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1 Homework 1: your basic toolkit

Remember:
e Homework is due on the 10th of September before class.
e Please cite any source/collaboration.

e You do not have to hand it your homework in LaTeX till the 5th Monday but you are encouraged to
start early!

Exercise 1.1. Prove the fundamental theorem of arithmetic. You might have to resort to other sources,
but please express your solution in your own words. The point of this exercise is to acquaint you with proof
techniques. Here’s the statement

Theorem 1.2. Let n be an integer > 1. Then n can be written as
n:p‘lll .....pgk
where p;’s are distinct primes and o; > 0. This expression is unique up to rearrangement of the factors.

Exercise 1.3. The integers form the collection
Z={0,1,-1,2,-2,---}
Here are the rules of arithmetic in Z:
1. If a,b € Z then a + b € Z.
2. If a,b € Z then a- b € Z.

3. If a,b,c € Z then
(a+bd)+c=a+ (b+c).

4. If a,b,c € Z then
(a-b)-c=a-(b-c).

5. If a,b € Z then

6. There exists 0 € Z such that for all a € Z
a+0=04+a=a.
Such an element is called a additive identity.

7. There exists 1 € Z such that for all a € Z

Such an element is called a multiplicative identity.
8. For all a € Z there exists —a such that
a+(—a)=0=(—a)+a

Such an element is called an additive inverse.
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Prove, using the rules of arithmetic in Z:

1.
2.
3.
4

5.
6.

Additive and multiplicative identities are unique.

Additive inverses are unique.

Ifa,b,c € Z and a + b= a+ c then b = c.

. If a € Z then (-1)-a = —a.

If a,b € Z then (—a) - b
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If a,b € Z then (—a) - (—=b) = ab.

Exercise 1.4. A permutation on n-letters is a way of rearranging the set n := {1,--- ,n}. So for example
we can rearrange {1,2,3} as {1, 3,2}. Prove that the number of permutation on n-letters is exactly n!.

Exercise 1.5. Let X be a set with n elements. Prove that X has 2™ subsets.

Exercise 1.6. Suppose that n > 4. Prove by induction that n! > 2™.

Exercise 1.7. Let X be a set and ~ be an equivalence relation. Define C'(a) :={b € X : b ~ a}. Prove

1.

2
3

4.

a € Cla).
If a ~ b then C(a) = C(b).
If a is not ~ b then C'(a) N C(b) = 0.

Ugex Cla) = X.

Illustrate, by means of a picture, what an equivalence relation looks like in light of the above result.

Exercise 1.8. Let A, B, C be sets. Prove

1.
2.
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10.
11.
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AC A
A=Bifand only if AC B and B C A.
IfAC B,BCCthen ACC.

0 C A always.
AU(BUC)=(AUB)UC
AN(BNC)=(AnB)nC

Aup=A

AUB =0 ifand only if A= 0 and B=10
AU(BNC)=(AUB)N(AUC)

(AU B)¢ = A°nN B°

(AN B)¢ = A°U B°.

Exercise 1.9. Prove that if A has m elements, B has n elements, then A x B has mn elements.



3 2. Homework 2: sets and fields

2 Homework 2: sets and fields

Exercise 2.1. Write down explicitly the addition and multiplication table for Z/3.
Exercise 2.2. Prove that multiplication in Z/n is well-defined.

Exercise 2.3. True or false: on the set with one element, there is a unique field structure. Justify your
answer

Exercise 2.4. Let k be an field. Prove:
1. for any nonzero element z € k there exists a unique y such that zy = 1. We denote this by z~!

“1y-1 =

2. For any nonzero element z € k, (z x.

Exercise 2.5. Let k be a field. Consider the set k& x k endowed with the “pointwise” multiplication and
addition: (z,y) + (2/,y) = (z+ 2,y +¢') and (z,y) - («',y') = (x - 2’,y - ¥') and the additive identity being
(0,0) and the multiplicative one being (1,1). True or false: this endows k x k with the structure of a field.
Justify your answer.

Exercise 2.6. Let k be a field and z,y,z € k. Then x =y if and only if x + 2z =y + 2.
Exercise 2.7. Let p be a prime. Prove that the following equation holds in IF),:
(x+y)P =aP +yP.

Exercise 2.8. Let f: X = Y,g:Y — Z be functions. Prove that

1. if f, g are injective then g o f is injective.

2. if g o f is injective then f is injective.

3. True or false: if g o f is injective then g is injective. Prove or give a counterexample.
Exercise 2.9. Let f: X — Y,¢g:Y — Z be functions. Prove that

1. if f, g are surjective then g o f is surjective.

2. if g o f is surjective then g is surjective.

3. True or fase: if g o f is surjective then f is surjective. Prove or give a counterexample.

3 Homework 3: Vector spaces, subspaces and spans
Exercise 3.1. Let k be a field and S be a set. Then let k° denote the set of functions
f: S —k.

For f,g € k°, define addition f+g¢ to be the function that sends s € S to f(s)+g(s), i.e. (f+g)(s) = f(s)+g(s).
For a € k and f € k°, define scalar multiplication af to be the function that sends s € S to af(s),

ie. (af)(s) =af(s).
1. Prove that with this addition and scalar multiplication, k° is a vector space over k.

2. What is the additive inverse —f of a function f € k°?
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Exercise 3.2. Which of the following is not a vector space over R? If it is not, explain why.
1. R itself, with its ordinary addition and scalar multiplication.
2. C with ordinary addition and scalar multiplication.
3. The set {0}, with the only possible addition and scalar multiplication.
4. The empty set @ (which has no elements).

5. The set R U {oo, —oo} with elements given by the real numbers together with two additional elements
oo and —oo. The addition and scalar multiplication is as usual on the subset of R of R U {o0, —o0}.
We extend addition to all elements of (R U {co, —00}) X (RU {0, —c0}) by

rT+oo=00=00+2x forallz € R
x4 (—00) = —00 = (—00) +x forall z € R
00 4+ 00 = 00
(—00) + (—o00) = —oc
00 + (—00) =0 = (—00) + 00,

and extend scalar multiplication to all elements of R x (R U {o0, —oc}) by

00 ifa>0 —o0 ifa>0
aco =140 ifa=0 a(—o0) =<0 ifa=0
—oo ifa<0, 00 if a < 0.

Exercise 3.3. Let V be a k-vector space. Suppose that Oy is the additive identity in the field and Oy is the
additive identity of the vector space. Then prove:

1. The additive identity Oy of V is unique.
2. 0pv =0y forallv eV
3. a0y =0y for all « € k
4. (-l)jv=—vforallveV.
Exercise 3.4. Let k be a field and V a vector space. Consider the function
a V=V V= Q.
Is the function
1. injective?
2. surjective?
3. bijective?

Prove or give a counterexample.
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Exercise 3.5. Consider the vector space from Question ??, which we denote by k°. Consider the subset
k5, :={f:S — k: for all but finitely many s € S, f(s) = 0}.
Prove or disprove: kgn is a subspace of k9.

Exercise 3.6. Let k be a field and consider
Poly, :={p(z) = anz" + ap_12" =1+ -4 ag: a; € k},

the set of polynomials over k. Take for granted that Poly, is a vector space over k. Let m > 0. True or false:
the subset
Polyy < = {p(2) = an2" + ap12" —1+4---+ag:a; € k,n <m}

is a subspace of Polyy.
Exercise 3.7. Let V be a vector space and let Uy, U be subspaces of V. Prove that
1. U3y NU, is a subspace of V.
2. Define Uy + Us := {ug + ug : uy € Uy, us € Us}; this is a subspace of V.
Is the union Uy U Us a subspace of V7
Exercise 3.8. Let k be a field with finitely many elements. Prove that
1. Prove that a vector space V over k is finite-dimensional if and only if it has finitely many elements.
2. Prove that if V is a finite-dimensional vector space over k, it has (#k)dim(v) elements.

Exercise 3.9. Which of the vector spaces (and subspaces) above are finite dimensional? (No need to give
detailed proof)

4 Homework 4: linear transformations

Exercise 4.1. Let V, W be vector spaces over a field k and f: V — W a linear transformation. Then prove

that f(0) =0 and f(—v) = —f(v).

Exercise 4.2. Suppose that f:V — W, g: W — U be linear maps, then prove that
1. go f:V — U is a linear map,
2. If h: W — U is another linear map prove that (h+g)o f=ho f+hog,
3. if i : V= W is another linear map prove that go (f +4) =go f+goi.

Exercise 4.3. Let f : V — W be an injective linear transformation. Suppose that {vy,--- ,v,} is a linearly
independent list of vectors, prove that {f(v1),---, f(vn)} is linearly independent.

Exercise 4.4. Let k be a field, consider the function
Un:kxn%kxn (1'17"' axn)’_)(xnaxlv"' 71'77,71)

Prove that this a linear transformation and write down the corresponding matrix.
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Exercise 4.5. Prove that the only linear transformations from a 1-dimensional vector space to itself is given
by scalar multiplication.

Exercise 4.6. Let D : Poly,(k) — Poly, (k) be “differentiation” as a linear map. Prove that D1 g
the zero transformation.

Exercise 4.7. Let g, f : V — V be a linear transformation and suppose that dim V' = n. Prove that
1. dim(Im(f o g)) < min{dim(Im(f)), dim(Im(g))}.
2. dim(Im(f)) + dim(Im(g)) < dim(Im(f o g)) + n.

5 Homework 5: rank-nullity, duals

Exercise 5.1. Suppose that V, W are vector spaces over a field k. Then dim(V') = dim(W) if and only if V
is isomorphic to W (hint: please construct the linear map f:V — Worg: W — V).

Exercise 5.2. Suppose that W i> Wy &~ W, are linear maps. Consider the vector space
Wo xw, Wi := {(wo,w1) : f(wg) = g(wy)}.
Prove that
1. under pointwise addition and scalar multiplication, Wy Xy, Wi is a vector space.
2. Prove that the kernel of the map
Wo xw, W1 — Wy (wo, wr) — wo
is isomorphic to the kernel of the map W; — Ws.
3. Assume that W; — Ws is surjective. Compute the dimension of Wy <y, Wi.

Exercise 5.3. Consider an exact sequence of finite dimensional vector spaces 0 — V3 — Vo — -+ =V, =0
(this means that 0 — V3 — V4 is exact for all i V; — V41 — Viqo is exact and V,,_1 — V,, — 0 is exact).
Prove that

n

> (=1 dimV; = 0.

=0

Exercise 5.4. Prove that if Uy,---U, are subspaces of V, then U; + Uy + --- + U, is isomorphic to
Ui ®Us @ ---U, if and only if dim(Uy + - -+ + U,) = dim(Uy) + dim(Us) + - - - + dim(U,,).

Exercise 5.5. Suppose that 0 — V' — V — V" — 0 is an exact sequence of vector spaces, then V is
isomorphic to V" @ V'.

Exercise 5.6. Suppose that V' — V — V" is an exact sequence of vector spaces, then prove that taking
duals preserves exactness, i.e., the following is an exact sequence

(V)Y = VY = (VY.
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Exercise 5.7. Let V be a finite dimensional vector space. Define a map
T:V = (VY)Y

by sending v to the linear functional on the dual given by
(T0)(¢) = 6(v).

Prove that this map is linear and that it is an isomorphism.

Exercise 5.8. Consider PolyQ(k) as a vector space and consider the subspace spanned by 2, which we
call U. Consider the function

¢:Polyy(k) >k ¢(p) =p'(0).
1. prove that ¢ is a linear functional.

2. Show that Span(¢) C Ann(U); show that the inclusion is proper and complete explicitly to a basis of
Ann(U).

Exercise 5.9. Consider Poly,(k) and suppose that = € k is a non-zero element. Prove that 1,2 — &, (z —

k)?,---,(z — k) is a basis. Write down the dual basis, i.c., define linear functions ¢; : Poly (k) — k which
is dual to the above basis.

6 Homework 6: duals and transposes, a little eigenstuff
Exercise 6.1. Consider D : Poly,(k) — Poly,_; (k) be “differentiation” as a linear map. Write down D
as a matrix and write down its transpose.
Exercise 6.2. Let k be a field, consider the linear map
On t KX — kX (1, &p) = (Tp, T1y 0 Tp1)
Write down its transpose matrix.

Exercise 6.3. Let f : V — W be a linear map between finite dimensional vector spaces. Prove that
Im(fY) € Ann(ker(f)).

Exercise 6.4. Suppose that f: V — V is an isomorphism with inverse g. Prove that fV is an isomorphism
as well and that the inverse of fV is given by ¢g¥. Conclude that if A is an n X n-matrix with transpose A
then (A7)t = (AY)~L.

Exercise 6.5. Let V be a finite dimensional vector space and U, W C V are subspaces. Prove that
Ann(UNW) = Ann(U) + Ann(W).

Exercise 6.6. Let V be n-dimensional and suppose that a linear map f: V — V satisfies f2 = f (then it is
called an idempotent).

1. Prove that the identity and the 0 maps are idempotent.

Produce an idempotent on k%2 which is not the identity or the zero map.
Prove that (id — f)? =id — f.

Prove that dimim(id — f) = dimker(f) and dimim(f) = dimker(id — f).
Prove that V = im(f) @ im(id — f).

A T

Prove that only 0,1 can be eigenvalues of f.
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7 Homework 7: eigenstuff

Recall that the determinant of a 2 x 2 matrix:
a b
u-lal
is given by det(M) = ad — be while the trace is given by tr(A) = a+d

Exercise 7.1. Let M be a 2 x 2 matrix. Prove that the eigenvalues of M are given by the roots of the
polynomial
22 — tr(M)x + det(M)

Exercise 7.2. Define numbers by setting F; =1, Fb =1, and F,, = F},_1 + F,_2 for n > 3. The sequence
{F,} is known as Fibonacci’s sequence.

1. Define a linear map f : R> — R? by f(z,y) = (y,2 +y). Prove that f*(0,1) = (F,, F,11); here f"
indicates the composition of f with itself n-times.

3. Use this to prove that

2. Find the eigenvalues and corresponding eigenvectors of f.
1
F,=—

1+v5\ [1-v5)"
V5 2 B 2 '

Exercise 7.3. A matrix is called nilpotent if A™ = 0 for some n > 0. Prove that if A is a nilpotent matrix
then (1 — A) is invertible (Hint: if  is an indeterminate then it is always true that

1

1—x

)

Exercise 7.4. Let A be a matrix with a nonzero eigenvalue A\. Show that there is a vector v such that
Aky =0 for all k > 0. Prove that every nilpotent matrix must have eigenvalue zero.

Exercise 7.5. Consider a linear map
FokX" =B (2, @) (1 + 20,20+ 3,0, Tp1 + Ty, Ty)-

Prove that the matrix of f in the standard basis is upper triangular. What are its eigenvalues? Is it
diagonalizable?

Exercise 7.6. True or false. Justify your answers.

1. Consider the linear map k*? — k*2 (x,y) ~ (y,z). Then its matrix is diagonalizable over the real
numbers.

2. Consider the linear map k*? — k%2, (z,y) — (—y,z). Then its matrix is diagonalizable over the real
numbers.

3. Consider the linear map k*? — k*2, (z,y) — (—y,z). Then its matrix is diagonalizable over the
complex numbers.
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4. Consider the matrix
1 =z
vl
Then if k is a field of characteristic p, MP = id.

5. Consider the situation of the previous question. Then M is diagonalizable (Hint: use the first problem
to determine the eigenvalues of M).

Exercise 7.7. Let f : V — V be a linear map. Prove that the generalized eigenspace of X is equal to the
kernel of the linear map (f — id)4™ V.

8 Homework 8: Inner product spaces

Exercise 8.1. Prove the following properties of inner products:

1. Forallv e V, (v,0) =0 = (0,v).

2. For all u,v € V and A € k, we have A(u,v) + (u,w) = (u,v + Aw).
Exercise 8.2. Deduce from the Cauchy-Schwarz inequality the

Triangle inequality For all u,v € V
[l +ol| < [lull + [[ol],

wrallelogram Equality For all u,v € V
llu +olf* = [Ju = ol |* = 2(||ul* +[[0][*).

1. Explain, in words, what the above inequality/equality mean geometrically.

Exercise 8.3. Let V be a vector space and suppose that U C V is a subspace. Equip V with an inner
product (—, —). Define the orthogonal complement of U,

Ut :={v: (v,u) =0Vu € U}.
Prove:
1. Ut is a subspace of V.
2. There is an isomorphism U @ U+ = V.
Exercise 8.4. Prove the following properties of norms:
1. |lv]] = 0 if and only if v = 0,
2. [[Ml| = [Allfell =0,
Exercise 8.5. If f : V — V is a linear map with || fv|| < ||v|| for all v € V, then T — /21 is invertible.
Exercise 8.6. Let t € R. Prove that
1. (cost,sint), (—sint,cost) and (cost,sint), (sint, — cost) are orthonormal bases for R2.
2. Show that each orthonormal basis in R? is given by one of the two possibilities above.

Exercise 8.7. Let ey, -+, e, be an orthonormal set for V and vy,--- ,v, vectors in V such that for all
1<j<k,

1
lle; — vyl < ﬁ,

show that vy, -+ v is linearly independent.
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9 Homework 9: spectral stuff

Exercise 9.1. Let V be a finite dimensional vector space over the reals and f: V — V. Prove that V has
a basis of eigenvectors of f if and only if there exists an inner product on V making it into a self-adjoint
operator.

Exercise 9.2. Let f: V — V be self-adjoint and A € C or R. Suppose that there exists a v € V such that
[lv]] =1 and ||fv — Av|| < e. Prove that f has an eigenvalue X’ for which |A — X'| < e.

Exercise 9.3. Let f : V — V a self-adjoint linear map. Suppose that U C V is invariant (so that f(U) C U),
then

1. U% is invariant under f.
2. f|u is self-adjoint.
3. flyy is self-adjoint.

Exercise 9.4. Suppose that V is an inner product space over C. We say that the square root of a linear
map f:V — V is another linear map g : V — V such that g o g = f. Prove that every normal linear map f
has a square root.

Exercise 9.5. Prove that if V' is an odd-dimensional vector space over the real numbers, every linear map
f:V — V has an eigenvalues (hint: every odd degree polynomial over the real numbers has a real root).

Exercise 9.6. Let f : V — V be self-adjoint where V is finite dimensional over C. Suppose {e;} is an
orthonormal basis for V', then there exists a linear map g : V' — V such that:

1. |lgv|| = ||v]| (that is to say, g preserves norms), and
2. {ge;} is an orthonormal basis for V.

Exercise 9.7. Suppose that g, f : V — V are linear maps. Suppose that f is a normal linear map and that
f,g are commuting: gf = fg. Then prove that g is diagonalizable and shares the same eigenvectors as f.
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