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Abstract. We introduce a superpotential for partial flag varieties of type A.

This is a map W : Y ◦ → C, where Y ◦ is the complement of an anticanonical
divisor on a product of Grassmannians. The map W is expressed in terms

of Plücker coordinates of the Grassmannian factors. This construction gener-

alizes the Marsh–Rietsch Plücker coordinate mirror for Grassmannians. We
show that in a distinguished cluster chart for Y , our superpotential agrees

with earlier mirrors constructed by Eguchi–Hori–Xiong and Batyrev–Ciocan-

Fontanine–Kim–van Straten. Our main tool is quantum Schubert calculus on
the flag variety.

1. Introduction

In this paper, we use quantum Schubert calculus to propose a mirror partner – a
superpotential – for type A flag varieties that generalizes the Plücker coordinate su-
perpotential for Grassmannians introduced by Marsh–Rietsch [18]. Schubert classes
on a partial flag variety Fl(n; r1, . . . , rρ) are indexed by tuples of partitions. We
can associate an element of the coordinate ring of the product of Grassmannians
Y =

∏ρ
i=1 Gr(ri−1, ri−1− ri) to every Schubert class. We write down a special sum

of ratios of Schubert classes expressing the anti-canonical class of the flag variety,
and re-interpret it as a rational function on Y . This is the Plücker coordinate
mirror for the flag variety.

Batyrev–Ciocan-Fontanine–Kim–van Straten [2] have also constructed a conjec-
tural superpotential for a flag variety, by taking the Gelfand–Cetlin toric degen-
eration of the flag variety and looking at the Hori–Vafa mirror of the degenerate
toric variety. The BCFKvS superpotential generalizes earlier mirrors proposed by
Eguchi–Hori–Xiong (for the Grassmannian) [8] and Givental [9] (for full flag man-
ifolds). The authors of [2] conjecture that the period of this superpotential agrees
with the quantum period (the top term of Givental’s J function) of the flag vari-
ety. Such superpotentials are called Laurent polynomial mirrors and conjectured
to exist for all Fano varieties.

The main result of this paper is that in a particular cluster chart, the Plücker
coordinate superpotential and the BCFKvS superpotential – which are obtained in
very different ways – are isomorphic.

Theorem 1.1. Let Fl(n; r1, . . . , rρ) be a flag variety, and WP the Plücker coor-
dinate superpotential as defined in Definition 4.2. The pullback of WP along the
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rectangles cluster chart (see Definition 4.6) is isomorphic to the Batyrev–Ciocan-
Fontanine–Kim–van Straten mirror.

The enriched structure of the Grassmannian Plücker coordinate superpotential,
arising from the cluster structure of the Grassmannian, allows Marsh–Rietsch [18]
to prove a very strong mirror statement. Their results in particular imply the
conjecture of Batyrev–Ciocan-Fontanine–Kim–van Straten [2] for Grassmannians.
This gives one of the few proven examples of Laurent polynomial mirrors outside
of the toric context. We hope that the Plücker coordinate mirror proposed here
will open up a way of proving the conjecture for partial flag varieties. This result
would have significant implications for the Fano classification program, which seeks
to classify Fano varieties by their mirror partners: it would extend the universe of
proven mirrors from complete intersections in Grassmannians and toric varieties to
flag varieties.
Plan of the paper . In §2, we explain more carefully the relation of the Plücker
coordinate mirror to other mirror constructions in the literature and the Fano
classification program, and summarize the construction of the Plücker coordinate
mirror. In §3 we review the basics of quantum cohomology and quantum Schubert
calculus, and recall the results we will need. In §4, we use quantum Schubert
calculus on the flag variety to define the Plücker coordinate superpotential of the
flag variety. In §5, we prove the above theorem. In the last section, §6 we look
closer at a family of examples, discussing the relationship in this case with the
Gu–Sharpe proposal.

Acknowledgments. The author is very grateful for helpful conversations with
Tom Coates, Wei Gu, Konstanze Rietsch, and Lauren Williams.

2. Summary and context

In addition to the Plücker coordinate and BCFKvS superpotentials, there are
a number of other mirror constructions for flag varieties in the literature, corre-
sponding to the different flavours of constructions of flag varieties. Grassmannians
and type A flag varieties can be constructed either as homogeneous spaces G/P or
as GIT quotients V//G. For any homogeneous space G/P , there is the Lie the-
oretic mirror proposed by Rietsch [20]. She showed via the Peterson variety that
the critical locus of the superpotential computes the quantum cohomology ring of
G/P .

Alternatively, viewing a flag variety as a GIT quotient V//G, one can apply the
Abelian/non-Abelian correspondence. The Abelian/non-Abelian correspondence
is a powerful and quite general tool that allows one to replace G with a maximal
torus T ⊂ G, then bring to bear the power of mirror constructions for toric varieties
V//T [4,6,10–12,22]. Gu–Sharpe [10] propose a mirror for V//G which in particular
is a Laurent polynomial in dim(V//T ) variables with rank Pic(V//G) quantum
parameters. The Jacobi ring of the mirror computes the quantum cohomology of
V//G when V//G is a quiver flag variety [11].

Type A flag varieties are also Fano varieties. Conjecturally, under mirror symme-
try n-dimensional Fano varieties up to deformation correspond to certain Laurent
polynomials in n-variables up to mutation [14]. Proving this conjecture would have
major implications for the Fano classification program, making the Fano classifica-
tion problem entirely combinatorial. A Laurent polynomial is said to be mirror to
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a Fano variety in this sense if the regularized quantum period of the Fano variety is
equal to the classical period of the Laurent polynomial. The quantum period of a
Fano variety is an invariant built out of genus 0 Gromov–Witten invariants; it is a
piece of Givental’s J function. See [7] for a good introduction to this perspective.
We call these mirrors Laurent polynomial mirrors. Laurent polynomial mirrors are
expected for any Fano variety. The Gu–Sharpe mirror is not a mirror in this sense
as it has too many variables: dim(V//T ) instead of dim(V//G).

The Batyrev–Ciocan–Fontanine–Kim–van Straten superpotential is a Laurent
polynomial mirror in this sense. Laurent polynomial mirrors can be constructed
for any smooth Fano toric variety and most Fano toric complete intersections.
More generally, a toric degeneration of a Fano variety can allow one to produce a
conjectural Laurent polynomial mirror. In [2], they prove that there is a toric de-
generation of the flag variety to the toric variety associated to the Newton polytope
of the BCFKvS mirror.

In the case of the Grassmannian, the Plücker coordinate mirror [18] sits between
the Lie theoretic mirror and the BCFKvS mirror. It is isomorphic to the Lie theo-
retic mirror, but much simpler and easier to work with. The connection between the
Plücker coordinate mirror and the Gu-Sharpe proposal largely remains mysterious;
however, in Example 6.1, we explain how to explicitly identify the critical locus of
the Gu–Sharpe mirror and the Plücker coordinate mirror of the Grassmannian.

The Plücker coordinate superpotential for Gr(n, r) is a Laurent polynomial in the
Plücker coordinates of the dual Grassmannian. Plücker coordinates are redundant,
so like the Gu–Sharpe mirror it has too many variables to be a mirror in the sense of
Fano classification program. However, the cluster structure of the coordinate ring
of the Grassmannian [21] gives a way to produce many Laurent polynomial mirrors
to the Grassmannian. Every cluster chart (certain algebraically independent sets
of Plücker coordinates) gives an expansion of the Plücker coordinate mirror into a
Laurent polynomial in the correct number of variables. These Laurent polynomials
are related by quiver mutations. There is a distinguished cluster chart, called the
rectangles cluster chart, where Marsh–Rietsch show that the Plücker coordinate su-
perpotential expands into a Laurent polynomial isomorphic to the BCFKvS mirror.
As a corollary of their powerful results for the Plücker coordinate superpotential,
they prove the conjecture of [2] in the Grassmannian case: they show that the pe-
riod of the BCFKvS mirror agrees with the quantum period of the Grassmannian.
This can even be extended to complete intersections in Grassmannians [19].

We propose an analogue of the Plücker coordinate superpotential for type A
flag varieties, using quantum Schubert calculus of the flag variety. We now briefly
summarize its construction. To do this, we need to take a closer look at the Grass-
mannian case. Let Gr(n, r) denote the Grassmannian of r-dimensional quotients
of Cn. The quantum cohomology ring of the Grassmannian is a quotient of the
symmetric polynomial ring in r variables, with coefficients in C[q], where q is the
quantum parameter. Schur polynomials sλ span the ring of symmetric polynomials;
they are indexed by partitions λ with length at most r. An additive basis for the
quantum cohomology ring of the Grassmannian are the Schur polynomials indexed
by partitions λ of length at most r satisfying λ1 ≤ n−r. We denote these partitions
S(n, r). These same partitions index the Plücker coordinates of the Grassmannian.

The Plücker coordinate superpotential the Grassmannian Gr(n, r) shares a com-
mon structure with the mirror proposed by Gu–Sharpe: both can be interpreted
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as a sum of n copies of the hyperplane class in the Grassmannian. Marsh–Rietsch
take n equations of the form

s ∗ sλ = qisµ

where i = 0, 1 depending on the partition. Here λ = (a, . . . , a) is a rectangular par-
tition either maximally wide or maximally tall: we denote the set of such partitions
M(n, r). After localizing, the sum ∑

λ∈M(n,r)

qisµ
sλ

is equal to ns = −KGr(n,r), the anti-canonical class. The sum produces a Laurent
polynomial in the Plücker coordinates of the dual Grassmannian Gr(n, n − r) by
replacing sλ with the associated Plücker coordinate. So, for example, the Marsh–
Riestch Plücker coordinate superpotential for Gr(4, 2) is

p

p∅
+

p

p
+

p

p
+
qp

p
.

In [18], the open subvariety of the dual Grassmannian on which the Plücker co-
ordinate superpotential is a function (i.e. where pλ 6= 0, λ ∈ M(n, r)) is denoted
Gr(n, n− r)◦.
The Plücker coordinate superpotential for a flag variety . The two main ingredi-
ents of the Plücker coordinate superpotential of the Grassmannian are, firstly, a
way of writing the anti-canonical class as a sum of ratios of Schur polynomials,
and secondly, a way of associating to a Schur polynomial a function on another
Grassmannian.

To generalize this to type A flag varieties, we use Schubert classes and quantum
Schubert calculus. Let Fl(n; r1, . . . , rρ) be the flag variety of quotients of Cn. The
detailed description of the first ingredient – a way of writing the anti-canonical class
as a sum of ratios of Schubert classes – is in §4. For the second ingredient, we use a
less common way of indexing Schubert classes: we index Schubert classes by tuples
of partitions µ = (µ1, . . . , µρ), where µi ∈ S(ri−1, ri). Observe that each such tuple

defines a function pµ on the product of Grassmannians Y =
∏ρ
i=1 Gr(ri−1, ri−1−ri):

pµ =
∏ρ
i=1 p

i
µi , where piλ is the pullback to Y of the Plücker coordinate pλ on the

ith Grassmannian factor.
In Definition 4.2, we use the breakdown of the anti-canonical class to write down

a Laurent polynomial in the Plücker coordinates of Y , which is a function on

Y :=

ρ∏
i=1

Gr(ri−1, ri−1 − ri)◦.

Example 2.1. For the flag variety Fl(4; 2, 1),

WP :=
p1

p1∅
+

p1 + q1

p1
+

p1

p1
+
q1p

1 p2

p1
+
p2

p2∅
+
q2
p2

.

As for the Grassmannian, the Plücker coordinate mirror of the flag variety gives
many different conjectural Laurent polynomial mirrors. The cluster structure in-
volved in this proposal is not the cluster structure of the flag variety or its Langlands
dual, but rather that of a product of Grassmannians, Y . On the mirror side, there
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is no non-trivial fibration structure; unlike like the flag variety, Y is just a product.
This structure is instead encoded in the superpotential: WP is almost the mirror of
Y , except with certain correction terms arising from the non-trivial product struc-
ture of the flag variety. These correction terms keep track of the difference between
using the quantum product to multiply in Y or the flag variety.

3. Quantum cohomology and quantum Schubert calculus

3.1. Gromov–Witten invariants and quantum cohomology. We briefly re-
view small quantum cohomology. Let Y be a smooth projective variety. Given
n ∈ Z≥0 and β ∈ H2(Y ), let M0,n(Y, β) be the moduli space of genus zero stable
maps to Y of class β, and with n marked points [16]. While this space may be highly
singular and have components of different dimensions, it has a virtual fundamental
class [M0,n(Y, β)]virt of the expected dimension [3,17]. There are natural evaluation
maps evi : M0,n(Y, β) → Y taking the class of a stable map f : C → Y to f(xi),
where xi ∈ C is the ith marked point. There is also a line bundle Li →M0,n(Y, β)
whose fiber at f : C → Y is the cotangent space to C at xi. The first Chern class
of this line bundle is denoted ψi. Define:

(1) 〈τa1(α1), . . . , τan(αn)〉n,β =

∫
[M0,n(Y,β)]virt

n∏
i=1

ev∗i (αi)ψ
ai
i

where the integral on the right-hand side denotes cap product with the virtual
fundamental class. If ai = 0 for all i, this is called a (genus zero) Gromov–Witten
invariant and the τ notation is omitted; otherwise it is called a descendant invariant.
It is deformation invariant.

Now suppose that Y is a smooth Fano variety. The quantum cohomology ring is
defined by giving a deformation of the usual cup product of H∗(Y ) for every t ∈
H∗(Y ). The structural constants defining the new product are given by Gromov–
Witten invariants.

Let {Ti} be a homogeneous basis of H∗(Y,C)) and {T i} a dual basis. Let
t ∈ H2(Y,C). The small quantum product is defined by

〈T a ◦t T b, T c〉 :=
∑

d∈H2(Y )

e
∫
d
t

∫
[M0,3(Y,d)]virt

ev∗1(T a)ev∗2(T b)ev∗3(T c).

The fact that Y is Fano ensures that this sum is finite.
If T1, . . . , Tr are a basis of H2(Y,C), and ti a parameter for Ti, define qi := eti .

For d =
∑r
i=1 diTi, write qd = qd11 · · · qdrr . We can re-write the above as

〈T a ◦ T b, T c〉 :=
∑

d∈H2(Y )

qd
∫
[M0,3(X,d)]virt

ev∗1(T a)ev∗2(T b)ev∗3(T c).

We view the quantum product as giving a product structure on the cohomology of
H∗(X) with coefficients in the polynomial ring in the qi.

3.2. Quantum cohomology of flag varieties. Let Fl(n; r1, . . . , rρ) = Fl(n; r)
denote the flag variety of quotients: it parametrizes quotients

Cn → V1 → · · · → Vρ → 0

where Vi has dimension ri. It is equipped with ρ tautological quotient bundles of
ranks r1, . . . , rρ.



6 A PLÜCKER COORDINATE MIRROR FOR TYPE A FLAG VARIETIES

Schubert classes are geometrically described cohomology classes in flag varieties;
they give free generators for the cohomology of the flag variety. Schubert classes on
the flag variety of quotients Fl(n; r1, . . . , rρ) can be indexed by permutations (as is
most common), but also as tuples of partitions. This is the indexing set we use.

Recall from the introduction that S(n, r) denotes the partitions generating the
cohomology of the Grassmannian – that is, partitions fitting inside of an r× (n−r)
box. There is a Schubert class associated to each set of partitions µ = (µ1, . . . , µρ),
where µi ∈ S(ri−1, ri). We set r0 := n. We set S(n, r) to be this set of tuples of ρ
partitions:

S(n, r) :=

ρ∏
i=1

S(ri−1, ri).

We denote the class of the Schuberty variety in the quantum cohomology ring
corresponding to µ as sµ. For a partition λ, the transpose partition is denoted λt.

For λ ∈ S(ri−1, ri), we set siλ to be the special Schubert class corresponding to
µ, where µi = λ and otherwise µj = ∅. The class siλ is a symmetric polynomial
in the Chern roots of the rank ri tautological quotient bundle on Fl(n; r1, . . . , rρ).
The class si is the first Chern class of the rank ri tautological quotient bundle. We

extend this notation slightly: if λ ∈ S(ri−1, ri) and λ′ ∈ S(rj−1, rj) for i 6= j, we

write si,jλ,λ′ for the Schubert class corresponding to µ, where µi = λ, µj = λ′, and
otherwise µk = ∅. We will often consider partitions λ where λ is rectangular. We
denote the class associated to the partition which is an a× b grid of boxes as sia×b.

The quantum cohomology of the flag variety can be written as

C[xij , qi : 1 ≤ i ≤ ρ, 1 ≤ j ≤ ri]Symr1 ×···×Symrρ /I
for an explicitly described I [1, 15]. The xi1, . . . , xiri are the Chern roots of the
tautological quotient bundles. Here Symri is the symmetric group which acts on
the polynomial ring by permuting the xi1, . . . , xiri , and I is an explicitly described
ideal. A general description for the quantum product of two Schubert classes as a
sum of Schubert classes is not known, except in special cases. The expansion of

si ∗ sµ
is determined by the quantum Pieri rule of Ciocan–Fontanine [5]. We will need
this rule in the special case where sµ = siλ, where λ ∈M(ri−1, ri). Recall from the

introduction that

M(n, k) := {λ = (a, . . . , a) ∈ S(n, k) | λ is a maximally wide or tall rectangle}.
Lemma 3.1 records the cases we need in the notation we have been using. In the
lemma, we set s0,iλ,λ′ = si,ρ+1

λ′,λ = 0 unless λ = ∅, in which case we set them both to

siλ′ .

Lemma 3.1. The following equations hold in the quantum cohomology ring of the
flag variety Fl(n; r1, . . . , rρ):

(1) If a < ri−1 − ri, then

si ∗ siri×a = si{a+ 1, a, . . . , a︸ ︷︷ ︸
ri parts

}.
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(2) If a < ri − ri+1, then

si ∗ sia×(ri−1−ri) = si{ri−1 − ri, . . . , ri−1 − ri, 1︸ ︷︷ ︸
a+1 parts

} + si−1,i
,a×(ri−1−ri)

.

(3) If ri − ri+1 ≤ a < ri, then

si ∗ sia×(ri−1−ri)

= si{ri−1 − ri, . . . , ri−1 − ri, 1︸ ︷︷ ︸
a+1 parts

}

+ si−1,i
,a×(ri−1−ri)

+ qis
i,i+1
(a−1)×(ri−1−ri−1),(a−(ri−ri+1))t

.

(4) If a = ri, then

si ∗ siri×(ri−1−ri) = si−1,i
,a×(ri−1−ri)

+ qis
i,i+1
(a−1)×(ri−1−ri−1),(a−(ri−ri+1))t

.

This follows immediately from [5], after translating between the different nota-
tion. We give a quick sketch of how to see this, for completeness.
Changing notation. Let Sym(r1, . . . , rρ) be the subset of Symn with descents in
{r1, . . . , rρ}. These are the permutations indexing the Schubert classes of Fl(n; r).
Given an element of Sym(r1, . . . , rρ), in word representation denoted as a1 . . . an,
we write down a tuple of partitions (λ1, . . . , λρ). For each i = 0, . . . , ρ, let Ti :=
{a1, . . . , ari}, which we can re-label as {b1 < · · · < bri}. If Ti+1 = {bk1 , . . . , bkri+1

},
then we consider the subset

{k1, . . . , kri+1
} ⊂ {1, . . . , ri}.

This subset determines a partition in S(ri, ri+1): it is the partition that, when
viewed as giving a path from the bottom left to the top right of an ri+1×(ri−ri+1)
grid, has vertical steps at k1, . . . , kri+1

.

Example 3.2. Consider Fl(4; 2, 1). The identity permutation 1234 gives tuple of
partitions (∅,∅). The permutation 2134 gives the tuple (∅, ). The permutation

1324 gives the tuple ( ,∅). The permutation 3214 corresponds to ( , ).

In general, the transposition (riri + 1) is si .

Proof of Lemma 3.1. It is easy to check the classical terms of the formula. We
sketch how to obtain the quantum corrections.

Fix i, and let si := (riri + 1). Let λ := a× (ri−1− ri). The permutation for λ is

ω := 12 . . . ri − a ri−1 − a+ 1 . . . ri−1 ri − a+ 1 . . . ri−1 − a ri−1 + 1 . . . n.

We now apply Quantum Pieri. Note that in Ciocan–Fontanine’s notation in [5],
si = α1,ρ−i+1.

The classical terms are easily determined, so we just consider the quantum cor-
rections. There are possible quantum corrections for each h, l satisfying ρ ≥ h ≥
i ≥ l ≥ 1 such that

ω(rh) > max{ω(rh + 1), . . . , ω(rl−1)}.
It’s easy to see that only h = l = i satisfies this condition. This contributes a term
qi[Xω′ ] where ω′ = ωsri · · · sri−1−1sri−1 · · · sri+1+1 provided this permutation lies in
Sym(r1, . . . , rρ) and has the correct number of transpositions. If ri+1 = ri−1, then

ω′ = 1 . . . ri − a ri−1 − a+ 1 . . . ri−1 − 1 ri − a+ 1 . . . ri−1 − a ri−1 . . . n.
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It is easy to see that this is precisely the quantum correction prescribed in the
lemma. More generally, if ri+1 < ri − a then ω′ does not satisfy the conditions,
and otherwise it is the permutation described by the partitions in third case of the
lemma. �

4. Construction of the superpotential

4.1. Construction. Lemma 3.1 allows us to mimic the Marsh–Rietsch construc-
tion of the Plücker coordinate superpotential of the Grassmannian. For each i,
consider for each of the ri−1 elements of M(ri−1, ri) the expansion in the quantum
Schubert basis

F iλ := si ∗ siλ.
The expansion is described by Lemma 3.1; F iλ is a sum of Schubert classes with
coefficients in C[q1, . . . , qρ].

The sum
ρ∑
i=1

(
∑

λ∈M(ri−1,ri)

F iλ
siλ

)− ri+1s
i .

is equivalent to
∑ρ
i=1(ri−1 − ri+1)si which is the anti-canonical class of the flag

variety.
The mirror of the flag variety should be a Laurent polynomial in the coordinates

of an appropriate space: in the Grassmannian case, Marsh–Rietsch use the fact
that S(n, r) indexes both the basis of the cohomology of the Grassmannian and the
Plücker coordinates of dual Grassmannian.

The set S(n, r) naturally indexes elements of the coordinate ring of the product
of Grassmannians Y (n, r) :=

∏ρ
i=1 Gr(ri−1, ri−1 − ri).

Remark 4.1. Alternatively, we can consider these to be coordinates on the fibers
of the flag variety viewed as a tower of Grassmannian bundles.

Let Qi be the tautological quotient bundle pulled back to Y (n, r) from the ith

Grassmannian factor. Sections of det(Qi) are indexed by λ ∈ S(ri−1, ri). We write
piλ for the Plücker coordinate associated to i and λ.

We denote Y (n, r)◦ :=
∏ρ
i=1 Gr(ri−1, ri−1−ri)◦ the locus in Y (n, r) where piλ 6= 0

for all i and λ ∈ M(ri−1, ri). This is the complement of an anti-canonical divisor
on Y (n, r).

To each Schubert class sµ we associate the product

pµ :=

ρ∏
i=1

piµi .

We denote the polynomial in the coordinate ring of Y (n, r) and the q1, . . . , qρ ob-
tained by replacing the Schubert classes in F iλ with Plücker coordinates in this way
as Giλ.

Definition 4.2. The Plücker coordinate superpotential WP of the flag variety is
ρ∑
i=1

(
∑

λ∈M(ri−1,ri)

Giλ
piλ

)− ri+1p
i .

The superpotential of the flag variety Fl(n; r1, . . . , rρ) can be viewed as a regular
function Y (n, r)◦ × Cρ → C.



A PLÜCKER COORDINATE MIRROR FOR TYPE A FLAG VARIETIES 9

Remark 4.3. Note that after cancellations, all coefficients are positive in the ex-
pression of the Plücker coordinate superpotential. The Plücker coordinate superpo-
tential is very close to the sum of the mirrors of each of the Grassmannian factors
(which corresponds to the mirror of the product of Grassmannians) – in particular
the denominators are the same. The extra terms should be thought of keeping track
of the non-trivial fiber structure of the flag variety.

Example 4.4. Consider the flag variety Fl(6; 4, 2, 1). The Plücker coordinate su-
perpotential is

p1

p1∅
+

p1

p1
+

p1

p1
+

p1 + q1p
1

p1
+

p1 + q1p
1 p2

p1
+

q1p
1 p2

p1

+
p2

p2∅
+

p2

p2
+

p2 + q2

p2
+
q2p

2 p3

p2
+
p3

p3∅
+
q3
p3

.

4.2. Laurent polynomials from WP . The coordinate ring of the Grassmannian
Gr(n, r) and the open subvariety Gr(n, r)◦ has a cluster structure [21]. There are
distinguished cluster charts (C∗)r(n−r) → Gr(n, r)◦; these correspond to certain
sets, called cluster seeds, of algebraically independent collections of Plücker coor-
dinates. All Plücker coordinates can be expanded as Laurent polynomials (with
positive coefficients) in the Plücker coordinates of a given cluster seed. Every clus-
ter seed contains the frozen variables: these are Plücker coordinates corresponding
to M(n, r).

Example 4.5. The set p∅, p , p , p , p is a cluster for Gr(4, 2).

This is an example of a seed with plays an important role in the cluster structure
of the Grassmannian.

Definition 4.6. The rectangles cluster is the cluster whose Plücker coordinates
are the rectangular partitions i× j in S(n, r).

Given any cluster seed, pulling the Plücker coordinate superpotential WP of the
Grassmannian back via the cluster chart results in a Laurent polynomial in the
Plücker coordinates of the cluster seed. The coefficients of this Laurent polynomial
are always positive.

Example 4.7. Pulling back the superpotential of Gr(4, 2) via the rectangles cluster
gives

p

p∅
+

p

p
+
p

p
+

p

p p
+

p

p p
+
qp

p
.

The superpotential of the flag variety is a regular function Y (n, r)◦ × Cρ → C.
The denominators of WP are the frozen variables of the Grassmannian factors. Any
choice of cluster seed for each Grassmannian factor gives a torus chart on Y (n, r)◦;
pulling back gives a Laurent polynomial with positive coefficients in dim(Fl(n; r))
variables (as in [18], we normalize by setting pi∅ = 1). In particular, this gives
many conjectural Laurent polynomial mirrors to the flag variety.
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Definition 4.8. We call the cluster chart on Y (n, r) given by the rectangles cluster
on each Grassmannian factor the rectangles cluster for Y (n, r).

5. Comparison with the Batyrev–Ciocan-Fontanine–Kim–van Straten
mirror

The aim of this section is to show that the Plücker coordinate mirror of the flag
variety – whose structure was deduced from quantum Schubert calculus – pulls back
in the rectangles cluster chart to the Eguchi–Hori–Xiong (EHX) mirror [2,8,9]. This
was shown for the Grassmannian in [18]. The Newton polytope of the BCFKvS
mirror is a toric degeneration of the flag variety.

The BCFKvS mirror is defined via the ladder diagram. See for example [2] for
complete definition of the BCFKvS mirror; we give a rough description here. Fixing
Fl(n; r1, . . . , rρ), for each Grassmannian step draw an ri× (ri−1− ri) grid of boxes,
placing them together. For example, the ladder diagram of Fl(5, 3, 2, 1) is

.

Draw a vertex inside each box in the ladder diagram, as well as vertices in the
corners along the northeast border. Add a vertex above the first column of boxes
and to the right of the bottom row. In this example, the vertices are

.

The final step is to add arrows: these are added between all vertices downwards
and to the right:

.

Assign to each of the internal vertices a variable zv. To the ρ+ 1 external vertices,
assign q0 := 1, q1, . . . , qρ from upper left to bottom right. The BCFKvS mirror is∑

a

zh(a)

zt(a)

where the sum is over the arrows of the quiver.

Proposition 5.1 ( [18]). The BCFKvS mirror of the Grassmannian is isomorphic
to the pullback of the Plücker coordinate mirror along the rectangles cluster chart.

Sketch. Because this is the key to the main result of this section, we briefly sketch
the proof. The Grassmannian Gr(n, r) is a one step flag variety; there is a single
r × (n− r) grid of blocks in the ladder diagram. To the vertex in the ith row and
jth column, assign

pi×j
pi−1×j−1

, where as before i× j denotes the rectangular partition
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with i rows and j columns. This describes the change of coordinates inducing the
isomorphism between the BCFKvS mirror and the Plücker coordinate mirror in the
rectangles cluster chart. In particular, after setting zv :=

pi×j
pi−1×j−1

, the BCFKvS

mirror can be simplified using Plücker relations until it matches WP . �

Example 5.2. The ladder diagram for Gr(4, 2) is

p

p∅

p

p∅

p

p∅

p

p

1

q

.

The contributions to the superpotential from the two middle horizontal arrows are

p

p
+

p p∅

p p
=

p p + p p∅

p p
=

p

p
,

where the last equality is by the Plücker relation

p p + p p∅ = p p .

Similarly, summing up the other arrows results in WP .

We now prove the main theorem, relating the Plücker coordinate superpoten-
tial and the BCFKvS mirror. We normalize by setting pi∅ = 1. As in the
Grassmannian case, we define the isomorphism of tori by giving a new label for
each vertex of the ladder diagram. Fix a flag variety Fl(n; r1, . . . , rρ). The lad-
der diagram is made up of the ladder diagrams of ρ Grassmannians, i.e. an
ri × (ri−1 − ri) grid for each i. Label the vertices (both internal and external)
of the block corresponding to Gr(ri−1, ri) with the Plücker coordinates of the ith

factor of Y (n, r) =
∏ρ
i=1 Gr(ri−1, ri−1− ri) just as prescribed in the Grassmannian
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case, but scale all labels by q1 · · · qi−1. For example, for Fl(5; 3, 2, 1) the labels are

p1

p1∅

p1

p1

q1p
2

p2∅

q1q2p
3

p3∅

p1

p1∅

p1

p1∅

1

q1q2q3

p1

p1

p1

p1∅

q1p
2

p2∅

q1

q1q2

.

Viewing the variables of the BCFKvS mirror and the rectangular Plücker coor-
dinates on Y (n; r) as coordinates on the torus (C∗)dim(Fl(n;r1,...,rρ)), the labeling
above gives an automorphism

φ : (C∗)dim(Fl(n;r1,...,rρ)) → (C∗)dim(Fl(n;r1,...,rρ)).

Theorem 5.3. Let Fl(n; r1 . . . , rρ) be a flag variety, and let WT denote the Batyrev–
Ciocan-Fontanine–Kim–van Straten mirror (T standing for toric variety). Let WR

denote the pull-back of the Plücker coordinate superpotential along the rectangles
chart. Then

φ∗(WT ) = WR.

Proof. By Proposition 5.1, by using Plücker relations, φ∗(WT ) is almost the sum
of the Plücker coordinate mirrors of each Grassmannian fiber in Fl(n; r). This is
also true of the Plücker coordinate mirror of the flag variety. We just need to
compare the discrepancies. Call the rational function on Y (n, r) that is the sum of
the Plücker coordinates of each Grassmannian fiber WF .

Looking first at φ∗(WT ), the only arrows that do not induce a summand that
appears in WF are the horizontal arrows that cross from one block to another. The
other arrows give all of the summands of WF , except for the ρ that involve the
quantum parameters. Consider the arrows in the ladder diagram going from the
ith block to the i+ 1th, i < ρ. For ri−1 ≥ j ≥ ri−1 − ri, we have an arrow giving a
summand

(2) qi
pi(j−1)×(ri−ri+1−1)p

i
(j−(ri−ri+1))t

pij×(ri−ri+1)

.

Now consider the Plücker coordinate mirror, as determined by Lemma 3.1. For
each λ ∈ M(ri−1, ri), we take the equation pi ∗ piλ = Giλ, solve for pi , and sum

the results, then subtract off ri+1 copies of pi . If λ falls into cases 2, 3, or 4 in the

lemma, the term in Giλ/p
i involving Plücker coordinates from the i − 1th factor

cancels with subtracted terms. The terms in cases 1, 2, 3, and 4 that do not involve
in the quantum parameters all appear in WF : again, the only summands in WF we
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miss are those involving the quantum parameter. To prove the theorem it suffices
to compare the extra terms with the summands in φ∗(WT ) described in (2). But
this immediate from looking at the formula for Giλ. �

6. Examples

We have compared the Plücker coordinate mirror with the Batyrev–Ciocan-
Fontanine–Kim–van Straten mirror. Rietsch [20] carefully describes the relation
between the BCFKvS mirror and the Lie theoretic mirror, which can be combined
with the above result to relate indirectly WP and the Lie theoretic construction. We
don’t explore this here, but instead, discuss in some examples the relation between
the Gu–Sharpe mirror and the Plücker coordinate mirror. In the Grassmannian
case, we describe the isomorphism identifying the critical loci of the two mirrors.
We also discuss the family Fl(n; 2, 1). To do this, we need the description of the
quantum cohomology ring of the flag variety given by the Abelian/non-Abelian
correspondence.

6.1. The Abelian/non-Abelian correspondence and the quantum coho-
mology ring of a flag variety. The quantum cohomology of any type A flag
variety can be written as

C[xij , qi : 1 ≤ i ≤ ρ, 1 ≤ j ≤ ri]Symr1 ×···×Symrρ /I.
Recall that Symri acts on the polynomial ring by permuting the xi1, . . . , xiri . By
convention, we set x0j = 0. The ideal I can be described via the Abelian/non-
Abelian correspondence: as shown in [11], one can describe the relations in the
quantum cohomology ring by considering the relations in the quantum cohomol-
ogy ring of a Fano toric variety instead. This is the toric variety obtained by
Abelianization. Let ω :=

∏ρ
i=1

∏
j<k(xij − xik), and set Iab to be the ideal in

C[xij , qi : 1 ≤ i ≤ ρ, 1 ≤ j ≤ ri] generated by the relations, for i = 1, . . . , ρ,
j = 1, . . . , ri

ri−1∏
k=1

(xij − xik) = (−1)ri−1qi

ri+1∏
k=1

(xik − xij).

Then the statement is that f is in I if and only if ωf ∈ Iab. In [11], we show how
to use this ideal to compute structure constants of the quantum cohomology ring
of the flag variety for a particular basis (not the Schubert basis).

This is the natural basis to consider from the perspective of the A/NA corre-
spondence. To describe it, let Siλ := [sλ(xi1, . . . , xiri)] be the class in QH(Fl(n; r))
of the Schur polynomial indexed by a partition λ in the ith set of variables. The
basis is the set

{S1
µ1
· · ·Sρµρ : µ ∈ S(n; r)}.

Computations in this basis are done by first multiplying using the Littlewood–
Richardson rules, and reducing any partitions which are too wide using rim–hook
removals: see [11, Example 3.8] for the exact formula.

The Gu–Sharpe superpotential [10] is a Laurent polynomial in the xij – it is
obtained taking the superpotential of the Abelianization of the flag variety and
specializing the quantum parameters. We do not need the exact formula for the
superpotential, just its critical locus. The critical locus of the Gu–Sharpe mirror is
cut out by Iab, with the additional restriction that for all j 6= k, xij 6= xik. This
is a discrete set of points, on which there is a free Symr1 × · · · × Symrρ action. We
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consider the critical locus up to this action, which exactly describes the quantum
cohomology ring of the flag variety. In the family of examples we consider, we show
that WP has the correct critical locus by showing a bijective map between the two
critical loci. Let us first consider the simpler case of the Grassmannian.

Example 6.1. Consider the one-step flag variety Gr(n, r). The critical locus of
the Gu–Sharpe superpotential is described by

xn1 = · · · = xnr = (−1)rq.

In [13], Karp shows that the critical locus of the Plücker coordinate mirror is the(
n
r

)
fixed points of a q-deformation of the cyclic shift map (the author thanks Lauren

Williams for pointing this paper out to her). He also shows that these fixed points
are points of the Grassmannian corresponding to the matrices

1 x1 x21 · · · xn−11

1 x2 x22 · · · xn−12
...

...
...

1 xr x2r · · · xn−1r


where xn1 = · · · = xnr = (−1)rq and (so that this describes a point of the Grass-
mannian) xi 6= xj. After quotienting by the Sr action, this gives an identification
between the critical loci of the two superpotentials. Equivalently, we can describe
the fixed locus of WP as the points given by

pλ = sλ(x1, . . . , xr), x
n
1 = · · · = xnr = (−1)rq.

Example 6.2 (Fl(n; 2, 1)). We look at the family of examples Fn := Fl(n; 2, 1).
Let Yn := Y (n; 2, 1). The critical locus of the Gu–Sharpe mirror for Fn is given by
the equations

xn11 = −q1(x21−x11), xn12 = −q1(x21−x12), (x21−x11)(x21−x11) = q2, x11 6= x12.

For fixed q1, q2, this gives 2
(
n
2

)
critical points, up to the Sym2 action permuting

x11 and x12. Call this set C. As in the Grassmannian case, using the Plücker
embeddings of the factors of Yn allows us to specify points of Y by specifying the
values of the Plücker coordinates. Let

CP := {p1λ = sλ(x11, x12), p2 = q2/s (x21) = q2/x21}.

This is well-defined when q21 6= qn−12 and q1q2 6= 0. When q21 = qn−12 , the number
of critical points of the Plücker coordinate mirror can drop (for example, when
q1 = q2 = 1 for Fl(4; 2, 1), the critical locus has only 11 points). Note that CP ⊂ Y ◦n
and |CP | = 2

(
n
2

)
.

So suppose q21 6= qn−12 , q1q2 6= 0. We expect that CP is the critical locus of WP ,
which we have verified in small examples. We now check that the intersection of
CP with the rectangles torus lies in the critical locus of WR (the pullback of WP

to this chart). When CP is contained in this torus, this completely describes the
critical locus of WP . What we need to verify is that, for every rectangular λ, the
equation

∂

∂piλ
WR = 0
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gives a valid quantum cohomology relation, setting p1λ = S1
λ, p2 = q2/S

2 . We can
do this explicitly in this simple case. For example, we can compute that

p2
∂

∂p2
WR =

q1p
1
(n−3)p

2

p1(n−2,n−2)
+ p2 − q2

p2
.

We thus need to check the quantum cohomology ring relation

q1q2S
1
(n−3)

S1
(n−2,n−2)S

2 − S
2 +

q2
S2 = 0.

That is, we want to check that

(3) q1q2S
1
(n−3) − (S2 )2S1

(n−2,n−2) + q2S
1
(n−2,n−2) = 0.

Using the rim-hook removal rule from [11], one can compute that

(S2 )2 = q2 + S1 S2 − S1 .

Using Littlewood-Richardson rules,

(S2 )2S1
(n−2,n−2) = q2S

1
(n−2,n−2) + S1

(n−1,n−2)S
2 − S1

(n−1,n−1).

Equation (3) then follows from applying the rim-hook removal to compute

S1
(n−1,n−2)S

2 = q1S
2 (S1

(n−3)S
2 − S1

(n−3,1)) = q1(q2S
1
(n−3) + S1

(n−2)S
2 − S1

(n−2,1)),

S1
(n−1,n−1) = q1(S1

(n−2)S
2 − S1

(n−2,1)).

To finish the proof of the proposition, one must also explicitly check

∂

∂p1(n−2)
WR =

∂

∂p1(n−2,n−2)
WR =

∂

∂p1(n−3)
WR = 0,

which is done in the same way as above. The remaining rectangular partitions only
appear in summands arising from arrows entirely contained in the first block of the
ladder diagram. The corresponding relation is true for any Grassmannian Gr(n, 2),
and thus is true simply as a statement about Schur polynomials.
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pp. 335–368. MR 1363062 (97d:14077)
17. Jun Li and Gang Tian, Virtual moduli cycles and Gromov-Witten invariants of algebraic

varieties, J. Amer. Math. Soc. 11 (1998), no. 1, 119–174. MR 1467172 (99d:14011)
18. R.J. Marsh and K. Rietsch, The B-model connection and mirror symmetry for Grassmanni-

ans, Advances in Mathematics 366 (2020), 107027.

19. V V Przyjalkowski and C A Shramov, Laurent phenomenon for landau-ginzburg models of
complete intersections in grassmannians, Proceedings of the Steklov Institute of Mathematics

290 (2054), 91–102.

20. Konstanze Rietsch, A mirror construction for the totally nonnegative part of the peterson
variety, Nagoya Math. J. 183 (2006), 105–142.

21. J.S. Scott, Grassmannians and cluster algebras, Proceedings of the London Mathematical

Society 92 (2006), no. 2, 345–380.
22. Rachel Webb, The Abelian-Nonabelian correspondence for I-functions, arXiv:1804.07786

[math.AG], 2018.

https://arxiv.org/abs/1804.07786
https://arxiv.org/abs/1804.07786

	1. Introduction
	Acknowledgments

	2. Summary and context
	3. Quantum cohomology and quantum Schubert calculus
	3.1. Gromov–Witten invariants and quantum cohomology
	3.2. Quantum cohomology of flag varieties

	4. Construction of the superpotential
	4.1. Construction
	4.2. Laurent polynomials from WP

	5. Comparison with the Batyrev–Ciocan-Fontanine–Kim–van Straten mirror
	6. Examples
	6.1. The Abelian/non-Abelian correspondence and the quantum cohomology ring of a flag variety

	References

