intercepts for interactions between categorical variables. Even this
extensive model is not the most complex specification that could be specified with the amount of
data in the replication dataset.

5.1

Analysis

Software developed as part of the sparsereg development package implements our proposed method
and the necessary workflow. This enables the estimation of a variety of multilevel models. The
workflow also enables easy routines facilitating the post-stratification step, rather than hand rolled
processes.
Figure 3 shows a summary of our approach using the R syntax. The sparsereg software allows
users to estimate logit regressions with arbitrarily many varying-intercept random effects, using the
same interface at that of the existing R packages lme4 and stanarm.
There are two main data-intensive tasks when generating MRP models, and our codebase facilitates each of these steps as well as the final step of combining the two. First, the analyst builds
a predictive model for the quantity of interest at the survey respondent level. While the MRP
notation implies that this regression be a multilevel model, in fact the model can be any form of
32

33

In R code, the specification is glmer(y ~ z.inc * z.incstt + z.inc * z.trnprv + (1 + z.inc | reg)
+ (1 + z.inc | stt) + (1 + z.inc | eth) + (1 + z.inc | age) + (1 | inc) + (1 | reg.eth) + (1
| reg.inc) + (1 | reg.age) + (1 | stt.eth) + (1 | stt.inc) + (1 | stt.age) + (1 | eth.inc) +
(1 | eth.age) + (1 | inc.age) + (1 | stt.eth.inc) + (1 | stt.eth.age) + (1 | stt.inc.age) +
(1 | eth.inc.age),family = binomial(link = "logit")). See footnote 31 for description of terms.
Our framework does not yet support varying slopes but will.
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Figure 3: Pseudo-code describing MRP workflow with sparsereg. MRP estimation comprises two distinct steps. First, analysts fit a regression model predicting the individual-level quantity of interest (Step 1a). We employ the widely used lmer syntax for specifying random effects:
(1| state) indicates that random effects for each state are modeled. The model is then used to
generated predicted values for an out of sample schedule of all demographic and state combinations
(Step 2). A post-stratification target that dictates the relative weight of each demographic profile
in each geography is prepared beforehand (Step 1b). These predicted values are then averaged to
the state-level by using the target distribution as weights (Step 3).
Step 1a: Fit multi-level model
# EM = TRUE allows for fast estimation via data augmentation
fit <- sparsereg(vote ~ age + income + race + (1|state), type = "logit", EM = TRUE)

Step 1b: Prepare post-stratification target
# count census cells
cell_size <- count_cellsize(census, popvar = pop2008, geovar = state, race, age, income)
# add on additional variables if synthetic
synth_size <- synth_cellsize(cell_size, marginals)

Step 2: Predict onto each demographic cell
pred_cell <- predict(fit, newdata = synth_size)

Step 3: Aggregate to state level using post-stratification target distribution
df_geo <- sum_to_geo(pred_cell, geovar = state)

regression as long as it predicts the outcome well. We estimate a logit model with random effects
using the estimator described in Section 3. A demographic target distribution for post-stratification
must be prepared by the analyst as well. This task becomes data intensive as model complexity
increases, because the target distribution must estimate joint probabilities for every variable in the
regression. We provide a convenience function that easily aggregates a census-type dataset to the
desired cell distribution. We also provide a convenience function to incorporate additional marginal
distributions and extend these distributions into a synthetic distribution using the simplifying independence assumption (Leemann and Wasserfallen, 2017). Once the individual-level regression
model is fit, the analyst can generate post-stratified estimates by generating out of sample predictions for each of the demographic cells in the target distribution. Because each cell is associated
with its relative frequency within each state, the MRP estimation can be thought of as a weighted
mean of regression predicted values with the relative prevalence of each cell in a particular state as
weights.
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Synthetic Post-stratification Post-stratification targets are based on the 5-percent sample of
the 2010 Census, provided in Ghitza and Gelman (2013). However, the Census does not ask a
resident’s religion. In order to make advantage of the added predicted power of accounting for
religion at the regression stage, we construct a synthetic post-stratification target distribution as
described in Section 3.
For estimates of the marginal religiosity at the state-level, we gather data from the 2007 Pew
Religious Landscape Survey. The main survey was conducted in the 48 continental states and
DC, largely by random digit dialing with a small cellphone supplement, and collected over 35,000
responses on detailed questions about a voter’s religious affiliation. We then categorized religion
into three categories to mirror the main survey data, collapsing some small categories34 , computing
their estimated fraction within each state by using Pew’s survey weights. To create a synthetic joint
distribution, we apply the assumption that the distribution of religion is independent with the other
5 variables: for example, if we estimate that 62 percent of the adult population of Massachusetts
is mainline protestant or Catholic, then all demographic cells (e.g. middle-aged white women
with a college degree, middle-aged white men with a college-degree) are also assumed to be 62
percent mainline Protestant or Catholic. This description highlights two sources of potential bias
introduced. First is that the original dataset, while large, is a survey nonetheless, and selection
bias may not cancel out (Meng, 2018). Another is that we make a simplifying approximation that
marginal distributions of religion are independent from the other joint distributions. Despite these
potential biases, improvements from adding a relevant variable and its interactions may, or may
not, be able to offset that bias.

5.2

Estimation Results

We evaluate our estimation in two stages: first at the multilevel model as we have done with
simulated data in Section 4, and next at the aggregated state level after post-stratification. In
the post-stratification stage, we also attempt include new predictors that are likely predictive of
the outcome but are not part of the post-stratification target. For example, neither Ghitza and
Gelman (2013) nor Montgomery and Olivella (2018) modelled religion due to limitations in the
post-stratification dataset, but we attempt include this through our synthetic approach.
34

One category for {Born-again Protestant, Mormon}, another for {Mainline Protestant, Catholic}, and another
for {Jewish, other religion, and non-religious}
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Deviance Does a more complex fitted model improve accuracy, or do more covariates induce
overfitting? In Figure 4 we show how our model’s prediction improves as model complexity increases.
We consider three sets of variables in addition to random effects for state, which is always included:
{age, income, race}; {age, income, race, sex, education, marital status}, and {age, income, race, sex,
education, marital status, religion}. All variables are categorical, and each contains 2 to 6 levels.
For each set of these variables, we further enter them into the regression in one of three ways:
without any interactions, with all pairwise combinations as interactions, and with all triple sets
as interactions. Together, we consider nine specifications whose number of considered coefficients
range from 10 to 679. We estimate these models on a non-missing subset of replication data (n
= 16,722). To assess both in-sample and out-of-sample fit, the full sample is split in half and the
model is fit on one half.
The Figure shows that using the proposed method, model fit improves (i.e., deviance decreases)
with model complexity. Both the number of covariates and their interactions matter. Both insample fit and out-of-sample fit improve, while in-sample fit improves more clearly. Even with close
to 1,000 coefficients, the proposed method indicates positive returns with relatively fast computation
time.
State-level Estimates with sMRP An accurate individual-level model is only the first part
of Multi-level Regression Poststratification. Once a regression model is estimated, these must be
aggregated to the geographic level of interest, weighting each demographic cell according to their
fraction in each geography. How accurate are the state-level estimates that the models estimated
in Figure 4?35
We re-estimate each model with the full sample of n = 16, 722, then aggregate up to the state
level using post-stratification target. As an approximate ground truth, we use McCain’s vote share
on election day, and compute the root mean squared error (RMSE)36 . In Figure 5 we show the
RMSE associated with estimates of the 48 continental states37 .
35

36

Before comparing predicted MRP estimates with observed data, it is worth emphasizing that unlike our simulations, no ground truth exists in our application. While election results are population values, these measure a
candidate’s support among the population that turned out to vote. Here we estimate state-level support with
pre-election survey data using a binary variable, effectively assuming that everyone in the survey sample votes,
and vote intention does not change between the poll and election day.
For
s states s = 1, ..., 48, and estimates of McCain vote share µ̂s corresponding to truth µs , RMSE =
48
P
1
(µs − µ̂s )2
48
s=1

37

We omit DC because it is an outlier in terms of democratic vote share, and omit Alaska and Hawaii because
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Figure 4: Improvement in model prediction as number of coefficients increase. Each
point is a model specification, plotted by their mode complexity (on the log scale) and deviance of
fitted values. Deviance is computed as in equation 16 and divided by the sample size (n = 8, 361).
All models were estimated from a random half of the the same replication dataset from Ghitza and
Gelman (2013), generating both in-sample and out-of-sample (the remaining half) predictions. “3
variables” estimate fixed effects for age, income, and race. “6 variables” adds sex, education, and
marital status, and “7 variables” further add religion. All models include random effects for state.
“no interactions” indicates that these variables are entered without any interaction, “pairwise x”
indicates that all pairwise interactions between the variables considered were entered, and “triple
x” indicates that all triple interactions between the variables were entered.
Figure 5 is set up in the same way as Figure 4 but with 48-state RMSE as the outcome variable.
Smaller RMSE indicates a closer fit between estimates and the final electin outcome. For comparison, Ghitza and Gelman’s GG-simple and GG-full models are re-estimated using the same subset
of the Pew survey, and their RMSEs from their unadjusted estimates are shown in dotted lines.38

38

phone polling is significantly unreliable in these two states. Moreover, most of the Pew political surveys in
the replication data as well as the Pew religious landscape survey we use for synthetic post-stratification do
not poll Alaska and Hawaii in their main sampling frame mainly for this reason. These three geographies are
often omitted as outliers, for example in Ghitza and Gelman (2013) and Kiewiet De Jonge, Langer and Sinozich
(2018).
Because their main goal is inference on small subgroups instead of model validation, Ghitza and Gelman (2013)
re-adjust their lmer estimates after model estimation so that state-level estimates match almost perfectly with
the state-level McCain vote share (769). For comparisons of model validation, we recompute the MRP estimates
before adjustment.
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Figure 5: Change in RMSE of state-level estimates. The RMSE associated with the poststratified state-level estimates from the models in Figure 4, recomputed on the full sample. The
RMSEs from Ghitza and Gelman (2013)’s two models are indicated with dotted lines. For comparison, RMSEs from raw poll averages are 5.9 percentage points without weights and 6.6 percentage
points with weights.
MRP estimates using 7 variables has the lowest RMSE, although more variables do not necessarily
correspond to better RMSE: The simplest model of 3 fixed effects maintains a lower RMSE than
one with 6 variables. sparsereg’s RMSEs are generally competitive with those from Ghitza and
Gelman (2013), and substantially faster to estimate.
The pattern of the 7 variables case is interesting to note because the inclusion of the seventh
variable, religion, necessitates extrapolating the post-stratification target distribution using the
synthetic method. If either the new dataset computing state-level marginal proportions of religion
or the independence assumption contains any bias with respect to the true joint distribution in the
population, these biases may offset the improvement in individual-level fit shown in Figure 4.
We also note that differences in performance among these models is substantially not large. A
difference in RMSE of 0.2 or 0.4 percentage points can be caused by a negligible shifts in certain
states with no consistent pattern. To visually inspect the difference between estimates, we present
the state-level estimates of the models with the lowest and highest complexity in Figure 6.
In sum, estimation results from Ghitza and Gelman (2013) highlights several important lessons
for applied researchers estimating MRP models. First, the variables on the order of 100 or 1000 can
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Figure 6: A visual inspection of state-level MRP estimates. The state-level estimates for the
model with the smallest number of covariates (left) and the largest umber of covariates (right) are
shown along the election outcome. States where the difference between the estimate and outcome
is larger than 5 percentage points are labelled. Model names, indicated in the title, correspond to
those in Figure 5.
be included in the first stage regression model if appropriate regularization is applied. Second, even
variables whose joint distribution in the population is unknown can be included in the regression
model and extrapolated by a synthetic joint distribution, which can be beneficial as long as the
improvement in model fit from the new variable offset any new bias that the synthetic estimate
introduces. Third, while better models at the regression stage certainly help the estimation of
geographic-level estimates, the gains may be less than proportionally large.

6

Conclusion

This paper provides a framework for estimating sparse multilevel models. Our frameworks accommodates both the standard linear model but also draws on recent computational tools to extend to
the logit case. Our data augmentation approach for the logit model produces computational gains,
making it faster to estimate non-linear multilevel models, especially as the number of parameters
grows. Our approach can be combined with a stratification step to produce a highly competitive
methodology for researchers using multilevel regression and post-stratification (MRP).
We are currently working to extend the model in several ways. We believe we have a complete
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Gibbs version done, but we are still testing it. Within the current case of linear and logit models,
there is the natural extension to allow for random slopes rather than random intercepts. A second
path for extension is to utilize Polya-Gamma augmentation to handle the case of a multinomial
model. Multinomial models have come up in the MRP literature (Lauderdale et al., 2017), and we
can provide a tractable way to estimate these models. Similar extensions for count data could be
made as well (Hanretty, 2017). Of course, given that we are operating in a Bayesian framework we
could build out more complicated prior structures. For example, following Si et al. (2017), one could
modify the prior structure to ensure that higher-order interactions are more aggressively penalized.
Additionally, if researchers or practitioners have informative priors for certain variables this could
be built in.
We are also investigating different ways to conduct the post-stratification step given that there
might be many variables predicting the outcome of interest (which becomes more feasible to explore
with our approach). We suspect there might be fertile engagement with other literatures such as
work on ecological inference (King, Tanner and Rosen, 2004; Flaxman, Wang and Smola, 2015;
Flaxman et al., 2016; Rosenman and Viswanathan, 2018) to push the usefulness of post-stratification
steps. .
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Online Appendix

A

Survey Weights

B

Gibbs Sampling with Data Augmentation

In this Appendix, we do not fully derive the results for the sparse model as these are extensively
documented in Ratkovic and Tingley (2017). Rather, we outline the steps needed to augment the
data such that one can then do one ‘sparsereg update’ by which we mean, draw all of the variables
from their full conditionals as outlined in Ratkovic and Tingley (2017). The results here are done
for a single random effect; this can be generalized easily to multiple random effects either by the
way outlined in C or by sampling them sequentially as is standard in a Gibbs Sampler.
1. For each observation i, draw one Polya-Gamma random variable with the following form:

ωi ∼ P G(δi , xTi β + αj[i] )
That is, draw one Polya-Gamma random variable where the shape parameter is the survey
weight δi –one in the unweighted case–and the scale paramter is the linear predictor, i.e. the
fixed effects plus all random effects. We would encourage researchers to standardize the
weights such that the maximum value is δi = 1 as this speeds the sampler for the PolyaGamma random variables.
2. Second, recall from the Polya-Gamma augmentation noted above that we can write the complete data log-likelihood as follows:

ln p(yi |ωi , β, αj ) ∝

X

δi (yi − 1/2)(xTi β + αj[i] ) − ωi (xTi β + αj[i] )2 /2

i

As expected, this looks very similar to the complete data log-likelihood for a linear regression
and can be turned into exactly that. Define the Polya-Gamma weighted outcome as ỹi and
the Polya-Gamma weighted covariates as x̃i . By distributed through the ωi , we can write the
above as
1

ln p(yi |ωi , β, αj ) ∝

X

ỹi (x̃Ti β +

√

ωi αj[i] ) − (x̃Ti β + z̃i αj[i] )2 /2

i

ỹi =

δi (yi − 1/2)
;
√
ωi

x̃i =

√

ωi xi

With further re-arrangement and ignoring all terms that do not depend on β or αj ,

ln p(yi |ωi , β, αj ) ∝ −1/2 ỹi − [x̃Ti β +

2
√
ωi αj[i] ]

This is the kernel of a normal likelihood. Thus, one can simply perform the linear sparsereg
updates where the outcome is the weighted ỹi and the covariates are the x̃i . The random
√
effect is also weighted by ωi .
3. Following Ratkovic and Tingley (2017), do one sparsereg update, i.e. update the β, the
regularization parameters (λ, γ) as well as the auxiliary variables needed for those updates.
4. The random effects αj can be sampled from the corresponding normal distribution, where
P
i:j[i]=j is notation for summing over all of the i in group j:
!
√
T
β
ỹ
−
x̃
ω
i
i
1
i
i:j[i]=j
P
, 2 P
2
σα + i:j[i]=j ωi
σα + i:j[i]=j ωi

P
αj ∼ N

5. σα2 can be sampled from its posterior distribution. All of the usual conjugacies apply. For
example, if we place an inverse-gamma prior IG(aα , bα ) on σα2 , the posterior is inverse-gamma
by standard conjugacy rules, where Nj is the number of groups (levels) of j.

σα2 ∼ IG

Nj
+ aα ,
2

1X 2
α + bα
2 j j

!

Other choices for the variance, e.g. the half-Cauchy (Gelman, 2006b), can be implemented
and sampled in the standard way.

2

C

EM Estimation with Data Augmentation

The EM algorithm used in the paper exploits the following result: We wish to optimize the posterior
on p(β, σα2 |y, X) having integrated out the random effets αj . That is, recalling Equation 17 from
above where pSR denotes the LassoPLUS prior described above.
p(β, σα2 |X, y)

∝

p(σα2 )pSR (β)

δi Y
Z Y
exp(xTi β + αj[i] )yi
;
φ(αj ; 0, σα2 )dαj
T
1 + exp(xi β + αj[i] )
i
j

(17)

However, this is intractable. If we augment with the Polya-Gammas, we can write the posterior
as follows:

p(β, σα2 |X, y) ∝ p(σα2 )pSR (β)·
Y
Z Y Z
T
T
2
exp(δi [yi − 1/2/2](xi β + αj[i] ) − ωi (xi β + αj[i] ) /2)f (ωi |δi , 0)dωi
φ(αj ; 0, σα2 )dαj
α

ω

i

j

(18)
Flipping the order of integration, we can write the augmented posterior as:
p(β, σα2 |X, y) ∝ p(σα2 )pSR (β)·
#
Z "Z Y
Y
Y
exp(δi [yi − 1/2/2](xTi β + αj[i] ) − ωi (xTi β + αj[i] )2 /2)
φ(αj ; 0, σα2 )dαj
f (ωi |δi , 0)dωi
ω

α

i

j

i

(19)
We can re-arrange the inner integral to resemble a linear-mixed effects model—the exact linear
mixed effects model used in the Gibbs Sampler. That is, if the ωi were known, we have a linear mixed
effect model model as our complete data likelihood. As outlined below, the EM algorithm can be
used on this ‘inner’ complete data likelihood to deterministically increase it. Thus, conditional on
the ωi , our procedure can be thought of as a generalized EM algorithm (Dempster, Laird and Rubin,
1977). One could perform multiple EM-steps on the linear mixed effect component, although we
found that in practice this did not speed convergence. Note further that since the inner M-Step will,
eventually, maximize the complete data (log)-likelihood, this should inherit the desirable properties
of the EM algorithm.
The one issue with this procedure, however, is the fact that calculating the expectation of ωi
depends itself on the random effect as the Polya-Gamma augmentation above shows. We tried a
3

variety of methods to address this but found that a solution in the vein of an “EM-type” algorithm
as noted in Wei and Tanner (1990, p. 700): Specifically, they suggest that we pick some plausible,
high posterior density, distribution of ωi as an approximate E-Step. In short, we calculate the
expectation of ωi using the past best guess at the mean of the random effect αj .
Somewhat more formally, our E-Step requires knowing the distribution of p({ωi }, {αj }|β, X, y).
As the above re-arrangement shows: p(αj |{ωi }, β, X, y) is tractable (normal), but p(ωi |β, X, y) is
not. Thus, we approximate this second density as Polya-Gamma around a lagged value of α, i.e.
(t−1)

p(ωi |β, X, y) ∼ P G(δi , xTi β + αj

). Thus, we avoid an integral but use a value of αj that is

lagged and also ignore its variability that would feed into the expectation of ωi .
While this method performs extremely well on the simulations reported in the paper and others—
in a simple case, it gives extremely similar results to glmer for plausibly sized random effects, we
note that it does require an approximation and thus should be used either to get a sense of how
well, roughly, the algorithm will perform and then be used as starting values for a Gibbs Sampler.
As this likely puts us very near the posterior mode, the Gibbs Sampler can likely be run for a short
time to approximate convergence and then inference can be conducted. Other papers that apply
regularization to logistic random effects framework rely on a Monte Carlo approximation to the
E-Step (Ibrahim et al., 2011), a gradient ascent algorithm (Groll and Tutz, 2014), or a variational
approach (Armagan and Dunson, 2011). We found that the first approach does not scale competitive
versus a Gibbs Sampler. We also note that the second uses a number of approximations to the
posterior and relies on an optimization method that, could, be unstable depending on the starting
values. The third is clearly not guaranteed to optimize the posterior as it is a variational method.
Thus, we note that while our method has approximate E-Step, we note that all other updates
are exact and inherit guarantees on increasing the actual posterior. As noted above, without
random effects, our procedure is exact. Thus, if one wanted an EM algorithm that was guaranteed
convergence to the posterior mode, one could include the random effects as ‘fixed effects’ and apply
regularization to them directly or simply place a ridge-type prior to prevent overfitting.
The full algorithm is outlined below; the relevant sparsereg EM updates are located in the online
appendix for Ratkovic and Tingley (2017).
• Initalize the algorithm with some β (0) , [σα2 ](0) and mean of the random effects, µα . We suggest
µα = 0.
4

• For t ∈ {1, · · · , T } iterations:
– (Approximate) Outer E-Step: Calculate the expectation of the ωi given the fixed effect
xTi β and the posterior mean of the random effect E[αj[i] |−].
ωi∗ = E[ωi |yi , xi ] =

1


(t−1)

2 xTi β (t−1) + [µα

]j[i]

 tanh

 
]
/2
xTi β (t−1) + [µ(t−1)
j[i]
α

(20)

– EM Algorithm For the Complete Data Likelihood:
∗ Inner E-Step: Using the ωi∗ calculated above, the distribution of the vector of stacked
random effects α can be written as follows (Meng and Van Dyk, 1998). Note that
its prior variance is written as N (0, σα2 I) where I is the identity matrix with dimensionality equal to the number of unique values of the random effects.
P
To be clear, this means that α has a dimensionality of P = k Nk where Nk is
the number of levels of each random effect. For example, if we had two random
effects (state and education), we would have α as a 54 (50 + 4) length vector.
For simplicity, we stack all levels of random effect together, i.e. all fifty states, all
four levels of education. We do this for the following reason. If the random effects
are crossed (which they are in most social science applications), we can define a
(sparse) zi that is a P length vector with mostly zeros but a ‘1’ corresponding to
each random effect that applies to an observation. In the case of state and education
random effects, two elements of zi would equal one for each observation. Thus ziT α
pulls out the sum of the random effects for each unit. As the prior for α encodes
an assumption that random effects are independent, it must be a diagonal matrix
with the variance of each random effect on the corresponding diagonal. Thus, the
2
first 50 elements would be σα2 , the final four elements would be σeducation
. Define this

‘stacked’ distributional assumption for the random effect as T . It, however, only
consists of K distinct parameters where K is the number of random effects.
This set up allows for easily dealing with the types of random effects that occur in
MRP settings, although it is worth noting that this step will require the inversion
of P × P matrices. This is usually fast; for an extremely large number of random
effects, the code should be adapted to rely on various inversion tricks for a large
5

(t)

matrix (e.g. Woodbury). Note that Σα and T is only ever used in update σα2 and
thus does not need to be stored. Further, Z and T are highly sparse and thus can
be stored easily using sparse matrix representations that both speed computation
and ensure scalability.
Given this set up, the inner E-step for α(t) can be written by noting its mean and
p
variance, following Meng and Van Dyk (1998). Define z̃i∗ = ωi∗ zi and Z̃ stacks
the scaled data vertically.


α ∼ N [µα ](t) , Σ(t)
α
−1

W = I + Z̃T (t−1) Z̃ T

(21a)
(21b)

(t−1)
Σ(t)
− T (t−1) Z̃ T W Z̃T (t−1)
α = T


(t−1) T
(t−1)
µ(t)
=
T
Z̃
W
s̃
−
X̃β
α

(21c)
(21d)

If the model includes multiple random effects, this can be easily accommodated by
stacking them together and changing the random effect from αj[i] into ziT α where zi
is a sparse vector with ‘1’s to pull out the corresponding elements of α. The prior
covariance matrix on α in this case is block-diagonal. Our code, as written, can
implement an arbitrary number of random effects subject to the ability to invert the
matrix.
∗ Conditional M -Step (1): Update [σα2 ](t) using the standard linear mixed effect update. Verbally, for all levels j of the random effect, we average E[αj2 ] = E[αj ]2 +
V ar(αj ) as well as adding in the prior. To do this, we select the relevant elements
(t)

(t)

(t)

of µα and Σα . In the case of a single random effect, this is all elements of µα and
all diagonal elements of Σ(t) )α. Formally, the update is:

(σα2 )(t)

=

aα +

P

j

[µ(t) α]j + [Σ(t) ]j,j
Nj + bα


(22)

∗ Conditional M -Step (2): Update β (t) using the weighted sparsereg updates where
(t)

αj[i] is replaced with µα from above. To speed convergence, our default setting
performs a new E-step for the ωi (i.e. using the updated β) before doing this M 6

Step. While again approximate, this is roughly justified by reference to the AECM
algorithm (Meng and Van Dyk, 1997). For point of reference, if the M -Step was a
simple linear regression, i.e. not penalized, it would be as follows:


β (t) = X̃ T X̃

−1

!
X

s̃i − ziT µ(t)
α x̃i
i
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(23)

