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A Data Appendix

To conduct the counterfactual exercises in Sections 4 and 7, we use the World Input-
Output Database (Timmer et al., 2015). We use the 2013 release of the data for the final
year which has no-missing data — that is 2008. We use the 2013 release because it has
more detailed information on the factor usage by industry. We aggregate the 35 indus-
tries in the database to get 30 industries to eliminate missing values, and zero domestic
production shares, from the data. In Table 3, we list our aggregation scheme, as well as the
elasticity of substitution, based on Caliendo and Parro (2015) and taken from Costinot and
Rodriguez-Clare (2014) associated with each industry. We calibrate the model to match
the input-output tables and the socio-economic accounts tables in terms of expenditure
shares in steady-state (before the shock).

For the growth accounting exercise in Section J.2, we use both the 2013 and the 2016
release of the WIOD data. When we combine this data, we are able to cover a larger num-
ber of years. We compute our growth accounting decompositions for each release of the
data separately, and then paste the resulting decompositions together starting with the
year of overlap. To construct the consumer price index and the GDP deflator for each
country, we use the final consumption weights or GDP weights of each country in each
year to sum up the log price changes of each good. To arrive at the price of each good, we
use the gross output prices from the socio-economic accounts tables which are reported
at the (country of origin, industry) level into US dollars using the contemporaneous ex-
change rate, and then take log differences. This means that we assume that the log-change
in the price of each good at the (origin, destination, industry of supply, industry of use)
level is the same as (origin, industry of supply) level. If there are differential (changing)
transportation costs over time, then this assumption is violated.

To arrive at the contemporaneous exchange rate, we use the measures of nominal GDP
in the socioeconomic accounts for each year (reported in local currency) to nominal GDP

in the world input-output database (reported in US dollars).
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WIOD Sector Aggregated sector Trade Elasticity

1  Agriculture, Hunting, Forestry and Fishing 1 8.11
2 Mining and Quarrying 2 15.72
3 Food, Beverages and Tobacco 3 2.55
4  Textiles and Textile Products 4 5.56
5 Leather, Leather and Footwear 4 5.56
6  Wood and Products of Wood and Cork 5 10.83
7  Pulp, Paper, Paper , Printing and Publishing 6 9.07
8 Coke, Refined Petroleum and Nuclear Fuel 7 51.08
9  Chemicals and Chemical Products 8 4.75
10 Rubber and Plastics 8 4.75
11 Other Non-Metallic Mineral 9 2.76
12 Basic Metals and Fabricated Metal 10 7.99
13 Machinery, Enc 11 1.52
14 Electrical and Optical Equipment 12 10.6
15 Transport Equipment 13 0.37
16 Manufacturing, Enc; Recycling 14 5

17  Electricity, Gas and Water Supply 15 5

18 Construction 16 5

19 Sale, Maintenance and Repair of Motor Vehicles... 17 5

20 Wholesale Trade and Commission Trade, ... 17 5

21 Retail Trade, Except of Motor Vehicles and... 18 5

22 Hotels and Restaurants 19 5

23 Inland Transport 20 5

24 Water Transport 21 5

25 Air Transport 22 5

26 Other Supporting and Auxiliary Transport.... 23 5
27 Post and Telecommunications 24 5

28 Financial Intermediation 25 5

29 Real Estate Activities 26 5

30 Renting of M&Req and Other Business Activities 27 5

31 Public Admin/Defence; Compulsory Social Security 28 5

32 Education 29 5

33 Health and Social Work 30 5

34 Other Community, Social and Personal Services 30 5

35 Private Households with Employed Persons 30 5

Table 3: The sectors in the 2013 release of the WIOD data, and the aggregated sectors in
our data.
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B Duality with Multiple Factors and Tariff Revenues

The duality between trade shocks in an open economy and productivity shocks in a closed
economy extends beyond the one-factor case. In the multi-factor case with pre-existing
tariffs, external productivity shocks (like iceberg shocks) in the open economy translate
into productivity shocks and shocks to factor prices in the closed economy. In this section,
we establish this duality. As an example application, in Appendix C, we show how the
model in Galle et al. (2017), which studies the distributional consequences of trade with a
Roy model, can be generalized to economies with production networks.

With multiple factors and tariffs, we must use the change in the dual price deflator
Alog By, = Alog Py, = Alog i of the dual economy for given changes in factor prices
and not the change in real expenditure or welfare for given factor supplies. This requires
the choice of a numeraire in the dual closed economy: we use the nominal GDP, which
means that we normalize the nominal GDP of the dual closed economy to one. If there
are import tariffs, the input-output table should be written gross of any tariffs (that is,

including expenditures on tariffs by importers).

Theorem 7 (Exact Duality). The discrete change in welfare Alog W, of the original open econ-
omy in response to discrete shocks to iceberg trade costs or productivities outside of country c is
equal to (minus) the discrete change in the price deflator —Alog Py_ of the dual closed econony
in response to discrete shocks to productivities Alog A; = —(1/¢;)Alog O;. and discrete shocks
to the productivities of the factors Alog A r=—Alog Aj,. This duality result is global in that it
holds exactly for arbitrarily large shocks.

In other words, shocks to the open economy are equivalent to productivity and factor
price shocks in the closed economy. Note that if there are tariffs, tariff revenues imply
reductions in factor income shares in the original open economy, which translates into

positive shocks to the productivities of the factors in the dual closed economy:.

Corollary 7 (First-Order Duality). A first-order approximation to the change in welfare of the
original open economy is:

AlogW. = —AlogPy. ~ Y AAlog4;,
ieMc+F

where applying Hulten’s theorem, A; is the sales share of producer i when € M, and the sales share
of factor i in the dual closed economy (which we also sometimes write A;).
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Corollary 8 (Second-Order Duality). A second-order approximation to the change in welfare of
the original open economy is:

: 5 X d*log P
AIOg W, = —Alog PYc ~ Z A A log A — 1 Z VOS Y,
ieM:+F; i,je Mc+F, C“Og A]'dlog Ai

Alog AjA log A;,

N

where applying Bagaee and Farhi (2017a),

2 3 A

log P ' X VN

o dilogly _ _dAi ) (6 — 1)AkCovgyn <T(i)'T(1‘))'
dlogAjdlogA; dlogA; keN,

We can re-express the second-order approximation to the change in welfare of the original open
economy as:

o < < 1 X v <
Alog W, = —Alog Py =~ 2 AiNlog A; + 5 Z (9k — 1))\kVﬂI’Q(k) < Z T(I)A log Az) .
IEMc+F, keN. i€EM+F

Corollary 9 (Exact Duality and Nonlinearities with an Industry Structure). For country c
with an industry structure, we have the following exact characterization of the nonlinearities in
welfare changes of the original open economy.

(i) (Industry Elasticities) Consider two economies with the same initial input-output matrix and
industry structure, the same trade elasticities, but with lower elasticities across industries for
one than for the other so that 6, < 6. for all industries x. Then AlogW. = AlogY, <
Alog W! = Alog Y! so that negative (positive) shocks have larger negative (smaller positive)
welfare effects in the economy with the lower industry elasticities.

(ii) (Cobb-Douglas) Suppose that all the elasticities of substitution across industries (and with
the factor) are equal to unity (8, = 1), then Alog W, = —Alog Py_is linear in Alog A.

(iii) (Complementarities) Suppose that all the elasticities of substitution across industries (and
with the factor) are below unity (6, < 1), then AlogW, = —Alog PYC is concave in

Alog A, and so nonlinearities amplify negative shocks and mitigate positive shocks.

(iv) (Substituabilities) Suppose that all the elasticities of substitution across industries (and with
the factor) are above unity (8, > 1), then Alog W, = —Alog Pyc is convex in Alog A, and
so nonlinearities mitigate negative shocks and amplify positive shocks.

(v) (Exposure Heterogeneities) Suppose that industry x is uniformly exposed to the shocks as
they unfold, so that Var NG (Zle Mo+ F. ‘f’([)lsAlog /L) = 0 for all s where s indexes the
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dual closed economy with productivity shocks Alog A,s = sAlog A,, then AlogW,. =
—Alog Py is independent of 0. Furthermore

AlogW, = —AlogPy, = )| MAlog A,
LEM+F.

/ 2 (0 —1) AKSVM ( E ‘?(1),5A10g1‘il> (1 —s)ds.

KEN leMc+fC

Closed-form Expression for Example in Figure 1

The exact expression for the impact of the trade shock on welfare can be found in closed
form by exploiting the recursive structure of the contraction mapping because this exam-

ple features no reproducibility:

—_
Q

,_\
QD

AlogW, = —

_|_

log (M N}\ e~ (1-0)Alog Ap | ¢ _ ﬁ}\l—j)

M(Ny, N N—M>.

1 N

C Extension to Roy Models

Galle et al. (2017) combine a Roy-model of labor supply with an Eaton-Kortum model of
trade to study the effects of trade on different groups of workers in an economy. They
prove an extension to the ACR result that accounts for the distributional consequences
of trade shocks. In this section, we show how our framework can be adapted for ana-
lyzing such models. We generalize our analysis to encompass Roy-models of the labor
market, and show how duality with the closed economy can then be used to study the
distributional consequences of trade.

Suppose that H. denotes the set of households in country c. As in Galle et al. (2017),
households consume the same basket of goods, but supply labor in different ways.! We
assume that each household type has a fixed endowment of labor L;, which are assigned
to work in different industries according to the productivity of workers in that group and
the relative wage differences offered in different industries.

As usual, let world GDP be the numeraire. Define A? to be type h’s share of income

derived from earning wages f
Al Puehy
4 Ah

ISimilar methods can also be used when households have different consumption baskets, see Appendix
H, although Borusyak and Jaravel (2018) suggest that at least in the US, households have similar imported
consumption baskets.
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where x;, = ) ker PurAk. The Roy model of Galle et al. (2017) implies that

1

()"

Xh ¥ wy L
where 7}, is the supply elasticity, variables with overlines are initial values, L" is the stock
of labor h has been endowed with (since we analyze log changes, only shocks to the
endowment value are relevant). Galle et al. (2017) show that the above equations can be
microfounded via a model where homogenous workers in each group type draw their
ability for each job from Frechet distributions, and choose to work in the job that offers
them the highest return. The Roy model generalizes the factor market, with 7, = 1
representing the case where labor cannot be moved across markets by h. If 7, > 1 then h
can take advantage of wage differentials to redirect its labor supply and boost its income.

When ¢ — oo, labor mobility implies that all wages in the economy are equalized (and
the model collapses to a one-factor model).

Proposition 8 (Exact Duality). The discrete change in welfare Alog W, of group h € H. of the
original open economy in response to discrete shocks to iceberg trade costs or productivities outside
of country c is equal to (minus) the discrete change in the price deflator —Alog 15yg of the dual
closed economy in response to discrete shocks to productivities Alog A; = —(1/¢;)Alog Q. and
discrete shocks to factor wages Alog A F= —%Alog Aji. This duality result is global in that it

holds exactly for arbitrarily large shocks.

In the case where y — oo, we recover the one-factor version of Duality in Theorem 3.
Of course, due to the fact that factor shares Ail, are endogenously respond to factor
prices, Theorem 4 can no longer be used to determine how these shares will change in

equilibrium. Therefore, we extend those propositions here.

Proposition 9. The response of the factor prices to a shock d log Ay is the solution to the following
system.:

1. Product Market Equilibrium:

dlogA; ‘ | | dlog w;
Zdlog A (T Aj(1 = 6;)Covgy) (‘P(k) + ;T(f)dlog Ak/‘f(l)
dlogwy
+ L (- ) ( A ) |
h;{ l fEZFC f fdlog Ag
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2. Factor Market Equilibrium:

dlog A=Y Egu [vh (Exe (dlogwy —dlogw)) + (E g (dlogw)) + (dlogL)] .
heH

Given this, the welfare of the gth group is

dlogW,

B AW Wi h
dlog Ay —Z<AS Ag >dlogws+)\k +dlog L".

seF

The product market equilibrium conditions are exactly the same as those in Theorem
4, but now we have some additional equations from the supply-side of the factors (which
are no longer endowments). Letting 7, = 1 for every h € H recovers Theorem 4.

D Partial Equilibrium Counterpart to Theorem 5

Proposition 10. For a small open economy operating in a perfectly competitive world market, the

introduction of import tariffs reduces the welfare of that country’s representative household by
AW ~ 1ZA'A1 Alog puj
~3 N 0g Yin 108 His

where y; is the ith gross tariff (no tariff is y; = 1), y; is the quantity of the ith import, and A; is
the corresponding Domar weight.

Proof. To prove this, let e(p)W be the expenditure function of the household. We have
e(p)W = p-q+Y,;(y; — 1)p;y;. Differentiate this once to getc-dp +e(p)dW =g-dp+
dg-p+ Yiduipiyi + Yi;(ui — 1) d(piy;). Theorem 2 implies that this can be simplified
toe(p)dW = (g —c) - dp+ Liduipiyi + Li(pi — 1) d(pivi) = Li(pi — 1) d(piyi), where
the left-hand side is the equivalent variation. Now differentiate this again, and evaluate
at y; = 1 to get ), p;dy;. Hence the second-order Taylor approximation, at y = 1, is
% Yiduipidy; = % Y.;dlog uipiy; dlogy;, and our normalization implies p;y; is equal to
its Domar weight. n

E Some Applications of Theorem 4

In this subsection, we show that Theorem 4 can also be used to answer questions unre-
lated to welfare, such as for example questions involving the aggregation of trade elastic-
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ities or structural transformation in open economies.?>

E.1 Aggregating and Disaggregating Trade Elasticities

We start by defining a class of aggregate elasticities. Consider two sets of producers I and
J. Let A; = }ic;Aj and Ay = } ics be the aggregate sales shares of producers in I and
J, and let le = A;/A; and X]I = /\]-/ Aj. Let k be another producer. We then define the
following aggregate elasticities capturing the bias towards I vs. | of a productivity shock

to m as:
d(A1/A)

€1jm = m,
where the partial derivative indicates that we allow for this elasticity to be computed
holding some things constant.

To shed light on trade elasticities, we proceed as follows. Consider a set of producers
S € N, in a country c. Let | be denote a set of domestic producers that sell to producers
in S, and I denote a set of foreign producers that sell to producers in S. Without loss of
generality, using the flexibility of network relabeling, we assume that producers in I and
| are specialized in selling to producers in S so that they do not sell to producers outside
of S.

Consider an iceberg trade cost modeled as a negative productivity shock dlog(1/A)
to some producer m. We then define the trade elasticity as €7, = d(A;/A1)/0log(1/Am) =
d(A/A ]) /0log Ay,. As already mentioned, the partial derivative indicates that we allow
for this elasticity to be computed holding some things constant. There are therefore dif-
ferent trade elasticities, depending on exactly what is held constant. Different versions
of trade elasticities would be picked up by different versions of gravity equations regres-
sions with different sorts of fixed effects and at different levels of aggregation.

There are several possibilities for what to hold constant, ranging from the most partial

2Adao et al. (2017) show that economies of the sort that we consider can be represented as economies
in which only factors are traded within and across borders, and households have preferences over factors.
Theorem 4 can be used to flesh out this representation by locally characterizing its associated reduced-form
Marshallian demand for factors in terms of sufficient-statistic microeconomic primitives: the expenditure
share of household ¢ on factor f is given by ¥.f; the elasticities dlog'¥.r/dlog A; holding factor prices
constant then characterize its Marshallian price elasticities as well as its Marshallian elasticities with respect
to iceberg trade shocks

dlog ¥, o Y

dlogA; kg, 7, O~ DCoran (¥, Fip)-

The reduced-form factor demand system is locally stable with respect to a single shock d log A; if, and only,
if dlog ¥, r/dlog A; = 0, with a similar conditions for a combination of such shocks.

3We refer the reader to Appendix K for more examples involving the factor bias of trade, showing ad-
verse trade shocks can reduce the capital share in all countries.
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equilibrium to the most general equilibrium. At one an extreme, we can hold constant
the prices of all inputs for all the producers in I and | and the relative sales shares of all
the producers in S:

As As
em =YY Xi(6s—1) Con ZZX (6s—1) Con YLy Q) ()

seSiel sesje]

where [;) and [;) are the ith and jth columns of the identity matrix. An intermediate
possibility is to hold constant the wages of all the factors in all countries:

EI]k—Z?(Z ik — ZX] ik

icl je]

And at the other extreme, we can compute the full general equilibrium:

dlog A dlog A
I 8 o) g
Erm = Y Xi I + ) & —>
i g 1( ggﬁ ¥ dlog Ap Z *dlog A
dlog Ag _ dlogAg>
-Yx Y +§ B,——02o )
= ]( oy 18 dlog Ap < 8 dlog A

dlog A¢/ dlog Ay is given in Theorem 4.

The trade elasticity is a linear combination of microeconomic elasticities of substi-
tution, where the weights depend on the input-output structure. Except at the most
microeconomic level where there is a single producer s in S and in the most partial-
equilibrium setting where we recover €; — 1, this means that the aggregate trade elasticity
is typically an endogenous object, since the input-output structure is itself endogenous.*
Furthermore, in the presence of input-output linkages, it is typically nonzero even for
trade shocks that are not directly affecting the sales of I to |, except in the most partial-

equilibrium setting.

Example: Trade Elasticity in a Round-About World Economy

In many trade models, the trade elasticity, defined holding factor wages constant, is an
invariant structural parameter. As pointed out by Yi (2003), in models with intermediate
inputs, the trade elasticity can easily become an endogenous object.Consider the two-
country, two-good economy depicted in Figure 2. The representative household in each

4In Appendix K, we provide necessary and sufficient conditions for the trade elasticity to be constant in
the way.
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country only consumes the domestic good, which is produced using domestic labor and
imports with a CES production function with elasticity of substitution 8. We consider the
imposition of a trade cost hitting imports by country 1 from country 2. For the sake of
illustration, we assume that the trade cost does not apply to the exports of country 1 to
country 2.

The trade elasticity holding factor wages and foreign input prices constant is a con-
stant structural parameter, and given simply by

6 —1.

However, echoing our discussion above, the trade elasticity holding factor wages constant
is different, and is given by
-1
1— 0o’

where ();; is the expenditure share of i on j, e.g. its intermediate input import share. As
the intermediate input shares increase, the trade elasticity becomes larger. Simple trade
models without intermediate goods are incapable of generating these kinds of patterns.

Of course, since the intermediate input shares ();; are themselves endogenous (de-
pending on the iceberg shock), this means that the trade elasticity varies with the iceberg
shocks. In particular, if & > 1, then the trade elasticity increases (nonlinearly) as iceberg

costs on imports fall in all countries since intermediate input shares rise. °

Figure 3: The solid lines show the flow of goods. Green nodes are factors, purple nodes
are households, and white nodes are goods. The boundaries of each country are denoted
by dashed box.

5In Appendix K we show that there it is possible to generate “trade re-switching” examples where the
trade elasticity is non-monotonic with the trade cost (or even has the “wrong” sign) in otherwise perfectly
respectable economies. These examples are analogous to the “capital re-switching” examples at the center
the Cambridge Cambridge Capital controversy.
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E.2 Example: Baumol’s Cost-Disease and Export-Led Growth

We illustrate the nonlinear effects of trade and productivity shocks on real output dis-
cussed in Section 5.1 via a simple example showing how opening up to trade and relying
on export-led growth can overcome Baumol’s cost disease. Baumol’s cost disease is a
phenomenon whereby in the presence of complementarities across sectors, the relative
sales of sectors with relatively faster productivity growth shrink over time as a result of
their higher productivity growth. It reduces down the growth rate of aggregate produc-
tivity over time. As discussed in Bagaee and Farhi (2017a), Baumol’s cost disease is a

manifestation of nonlinearities.

Figure 4: The solid lines show the flow of goods while the dashed lines show the flow of
wage payments.

Consider the economy depicted in Figure 4. Countries 1 and 2 produce varieties of
wine and cloth. The representative household in each country consumes a composite
of foreign and domestic varieties of wine and cloth. We assume that the elasticity of
substitution across foreign and domestic varieties of wine or cloth is 6 > 1, but that the
elasticity of substitution between wine and cloth is ¢ < 1. To simplify the algebra, assume
that there is no home-bias, so that both households consume the same basket of wine and
cloth. Finally, we assume that wine and cloth have the same size at the initial point so
that )\Zloth = Azlt/)ine = 1/2 and /\leothl = Az)line
initial point is x{ . It is also the share of country 1’s varieties in the overall baskets of wine

L= 1/2. The relative size of country 1 at the
and cloth. It therefore also indexes the degree of openness of country 1: when x{ = 1, it

is a closed world economy; when x} = 0, country it is a small open economy.

The effect on the real output of country 1 from an increase Alog A, in the produc-
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tivity of its cloth is given up to the second order by®

dlogY; 1 d?*logY; 2
AlogY; ~ log ——8"1 Alog Ao + =———8 "L (Alog Acorn ),
g 11 gdlog Acloth1 S Lclothy 2d10g Aglmhl( g Clothl)
with
Y;
dlog¥y _ v, _ 1 dlogyi _ dhgn, _ ()(e-1)  (1-x])(E-1)
dlog Aciom, ™M 2" dlog Ay, dlog Adom, 2 4

The second-order term capture the extent to which large shocks have larger or smaller
proportional effects than small shocks, conditional on the size of the sector. Cumulating
rates of productivity growth over time is equivalent to increasing the size of the shock.
The second-order term therefore captures the strength of Baumol'’s cost disease. When it
is negative, Baumol’s cost disease obtains. When it is positive, we have a form of reverse
Baumol’s cost disease where the sector with faster productivity growth expands instead
of shrinking.

As we increase the relative size and openness x1 of country 1, the effect on its real
output of the productivity of its cloth becomes smaller because Baumol'’s cost disease be-
comes stronger. In the small-open economy limit x] — 0, we have d*logY;/ dlog A% thy =
(6 —1)/4 > 0, and so there is reverse Baumol’s cost disease. In the large-closed-economy
limit x) — 1, we have d*log Y,/ d log A%lothl = (0 —1)/2 < 0 and so there is Baumol’s
cost disease.

Of course, if country 1 is small and closed, then it is as if it were a large-closed econ-
omy. Opening up to international trade turns it into a small-open economy. Trade can
therefore overcome (and indeed overturn) Baumol’s cost-disease by allowing export-led
growth.

F Generalizing Sections 3 and 5 with Distortions

In this section, we explain how to adapt the results of Sections 3 and 5 in economies with

tariffs or other distortions.

®Here again, we slightly abuse notation by using derivative symbols since Y; is not a function.
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Comparative Statics: Ex-Ante Sufficient Statistics

Since any wedge can be represented as a markup, without loss of generality, we assume
that all wedges in the economy (including tariffs) have been represented as markups.”
We use the diagonal matrix of markups/wedges u. Following Baqaee and Farhi (2017b),
we define the cost-based HAIO matrix Q) = u() and the corresponding cost-based Leontief
inverse matrix ¥ = (I — Q))~!. All the exposures and factor income shares that we defined
with the matrix () have cost-based analogues which we denote with tildes.

Finally, it is convenient to introduce “fictitious” factors, one for each produceri € N,
which collects the revenues A;(1 — 1/ ;) earned by the markup/wedge of this producer.
We denote the set of true and fictitious factors to be F*. For each fictitious factor f €
F* — F, we denote by ((f) € N the good associated with it. Just like for a true factor, we
define @ for a fictitious factor to be the share of the income of this factor which accrues
to the representative agent of country c. All exposures in gross real output, and in real
expenditure or welfare to a fictitious factor are equal to zero, at the country and World
levels. But the incomes shares of these factors are not zero. For example A;vf = f =0,
but A; # 0 and Af # 0 if the markup/wedge of the corresponding producer is nonzero.

In Theorem 11, we characterize changes in real output dlog Y, = } ;cn )(3/5 dlogq,
exactly as in the model without distortions, where recall that g.;, > 0 for i € N, and
gei < 0fori ¢ N.. We also define the corresponding revenue- and cost-based exposures
to goods or factors k as /\ZC and ;\ZC.

However, arguably, real GDP is less interesting in the presence of distortions because
the double-deflation method runs into some conceptual problems. Basically, if there are
markups or other wedges in the domestic economy, then imported intermediate inputs
may not be netted out of real GDP using their shadow value. This means that changes in
intermediate imports can affect real GDP holding fixed domestic productivity, domestic
factors, and the domestic allocation matrix.

To remedy this issue, we define the change in the gross real outputd log Y. = ¥;c N, XiYC dlogq.
of a country by treating imports in the same way as factor inputs, where x ;C = piqe;/ (Lien, Pidci)-
Following the by now usual template, we also define the corresponding revenue- and
cost-based exposures to goods or factors k as AY“ and AY“

We now state two growth-accounting theorems, one for changes in gross real output
and real GDP and the other for changes in real expenditure or welfare at the country and
world levels. These theorems offer decompositions into “pure” technology effects and
reallocation effects. As for the case without distortions discussed in the main text, we

To represent a wedge on i’s ability purchase inputs from k, we can introduce a new producer which
buys from k and sells to 7 at a markup.
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slightly abuse notation: first, except for changes in welfare at the country level, these ob-
jects are not differentials of corresponding level functions; second except for changes in
welfare at the country level, reallocation effects are defined as the changes in the corre-
sponding object with fixed prices (not chained) and holding the allocation matrix constant
(this is not necessary for the change in welfare at the country level because it is the differ-
ential of a function, which can be evaluated with a constant allocation matrix, along the
lines of the exposition in the main text).

Define AZMC to be the expenditures of country c on intermediate imports of good i as a
share of the GDP of country c.

Proposition 11 (Output-Accounting). The change in gross real output of country c to pro-
ductivity shocks, factor supply shocks, transfer shocks, and shocks to markups/wedges, can be
decomposed into:

(i) For real GDP,

dlogY. = Y AfdlogLs+ Y Af“dlogA;

feF ieN;
N F . . .
T A% dlog yi—f; Rldlog A¥ 4 oy (AM—35) (dlog AMe — dlog(qei)) -
1€ N, €re 1€N—N¢

(ii) For real gross output,

dlogV.= Y AjdlogLs+ Y. Afdlog(—qq)+ Y A/ dlogA;
feF ieEN—N, i€N,

ATecl;;;ology

. F . .
- Z Z}Cdlogyi — Z A}/Cdlog/\}/c.
i€EN; feF;

- -
-~

AReallocation

For the world, real gross output and real GDP coincide. The change dlog Y of world gross real
output, which coincides with the change in world real output dlogY, can be obtained by simply
suppressing the country index c.

For real GDP, we do not separate the decomposition into a pure technology and re-
allocation effect. This is due to the presence of the final summand (which disappears in

efficient economies because AIMC = 7\3(“). Intuitively, when there are markups, changes in
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imported intermediates can have an effect on real GDP holding fixed technology, domes-
tic factors, and even the allocation matrix, purely because the contribution of intermediate
imports to real production is measured by 7\3/6 but it is netted out of GDP using AlMc.

Instead, we focus our attention on changes in real gross output. The main differences
between Proposition 11 and its equivalent Theorem 1 for economies without distortions
are as follows. First the “pure” technology effects use cost-based (and not revenue-based)
exposures. Second, because we look at gross real output (and not real output), changes
in imports show up as changes in factor supplies via the term ) ;- n_N. ;\fc dlog(—4ci)-
Third, there are non-zero reallocation effects. The term — ZJE cL. [\}KE dlog A}(C is a weighted
average of the changes in the domestic factor income shares. When it is positive, it means
that domestic factor shares are reduced on average, which, loosely speaking, means that
the domestic share of profits is increasing. It indicates that resources are being reallo-
cated to more distorted parts of the domestic economy, which increases real gross output
because these parts of the domestic economy were too small to begin with from a so-
cial perspective. Of course, when markups/wedges increase, this mechanically increases
the domestic profit share and reduces average domestic factor income shares. This effect
must therefore be netted out and this is the role of the term } ;. )1?6 dlog ;.

Following Baqaee and Farhi (2017b), we can define the aggregate productivity of coun-

try c via the “distorted” Solow residual, which by Proposition 11, is equal to

dlog¥.— Y AfdlogL;— Y. Al"dlog(—qc)
feF. iEN—-N,
Y.

- - F N
= ) ArdlogAi— ) Affdlogu; — ) Ay dlog Ay

i€N, i€N, feF:
The distorted Solow residual is a better measure of the aggregate productivity of country
c in the sense that it only depends on the evolution of technology and the allocation of
resources inside country c. In particular, this means that it does not respond directly to
external shocks unless those shocks reallocate resources inside country ¢ in a way where
the reallocation affects the net output produced by country c.

The distorted Solow residual correctly accounts for the “pure” technology effect of
changes in factor inputs by weighing them by their cost-based real gross output exposures
(and not by their revenue-based gross real output exposures, as would be the case in the
traditional Solow residual).

At the world level, we recover precisely the result of Baqaee and Farhi (2017b) for a
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closed economy:

dlogY =dlogW = Z;\idlogAi— Zf\idlogyi— Zf\fdlog./\f.
iEN iEN feF

Proposition 12 (Welfare-Accounting, Reallocation). The change in welfare of country c in
response to productivity shocks, factor supply shocks, and transfer shocks can be decomposed into
the “pure” effects of changes in technology and the effects of changes in the allocation of resources:

dlogWe = ) AfdlogLy + ) A" dlog A;
feF ieN

-

ATecP?;gology

-Y lecdlogyi - Y A}VCdlogAf—F ) A%y dlog Af + (1/xM)dT..
ieN feF feF*

- -

AReallocation

The change dlog W in world real expenditure or welfare can be obtained by simply suppressing

the country index ¢

The main differences between Theorem 12 and its equivalent Theorem 2 for economies
with no distortions are as follows. First, they use cost-based exposures rather than revenue-
based exposures. Second, they account for the changes in the contributions to income of
the revenues raised by the different markups/wedges, which is reflected in the sum over
f € F* (and not f € F). Third, they account for the effects of changes in markups/wedges
on the country welfare deflator, which is reflected in the term — ) ;- ;\}/VC dlog p;.8

Theorems 11 and 12 give a unified framework for growth and productivity account-
ing in open, closed, distorted, and undistorted economies. They use changes in factor
shares (ex-post sufficient statistics). We now supplement them with propagation equa-
tions which express changes in factor shares as a function of microeconomic primitives

(ex-ante sufficient statistics).

Comparative Statics: Ex-Post Sufficient Statistics

We redefine the (N + F) x (N + F) “propagation-via-substitution” matrix I and the (N +
F) x F* “propagation-via-redistribution” matrix Z:
A/ Pk

Iii=) (6,—1) Cov Yo, ¥y ),
j k;\[ k A Q<k>< (i) (J))

8 At the world level, where we recover once again the result of Baqaee and Farhi (2017b) for a closed
economy.
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- W,
Eif =+ Y (A = A DAy,

tceC
where we write A; and A; interchangeably when i € F is a factor. The only differences
with the case with no distortions are as follows. First, we now use a mix of revenue-
based and cost-based columns of the Leontief inverse matrix ¥ ;) and ‘T’(j), because the
transmission of the transmission of expenditures is governed by ¥ and the transmission
of prices by ¥. Second, the sales share of producer k is divided by its markup/wedge
because what matters is its cost, not its revenue. Third, redistribution terms are now also
defined for fictitious factors.
Finally, we also define the (N + F) x N “propagation-via-input-demand-suppression”
matrix X
Aj
Zij = (Lii=jy — 7 ¥ji)-
1
This matrix will play a role for the characterization of the changes in sales shares and fac-
tor shares in response to shocks to markups/wedges, because while these shocks act like
negative productivity shocks on prices (for given factor wages) and their associated sub-
stitution effects, as captured by the propagation-via-substitution matrix, they also release
resources via a reduction in the demand for inputs.

Proposition 13 (Factor Shares and Sales Shares). The changes in the sales share of goods and
factors in response to a productivity shock to producer i are the solution of the following system of

linear equations:’
dlogA; dlog Ag _ dlogAg ,
dlog A; Zr]gdlogA T ;*“ng forjeN,
dlog Ay dlogAg dlog Ag
Yz J — _ T = F
dlog A; g; fgdlogA eZF:* gdlogA for f e

legAf _ dlog)\t(f) forf c o
dlog A; dlog A;

The changes in the sales share of goods and factors in response to a markup/wedge shock to producer

When f € F* —F, if #,(f) =1, we have Ay = 0, and so dlog A¢/ dlog A; is not defined. The corre-
sponding equation can then be omitted by using the convention & dlog A¢/ dlog A; = 0.
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i are the solution of the following system of linear equations:'°

dlogA; dlog A dlog A |
8% iy Ly g o8 o
dlogu; g; 8 Jlog ; g;,* ¢ Tlog e for |
dlog As dlog Ag dlog Ag
dlogpy T T Efga1a. JorfeF,
dlogﬂi fi fi geZF & qloe u; d_]og‘ul gg* gdlogy f f
dlogAs dlogA,p 1 *
dlogp;  dlogpu; +1{t(f)=i}m for f € F* —F.

More generally, we can use the characterization of the responses of sales shares and factor shares to
characterize the responses of the input-output matrix, of the Leontief inverse matrix, and of all the
income shares and all the exposures in real output and real expenditure or welfare, at the country
and world levels, cost- and revenue-based.

Armed with Theorem 13, it is straightforward to characterize the response of prices
and quantities to shocks.!!

Corollary 10. (Prices and Quantities) The changes in the wages of factors and in the prices and
quantities of goods in response to a productivity shock to producer i are given by:

dlogwy dlogAy

dlog A;  dlogA;’

dlogp; dlogw,
dlog A; —Yi+ Z T]gdlogA
dlogy; dlog)\] dlogp;
dlogA; dlogA; dlog A

where dlog A¢/ dlog A; is given in Theorem 4. The changes in the wages of factors and in the
prices and quantities of goods in response to a markup/wedge shock to producer i are given by:

dlogwy dlogAy

dlogu;  dlogpu;’

dlogp; . dlogw,
— ¥+ ), C 808

dlog y; I gEZF 18 dlog u;

When f € F* — F, if #i(r) =1, wehave Ay = 0and so dlog As/ dlog y; is not defined. The correspond-

ing equation can then be omitted by using the convention 5;¢ dlog Af/ dlog A; = 0. When p; = 1, dlog y;
is not defined, and so we cannot define the elasticities of sales shares with respect to y;, but we can define
and compute their semi-elasticities in a straightforward way, but we omit the details for brevity. The same
remark applies to Corollary 10.

Recall that prices are expressed in the numeraire where GDP = GNE = 1 at the world level.
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dlogy; dlogA; dlogp;

dlogyu; dlogu; dlogpu;’

where dlog Ay / dlog p; is given in Theorem 4.

G Beyond CES

Following Bagaee and Farhi (2017a), we can extend all the results in this paper to arbi-
trary neoclassical production functions simply by replacing the input-output covariance
operator with the input-output substitution operator instead. The only exception to this is
the duality result, in say Theorem 3, which make explicit use of the CES functional form.

For a producer k with cost function Cy, the Allen-Uzawa elasticity of substitution be-

tween inputs x and vy is

Crd*Cy/ (dpxdpy) _ ex(x,y)
dCy/dpy)(dCy/dpy) —  Qiy

Qk(X,]/) = (

where € (x, y) is the elasticity of the demand by producer k for input x with respect to the
price py of input y, and (), is the expenditure share in cost of input y. We also use this
definition for final demand aggregators.

The input-output substitution operator for producer k is defined as

qu(T(i)rT(j)) = - GZN+F Qkx [5xy + Qky(gk(xi y) - 1)]TXi‘FW"
Xy

_ %Em) (86, y) — D(¥i(x) = ¥ (1) (F;(x) — Y1),

where Jyy is the Kronecker delta, ¥;(x) = ¥,; and ¥;(x) = Y., and the expectation on
the second line is over x and y.

In the CES case with elasticity 6, all the cross Allen-Uzawa elasticities are identical
with 0 (x,y) = 6k if x # y, and the own Allen-Uzawa elasticities are given by 6 (x,x) =
—0k(1 — Oy ) / Q. It is easy to verify that when Cy has a CES form we recover the input-
output covariance operator:

@ (Y i), ¥(j) = (0 — 1)Covqw (i), ¥j))-
Even outside the CES case, the input-output substitution operator shares many prop-

erties with the input-output covariance operator. For example, it is immediate to verify,

that: (¥ (;), ¥(j)) is bilinear in ¥ ;) and ¥ (;); @ (¥ (;), ¥ (j)) is symmetricin ¥ ;) and ¥ (;);
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and @i (Y (;), ¥(j)) = 0 whenever ¥ ;) or ¥; is a constant.
All the structural results in the paper can be extended to general non-CES economies
by simply replacing terms of the form (6 — 1)Covy (¥ (3), ¥ (j)) by Pu(¥ (i), ¥(j))-

H Heterogenous Households Within Countries

To extend the model to allow for a set of heterogenous agents 1 € H. within country
c € C, we proceed as follows. We denote by H the set of all households. Each household

h in country ¢ maximizes a homogenous-of-degree-one demand aggregator

Cn = Wi{chi}ien),

subject to the budget constraint

Y picni = Y PupwsLp + T,
iEN feF

where cy; is the quantity of the good produced by producer i and consumed by the house-
hold, p; is the price of good i, ®y is the fraction of factor f owned by household, wy is
the wage of factor f, and Tj, is an exogenous lump-sum transfer.

We define the following country aggregates: c.; = Y ycn, Chis Pof = Ypen, Pns, and
Te = Yhen, Tn. We also define the HAIO matrix at the household level as a (H + N +
F) x (H + N + F) matrix Q) and the Leontief inverse matrix as ¥ = (I — Q).

All the definitions in Section 2 go through. In addition, we introduce the correspond-
ing household-level definitions for a household h. First, the nominal output and the nom-

inal expenditure of the household are:

GDPy = ) Puswsly, GNEy =) picw = ), PuswsLs+ T,
fGF ieEN fEF

where we think of the household as a set producers intermediating the uses by the differ-
ent producers of the different factor endowments of the household. Second, the changes
in real output and real expenditure or welfare of the household are:

dlogY, =) _ X}(h dlogLs, dlogPy, =) X}Kh dlogwy,
feF feF
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dlogW, = Z )(lwh dlogcy, dlogPw, = Z Xlwh dlogpi,
iEN ieEN
with )(}(’1 = @y swelfGDP, and X}N’l = picpi/ GNE},. Third, the exposure to a good or factor
k of the real expenditure and real output of household / is given by

W, W, Y, Y
M= x Y A=) X¢ Y i
iEN feF

where recall that X}N’l = picpi/ GNEy, and X}/h = ®pswrLls/GDPy. The exposure in real
output to good or factor k has a direct connection to the sales of the producer:

Y, D Py
)\kh e 1{keF}W1)h,

where )\Zh = Lixery P (GDP/GDP;) Ay the local Domar weight of k in household # and
where @y = 0 for k € N to capture the fact that the household endowment of the goods
are zero. Fourth, the share of factor f in the income or expenditure of the household is
given by
n _ Purly
f = GNE, °
The results in Section 3 go through without modification. Theorems 1, 14, and 2, as
well as Corollary 11 can be extended to the level of a household & by simply replacing the
country index ¢ by the household index h.
The results in Section 5 go through with the following modifications. The (N + F) x
(N + F) propagation-via-substitution matrix I' must now be defined as

Ak

Fi]- = Z (Qk — 1)TCOUQU<> (T(Z),T(])> P
keN !

and the (N + F) x F propagation-via-redistribution matrix E as

= A = A
Bif = )~ Purhy,

where we write A; and A; interchangeably when i € F is a factor.

The results in Section 6.3 go through with the following changes. Theorem 5 go
through without modification, and be extended at the household level where AlogY) ~
0.

Corollary 5 goes through with some minor modifications. The world Bergson-Samuelson
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welfare function is now W25 = ¥, X}V log W,, changes in world welfare are measured as
Alog d, where 6 solves the equation WBS(Wy,...,Wy) = WBS(W,/6,..., Wy /6), where
W), are the values at the initial efficient equilibrium. We use a similar definition for coun-
try level welfare J., and the same notation for household welfare §,. Changes in world
welfare are given up to the second order by

Alogd ~ Alog W + Cov,w (A log x¥, Alog pwh) ,
changes in country welfare are given up to the first order by
Alogd. ~ Alog W, ~ Alog)(gv — Alog Py,
and the change in country welfare up to the first order by
Alogd, ~ Alog W, = Alog)(;:v — Alog Py, .

Theorems 5 and Corollary 5 go through with some minor modifications. Changes in

factor shares are given up to the first order by the system of linear equations

Alog Ay =~ — Z ['riMlogp; — Z [reAlog Ag + Z HreAlog Ag

ieN geF geF
Ai -
— Z A_lTifA log Ui+ Z dafl'A log Wi,
ieN 3 ieN
where the definition of E is extended for f € Fandi € N by &f; = Aif Yohe H(A}vh —

A f)CIDhi/\i, and ®y; is the share of the revenue raised by the tariff or other distortion on
good i which accrues to household . Changes in household income shares are given up
to the first order by

XZVA log XZV = Z q)thgA log Ag + Z (I)hi/\iA log Wi,
g€eF iEN

and changes in country income shares are given by Alog x!' = Yj,cp. XZVCA log x/”. Changes
in household real expenditure deflators are given up to the first order by

Alog Py, = Y AlWhAlog nit+ Y Agthlog Ag.
iEN g€eF

In Theorem 5, changes in world real output and real expenditure are given up to the
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second order by

1
AlogY = AlogW =~ —5 Y. Y AloguAlogy Y AifiCovey) (Y ), ¥ 1))

leNkeN jEN
1
—5 2 2 AlogAgAlogpy ) ABiCovq (¥g), ¥ )
leN g€eF jEN

1 14
+5 2 2 X Mogxy Alog (A" = Ay),
leN heH

changes in the real output of country c are given up to the second order by

1
Alog Y, ~ - Y. Y AloguAlogu; Y )\;’cejCon(,-) (Y- ¥y)

leN; keN jEN
1 Y.
— E Z Z A]Og AgA lOg Hi Z /\] GjCOUQ(]') (‘Y(g),lf(l))
IeN: g€F jEN

1 W,
+5 2 X i Alog ! Alog (A" — A/ xt,
leN. heH

and changes in the real output are given up to the second order by Alog Y}, ~ 0. Corollary
6 goes through unchanged and can also be applied at the level of a household, using
Corollary 5.

I Ex-Ante Comparative Statics for Transfer Shocks

In this section, we show how to extend the results in Section 5 to cover shocks to transfers.
Define the (N + F) x C matrix Z7:

We
Ai
A

-T

ceC

For some feasible perturbation of transfers ) ;.- d T, = 0, changes in factor shares

solve the following system of linear equations

dlogAf=—) TredlogAg+ ) EfedlogAg+Ef dTe.
g€F g€F
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Changes in sales shares are then given by

dlogAj = — Y TjodlogAg + ) Ejedlog Ag + 2/ d T
g€F g€F

J] Terms-of-Trade Decomposition

In this section, we characterize an alternative decomposition of welfare in terms of output
and terms-of-trade effects. We then contrast this decomposition with the reallocation
decomposition, and provide some notable special cases under which the terms-of-trade
decomposition or the reallocation decomposition take especially simple forms.

Proposition 14 (Welfare-Accounting, Terms of Trade). The change in welfare of country c

in response to productivity shocks, factor supply shocks, and transfer shocks can be decomposed

into:12
dl 2/ 2/ 1 c Xc Y.
og W, = Wdloch =y dlog Py, —dlog Py, + — d Tc + Z(Af Af)dlogAf,
Xl Y e = Xt
AOutp ut ATerms of Trade ATransfers and Net Factor Payments

where the change in terms of trade (x¥ /x!') dlog Py. — dlog Py, is

. X SN
.ZN()‘iW _x: AY<) dlog A; +fzp (A ——VCVAJ‘{) (—dlogAs+dlogLy),
1€ €

with xY'/x = GDP./GNE.. The change d log W of world real expenditure can be obtained by
simply suppressing the country index c.

To understand this result, consider for example a unit change in the productivity of
producer i on the terms of trade. Intuitively, for given factor wages, the productivity
shock affects the terms of trade of country c according to the difference between the coun-
try’s exposures to producer i in real expenditure and in real output AIWC —(xY/ )(Z’V)A}/C.
The productivity also leads to endogenous changes in the wages of the different factors
dlog ws, which given that factor supplies are fixed, coincide with the changes in their fac-

tor income shares dlog A f.13 These changes in factor wages in turn affect the country’s

12When all factors inside a country are owned by the residents of that country, Aj, = A¥ £ and so net

factor payments are zero. If in addition, there are no transfers so that T, = 0, then x; = Xc and our
decomposition is invariant to changes in the numeraire. Outside of this case, the choice of numeraire
influences the breakdown into changes in terms of trade and changes in transfers and net factor payments,
but not the sum of the two.

13The formula actually still applies with endogenous factor supplies.
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terms of trade according to the difference between the country’s exposures to producer f
in real expenditure and in real output AJKVC — (xr/ XZV)A}/C.

At the country level, unlike real output, real expenditure or welfare does respond to
productivity shocks outside the country in general because these shocks affect the terms
of trade (and net factor payments). In particular, while shocks to iceberg trade costs out-
side a country do not affect its real output or its productivity, they do affect its real expen-
diture or welfare.

At the world level, there are no terms-of-trade effects (and no transfers or net factor
payments). Furthermore, changes in real output and real expenditure or welfare and their
corresponding deflators for each country aggregate up to their world counterparts. This
implies that changes in the country terms of trade sum up to zero:

> X [(xe /xc") dlog Py, — dlog Piy] = dlog Py — dlog Py =0,

ceC
where YV = GNE./GNE and x/ = GDP./GDP. Terms-of-trade effects can therefore be
interpreted as zero-sum distributive effects. The same goes for transfers and net factor

payments.

J.1 Terms of Trade vs. Reallocation

Theorems 14 and 2 provide two decompositions of changes in real expenditure or wel-
fare with different economic interpretations: the terms-of-trade and reallocation decom-
positions. Both the reallocation effects and the terms-of-trade effects (and the net-factor-
payments and transfer effects) can be interpreted as zero-sum distributive effects, and
both of them can be written in terms of changes in factor shares. The goal of this section

is to compare the two decompositions.

Two Hulten-Like Results

To frame our discussion, it is useful to start by stating two different Hulten-like results
for welfare in open economies. We call these “Hulten-like” results because they predict
changes in welfare as a function of initial expenditure shares only without requiring infor-

mation on changes in (endogenous) factor shares.

Corollary 11 (Welfare, Two Hulten-like Results). In the following two special cases, Hulten-
like results give changes in the welfare of a country c as exposure-weighted sums of productivity
and factor supply shocks (and do not feature changes in factor shares).

75



(i) Assume that country c receives no transfers from the rest of the world (balanced trade), there
are no cross-border factor holdings, and international prices are exogenous and fixed (small-
open economy). Then there are only real output effects, and no terms-of-trade, transfer effects,
or net factor payment effects, so that the change in welfare is given by

dlogW, =dlogY. = ) NG dlog Ly + ) A}KC dlog A;.

f
feF. ieN;

(ii) Assume either that the world economy is Cobb-Douglas or, if it is not, that we keep the allo-
cation of resources (the allocation matrix) constant. Then there are only “pure” technology

effects and no reallocation effects, so that the change welfare is given by:

dlog W, = Z A;VC dlog Ly + Z )LIWC dlog A;.
feF iEN

Corollary 11 follows from Theorems 14 and 2. It shows that in some special cases,
we can continue to use exposures to predict the effects of productivity and factor supply
shocks on welfare in open economies.

The two Hulten-like results are very different. Focusing on productivity shocks, the
elasticities dlog W,/ dlog A; of real expenditure to productivity shocks are given by ex-
posures in real output )\ZYC in case (i) and by exposures in welfare )\ZWC in case (ii).

The intuitions underlying the two Hulten-like results are also very different. The orig-
inal Hulten theorem applies in a closed economy (e.g. the world) where there are neither
terms-of-trade effects nor reallocation effects. In case (i), there are no terms-of-trade ef-
fects but there are reallocation effects. In case (ii), there are no reallocation effects, but
there are terms-of-trade effects.

More generally, we can interpret the real output effects in Theorem 14 and the “pure”
technology effects in Theorem 2 as Hulten-like terms, and the terms-of-trade effects (to-
gether with transfers and net factor payments) and reallocation effects as adjustment
terms. As we saw earlier, these adjustment terms are zero-sum and depend on changes

in factor shares.

Comparing the Terms-of-Trade and Reallocation Decompositions

Both decompositions can be applied at the level of a country and the world. Both decom-
positions isolate a distributive zero-sum term, which aggregates up to zero at the level
of the world economy. These different distributive terms are responsible for departures

from two different versions of Hulten’s theorem. The main difference between the two
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decomposition is their economic interpretations.

Beyond their differences in interpretation, the two decompositions have different ro-
bustness and aggregation properties, and different data requirements. In these regards,
the reallocation decomposition has several advantages.

First the reallocation decomposition is based on general equilibrium counterfactual:
“pure” changes in technology coincide with the change in real expenditure that would
arise under the feasible counterfactual allocation which keeps the allocation of resources
constant. This is not the case for the terms-of-trade decomposition: changes in real out-
put are not the changes in real expenditure that would arise under a specified feasible
counterfactual allocation.

Second, as discussed in Section 5, this particular general equilibrium counterfactual
is extremely useful conceptually and intuitively in order to unpack our counterfactual
results. This is because reallocation effects (but not “pure” technology effects) depend only
on expenditure substitution by the different producers and households in the economy.
By contrast, terms-of-trade effects also include technology effects.

Third, the reallocation decomposition is not sensitive to irrelevant changes in the en-
vironment, because it does not use changes in real output. This is not the case for the
terms-of-trade decomposition: for example, assuming that changes in iceberg trade costs
apply to the importers of a good or to its exporter simply produces different represen-
tations of the same underlying changes in the economy and is immaterial for changes
in welfare, but it does modify the changes in terms of trade of the importers and of the

exporter.

Figure 5: Anillustration of the two welfare decompositions in an economy with two coun-
tries, two factors, and two goods. Country 1 has an endowment of a commodity good
(C), and country 2 has an endowment of the manufacturing good (M). The representative
household in country 1 consumes only the manufacturing good, and the representative
household in country 2 consumes a CES aggregate of the two goods with an elasticity of
substitution 6.

Fourth, the two decompositions have different economic interpretations. It is useful
to provide a simple illustrative example. Consider the economy depicted in Figure 5
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with two countries, two factors, and two goods. Country 1 has an endowment of a com-
modity good (C), and country 2 has an endowment of the manufacturing good (M). The
representative household in country 1 consumes only the manufacturing good, and the
representative household in country 2 consumes a CES aggregate of the two goods with
an elasticity of substitution 6:

0
(@zc(y_z—c)%1 + @2M(3{2—M)6)51> o
Yac Yam

C and M can either be substitutes (6 > 1) or complements (8 < 1). We denote by A, the
sales share of the consumption bundle of producer 2, and by Ac and A, the sales shares
of C and M (the factor income shares), with Ay, = Ac.

Consider a shock d wop = — d @y > 0 which shifts the composition of demand away
from C and towards M in country 2. 1* The shock reduces the welfare of country 1 with

dlog Wy = —9L dlog wyc < 0.
AMm

There are neither real output nor “pure” technology effects, and there are equivalent neg-
ative terms-of-trade effects and reallocation effects:

dlog pc — dlogpm = dlog Ac —dlog Ay = —9AL dlog @, < 0.
M

This can be seen as a simple illustration of the Prebisch-Singer hypothesis, whereby de-
mand shifts towards manufacturing as countries develop at the expense of commodity
producers.

Consider next a shock dlog C > 0 which increases the endowment of C in country
1. The effect of the shock is different depending on whether C and M are substitutes
(complements): it improves (reduces) the welfare of country 1 with

dlogW; = (6 — 1)“/’5—M dlogC;
M

there are positive real output effects dlogY; = AcdlogC > 0 and less (more) negative

14This shock can be modeled as a combination of positive and negative productivity shocks d log Ay =
[0/(60 —1)]dlogd @y and dlog Axe = [0/(6 — 1)] dlogd ;e for fictitious producers intermediating be-
tween C, M, and the representative household of country 2.
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terms-of-trade effects
dlog pc — dlog par = —Acdlog C + (6 — 1)‘;’5—1” dlog C;
M
there are no “pure” technology effects, and positive (negative) reallocation effects

dlog Ac —dlog Ay = (6 — 1)602_1\/1 dlogC.
Am
Finally, consider a shock which increases the endowment of M in country 2. This shock
improves the welfare of country 1 as long as goods are not too substitutes with

dlog Wy = dlogM — (6 — 1)w2—M dlog M;
Apm
; there are no real output effects and positive terms-of-trade effects as long as goods are

not too substitutes with

dlog pc — dlogpy = dlog M — (6 — 1)(;;2—M dlog M;
M
there are positive “pure” technology effects d log M > 0 and negative (positive) realloca-

tion effects if C and M are substitutes (complements) with

dlog Ac —dlog Ay = —(6 — 1)a[J\2—M dlog M.
M

J.2 Application of Welfare-Accounting Formulas

We end this discussion of the welfare-accounting formulas by decomposing the change
in real expenditure in different countries over time. We implement our two decomposi-
tions: the reallocation decomposition and the terms-of-trade decomposition. We abstract
away from distortions. Unlike our previous applications, these decompositions are non-
parametric in the sense that they do not require taking a stand on the various elasticities
of substitution.

The left column of Figure 6 displays the cumulative change in each component over
time of the reallocation decomposition, for a few countries (Canada, China, and Japan).
We choose these three countries because they depict a systematic pattern: industrializing
countries, like China, and commodities- or services-dependent industrialized countries,
like Canada, are experiencing positive reallocation, whereas manufacturing-dependent

industrialized countries, like Japan, are experiencing negative reallocation.
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Figure 6: Welfare accounting according to the reallocation decomposition (left column)
and according to the terms-of-trade decomposition (right column), for a sample of coun-
tries, using the WIOD data.
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The right column of Figure 6 displays the terms-of-trade decomposition. Commodity
producers like Canada experience large movements in terms of trade due to fluctuations
in commodity prices. Even for countries for which terms-of-trade effects are small, real-
location effects are typically large, indicating that these countries cannot be taken to be
approximately closed.

Finally, it is interesting to note that the difference between the reallocation effect on the
one hand, and the terms of trade effect and the transfer effect on the other hand identifies
the following technological residual:!®

Y (O /x) A = A) dlog A+ Y ((xd /xd ) AF — AF) dlog Le.
ieN feF

This residual is a measure of the difference between country c’s technological change and
its exposure to world technical change, including the effects of changes in productivities
and in factor supplies. For a closed economy, it is always zero. By comparing the two
columns of Figure 6, we can see that (and by how much) China and Canada are experi-
encing faster growth in productivities and factor supplies in their domestic real output
than in their consumption baskets, while the pattern is reversed for Japan.

K Stability of the Trade Elasticity

In this section, we prove necessary and sufficient conditions for ensuring that the trade
elasticity is constant and stable. We also relate the instability of the trade elasticity to
the Cambridge Capital controversy — a mathematically similar issue that arose in capital
theory in the middle of the 20th century.

K.1 Necessary and Sufficient Conditions for Constant Trade Elasticity

Recall that the trade elasticity between i and j with respect to shocks to k is defined as

e — JWi/A)
Uk 9log A
holding fixed some prices, typically factor prices. We say that a good k is relevant for Eijk
if
AmCovam (¥, ¥ i)/ Ai =¥/ Aj) #0.

15That is, we compute (dlog W) (X )d X — (1/x¥)d T. — (x¥/x?¥) dlog Py, + dlog Py,
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If k is not relevant, we say that it is irrelevant. For instance, if some producer m is exposed

symmetrically to i and j through its inputs
QY —Y¥;;) =0 (l€N),

then ¢;;x is not a function of 6, and m is irrelevant. Another example is if some producer

m # j is not exposed to k through its inputs
Y =0,

then ¢;;x is not a function of 6, and m is irrelevant.

Corollary 12 (Constant Trade Elasticity). Consider two distinct goods i and j that are imported
to some country c. Then consider the following conditions:

(i) Bothiand j are unconnected to one another in the production network: ¥;; = ¥;; = 0, and
i is not exposed to itself ¥;; = 1.

(ii) The representative “world” household is irrelevant

Y. Y.
Covy (‘P(l.), )\(:) _ A_(]])> =0,

which holds if both i and j are only used domestically, so that only household c is exposed to
iand j. That is, Alwh = A;./vh = 0 for all h # c. This assumption holds automatically if i and

j are imports and domestic goods and there are no input-output linkages.

(iii) For every relevant producer 1, the elasticity of substitution 6; = 6.

The trade elasticity of i relative to j with respect to iceberg shocks to i is constant, and equal to
81']',1' = (9 - 1).

if, and only if, (i)-(ii1) hold.

The conditions set out in the example above, while seemingly stringent, actually rep-
resent a generalization of the conditions that hold in gravity models with constant trade
elasticities. Those models oftentimes either assume away the production network, or as-
sume that traded goods always enter via the same CES aggregator.

A noteworthy special case is when i and j are made directly from factors, without any

intermediate inputs. Then, we have the following
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Corollary 13. (Network Irrelevance) If some good i and j are only made from domestic factors,
then

ZC:N AmCoveym (¥ (i), ¥ )/ Ai — ¥y /Ai) = 1.
meC,

Hence, if all microeconomic elasticities of substitution 0,, are equal to the same value 6,, = 6 then
81']',]' =6.

Suppose that i is domestic goods and j are foreign imports, both of which are made
only from factors (no intermediate inputs are permitted). Then a shock to j is equivalent
to an iceberg shock to transportation costs. In this case, the trade elasticity of imports j
into the country producing i with respect to iceberg trade costs is a convex combination of
the underlying microelasticities. Of course, whenever all micro-elasticities of substitution
are the same, the weights (which have to add up to one) become irrelevant, and this is
the situation in most benchmark trade models with constant trade elasticities. Specifically,
this highlights the fact that having common elasticities is not enough to deliver a constant
trade elasticity in the presence of input-output linkages as shown in the round-about

example of Section E.

K.2 Trade Reswitching

Yi (2003) shows that the trade elasticity can be nonlinear due to vertical specialization,
where the trade elasticity can increase as trade barriers are lowered. Building on this
insight, we can also show that, at least in principle, the trade elasticity can even have the
“sign” due to these nonlinearities. This relates to a parallel set of paradoxes in capital
theory.

To see how this can happen, imagine there are two ways of producing a given good:
the first technique uses a domestic supply chain and the other technique uses a global
value chain. Whenever the good is domestically produced, the iceberg costs of trans-
porting the good are, at most, incurred once — when the finished good is shipped to the
destination. However, when the good is made via a global value chain, the iceberg costs
are incurred as many times as the good is shipped across borders. As a function of the
iceberg cost parameter 7, the difference in the price of these two goods (holding factor

prices fixed) is a polynomial of the form
B,T" — ByT, )

where B, and B; are some coefficients and 7 is the number of times the border is crossed.

The nonlinearity in T, whereby the iceberg cost’s effects are compounded by crossing the
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border, drives the sensitivity of trade volume to trade barriers in Yi (2003). The benefits
from using a global value chain are compounded if the good has to cross the border many
times.

However, this discussion indicates the behavior of the trade elasticity can, in principle,
be much more complicated. In fact, an interesting connection can be made between the
behavior of the trade elasticity and the (closed-economy) reswitching debates of the 1950s
and 60s. Specifically, equation (5) is just one special case. In general, the cost difference
between producing goods using supply chains of different lengths is a polynomial in 7 -
and this polynomial can, in principle, have more than one root. This means that the trade
elasticity can be non-monotonic as a function of the trade costs, in fact, it can even have the
“wrong” sign, where the volume of trade decreases as the iceberg costs fall. This mirrors
the apparent paradoxes in capital theory where the relationship between the capital stock
and the return on capital can be non-monotonic, and an increase in the interest rate can
cause the capital stock to increase.

To see this in the trade context, imagine two perfectly substitutable goods, one of
which is produced by using 10 units of foreign labor, the other is produced by shipping
1 unit of foreign labor to the home country, back to the foreign country, and then back
to the home country and combining it with 10 units of domestic labor. If we normalize
both foreign and domestic wages to be unity, then the costs of producing the first good
is 10(1 + ), whereas the cost of producing the second good is (1 + 7)% + 10, where T is
the iceberg trade cost. When 1T = 0, the first good dominates and goods are only shipped
once across borders. When 7 is sufficiently high, the cost of crossing the border is high
enough that the first good again dominates. However, when T has an intermediate value,
then it can become worthwhile to produce the second good, which causes goods to be
shipped across borders many times, thereby inflating the volume of trade.

Such examples are extreme, but they illustrate the point that in the presence of input-
output networks, the trade elasticity even in partial equilibrium (holding factor prices
constant) can behave quite unlike any microeconomic demand elasticity, sloping upwards

when, at the microeconomic level, every demand curve slopes downwards.

Non-Symmetry and Non-Triviality of Trade Elasticities

Another interesting subtlety of Equation (4) is that the aggregate trade elasticities are
non-symmetric. That is, in general ¢;;; # ¢;;;. Furthermore, unlike the standard grav-
ity equation, Equation (4) shows that the cross-trade elasticities are, in general, nonzero.
Hence, changes in trade costs between k and I can affect the volume of trade between i

and j holding fixed relative factor prices and incomes. This is due to the presence of global
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value chains, which transmit shocks in one part of the economy to another independently
of the usual general equilibrium effects (which work through the price of factors).

L Proofs

Proof of Theorem 1. For some country h, let Nj, be the set of domestically produced goods
and let N_;, be the set of foreign-produced goods. Let Q" be the matrix whose elements

are

QZ = Rl‘] (i,j € Ny),
1

where M;; is the value of i’s purchases from j and R; is the revenues of i. Similarly, let

Q7" be given by

Finally, let
_ wiLij
=R

where w;L;; are factor payments by i to factor j.

(Z € H)/

Denoting the vector of domestic prices by p", foreign prices by p~", domestic produc-
tivity shocks and wages by w’ and A", Shephard’s lemma implies that

dlog ph = (I— Qh)_l <Q_hdlog p‘h + zxdlogwh — dlogAh> )

Now, let X{;’f) be the vector of each domestically produced good’s share in GDP, so for
domestically produced goods
v Fit X
X = "Gpp~

where F; is final domestic use and X; is exports. Let X{ﬁ n) be the vector of each imported

good’s share in GDP, so for a foreign good

Y :
X" ==Y, QA (i€ N_y).
JEN,

By definition,
' h h
dlogY), = (AYh> (dlogw" +dlog L") — dlog Py,,

where L" is the vector of quantities and AYh the local Domar weights of domestic factors.
q h g
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This can be written as

dlogY; = (A") (dlogw' + dlog L") — x{} dlogp" + (x*,) ) dlogp ™"

Substituting the expression for d log p" gives

dlogY;, = (AYh)' (dlogw +dlogL) — (x(j))'(I— ")~ (Q—h dlogp™" + adlogw — dlogA)
+ (X{im)ldlog pf'

To complete the proof, note that

Y,

/
i
(h !

(xi)' (1= ") e = (AM)

(-t = (Y,
and
(7(?;,7))/(1 - Qh)il = (/\Yh)/’

These expressions follow from market clearing. Combining these gives the desired result.

[
Proof of Theorem 2.
Lfer PeswyLy

W, = oW,

Hence, letting world GDP be the numeraire,
/
dlog W, =) A% (dlogAf) — <XWC> dlogp.

f

Use the fact that
dlogp; = Z Ti]' legA]' + Z Tif (dlogAf —dlog Lf)
jEN feF

to complete the proof. |

Proof of Theorem 3. Here we assume that there is only one factor in the domestic economy

and normalize its price to one. Define the “fictitious domestic” IO matrix

Q= _
17 — 7
P Yken, Qi
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with associated Leontief-inverse matrix
Y=1-0)"L

Applying Feenstra (1994), for each producer i € N, we have

« dlogA;
dlogp; = Z ();;dlog p; + —ég e
. 0 —1
jeC
where A is the domestic cost share of producer i. The solution of this system of equations

is

. dlogA;
dlogpi: Z‘PU 0._1](:.
jec j
From this we can get welfare gains
v . o dlogA; v dlogA;
dlogY* =~ Y bidlogpi=— ) Y bi¥y—5—7=- Y Ao
ieC ieN, jeC ] JEN. ]

where

Zb] Jit

JEN,

This can be thought of as hitting the fictitious domestic economy with productivity shocks
—dlogAj./(0; —1). Since relative domestic prices in the closed and open economy are
identical, the relative expenditure shares on domestic goods moves in the same way in

both economies. [ |
Proof of Theorem 4. This is a special case of Proposition 13 in Appendix F. |

Proof of Corollary 4. By Shephard’s lemma,

dlogp; = ) Qj;dlogp; + Y. Qjjdlogw; —dlog A;.
JEN jeF

Solve this system of equations in d log p to get the desired result. |

Lemma 15. In general, for any f and g,

Y AnCovgm (¥ (), ¥ (g)) = —ApAg — Covy (¥ (5), ¥(q)) + Yorre + ¥pers — AfL(f = g).
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Consider a good k which does not use itself directly or indirectly. Then

ZCN )\mVaer (T(k)) = )\k(l — Ak) — VarX(T(k)).
meC,

Consider two goods which don’t rely on each other, then
Z )\mCOUQ(m) (T(f)' T(g) ) = _/\ng — COUX (T(f)/ IY(g) ) .
m

Proof of Theorem 5. Proof of Part(1):

The expression for d? logY follows from applying part (2) to the whole world. The
equality of real GNE and real GDP at the world level completes the proof.

Proof of Part (2):

Denote the set of imports into country ¢ by M,.. Then, we can write:

_ 1
dlog¥e _ v~y dloghy g d (1=5%)  AF_diogry
dlog y; i f dlog u; ; dlogu; Py Yc 1; dlogu;’
where
log P - dlog A ~ ~
d og Iy, _ Z A;C 0g f Z A%Cdlogpm —AIYC— Z A}][fdlogpm,
dlog u; fek, dlog y; e dlog u; meM. dlog u;
and
)13/6 = ZX]'CI?]&'-

]

Combining these expressions, we get

dlogY, v, v\ dlogAf Y. _5v.\ dlogpm
dlog _fgc <Af _Af> dlog u; + ) </\ —A ) dlog p;

m m
+ZAC ] 1— — |+ i _Aic.
jen, | dlogu; K Wi

meM;

At the efficient point,

d*logY. v dA}/C B d[\}/c dlog Af
dlogp;dloguy sz \ dlogp;  dlogpu; | dlogpy
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Py (dAZ; ~ dAy )dlogpm dAk

mem, \dlogp;  dlogp; dlogu, dlogy;

dlog A 1 daf
+ )\,{C S8 Oui | + 5~ —,
dlog u; Py Y. dlog

where d;; is the a Kronecker delta.

Using Lemma 17,

d*log Y, AYep legAf Y.o dlogpm .y
dlog p; dlog pui f;c Yif dlog ik meZMC P qlog g i (Yie — dix)
dA; 1
_ Yc . 1
Ao dlogur Py.Y,’
dlog Ay dlog p
fgc Y dlog mEZM C T Mdlogp 0T
Y (dlogpi | dlogy
' \dlogpy  dlog
— ndlogyi
' dlog py
[
Lemma 16.
dA; dlogA Wi

]
dlogpu, - X Jlog e dlog uy

dxn 5w,
Z dlog i~ (Y= ).

Proof. Let u be the diagonal matrix of y; and I, be a matrix of all zeros except i for its
kth diagonal element. Then for each h,

AW = () 4 AN Q).

Hence, "
d AW bl d AW W ., dQ
— h h
dlog px dloguk+dlogﬂk”Q+A A Hdlog
Hence,
., dA Y b dA - - dO

/ / /
Y dlog ~ X dlogpy TN dlog M T XM T XA Gro0,
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On the other hand,

A=x'b+ 1.
Form this, we have
dA  dy by b dO dA
dlog e dlogpe X dlogue " dlogu | dlog i
Combining these two expressions
dA dlog/\> ( dA dlog/\> dyx b—X’}\(h)kaQ.
dlogu; dlog Uk dlogu; dlog Uk dlog i
Rearrange this to get
dA dlog/\ dx b‘I’—X’}\(h)ka(‘I’—I),
dlogu, dlog Uk dlog Ui
or
dA dlog)\ dy DY — AL, (¥ — ).
dlogpe  *dlogu) ~ dloguy
Lemma 17. At the efficient steady-state
dAf  dAf
j j Y,
— = A (Y — Ixj) -
diogm  dlogpy ~ % (¥~ %)
Proof. Start from the relations
)‘YC B X] ot ZAYCQU/
and
;\YC = X] +ZAYC% ij-

Differentiate both to get

dAYfe  dAr dAfe  dAr y

[ — L Oy — A Q.
dlogu,  dlog ux — \ dlogp,  dlogp

Rearrange this to get the desired result.
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Proof of Corollary 5.

dlog WES v _ydlog W, B dlog x}¥ _ dlog Py
dlogme /=, " dlogue 5™\ dlog dlogu, |-
1
dlogx%vz Z ﬂdlog/\f Z (1—;).
dlogpue /o, xn dlogmue &g dlog Pe o Xn
d log PCpl h Z ~ Wh d log Af },Lwh
dlog uy = f dlog u k-
Hence, assuming the normalization PyY = 1 gives
dlogpuxdlogp; 4" \ 5 dlogp; dlog )ch 7 XZV log 1; d log iy
ZAfdlogAfdlogxh dde 1 A dlogxy A 5
1
W dlogu dlogu; — dlogui xWVue  xIVi dlogw X0
Z d* A TwodA 1 Z dA; 3, dlog x}Y
dlog p; dlog we xn - dlog e pix) dlog e x¥ dlogu;

—Z f legAf
dlog u; dlog uy

f

At the efficient point, this simplifies to

-Y A

< W, dlogAf
f dlog p; dlog

dA; W
dlog u;

) |

d2 log WBS B dlog A¢ d Af B Z)(_W d[\;’cvh
dlog uy dlog u; 7 dloguy \ dlogu; 4 " dlog u;
W,
d Ag YA dA ™ N dlog Afdlog xj’
dlog u; - h dlog u; fh fdlogyk dlog u;
A dlog)(h B dA;
dlogy dlogyk

By Lemma 16, at the efficient point,

d ZWh

Z?Ch

- d log Ui

dlog Ui

d?(h W
Zdlog%A]h Ai (Fij— 6y5) -

ij
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Whence, we can further simplify the previous expression to

2 BS dlog A d
d“log W :Z og f<2 Xy AWh A‘I’f>

dlog i dlog pi dlog \ & dlog
N =t
B dljgkxhdlogﬂi Aidxi + dlcj)giyk'
dlog A
) ; dl(z’gg " (Z dfo);hylAWh Ai Tzf)
R e
~ Tiog 108 M+ Fiog i

and using dlog A; = dlog p; + dlogy;,

:ZdlogAf (de)(h Awh )\‘I’f)

7 dlog ik logu; f
Z dxy Wi A, Z dlog Ardlog xy,
dlog y; M P o Fdlog e dlog u;

dlog p; dlogy;
dlo gxh ‘dlogp, ~'dloguy’

dlog A dlog A
— LB SR yy dlo8R
[ dlog u; dlog puy 7 dlog puy

dlogu; + A;

leth dlog Af
dlogy; dlog

le%Xh wh
+Y xn —A¥a— ) A
- ili = f

Y dlog xu /\.dlogyi
“dlogp; * "dlog

¥ dlog Ay ¥
2 ' dlog +ti |
_ dloth dlog Ay v xw,
B fzh dlogy; dlog <XhAf Af)

dlogy; dlog xn s w, dlog xu
. E A — Ay
+/\ldlogyk - a4 dlogp; K “dlogu;’
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‘dlogy; dlogxy (xw,dlogAs
’dlog#k+;thlogui A dlog e T M

dlog A
_Zdlog?(h 08 FAa. 2 Zdlog?{h
h

~ dlogp; dlogp / "F4= dlogp;’

_ Aidlogy,- Zthllog xn 4108 Pepip
dlogp, 477" dlogu; dlogju

dlog Af dlog xn dlog x
- A - | —A ,
(; f> <; dlog u; k; dlog u;

dlog pik

Y dlogy; + Cov, dlog Xh’ dlog Peyin
dlog pk dlogu;” dlog py

since
1
= dlogp 7~ dlog dlog py

at the efficient point, and

dlog x
Xh =0.
; dlog u;

Proof of Theorem 6. From Theorem 5, we have
1
L=-5 Y (dlog p;)Adlogy;.
!

With the maintained normalization PY = 1, we also have
dlogy; = dlogA; —dlogp,
dlogp; = Z‘Ylfd log Af + Z‘Ylkd log uy,
f k

where, from Proposition 13,

A Aj
dlog /\1 = Z(élk — Tllﬁfkl)dlog Wi — Z /\—](9] — 1)COUQ(j) (ZT(k)d log Ui — ZT(g)dlog Ag,T(l))
8

k j M k
dlog Ag

1 W,
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and

b4
dlog Ay = — Z)\k—fdlogptk—z:)t —1)Covqyj (Z‘I”(k)dlogyk—Z‘I’(g)dlogAg,ALf))
k g
dlog A
AV — Ap) DA 8
gg";< f> « gdlogyk

We will now use these expressions to replace in formula for the second-order loss

function. We get

1 Sr ¥y ¥
L=-3 ZZ(ALZ - A—';l — A”‘)Ak?wdlog mdlog py + 5 Z)\ldlog i Z‘Ylfd log Ay
Ik

1
—i—EZZ:(dlog‘ul)/\ (8; — 1)Covgy) Z‘I’ dlogyk—Z‘F ydlog Ag, ¥ (1))
I

— = Zdlog " (22 (A% = Ar) @egAglog Ag>

1 0 Y Y
L=-5 22(%; - T’;l - Alk)Ak/\ldlog prdlog p + 5 Z)‘ldk’g H Z‘FlfdlogAf
T

1
+ E;Z(dlogyl))tj(ej 1)Covyj Z‘I’ dlogyk - Z‘I’ dlogAg, ())
)
1 W,
~5 ; (Z (/\l - Al> )(Cdlogxc> dlog

We can rewrite this expression as

L=L+Lx+ Ly

1 kl
51:5;;[ ot T, Uhdidlogpdlog

1
+ E ;;Zdlog ]/lkd log ;q/\]((?] - 1)COUQ(]-) (T(k)/T(l))r
]
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1
—ZZ /\1/\ dlogyldlogA
24 i Af f f

1
_ E ;;dlog yldlog Ag Z)\](G] — 1)COUQ(]') (‘P(g)rlf(l))r
)

1
= _E; <; ()\}NE — Al) Xcdlog)(c> dlogl/ll/

where dlog A is given by the usual expression.'® Finally, using Lemma 19, we can write
1
= E ZI: ;(d log ]/ll) (d IOg ]/lk) 2 /\j@jCOZ)Q(]') (T(k)/ ‘P(l))
]

and

1
Lx=—3 Zl:zdlog Hidlog Ay} AjfiCovg) (¥ g), ¥ (1))-
g ]

Lemma 18. The following identity holds

ZA<]ﬁ’ Zﬁﬁﬁﬁw>:hh
m

Proof. Write Q) so that it contains all the producers, all the households, and all the factors
as well as a new row (indexed by 0) where ()y; = x; if i € C and 0 otherwise. then, letting
eg be the standard basis vector corresponding to the Oth row, we can write

N o=eh+ 710,

or equivalently
AM(I—Q) = g

16We have used the intermediate step

1 1
= E ZZAkAldlog#kdlogyl + E EZdlogyldlogAf/\l‘Plf
Ik 1 f

1
— E ;gdlog yldlog Ag ZA](QJ - 1)CO'()Q(]-) (“Ij(g),l{j(l))
]
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Let X* be the vector where XX/ = ¥, ¥, ;. Then

Y A (\Ifjklfﬂ - ZQjm‘?mkwml) =N (I—-Q)X*,
j m

eh(I— Q) W I —)XK, = el X" =T, ¥y = A,

Lemma 19. The following identity holds

Y, -6 Y, —6 5 A
ke — Ol Tk~ Okl | Ol Mk

-1 ~ -
]ZA]':MJ' Covgyy (Y, Y 1y) = Mkl o n " Ak].

Proof. We have

ZAjVj_l(?OUQ(]‘) Y, Toy) =
j

or

Z)\jﬂj_lcovm') (Y, ¥y =
j

m

YA Qi Voo — Z)‘jﬂfl (Zﬁjmq’mk) (Z ij‘sz> ,
i n i 1
or
Y A tCovgp (T, ¥y) =
_ ik Ao (T k), T (1)
]
2 A Q¥ — YA Y i
j m j
+ ZA]T]"T]I o Z/\]‘uj_l <20]mq{mk> (Z Q]mel> ’
j j m m
or using, Lemma 18

] ] J
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and finally

§ Y —96 Y — 9 ) A
-1 _ Ik — Olk kI — Okl , Olk k
]Z)‘jﬂj Covg ) (F k), ¥ 1)) = Mk T A /\—k].

Proof of Proposition 8. The proof closely follows that of Proposition 7. Notably, using the
trick by Galle et al. (2017), which builds on Feenstra (1994), we note that

1
dlog x¢ = dlog ws + ,Y—dlogA‘?
8

for any s, and hence,
dlog)(g = Z/v\‘;’]( (dlogwf + i dlogAf> ,
7 Ts

where A8 and Ag are the Domar weights under the closed-economy IO matrix. Then we
can combine this with the fact that

dlogP§ = Zlv\idlogwf — Z)V\idlogfvl,-
f i
and choosing household ¢’s nominal income as the numeraire to get

< odlog AS < .
dlogWg:ZAid (jyg z —i—ZAidlogAi.
7 g i

Proof of Proposition 9. Loglinearizing this, we get

Af leg Af = leg wr hZH A?)(h’yh — hZH(’)’h — 1))(;1/\? ZZF 5hl leg w; + hZHXhA? dlog Lh.
€ € S €

We can put this back into familiar notation

(OJRAN
AflegAf = legZUf hZHthfAf’)/h —hZH(’)/h — 1)q)thleF%l C”ngl +hZHCI)thfd10g Lh.
S € € S
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Simplify this to get

Dy

legAf = legZUf hZHCI)hf’)/h — hZH(’)/h - 1)q)hleF . dlogwl + h;ICI)hfdlog Lh.
€ € € €

We can beautify this a bit as

dlog A =Y YEom (Enm (dlogwy —dlogw)) + Y Egum (Epm(dlogw)) + Y Egum (dlogL).
heH heH heH

or
dlog A=Y Egum [vh (Exe (dlogwy —dlogw)) + (E,a (dlogw)) + (dlogL)] .
heH
or

dlog A=Y Egum [Ene (7n (dlogwy — dlogw) + (dlogw)) + (dlogL)] .
heH

The case with immobile labor is given by 7, = 1 for every h € H, in which case

dlogws = dlog A¢. Combine this with demand for the factors to finish the characteriza-

tion
dlog A dlogwy
A = Ai(1—=06;)Covri) | Y0 +) Yiry——- Y
'Tlog A¢ ie{;}\]} i(1=6)) Q(])( () ; (N dlog Ay’ 10
dlogw
+ Y (A=) ( DA )
h;{ fgc S dlog Ay

This means that we can also redo the welfare accounting and write
dlog W, = dlog x, — dlog P,
where X, is the (nominal) income of household g. This can be written as

dlogW,
dlog Ay

y (A§ . ASW8> dlogw, + A, dlog A + dlog L,
seF

or

dlogW, <q3gs
seF

= A Wy g
dlog Ay Xe As — A )dlogws-i—)tk +dlogL®.
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Proof of Proposition 11. To loglinearize real GDP of country c, let country ¢’s nominal GDP

be the numeraire. Then
dlogY, = —dlog Py,
whence

S Z x;“dlogp; + Z Acidlog pi,

€N i¢ N
=Y x°Y ‘Fdd (dlog A; —dlogpuj) — Y Y Feci ) ‘T’%df)]-fdlogwf
i€EN: JEN. feF. ieN; jEN.
C J A~ MC
— Z Z X; Z ‘I"l-i]-‘lejkcllogpkqL Z A; dlog p;.
keN.ieN.  jeN. iZN.

where (% is the domestic-domestic submatrix of the (cost-based) input-output matrix.
This can be further simplified to

dlogY. = Z;\]YC (dlog Aj — dlogu;) — ZA dlog wy

iENC fEFc
- I\ZCdlong+ Y. A}gcdlog Pk
kgN, k¢Nc
=Y /\YC (dlog Aj —dlogpuj) — Y A dlogws+ Y (A< — %) dlog py,
ieN, feF k¢N.
with
M= Y XY, (ke N,
JEN,
AYe — PiCei | Z XUy, (i¢ N
i PYCY ] ki c)r
and

A=Y Vi, (feR).

JENC

To finish, note that under our choice of numeraire
dlogws+dlog Ly = dlogA}(C, (feFR)

dlogp; +dlogy; = dlog)\fc, (ieN.),
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and
dlogp; +dlogg; = dlog AM, (igN,),

where g; is total quantity of imports of i. Substitute this into the previous expressions to
get desired result. n

Proof of Proposition 13. For each good,
A=Y XX+ ) QA
c i
where . is the share of total income accruing to country c. This means

AidlogA; = ZXCXz CdlogXWC+ZQ]1A dlogQﬂ—FZQﬂdA +Zx ‘xcdlog xe.
j j

Now, note that
dlogx;"* = (1 —6.) (dlog p; —dlogP,,)

dlog )i = (1 —6;) (dlog p; — dlog P; + dlog ;) — dlog y;
A .
dlogxc = Y —fdlogAf—i—Z&dlogyi.
fek: Ae icc Mi
dlogp; = ¥ (dlogyu —dlog A) + ¥adlog A.
dlog P, = b'Y (dlogu —dlog A) + b'¥adlog A.

For shock dlog yy, we have

dlog)(iWC = (1 — 9C) (Tik + qulfdlog/\f — Z)(;NC (1?]k + Z‘Y]fdlog/\f>> .
f j f

leg jS = (1 — 9]) (‘I’ik + Z‘?Zfdlog/\f - ‘i’]k - Z‘If]fdlog[\f> — 9]d10g;1]
f f

Putting this altogether gives
dA = 22(1 — QC)XCX;NC (ffrik + Z{PlfdlogAf — ZX;/VC (qf]k + ZT]f dlog Af) ) Y
i f j f

-i—ZZ ]“l/l 1Q]1( lk-i—Z‘FdeOgAf ZdelOgAf>
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— OAe Y OYa + ) xe ZXIW”YH dlog xc.
i c 7

Simplify this to

dA = 2(1 —0c)Xc ZX}NC (qfik + E‘T’lfdlogAf) Y
c i f

- (ZX1 ¢ <qf]k + ZT]fdlogAf)> (ZX}/VC‘Pﬂ)]
i f i
+ 2(1 — 9]))\]]4;1 ZQ]Z (‘?ik + qulf dlog Af) Y — (Z jS‘yil> (‘i'r]k + Z‘P]f dlog Af)
j i f i f

— O (P — 11 =K) + Y xe Y_x!¥adlog x.
e L

1

Simplify this further to get

dAs =} (1= 6c)xcCovyo (‘% +2 ¥ dlog Afr‘l’a))
c 7

+ Z(l — 9])/\]]/l]_1 ZQ], (T,‘k + qulf legAf> Y.
j i f

— (2 jSTil> (Z Oﬁqjik + 20]1 Z‘flf dlog Af)
i i i 7
— A (Y —1(L =K)) + ) _ xe szwﬂfil dlog xc,

Using the input-output covariance notation, write

c

d)\l = Z(l — OC)XCCOUXWC (T(k) + Zq{(f) legAfI‘P(l)>
f

+ 2(1 — Gj)/\]'yj’1Con(j) (‘?(k) + Z{P(f) dlog Af,‘If(l)>
j f

— (1 — Gk)/\k(‘Pkl - 1(Z = k)) — GkAk (Tkl — 1(l = k)) + Z){c ZXZWCTI‘] leg}(c,

1
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This then simplifies to give from the fact that ) ; X}NC‘I’il = A;NC:

MdlogA; =) (1—6;)Au; Coo(¥ +ZdlogAf, 1)
jEN,C

— M (Y =1k =1) + Y xeA™ lech~
C

To complete the proof, note that

=) fo+2<1—%)19%

f i€c

Hence,

d (1 - l)
Fi
d(Py,Ye) ngfodlogwf + ; <1 - y_) piyidlog(piyi) + ;wpiyidlogﬂi-

In other words, since Py =1,we have

d Ardl 1oL A;dlog A; Mmu
XC_Z f ngf+z 1 08 +Z dlo og Ui 0g Hi-

fec icc icc

Hence,

A A;
dlogx. = )_ X—fdlog/\f—kzx—zdlogyi.
c

ferr Ac iec

Proposition 20 (Structural Output Loss). Starting at an efficient equilibrium in response to the
introduction of small tariffs or other distortions, changes in the real output of country c are, up to
the second order, given by

1
AIOgY ~ —5 Z Z AIOg “l/lkA log Ui Z )\}(CQJ'COZ)Q(]') (T(k),qj(l))
leN; keN jEN

1
~5 Y Y AlogAgAlogyy ) /\]-YCGjCOUQ(]') (Yo Yy
IEN, g€F JEN

1
+5 Y Y xlalogxl Alog (MY — M)/ xY
leN. ceC
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Proof. The proof follows along the same lines as Theorem 6.
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