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§1 January 26, 2021

§1.1 Categories

We begin with the definition of a category. In these notes, I will use bold letters for
categories.

Definition 1.1 — A category C consists of the following data:

1) A class Ob(C) of objects. We'll typically use X,Y,Z or A, B,C to denote
objects.

2) For any two objects X and Y, a set Homg(X,Y) of morphisms. We’ll
typically use f, g, h or other lower case letters to denote morphisms.

3) For any object X, an identity morphism idx in Homa (X, X).
4) For any three objects X,Y, Z, a composition law, which is a map

Home(X,Y) x Home(Y, Z) - Home (X, Z).

And the above must satisfy the following conditions:
a) For any X,Y € Ob(C), any f € Hom¢(X,Y), then foidyx =idy o f = f.

b) The composition law is associative: for any f € Homo(X,Y),g € Home(Y, Z)
and h € Homg(Z, W), then (hog)o f=ho(go f).

From now on, we will typically condense notation, writing Hom(X,Y") instead of
Home (X,Y) when clear, X € C instead of X € Ob(C), and id instead of idx. I will also
often omit parentheses in various situations, such as writing ObC.

: The above definition is actually a locally small category, meaning that
Hom(X,Y) is a set (not something bigger) for each pair X,Y. There are categories
which are not locally small, such as Cat, but we won’t deal with those in this course.

Example 1.2 (A monoid as a category)

Say that C has Ob(C) = {*}. The only set of morphisms is Hom(x, ) = End(*).
Elements of End(*) have a multiplication rule given by o, subject to two rules:
foid =ido f, and associativity. Those familiar with monoids will recognize this as a
monoid.

Example 1.3

A group is a monoid such that for any f, there exists and f~! with f~lof = fof~! =id.
This leads us to our next definition.

Definition 1.4 — An invertible morphism f is a morphism f : X — Y such that
there exists g : Y — X such that idy = fog:Y > Y andidx =go f: X - X.
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<Exercise 1.5. Inverses are unique. >

Example 1.6

A groupoid is a category in which every morphism is invertible. You can also think
of a groupoid as a multi-object group.

The above examples have in common the property that the objects form a set, and not
something bigger (like a collection). A category whose objects and morphisms form sets
is called a small category. Note especially that locally small and small are different:
all small categories are locally small, but not vice-versa. All of our categories will be
locally small, but not all of them will be small.

Example 1.7

An example of a category which is not small, is Vecty, the category of vector
spaces over a fixed field k. The objects are vector spaces, and the morphisms are
linear transformations. We also have Vectid ¢ Vect,, of finite dimensional vector
spaces (technically the objects are finite dimensional vector spaces up to invertible
morphisms). The finite dimensional version of this category is small.

Example 1.8

More examples of categories which are big are Set, Grp, Ab, Ring. Given the names
of these categories, you can work out what the objects and morphisms are, and verify
that they are categories.

§1.2 Functors

After categories, the next most important notion in category theory is that of a func-
tor, which we now define. Functors are essentially structure preserving maps between
categories, taking objects to objects and morphisms to morphisms.

Definition 1.9 — If C and D are categories, then a functor F': C - D from C to
D consists of the following:

i) A map Ob(C) — Ob(D), written X — F(X).

ii) For each X,Y € Ob(C), a map Hom(X,Y) — Hom(F(X),F(Y)), written
f~ F(f), such that
(a) F(idx) = idF(X)’ and

(b) F(gof)=F(g)oF(f).

F
Visually, for X A Y, we have F(X) Eilt2N F(Y).

Example 1.10
Perhaps the simplest example is the identity functor, C — C, which takes each object
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to itself and each morphism to itself.

Example 1.11

For our example of monoids above, a functor is a monoid homomorphism.

Example 1.12

We define the category of pointed topological spaces as follows: the objects are pairs
(X, ), where X is a topological space and x € X is a point, and a morphism from
(X,x) to (Y,y) is a continuous map f: X — Y such that f(x)=y.

For each pair (X,x), there is a fundamental group 71(X,z) at z of homotopy
classes of loops at . This gives us a functor from the category of pointed topological
spaces to the category of groups.

Example 1.13 a) The forgetful functor (or obliviating functor), oblv : Grp —
Set, which takes a group to its underlying set. It is called the forgetful functor
because it “forgets” the group structure.

b) The free functor, Free : Sets — Grp, which takes a set X to the free group of
X.

¢) The functor (-)*” : Grp - AbGrp, which takes a group G to G** = G/[G,G]
(the group modulo its commutator). Notice that G2 is Abelian by construction.

§2 January 28, 2021

§2.1 Natural Transformations

We begin today with the definition of a natural transformation, which describes how to
transform one functor into another, giving a sort of “morphism of functors”.

Definition 2.1 — If F,G : C — D are functors from category C to D, then a
natural transformation is a collection of morphisms for each object X € C:

{nx e Homp(F(X),G(X))}xec,

such that the following diagram commutes for any morphism f: X - Y:

FX) 29 By

b

ax) 9% qv).

We write the above natural transformation as n: F = G.
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Example 2.2

An example of a functor is the double dual from linear algebra, id = (D(D(-)) :
Vect; — Vecty.

Natural transformations allow us to define notions of equivalence between categories,
since we now have a way to map functors to other functors.

Definition 2.3 — A natural isomorphism between categories is a functor 7 :
F = G such that nx is an isomorphism at each object X. An equivalence of
categories consists of two functors

F:C-D
G:D-C,

and two natural isomorphisms

n:idg = Go F
e:FoG=idp.

§2.2 Adjoints

: The above definition of equivalence of categories is different from the notion of
isomorphism of categories. We now define another notion of comparison between functors
which is weaker and often more useful.

Definition 2.4 — Two functors F': C - D and G : D — C are called an adjoint
pair if there exist transformations

n:idg = Go F
€: Fo(G =idp,

such that the following two compositions are the identity:

F idFog FGF eoid F

G noidg GFG idgoe q.

The above might be slightly confusing: what does it mean for the composition F' = F' to
be the identity, and what exactly are the maps in between? The confusion likely arises
from the fact that here we are actually dealing with two different types of composition
of natural transformations: horizontal and vertical. The composition above of the type
A = B = C are known as vertical composition, so named because can write them in
the following way

A
7y
C —B— D.
NR L
C
7
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We get the first composition above by plugging in A = F,B = FGF,C = F, and « =
idp omn, 8 =€eoidp. The other type of composition in the diagram above is horizontal
composition, and is probably the source of most confusion. This is a composition of
the form

Aq Az
T TR
o Fe
NV A N v A

By B2

The horizontal composition is the natural transformation (5o «): AsA; = BsBj. For
each object X € C, we do

Ay Ay (X) > A3B1(X) = ByBy(X).

The first map sends A; to Bj via «, and the second map sends Ay to By via 5. That
is, for (o a)x for some object X, we look at Sy, and plug in for Y what we get in the
image of ax.

To unpack this in definition definition 2.4 above, we have (idpon) x € Homp(F(X), FGF(X)))
for some object X. Write nx :id(X) - GF(X), where X € C, and (idp)y : F(Y) -
F(Y) for Y € C. Then we want to plug in GF(X) for Y and look at (idr)gp(x) :
F(GF(X)) > F(GF(X)).

In definition definition 2.4, the map n :id = G o F' is called the unit, and the map
€: F oG =id is called the counit. A useful mnemonic device for remembering the order
of things is that the unit is one-right-left, and the counit is left-right-one. Left, right,
and one refer to F, G and id respectively.

We call F' a left-adjoint to G, and write F' ~+ G.

Notice the following: given a morphism f : F(X) - Y, we get a map Homp (F(X),Y) —
Home(X,G(Y)):

X X GgR(X) L a).

Similarly, given g: X - G(Y), we get a map Homx (X,G(Y)) - Homp(F(X),Y):
y 25 FGY) =5 Y.

This leads us to the following proposition.

Proposition 2.5
For functors F': C —» D and G : D — C, the following are equivalent:

1. F'is left adjoint to G, F 4 G.

2. There are natural isomorphisms Hom(F'(X),Y) ~ Hom(X,G(Y)).
.

Example 2.6

Consider the functors Free : Sets - Grp and oblv : Grp — Sets. Then Free - oblv,
and we have a map Free(X) — G if and only if there is a map X — oblv(G).
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Definition 2.7 — A functor F': C - D is called essentially surjective if for all
Y €D there is X € C such that F/(X) ~Y (note the ~ and not necessarily an =).

A functor F : C - D is fully faithful if for all X,Y € C, then Hom¢(X,Y) ~
Homp(F(X),F(Y)).

Proposition 2.8
If F:C — D is a functor, then the following are equivalent:

1. There exists G such that G is the inverse of F' (F and G form an equivalence
of categories).

2. G 4 F and is an equivalence.

3. F is both essentially surjective and fully faithful.
. J

We’ll prove this later.

§2.3 Limits and Colimits

In the following, I is always a small category.

Definition 2.9 — Suppose F': I - C is a functor. Then colIimF is an object of C
equipped with maps ¢; : F(i) — colIimF for each 7 € I such that

1. For all morphisms 7 — j, then the following commutes:

F(i) =2 colimF

[ o

F(j)
2. For all W e C with maps ¢; : F(i) — W, then for all i such that

Vi

F(i)w—)W
2

£(j)

commutes, then there exists a unique map colIimF — W making the such that
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the following diagram commutes:

£ (i) > F(j)

Example 2.10 1. For the empty category, can : @ — C then the colimit is
cogmcan is an initial object in C, which is an object init such that for

all X e C, there exists a unique map init - X.
2. If I is a discrete category with two objects, then the colimit is called a coproduct

(or sum), and is denoted colimF = X uY. For sets, this is the disjoint union.
For Modg, this is the direct sum .

We can rephrase the notion of a colimit in a useful way. If I is a fixed indexing category,
then define C! as Fun(I,C), the category whose objects are maps I - C' and whose
morphisms are natural transformations, called the functor category. Then define
A : C - Fun(I,C), the diagonal functor, taking an object X of C to the constant
functor X — (i —» X).

Lemma 2.11
The colimit colIim :Fun(I,C) — C is left adjoint to the diagonal functor A : C —
Fun(I,C)).

Corollary 2.12

If C has I, J shaped colimits, then C(I)liJm =) collimcoljimF = ColjimcollimF .

Proof. We have
Homc(collimco}]imF ,Y) ~ Homer (co}}imF CA(Y))

~ Homcrys (F, A (A)I(Y)))

~ Homcsz(F, AJXI(Y))

~ H limF,Y").

omc(ccl);}n LY)

The first isomorphism follows from the lemma. For the second step, note that (C!)” is
Fun(J,Fun(I,C)) = Fun(J x I,C). It might help to write out the maps explicitly. [

A very important type of colimit is called a filtered colimit, defined as follows.

10
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Definition 2.13 — Let I be an indexing category. We say that [ is filtered if
1. I +@.

2. I satisfies the upper bound property: for all i,5 € I, there exists k, and
maps ¢ - k and j — k.

3. I satisfies the upper bound property for maps: for all 4,5 € I and for all
maps

i—)jva

v

there exists j — k with
u

. N g f
ZT)]—>IC,

so that fou= fouw.

We then have the following theorem, which we’ll prove later

4 N\
Theorem 2.14
The following are equivalent for a category C:
1. C has colimits.
2. C has all coproducts, has initial objects, and equalizers.
3. C has filtered colimits and finite products.
. 4

§3 February 2, 2021: CJ Dowd
§3.1 Adjunctions

Today’s lecture is given by CJ Dowd. These notes are closely based on his slides.

Recall from last time that a pair of functors F: C - D and G : C — D are adjoint
if there exist natural transformations 7 : idc = GF and ¢ : F'G = idp such that the
compositions

idpon eoidp

F— FGF — F
oid ido
G =5 GFG =@
are both the identity. We can also write this condition as epx o F(nx) = idpx and
G(ey)ongy = idgy for all X € C and Y € D, which is perhaps more intuitive (and
notationally simpler). We will now prove the proposition we stated last time. Recall
proposition 2.5:

\
Proposition 2.5
For functors F': C — D and G : D — C, the following are equivalent:
1. F is left adjoint to G, F 4 G.
2. There are natural isomorphisms Hom(F'(X),Y) ~ Hom(X,G(Y)).
. 4

11
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Proof. For (1) = (2), we construct the isomorphism ¢ : Homp (FX,Y) - Homg (X, GY)
and its inverse ¢ using the unit and counit. If f € Homp(FX,Y'), define ¢(f) €
Home (X, GY) as the composite map

REIEOR

P(f): X =5 GF(X) == G(Y),

If g e Homg (X, GY), then define ¥(g) € Homp (FX,Y") as the composite

Blg): F(X) 22 FG(Y) L.

We need to check that these maps are inverses. Let f € Homp(FX,Y"), and consider
(¢ o p)(f). The outside 1) part of the map is

Fx 299 paiyy 2y,

and expanding the inside ¢ part this is

F(nx)

Fx 29, parx) 289

FG(Y)5 Y.
Naturality of € says that ey o FG(f) =idp o epx. Plugging this in above, the map is

Fx 2% parx) X5 px Ly,

Applying the adjunction axiom epx o F'(nx) =idpx, this reduces to

rx Ly

Thus, (Yo p)(f) = f. A similar argument shows that (¢ o)(g) = g, and the maps are
inverses. It remains to check naturality (the maps must be natural isomorphisms). Let
g:Y - Y’ be a morphism in D. Checking naturality amounts to checking that the
following diagram commutes (where g o — is postcomposition):

Homp (FX,Y) £ Homp(FX,Y")

G(g)
Home(X,GY) 2% Home(X,GY")
To check that this is commutative, expand the lower-left triangle (G(g)o—-)) o . To do

this, for a map f we first apply ¢ to get

LEIEOR

25 GF(X) =5 G(Y),

and then postcompose with G(f) to get

G G
x % arx) C2 av) £9 qivy.
For the upper right triangle, firs apply the poscomposition with g to get (go f):
rx Ly Sy

and then apply ¢ to get

G(gof)

X aR(x) 22 qiv).

12
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Since G(g) o G(f) = G(go f), we conclude naturality.
For the direction (2) = (1), suppose we have a natural isomorphism Homp (FX,Y") ~
Homg (X, GY). Then we get a natural isomorphism

aHomp (FX,FX)~Homc(X,GF(X))

for each X € C. We show that the collection of morphisms nx = a(idpx) € Homc(X,GF (X))
is the unit of our desired adjuction. First, we show that it is natural. Let f € Homc (X, X”).
To show naturality consider the diagram

Homp (FX,FX) ——— Hom¢(X,GF(X))

.- Jore-

Homp (FX,FX') —— Homc(X,GF (X))

~or (] ~of]

Homp (FX', FX') —— Homg(X',GF(X"))

with
idpx —— nx

! |

F(f)eidpx —— GF(f)onx

I [

idFXI > N)x7

: F(f)oidpx =idpxr o F(f) and GF(f) onx = nxs o f. The top square of this
diagram commutes by naturality of the isomorphism of Hom sets in the second variable.
The bottom square commutes by naturality of the isomorphism in the second variable.
Since idpx and idgx+ are sent to the same morphism in the left of the diagram, then nx
and 7’ must both be sent to the same map on the right of the diagram. That means

that the diagram

x —L 5 x

lﬁx l’?x'
GF
ar(x) Y qrxty
commutes, which is precisely the definition of naturality for . The argument for ny as
the image of idgy under Homc(GY,GY') ~ Homp(FG(Y),Y) is similar.
It remains to show that the unit and counit satisfy the adjunction axioms. That is,

that
F e(FX
Fx 29, parx) LY, px

is the identity (and similarly for the other direction). To this end, consider the diagram

Homp (FGF(X), FX) —— Homc(GF(X), GF(X))

J-or Loms

Homp (FX,FX) —— Homg(X,GF(X)).

13
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with
erx — idgr(x)

!

erx o F'(nx) — nx.

This diagram commutes by naturality of the isomorphism in the first variable. Considering
idgr(x) in the upper right corner, we get epx o F'(1x) = idrx, as desired. Showing that
G(ey) ongy is similar. This concludes the proof.

O

Example 3.1 (Free-Forgetful)

Forgetful functors typically have left adjoints, which are known as free functors.
For example, the adjunction Free : Set & Grp : oblv which we have discussed.
Since a map of sets X — G can uniquely be extended to a group homomorphism
Free(X) — G via the group law, and from any homomorphism Free(X) — G we get
a map of sets X — G by restriction, we have an isomorphism Homgyp (Free(X),G) =~
Homget (X, G).

The unit for this adjunction is the map which takes the identity idpyee(x)—Free(x)
to the map in Homget (X, Free( X)) which takes X to the corresponding single letter
word.

The counit sends the identity idg-¢ to the homomorphism in Homgyp (Free(G), G)
which takes a work “g;...g,” in G to the element g;---g, in G.

Other free-forgetful adjunctions are similar.

Example 3.2 (Abelianization)
We have an adjunction (-)%° : Grp & Ab : oblv. For the bijection Homap (G, A) =
Homg,p(G, A), note that any group homomorphism G — A annihilates the com-
mutator [G,G], and thus descends to an Abelian group homomorphism G% - A.
Similarly an Abelian group homomorphism lifts to a group homomorphism.

The unit ng € Homgp(G, G%) is the natural quotient map, and the counit
€4 € Hompp (A%, A) is the isomorphism A% ~ A.

Example 3.3 (Group Representations)

Let G be a group. There is a functor triv: Vect - RepG sending a vector space to
the corresponding trivial representation of G. There is both a left and right adjoint
to this functor. Suppose V is a G-rep, and let V& be the fixed space under G. Then

Hompgepg (triv(V), W) ~ Homyeet (V, WY).

This is because the image of any map of G representations must lie in W&, which
gives a vector space map V — W&, and any vector space map V — WY gives a map
of G representations triv(V) — W& — W.

The unit 7y of this adjunction is the vector space isomorphism Vtotriv(V'), and
the counit ey is the inclusion of G-reps triv(W¢) ~ W& < W.

Also, given a G-rep V', we have a quotient space of coinvariants V¢, which is the

14
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largest quotient on which G acts trivially. Then
Homvrect (Vg, W) = HomRepG’(Va triV(W))'

This is because any vector space map Vg — W lifts to a map of G-reps V — triv
by precomposing with the quotient V' — Vi, and any map of G-representations
¢ :V > triv(W) descends to a map Vi — W, since such a map requires ¢(v) = ¢(gv)
for all g € G.

The unit ny is the isomorphism V ~ (triv(V'))qg, and the counit is the natural
quotient W — triv(Wg).

Example 3.4 (Tensor-Hom)

Let A, B be algebras and let M be an A— B - bimodule (a left A-module and a right

B-module). The tensor functor — ® g M sends right B-modules to right A-modules.

The internal Hom functor Hom 4 (M, —) sends right A-modules to right B-modules,

with the B-module structure on a map ¢ € Hom 4, (M, N) given by ¢(m)-b=@(mb).
We have an adjunction - ®p M : Mod 4 s Modpg : Homp. The isomorphism

Homjoa, (P ®p M, Q) ~ Homygeq , (P, Homp (M, Q))

is given by
((pepm) = q) (p~ (m+q)).
For the unit/counit definition, the identity in Homniod, (P ®p M, P®p M) is sent
to the unit

nep = (m~ (p@®m)).

This is the map which sends p € P to a function that tensors elements by p.
The counit is given by evaluation: eg : Homa(M,Q) ® p M — @, with

(¢ ®@m) = p(m).

Example 3.5 (Polynomial Rings)

Let Ring, be the category of pointed rings. The objects are pairs (R, ), where
r € R is a choice of an element of R, and the morphisms are ring homomorphisms
fixing r. (this construction might look familiar to our example of pointed topological
spaces and fundamental groups). The forgetful functor Ring — Ring, has a left
adjoint F', which sends a ring R to the pointed ring (R[z],z):

F':Ring < Ring, : oblv,

where R[x] is a polynomial ring.
The components of the unit are given by ng : R = R[z], and the components of
the counit are given by evaluation:

€(R,r) * (R[.Z'],.Z’) - (R,’I“)

T

15
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§3.2 Equivalence of categories

We will now prove the result on equivalences of categories mentioned earlier.

[
Theorem 3.6
Let F': C - D be a functor. Then the following are equivalent.

1. F is part of an adjoint equivalence of categories, i.e. an equivalence of categories
that is also an adjunction.

2. F'is part of an equivalence of categories.

3. F is fully faithful and essentially surjective.
. J

Proof. (2) is a special case of (1).
For (2) = (3), suppose G is adjoint to F. Essential surjectivity follows from the fact
that GF(X) ~ X and FG(Y) ~ Y. Faithfulness of F follows from the fact that the

natural transformation
Home(X,Y) - Homp (FX,FY) » Homc(GF(X),GF(Y))

is an isomorphism. The same argument shows that G is faithful, and thus set-theoretically,
F is full.

(3) = (1). We construct a new category CD. The objects of CD are triples (C, D, 1),
where C' € C,D € D, and i : FC - D is an isomorphism. A morphism (C,D,i) -
(C',D’,i") is a pair of morphisms (f, f4) such that the following diagram commutes:

FC —— D
lroo |n
FC' — D'
We have natural forgetful functors:
Pc:CD - C
:(C,D,i)~C
H(fer fa) o fe
Pp:CD-D
:(C,D,i)» D
(fes fa) = fa-

We also have a natural inclusion functor:
Ic: C—->CD
O (C, FC, ich)
tfer (fch(fC))a

for any f, € End(C). In particular, Pplc = F. We show that Pp and Ip are part of an
adjoint equivalence.

The composition Pclc is the identity functor on C, so the unit o = ide. The
composition IcPc is isomorphic to idep via the natural transformation

IcPc(C,D,i) =(C,FC,idpc) - (C, D, i),

16
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given by the morphism ec p; = (id¢, i) €e Hom(IcPc(C, D, i), (C, D,i)). Thus, Pc and
Ic are an equivalence of categories CD ~ C. Since

€(C,FCipc) © Ic(ide) = (ide,4) o (ide,irc) = (e, idre) = idjg o)

and
Pc(€o,p,iy) ©idps(c,p,i) = ide oide = idpg e,y
then Pc and I¢ are actually an adjoint equivalence of categories.

We now construct a functor Ip that pairs with Pc to yield an adjoint equivalence
D - CD. For each D ¢ D, consider the set Sp of all objects C € C such that there
exists an isomorphism i : FC' — D (since such isomorphisms are in Hom(FC, D) and our
categories are locally small, Sp is a set). The functor F' is essentially surjective, and thus
surjective. Using the axiom of choice (Cartesian product of a collection of non-empty sets
is non-empty), we can choose an element Cp € Sp for each D. That is, we can choose a
collection (Cp,D,ip) € CD, indexed by D € D.

Define the functor Ip : D - CD by D ~ (Cp, D,ip) on the objects of D. A morphism
f: D — D' uniquely determines a morphism ff : F(Cp) - F(Cpr) making the following
diagram commute:

F(Cp) —2—~ D

bl

F(Cp) —25 D'

Since F is fully faithful, there exists a unique fo € Homgc(Cp, Cpr) such that F(fo) = fo
(using the definition of fully faithful). Define Ip(f) = (fo, f).

From their definitions, we have Pplp = idp. Let np = idp. To define the natural
transformation € : IpPp = idcp, suppose (C,D,i) € CD. Then similarly to above,
the full faithfulness of F' allows us to uniquely complete the following diagram with an
fc:C - Cp:

FC —— D
E
FC D Z—D> D

Then define € p ;) = (fe,idp), giving €: Ip Pp = idcp, and thus an adjoint equivalence
of categories. To see that Ip : D & CD: Pp is in fact an adjoint equivalence, we check
the compositions

€IpD © ID(idD) = (ich,idD) o (ich,idD) = idID,D

Pp(ec,p,i)) ©idpy(c,p) = idp oidp =idpy .,

CD
A ID
C = > D

This diagram commutes and every pair of functors is an adjoint equivalence. Thus,
F = Ppl¢ is an adjoint equivalence, concluding the proof. O

§4 February 4, 2021: Madison Shirazi

Today’s lecture is given by Madison Shirazi.
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§4.1 The Yoneda Lemma

We begin with a few definitions. Suppose that C is a category. The opposite category,
denoted C, is the category with the same objects as C, but whose morphisms are
reversed, i.e. Homgop(X,Y) = Homc (Y, X). (In general in category theory, we have a
principle of duality: if one has proven a theorem, one can apply the same theorem to
the opposite category, and it is still true.) A functor in the opposite category is called a
contravariant functor.

A presheaf is a functor F': C? - Set. The presheaf category, PShv(C) is the
category of presheaves, i.e. Fun(C, Set).

Notice that for any X € C, there is a functor Hom(-, X)) : C? — Set that takes
an object Y to Hom(Y, X), and takes a morphism f : Y3 — Y5 to the morphism
Hom(Y3, X') — Hom(Y7, X), defined by precomposition:

i —1 v

N/

The map (Y2 - X) € Hom(Y2,X) is sent to ((Y2 - X) o f) € Hom(Y7,X) (note here:
in general Hom(—, X) is a functor, while Hom(Y, X) is a set). We can then define the
following important map.

Definition 4.1 — Given a category C, the Yoneda embedding is the map

Y : C —» Fun(C®, Set)
Y : X » Hom(-, X).

A functor is called representable if it is in the essential image of Y.

Now, let’s look at maps between this Hom-functor and a functor F', which are natural
transformations. Let X € C and F € Fun(C,Set). A natural transformation between
Y(X) =Hom(—,X) and F (i.e. an element of Hom(Y (X), F')) is a morphism

nz :Hom(Z, X) - F(Z)

for each Z € C. Choosing X € C, for any natural transformation we can examine
nx : Hom(X,X) - F(X), and in particular we can always look at the image of the
identity nx(idx) € F(X). That is, given n € Hom(Y (X), F'), we can always look at
nx (idx ) so that we have a canonical restriction map
HomFun(C"P,Set)(Hom(_7 X)a F) - F(X)
1~ nx (idx).

The Yoneda lemma, one of the most important results in category theory, states that
this map is actually an isomorphism.

18



Math 163: Derived Categories in Algebra and Geometry Spring 2021

\
Lemma 4.2 (Yoneda Lemma)
Suppose X € C, and F' € Fun(C, Set). The the canonical restriction map
HomFun(C"P,Set)(Y(X)a F) - F(X)
is an isomorphism.
. J

Proof. Let A€ F(X), and define the natural transformation e: Y (X) = F by

ez :Hom(Z,X) - F(Z)
ez:9~ F(g)(A).

: Hom(Z,X) = Y(X)(Z), so this definition makes sense. We show first that this
map is actually a natural transformation. For a map h: Z; — Z5 in C, the diagram

Hom(Zy, X) —— F(Z;)

] ]

Hom(Zy, X) —— F(Z5)

commutes. This follows from the fact that F' is a functor and preserves composition of
morphisms.

The composite F'(X) - Hom(Y (X), F) - F(X) is the identity, since the image of A
under F(X) > Hom(Y (X),F) is €: Y(X) = F as defined above, and then applying the
canonical restriction map we get ex(idx) = F(idx)(A) =idpx)(4) = A.

Now, suppose ¢ : Y(X) = F is a natural transformation with components (z :
Hom(Z,X) - F(Z). If g € Hom(Z,X) if a morphism, then since ¢ is natural the
following diagram commutes:

Hom(Z,X) —2 F(Z)

| ro)]

Hom(X, X) —* F(X)

Starting in the lower left corner with idx and going up we get idx o g = g, and then
going to the right we get (z(g). Starting in the lower left with idy and going right

we get (x(idx), and then going up we get F(g)(¢x(idx)). Then by commutivity,
Cz(9) = F(g9)(¢Cx(idx)), and we are done. ]

Corollary 4.3
The Yoneda functor is fully faithful

Proof. Suppose f: X - Z and f': X - Z are distinct members of Hom(X, Z), where
X, Z € C. To show that Y is faithful, we must show that Y (f) = fo—+# ffo-=Y(f").
But foidy # f'oidyx, so Y is faithful.

The fullness of the functor follows from lemma 4.2 with F' = Hom(-, 7). O

We now describe the relationship between the Yoneda lemma and Cayley’s theorem in
group theory. Suppose C is a category with a single object {*} and where every morphism
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is an isomorphism. Then G = Homg(*, *) is a group under composition. In addition, any
group can be written this way. A functor C° — Set consists of an X € Set and a group
homomorphism G — Perm(X). That is, X is a G-set. A natural transformation between
functors is an equivariant map between G-sets. The functor Homg (%, —) corresponds to
the action of G on itself by right multiplication. Then the Yoneda lemma states that

HomPShV(C) (Hom(—, *),HOIH(—, *)) = Hom(*, *) =G

This tells us that G is isomorphic to some subgroup of Perm(G), which is Cayley’s
theorem.

§4.2 Adjoints and Representable Functors
Let F: C - D be a functor. Define a functor GFor™al 4 he

Gformal . d  Fun(C, Set)
:Y » (X » Homp(F(X),Y).

We then have the following useful proposition on existence of adjoint functors.

Proposition 4.4

If F is a functor, then a right adjoint G to F exists if and only if GFo"™(Z) is
representable for every Z € D.

Proof. Suppose a right adjoint G exists. Then there is a natural isomorphism Homp (F(X), Z) ~
Hom¢(X,G(Z)), for each X € C and Z € D. Thus,

GIormal(7)(X) = Homp (F(X), Z)
~ Homp (X, G(2))
= Homc(-,G(2))(X)
=Y(G(2))(X),
where Y is the Yoneda functor. Thus, GG is representable.
Suppose conversely that Gf°4(Z) is representable. Define G = P o Gfor™a where
P : Fun(C,Set)"P" — C is the inverse of Y. Our goal is to show that G is a right

adjoint to F', so we must find a natural isomorphism Homp (F(X), Z) ~ Homc (X, G(Z)).
We do this as follows:

Home(X,G(2)) =Homea(X, F o GIo™ (7))
~ Hompgpy(c) (Y (X), G779 (2)
~ Gformal(Z)(X)
~ Homp (F(X), Z).
O

Using the above proposition, we see that a right adjoint is a functor G : D — C together
with a natural isomorphism Y (G) ~ G/ That is, we have the following diagram

D

~

Gformall/ \\\\G

~
~

PShv(C) ¢ C.
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Using the Yoneda lemma, we can see why adjoints are unique: suppose G1, G2 are both
right adjoint to F. Then Y (G1) ~ G/ ~ Y (Gy), and since Y is fully faithfult hen
G1 =~ GQ.

§4.3 Limits and Functor Categories

4 N
Theorem 4.5
Suppose C and D are categories, and that [ is a small category. If D has limits of
shape I, lim; : Fun(/,D) — D, then the composite
Fun(/,Fun(C,D)) ~ Fun(C, Fun(/,D)) - Fun(C, D)
is the limit functor.
J

Proof. Recall that we have an adjunction lim; : F/(I,D) & D : A, where A is the functor
A:D - Fun(/,D), X ~ (i~ X). This functor induces an adjunction

Fun(C,Fun(/,D)) s Fun(C,D)).
Now, consider the composite
Fun(C,D) - Fun(C,Fun(/,D) ~ Fun(/,Fun(C, D)),

where the map Fun(C,D) — Fun(C,Fun(/,D)) is the map induced by A : D —
Fun(Z,D). This composite coincides with the constant functor

Fun(C,D) - Fun(/,Fun(C,D)).
To see this, note that

A : Fun(C,D) - Fun(I, Fun(C,D))
P A (X = (i A(X))),

in the first step of the composite, and then
i (X~ A(X))

when viewed as a functor I - Fun(C, D). O

Exercise 4.6. Show that Fun(/,D) s D induces the adjunction Fun(C,Fun(/,D)) s
Fun(C, D) as stated in the proof above.

Given a presheaf F': C? — Set, let (x = F')°P be the category whose objects are pairs
(X,Z) with X €e C and Z € F(X), and whose morphisms are X; - X € C. We can then
define the functor

P:(»= F) - PShv(C)
(X, Z) = Y(X).

‘We also have the constant functor

A : PShv(C) - Fun((» = F)°,PShv(C))
G ((X,2) » G).

Using these two functors, we can state the following lemma.
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\
Lemma 4.7

Suppose C is a small category, and F' and G are presheaves. Then there is a natural
isomorphism

Hompgpy(c) (F, G) = Hompyy((x=F)er, psuv(c)) (P A(G)).

.
<Exercise 4.8. Prove lemma 4.7. >
4 N\
Corollary 4.9
Every presheaf is a colimit of representables. That is, if F' is a presheaf, then
F =~ colim(*:,F)opP.
. J
~N

[
Corollary 4.10

If C is a small category and D is a category with small colimits, then

Fun®™ (PShv(C), D) ~ Fun(C, D).

colim

The category Fun is the full subcategory of functors which preserve small colimits.

- J

As intuition, this corollary gives the universal property for the formation of presheaf
categories:

c— sp»

//?
Lo

PShv(C)

Here, F': PShv(C) — D is defined by using corollary 4.9 to get G =~ colim,_,gyer) P for
G € PShv(C), and then we define

F(G) = Colim(*:G)op)F oP.

(Exercise 4.11. Check that the above definition of ' makes sense and prove corollary 4.1().)

§5 February 9, 2021: Philip LaPorte

Today’s lecture is given by Philip LaPorte. Our goal will be to abstract properties of
categories such as the category of Abelian groups, the category of R-modules, and others,
in what are called Abelian categories. We’ll also discuss how these are related to notions
such as kernels, cokernels, and exact sequences.
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§5.1 Additive Categories
We begin with the definition of an additive category.

Definition 5.1 — An additive category is a category C with the following three
properties:

1. For any A, B € C, the set Homc (A, B) has the structure of an Abelian group
(under composition), and the composition rule must be bi-additive, meaning
that the composition

Hom(A, B) x Hom(B,C) - Hom(A4, C)
is bilinear. This gives a linear map Hom(A, B) ® Hom(B,C) -~ Hom(A, B).
2. There is a zero object 0 € Ob(C), such that Hom(0,0) is the trivial group.

3. For any two objects Ay, As, there exists an object B and morphisms

T T2
A £ B /= Ay

i1 2

such that the following identities hold:

7r1i1 = idAl
7r2i2 = idA2
ilﬂ'g =0
igﬂ'l =0

1171 + 1979 = idB.

We have some useful and intuitive immediate consequences of the above definition:

(a) For every A, the sets Hom(0, A) and Hom(A,0) are the trivial group. This follows
from the fact that we have a linear map Hom(0,0)® Hom(0, A) - Hom(0, A). Since
Hom(0,0) is trivial, then the product on the left is trivial. The map is surjective,
since id ® f — foid = f. Since we have a surjective map from the trivial group to
the group Hom(0, A), then Hom(0, A) is trivial. Similarly for Hom(A4, 0).

(b) Any two zero objects are isomorphic.

(¢) We have B = Aj x Ay = Aj U Ag, i.e. B is both the direct sum and direct product
of Ay, As. We have that the following diagrams are Cartesian and co-Cartesian,
respectively:

B "5 A B« A,

S S

Ay —— 0 Ay +—— 0

For the first diagram, suppose that we have
A& 0B g,

Define ¢ : C = B by @ =i1p1 + iap2. We then have that p; = w1 o and ps = w9 0 .
Furthermore, using the identities from the third property of an additive category
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above, if ¢’ satisfies p; = 1 0 ' and py = w0 ¢, then iy +i9mey’ =idgy’, and
thus ¢ is unique, and the first square is Cartesian. The check for the second square
is similar.

§5.2 Kernels and Cokernels

Suppose we have a morphism ¢ : A - B. By Yoneda, there is an associated natural
transformation of functors h* - h%, where h” : C% - Set is the functor

h: C — Hom(C, A)
tfo—of.

We can use the fact that the Hom sets now have group structure to define kernels and
cokernels. Letting f: D — C, we define a functor ker ¢ : C°? - Ab as follows. Let

(ker¢)(C) = ker(Hom(C, A) - Hom(C, B)).
Define (ker ¢)(f) as the restriction of h4(f) : Hom(C, A) - Hom(D, A) to (ker¢)(C) ¢
Hom(C, A). To visualize this, consider the following diagram
(ker )(C) = ker (Hom(C, A) —— Hom(C, B))
e o)) [ P
(kere)(D) =ker (Hom(D, A) —— Hom(D, B)).

This gives us a natural transformation of functors ker ¢ - h - hZ. Suppose that ker ¢
is representable, so that it is equal to A for some K. Then our natural transformation

k
is b 5> b4 > hB, and we have maps K — A %, B. We can define the kernel this way, or
we can use the following definition.

Definition 5.2 — The kernel of a morphism ¢ : A - B is a pair (K, k) such
that K % A % B with ok = 0, and such that for any other pair (K’ k") with

K'¥ A% Band ok’ = 0, there exists a unique morphism A : K’ - K such that
k' ow = k. This is shown in the following diagram:

K-—-*saA-%,B

5
i A

Kl

Alternatively, we can define K as the equalizer:

K%A#;B.

Note that such a pair (K, k) might not exist.

Above we defined the kernel as the object representing the functor C' ~ ker(h?(C) -
hB(C)). A similar definition does not make sense for the cokernel. Instead we define it
directly using the universal property.
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Definition 5.3 — The cokernel of a map ¢ : A - B is a pair (C,c) such that

A% B S C with cp =0, such that for any other pair (C', ") with A S BS
and ¢’ = 0, there exists a unique u : C' - C’ such that ¢/ = uoc. This is shown in
the following diagram:

A—*sB—_SsC

Ng,

Alternatively, we can define the cokernel as the coequalizer

A%;B;w*,

Again, note that such a pair (C, ¢) might not exist.

While the kernel and cokernel might not exist, they always exist in what are called
Abelian categories, which we discuss next. In addition, we will often refer to the kernel or
cokernel as simply the object part of the object-morphism pair, which matches with the
terminology of kernels you might be familiar with.

<Exercise 5.4. Prove that if the kernel exists, it is unique. )

Exercise 5.5. Prove that the following definition of cokernel is equivalent to the one above:
the cokernel of a morphism ¢ : A - B is a pair (C,c¢), with ¢: B - C, such that for any
X € Ob(C), the following sequence of groups is exact:

0 - Hom(C, X) - Hom(B, X) - Hom(A4, X).

§5.3 Abelian Categories

An Abelian category is an additive category with an additional property.

Definition 5.6 — An Abelian category is an additive category in which the
following property is satisfied:
For any morphism ¢ : A — B, there exists a sequence

K5ai1iBSce
with the following properties:

a) joi=;

c) C'is the cokernel of ¢, C = coker(y);

)

b) K is the kernel of ¢, K =ker(y);
)
)

d) I is the cokernel of ¢ and the kernel of ¢, I = coker(y) = ker(c).

This condition is stronger than simply existence of a kernel and cokernel. Existence of
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a kernel and cokernel means we have

K—*tsa 151 »yI' 2 B <> C
\:hxu’:\ /7(
PN v i " h
B I

In an abelian category, the dotted line I — I’ is an isomorphism.

Exercise 5.7. Show that in an Abelian category, any morphism ¢ with kerp = 0 and
coker ¢ = 0 is an isomorphism.

We know several examples of Abelian categories (Ab, Modg, etc.), so we’ll now go
over some examples of additive categories which are not Abelian.

Example 5.8 (Filtered Abelian Groups)

A filtered Abelian group is an Abelian group X with filtration ---F*X c Fi*1X c
---c X. The category AbF has as objects filtered Abelian groups, and morphisms
defined by

Homapr(X,Y) = {¢: X > Y|p(F'X) c F'YVi}.

If o: X - Y, write Fip: F'X — F'Y for the restriction of ¢ on F*X. You can check
that the kernels are ker Fip, and the cokernels are F'Y /(F'Y n¢(X)). We'll now
show that this is not an Abelian category.

Suppose that we have two filtrations, {F{X},{FiX}, of some Abelian group
X, such that FiX c FiX for all i and F{X ¢ FJX for at least one j. Consider
idy : XM - X This has zero kernel and cokernel in AbF (check using the
definitions above), but is not an isomorphism.

Example 5.9 (Topological Abelian Groups)

A topological Abelian group is an Abelian group with a Hausdorff topology. The
category ABT has as objects the topological Abelian groups, and as morphisms
continuous group homomorphisms. For a morphism ¢ : A - B, ker ¢ the kernel of ¢
with the subspace topology, and coker ¢ is B/¢p(A) with quotient topology, where
©(A) is a closed subgroup of B. Irrantional winding on the torus (¢t » at for a ¢ Q)
has dense image, which implies zero cokernel and kernel, but is not an isomorphism
(not surjective).

§5.4 Diagram Chasing

We begin with some definitions. In what follows, we will be working in an Abelian category.
Let f: X — Y be a morphism. If for any object Z € C and any morphisms ¢;,g92: Z - X
we have that fog; = f o go implies g1 = g2, then f is called a monomorphism. If for
any object Y € C and any morphisms g1,g2 : X = Y, we have that g1 o f = go o f implies
g1 = g2, then f is called an epimorphism.

A sequence

PN AR

is exact at B if im(f) = ker(g), or coim(g) = coker(f).
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4 ™\
Lemma 5.10
Suppose that the right square in the following diagram is Cartesian:
K-*.z T,y
L
K—tsx -ty
Then if f is an epimorphism, then f’ is also an epimorphism. In addition, we have
K=K"and k =gk
. 4

: pullbacks and pushouts exist an an Abelian category. In fact, with a couple
definitions, we can state a theorem. A monomorphism is normal if it is the kernel of
some morphism, and an epimorphism is conormal if it is the cokernel of some morphism.
If every monomorphism in a category is normal, it is called a normal category, and if
every epimorphism in a category is conormal, it is called a conormal category. You
can then do the following exercise.

Exercise 5.11. Prove that the following are equivalent for a category A:
1. A is an Abelian category;
2. A has kernels, cokernels, finite products, finite coproducts, and is normal and conormal;

3. A has pullbacks, pushouts, and is normal and conormal.

An element of an Abelian category A is an equivalence class of pairs (X, h), where X
is an object and h: X — Y is a morphism, defined by the equivalence relation (X, H) ~
(X', ") if and only if there exist Z € Ob(A) and epimorphisms u: Z - X, u': Z - X’
such that hu = h'u’. The above lemma helps to check that this is in fact an equivalence
relation. We can now state some diagram chasing rules. We use = instead of equivalent
for elements in the below.

1. A morphism f: A — B is a monomorphism if and only if f(z) =0 implies x = 0 for
xeA.

2. A morphism f: A - B is a monomorphism if and only if f(x) = f(z") implies
x =21 for z,2’ € A.

3. A morphism ¢g: B - C is an epimorphism if and only if for all z € C, there exists
y € B such that g(y) = z.

4. A morphism h: R — S is zero if and only if h(z) =0 for all x € R.

5. The sequence A ER B%S is exact at B if and only if go f =0 and for all y € B
with g(y) =0, there exists x € A with f(z) = y.

6. Suppose g : A - B is a morphism, and x,y € A satisfy g(x) = g(y). Then there
exists z € A such that g(z) = 0. This z also satisfies the following properties:
(a) For any f: A — C with f(x) =0, then f(2) =-f(y).
(b) For any f': A— C with f'(y) =0, then f'(2) = f'(z).
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The first two properties above might look similar to properties of injective maps in
familiar categories. The third looks similar to what happens in surjective categories. In
the last property, we can think of z as being an analogue to the difference = — .

Using these rules, we can prove the following lemmas.

-
Lemma 5.12 (Five Lemma)

Consider the following commutative diagram:
X4 X9 X3 X4
lﬁ lfz lf:s lf4 lfs
Y Yy Y3 Yy

Suppose that the rows of this diagram are exact. If f; is an epimorphism, f5 is a
monomorphism, and fy and f; are isomorphisms, then f3 is an isomorphism.

AN
7

\
7

\
7

AN
7

AN
4

. 4
4 N\
Lemma 5.13 (Snake Lemma)
Consider the following commutative diagram:
0 > X 25 X, 25 X3 > 0
lfl lf2 lf3
0 y Y, —1s Y, 2 vy > 0.
Suppose that the rows of this diagram are exact. Then the following sequences are
exact:
0 > ker(f1) <> ker(fa) <> ker(f3),
b b
coker(f;) — coker(fa) —> coker(f3) — 0.
Here a1 and as are induced by g1 and g2 respectively, and by and by are induced by
h1 and hgy respectively.
.
<Exercise 5.14. Prove lemma 5.12 and lemma 5.13. >

§6 February 11, 2021: Raluca Vlad

§6.1 Projective Modules

Today we discuss modules, which are an example of Abelian categories from last time.
Although we will be working with Mod g, many of the definitions and results generalize
to Abelian categories.

Definition 6.1 — A covariant functor F': Mod — Ab is called exact if for any
short exact sequence

0-45BA 0o,
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the sequence
F(i F
0-FA) 2 rB) 22, F(0) >0
is exact, and F'(0) = 0.

Definition 6.2 — A module M is a projective module if the functor Hom(M, —)
is exact. That is, if for any short exact sequence

0-A5BLC 0,
the sequence

0 - Hom(M, A) = Hom(M, B) —2 Hom(M,C) - 0

is also exact.

Recall that for any module M, then Hom(M,-) is always left exact. That is, 0 —
Hom(M, A) - Hom(M, B) — Hom(M, C) is always exact for an exact sequence 0 > A —
B - C' - 0. Thus we can state the above definition equivalently as

Definition 6.3 — A module M is projective if and only if for any surjection
B - C then Hom(M, B) - Hom(M,C) is also a surjection. That is, for any
exact A > B — 0 and any morphism ¢ € Hom(M,C), there is a unique map
1 € Hom(M, B), as in the following diagram:

-
Proposition 6.4

A module M is projective if and only if M is a direct summand of a free module,
L MeN =R

Proof. Suppose that M is projective. Find a surjective map 7 : Rl - M. By the
definition of projectivity, there exists f: M — R such that the following commutes

Then R = im(f) ® ker(w) = M @ ker(w). Thus, if M is projective, then it is a direct
summand.

For the other direction, we first show that free modules are projective. That is, for any
surjective map 7 : B - C and any R! — C, then we must find a map ¢ : R' - B such that
mog=f. To this end, define the map on the generators {r;} of R by r; = 77 1(f(r;)).
This is well defined since 7 is surjective.

Now, suppose we have M with M & N = R!, for some N,R!. Let 7 : B - C be
an arbitrary surjection of modules, and suppose we have a map ¢: M — C. We have
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a projection map R’ 5 M , and we know that R’ is projective, so we have the map
g: R! - B defined above. Our desired map for M to be projective is g |s, as shown in
the following diagram:

Q<—§

AN

RI
k glm
B
P
\/\

: a module M is projective if and only if M — R!. Now, we see that M is a

coequalizer, by considering the following diagram
;P I
R _:d; R' —— M.
1
Conversely, suppose N is a coequalizer
i
; iop ; "N
R :d; R —— N.
1

Then N isn’t quite projective. We also need the condition that NV is a split coequalizer,
which is a coequalizer with maps s and t such that

t s

KNk
A%Bﬁ@

with es = 1¢, se = gt, ft = 1g. Then we have that N is projective if and only if it is a split

coequalizer:
i
30

Ko KN
RI:ngIT>N.
1

§6.2 Flat Modules

Definition 6.5 — A module M is called a flat module if @ M is exact. That is,
for any exact sequence 0 > A - B - C - 0, then

0-AM—->BM—-CeM -0

is also exact.
Equivalently, a module is flat if for any injective map A - B, then A M - B® M
is also injective. This follows from the fact that ® M is right exact for any M.

We'll now discuss what is called equational criterion for flatness.
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Definition 6.6 — A relation Y r;m; = 0 is called trivial if there exist m > 0,
njeM,j=1,...,m,and a;; € R,i=1...,n,5=1...,m, such that

m; = Z aijng, Vi, and Zriaij =0,vJ.
j 7

[
Proposition 6.7

A module M is flat if and only if every relation in M is trivial.
.

Proof. Suppose M is flat. Let Y. r;m; = 0 be a relation in M. Let

I=(ri,...,7n) SR
K =ker(R" > I,(a1,...,an) = Y. a;r;).

Then we have an exact sequence 0 > K - R — [ — 0. Since M is flat, we get an exact
sequence 0 > K@M - R"®@ M - I ® M — 0. Consider > 7; ® m; in I ® M. Since we
have an injection I > Rand I M - R® M, then Y r;,®@m; =1® Y rim;=0in R M
implies that > r; ® m; =0 in I ® M. Now, look at

Zk:j®njv—>26i®mir—>2ri®m¢=0.

But k; = }; a;5e; in R", and we are done.

For the other direction, note that it is enough to check that M is flat if I - R injective
implies I ® M — R® M is injective for any finitely generated ideal I. Thus, suppose that
> r; ® m; — 0 under the map I @ M - R® M. We want to show that > r; ® m; is zero
in I® M. Since Y r;®m; =0in R® M, then 1® (Y r;m;) =0 in R® M, which implies
Yrim; =0in M. In I ® M, we can then write

Zri ®@Mm; = ZTZ‘ ® (Zaijnj) = Z(ZTZCL”) ®nj =0.
7 7 J J ?

Example 6.8

Here are some examples of flat modules:
e Free modules are flat.

e Direct summands of flat modules are flat.

o Projectives are flat (implied by the above two bullets).

§6.3 Lazard’s Theorem

We'll now state and prove Lazard’s theorem, which gives an interesting characterization
of flat modules, related to the equational criterion of flatness, in the sense that using
directed colimits, one cannot introduce nontrivial relations.
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Theorem 6.9 (Lazard's Theorem)

A modules M is flat if and only if it is the colimit of a directed system of free finite
rank R-modules.

In the above, a colimit of a directed system is a colimit of a functor F' : I - Mod,
where (I,<) is directed, i.e. for all 4, j € I, there exists a k with 4,5 < k. The following
examples illustrates why we a directed colimit and not just a colimit.

Example 6.10
Consider the diagram
7 —2 47

N

P
—— colim

Here, ¢ is the map 1 —~ (1,0,0), ¢ is the map 1 — (1,-1,0), and ¢ is the map
1~ (1,0,-1). The colimit is

N

colim = Z3/((1,0,-2), (1,-2,0)).

Note that 2(1,-1,-1) = (1,0,-2) + (1,-2,0) = 0, with (1,-1,-1) # 0. Thus, the
colimit has torsion and is therefore not flat.

To prove theorem 6.9, we’ll use the following lemma concerning finitely presented
modules. A finitely presented module is a module M such that there exists an exact
sequence R®™ — R®" » M — 0, for some m,n € N.

Lemma 6.11

Any module M is a colimit of a directed system of finitely presented modules.

Proof. Let f: R! - M be a surjection, for some I, and let K = ker(f). Consider the set
of pairs (J,N), where J c I is a finite subset and N is a finitely generated submodule of
RE n K. Define a relation < by (J,N) < (J',N') if and only if J c J' and N c N’. For
each pair e = (J, N), define M, = R’ / N. For any e < ¢, define the map feer : M — M as
the natural map (i.e. R’ - R’ /(R” n K) induces a map R’/(R’nK) - R’ /(RJ nK)
since R’ n K is in the kernel of the map). Now, the (M., fer) form a directed system,
and the maps f.: M, - M = R’ /(K n R’) induce an isomorphism colim M, - M. O

Exercise 6.12. Work out the details of the isomorphism colimM, — M induced by the
maps M, - M.

Proof (of theorem 6.9). First, note that taking directed colimits is exact and commutes
with tensor products, so a colimit of a directed system of flat modules is flat. So if M is
the colimit of a directed system of free modules, then it is flat (free modules are flat).
For the converse, suppose that M is flat. Let I = M x Z, and define f: R - M as
the projection map. Take E = {(J,N)}, by lemma 6.11, we can write M = colim.M,
where e € E. To prove the theorem, it suffices to show that for all e = (J, N) € E, there
exists an e’ > e such that M is free (note that the M, are finite, by definition of J).
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This is enough, since then M is a colimit of these ¢’. To this end, we use the following
fact: a module M is flat if and only if for any finitely presented module P and any map
f: P — M, there is a finite free F and h: P - F and g : F' - M such that f = goh. This

implies that f.: R’ /N — M factors as R/IN LA Fi M , for some finite free F'. We now
show that F' = M, for some €’ > e. Let {b,...,b,} be a basis for F. Choose distinct
i1y yin € INJ with f(ri) = g(b). Let J' = JU{iy,...,in{ and define ¢ : R/ - F by
@:rim h(r;) for i e J and ¢ : 7, = b;. Then let N’ = ker(y), and note that this implies
N’ c ker(f). We also have that N’ is finitely generated, and thus (J', N') € E. This
implies that e < e’ so F'~ R7' N' = M is free. O

(Exercise 6.13. In the above proof, verify that N’ c ker(f) and that N’ is finitely generated.)

§6.4 Injective Modules

We now discuss injective modules.

Definition 6.14 — A module M is injective if Hom (-, M) is exact. That is, for
any exact sequence 0 > A - B - C - 0, then

0 - Hom(C, M) - Hom(B, M) - Hom(A, M) - 0

is also exact. Equivalently, a module M is injective if and only if for every injection
A - B and any homomorphism A — M, there is a map B — M so the following
diagram commutes

M

T r\\

A— B

Example 6.15

A vector space over a field is an injective module.

Example 6.16

The module Q over Z is injective. To see this, suppose that A — Q is a homomorphism
and A - B is an injection. Look at pairs (A1, f1) with A; ¢ B a subgroup such that
Ac Al, and f : A1 g Q with f1 |A: f We sSay (Al,fl) 2 (AQ,fg) if Al 2 A2 and
f1]4,= f2. Then Zorn’s lemma implies that there is a maximal element which is
(B, g). To see this, let (A1, f1) with A; ¢ B, and take b € B\ A;y. Let As = (A1,b) c B.
We want to show there is an fo : A; — Q such that fo |4,= f1. If nb ¢ Ay for any
nonzero n € Z, then f5(b) can be anything. If nb € Ay, then let ng € Z be the minimal
positive integer such that nob € A;. Define fo(b) = fi(a)/ng. We've shown that
A; ¢ B is not maximal, and thus (B, ¢) is maximal and g is our desired map.

The proof from the example above also works for any divisible Abelian group. In
addition, any injective Abelian group is divisible. Since divisible Abelian groups are not
finitely generated, then injective Abelian groups are not finitely generated.
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§7 February 16, 2021

§7.1 The Ubiquity of Complexes

We begin with basic fact: if K is a field, then any finitely generated K-module (vector
space) has a basis. This is why linear algebra works, and is one of the most fundamental
results in mathematics. However, if we replace K with a commutative ring, this no
longer works. For example, let R = C[z,y, z], the polynomial ring. Consider the finitely
generated R-module I = (xy,zz) (an ideal). This module does not have a basis. If you
guessed that {zy,xz} is a basis, note that unfortunately z - (zy) -y - (zz) =0, so this is
not linearly independent. In the language of this class, we have a sequence

0> R-R® > N -0,

where the maps are given by vector multiplication by (_Zy) and (xy :L'Z) respectively,

and the composite of these maps is zero. Furthermore, the sequence is exact.

The basic idea behind the derived category of modules over a ring is that 0 - 0 - R —
R®? is “as good as” the object N itself, and we can think of 0 - R - R®? as a graded
module where each map composes to zero with the next.

The above example is part of a more general procedure (assume Noetherian). If we
have M — 0, we can find a free module Fy such that Fy - M — 0. We can then take the
kernel K; to get an exact sequence K1 - Fy - M — 0. We can then repeat this to find
i, K, ... to get

K > Fy % > 0
KQ —_— F1

T

Ky —— By
T
F3

where the maps F; — F;_1 — Iy compose to zero, and each Fj is free. The kernel Kj is
called the j’th syzygy module.
To get to complexes, we discuss some historical derived ideas. Suppose K is a field

)

A . . . . .
and we have a map K? — KP, where A is a matrix. We’re interested in solutions of
the form AZ = 0. Suppose that Zi,...,%, are solutions to AZ = 0. By rank-nullity,
X :={Z;} is complete (spans the solution set) if n > ¢ = rank(A). In the language of

this class, we say F? X K14 KP s exact if and only if ker(A) =im(X) if and only if
rank(A) +rank(X) = rank(K?). In the case that the {Z;} are linearly independent, we
have

0> Fp 2 K14 Kgr

exact.
From this, Hilbert asked the following question: what happens if A is a matrix with
entries in the polynomial ring K[z1,...,2,], r >0? That is, if

X = (pl(xl,...,xr)(l),...,pq(xl,...,xr)(l))
X, = (pl(asl,...,:CT)(”),...,pq(azlj...,xr)(”)
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is a solution, can we get more solutions by taking linear combinations of the these
polynomials? To rephrase this, let F} = K[x1,...,2,.]® and Fy = K[x1,...,2,]%?, and
ask: is it possible to find a number n and a surjection K[z1,...,z,]®" such that we have
the following diagram:

K
K[z1,...,z.]®"
The answer is yes, by the Hilbert Basis Theorem, which tells us that polynomial rings

are Noetherian, and thus Noetherian modules over themselves. By the definition of
Noetherian, then any submodule is finitely generated.

Theorem 7.1 (Hilbert Basis Theorem)

Polynomial rings over Noetherian rings are Noetherian.

Of course, the kernel K might not be free, Hilbert then asked if one can bound the
minimum length of a resolution. The answer is in the Hilbert syzygy theorem.

~N
Theorem 7.2 (Hilbert Syzygy Theorem)
Any finitely generated K[z1,...,z,]-module has a free resolution
O-F;,->F 1> >F—->F->-M->0
with j <r.
\ J

§8 February 18, 2021

§8.1 Complexes

Today we discuss the fundamentals of (co)chain complexes and go over a few examples.

Definition 8.1 — Let A be an Abelian category. A chain complex in A is a
sequence of objects in A,

d

dn+1 n
> Cpy — Cp, —Cp1 —~ )

such that d,, od,;1 =0. A chain complex is denoted C,.
A cochain complex in A is a sequence

an dn+1
BENYG AN Cn+1 SRR CTL+2 > ooo,

such that d,,1 od, =0. A cochain complex is denoted C*°.

: chain complexes and cochain complexes are the same up to reindexing.
There is a category of chain complexes Kom(A), with chain complexes C, as objects
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and morphisms f, : C's = D, given by collections of maps, so the following commutes:

> C » Cpog —— -
l/fn l/frwl
> Dy, > Dy — .

The most import definition in concerning chains and cochains (and the most important
definition in this class) is that of homology (cohomology) of chain complexes (cochain
complexes). Note that since dod =0 (sub/superscripts suppressed), and thus im(d) ¢
ker(d). If the ¢ we and =, the sequence would be exact. Homology and cohomology
measure the failure of the sequence to be exact.

Definition 8.2 — The n’th homology group of a chain complex C, is

ker(d, : C,, > Cp-1)

H,(C,) = .
( ) iIn(d'n,+1 1 Cpy1 — Cn)

The n’th cohomology group of a cochain complex C* is

ker(d” : C™ - C™*)
H"(C,) = .
(C2) im(dn-1:Crn1 - Cn)

We define the n’th cycle as Z,(C,) = ker(d,,), and the n’th boundary as B, (C,) =
im(dy+1), so H,, = Z,/ By, and similarly for cohomology (defining the coboundaries
and cocycles).

Since these definitions are so important, we’ll cover some examples.

Example 8.3

Let M be a finitely generated left module over a ring R. As discussed last time, we
have a sequence of free modules:

wFj = Fj_q = — M - 0.

This complex F,(M) is called a free resolution of M. Note that Hyo(Fe(M)) =
ker(M — 0)/im(Fp » M) = M /M =0. Similarly

ker(Fj g Fj—l) = ker(Fj - Kj—l) = im(Fj+1 - KJ) = im(Fj+1 - Fj),

so H,(Fe(M)) =0 for all n. Chain complexes with H,,(C,) =0 for all n are called
acyclic complexes.

Example 8.4 (Singular Homology)

Let X be a topological space, and let A™ be the standard n-simplex (A is a point,
Al is a line segment, A? is a triangle, A® is a tetrahedron, etc.). Define a chain
complex by letting C,,(X) = Z[Homs(A", X)], where Homys = {f : A" - X},
the set of continuous functions embedding simplices into X. Note that there are
two maps A - Al there are three maps A' - A2, four maps A? - A3, etc.,
which place the a simplex in on the edges of a higher dimensional simplex. Now
Co(X) = Z[Homys(AY, X) = X], and C1(X) = Z[Homs (A, X)], and there are
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two maps 0y, 01 : C1(X) — Cp(X), given by precomposition with the two maps
A - Al. Similarly, there are three maps Cy(X) — C1(X), given by precomposition
with the three maps dy, 01,0 : A - A?, and so on. To make this into a chain
complex, we only want one map from C;(X) - C;_1(X). We do this by defining

dn = (_1)kak7

NgE

k=0

where the J; are the maps defined by precomposition with simplex embedding. The
maps d, make C, into a chain complex. Homology groups of this complex are called
singular homology groups.

What is the point of doing this? Taking Cy(X) to be the free Abelian group
on X, we obtain something more manageable than X itself, but we lose a lot of
information. To get back information, we attach the higher C;,. We can think of
singular homology as the “correct Abelianization” of X.

Example 8.5 (deRham Cohomology)

Consider C*(X), the set of global C** functions on a smooth manifold X, i.e. the set
of infinitely differentiable functions C' - R. Let Q'(X') be the space (C*° (X )-module)
of i-forms. We then have a map

C®(X) » (X)) - Q*(X) > .

Denote by dx! the forms dx;, A -+ A dx;,, where I is an indexing set. Then the
boundary maps are defined by

d( D fldazl) =3 Z%da:%da:f.

[T|=k \I|=k i

Cohomology groups of this complex are called deRham cohomology groups.

Example 8.6 (Hochschild Complex)

Let K be a commutative base ring (e.g. Z), A an associative K-algebra with a map
K - A, and M an A-bimodule, with maps M ® A - M and A® M — M. The
Hochschild complex is defined as follows. Note that there are two maps M @ A - M,

defined by m® a - m-a and m ® a » a-m. Similarly, there are three maps
M®A®A—- M®A, defined by

me®ay ®ag+—=>m-a; ®as
mee@a ®ag—=>meay-a

me®a ®as = aom®eaj.

Similarly, there are four maps M @ A A® A - M ® A® A, and similarly for higher
powers. Define dyoen as the alternating sum of the maps M ® A®" - M ® A®("~1).
Then the Hochschild complex is given by Hoch{%) (A: M) = (M ® A%, dyocs). We
define HH,(A; M) as the homology of this complex. We have HHy(A; A) = A/[A, A],
where [A, A] is the commutator. To see this, consider A® A - A, and recall the
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two maps from above are a® b~ a-band a ® b+~ b-a. Since the map A®@ A~ A
is the alternating sum, then the image is the commutator [A, A]. Then consider
A®A— A—-0, we see that HHy = A/[A, A].

Furthermore, if R is a commutative K-algebra, then

HH,(R;R) ~ HH.(M,(R); M, (R)),

where M, (R) is the matrix ring over R. This gives a Morita equivalence between
R and M,,(R). Two rings are called Morita equivalent if there is an equivalence
between their category of modules. The Morita invariance theorem for matrices is
related to the generalized trace: tr: M, (M) ® M, (A)®" - M ® A®™.

We’ll now cover some basic results about chain complexes.

Theorem 8.7

If A is an Abelian category, then Kom(A), the category of chain complexes, is also
Abelian.

Proof. The zero element is given by 0 =+ - 0 - 0 — ---. We can add chain complexes as

dS ed?
Ce®Dyg=--->Cpo®D,, ——>Cp_10D,_1 > -

A sequence 0 > A, > B, > (¢ = 0 is exact if and only if all the rows are exact:

<
N
<
N

O]

4 )
Theorem 8.8 (LES Theorem)

Let A be an Abelian category. In Kom(A), if 0 > A, — Bs - C's — 0 is exact, then
there exist maps 0 : H,(C,) - H,-1(A.), such that we get a long exact sequence

\

<Exercise 8.9. Prove theorem 8.8. Hint: use the snake lemma: lemma 5.13. >
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To visualize the above theorem, we can draw the following diagram:
» H.(B)

B

H.(C)

H.(4)

§9 February 23, 2021

§9.1 Complexes

We begin by proving the long exact sequence theorem, theorem 8.8 from last time.

Proof. First, consider the following diagram, which is an expansion of the definition for
exactness for chain complexes:

0 —— Zp(A) ——— Z,(B) —— Z,(C)

AN
4

~

AN
4

~
An

AN
4

~
By

Ch
d

d d

~ ~ ~

0 —— A,y ——— By ——— Ch.p —— 0

~ ~ ~

An_l/dAn —_— Bn_l/dBn —_— C’n_l/an — 0,

where the red arrow is injective and the blue arrow is surjective. From this, we can
extract the following diagram (using the chain maps):

An/dAn+1 — Bn/dBn+1 — Cn/an+1 E— 0

Lo Js L

0 — Zp1(A) —— Z,1(B) —— Z,.1(C)
From this, using the definitions of the chain maps, we have
Hp(A) —— Hn(B) — H,(C)

~ ~ ~

An/dAn+1 B— Bn/dBn+1 — Cn/dC'rHl — 0

d d d

~ ~ ~

0—— Zn,l(A) e Zn,l(B) e anl(C)

~ ~ ~

H, 1(A) —— H,1(B) —— H,-1(C)
To this, we can apply the snake lemma, and get H,(C) - H,_1(A) (note that the H,

and H,_ are the kernels and cokernels respectively). Gluing these together for all n, we
obtain the long exact sequence as desired. O
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~
Proposition 9.1
Suppose we have
0 > Ao > B > Clo > 0
0 > Al > Bl > Cl > 0
Then we get a map of long exact sequences
o —— Hy(C) =2 H,1(A)) —— Hpo1(Bo) —
o —— Ha(C)) == Hn-1(4) — Ho1(Bl) — -
.
<Exercise 9.2. Prove proposition 9.1 >

§9.2 Constructions with Complexes (Homotopy)

We begin with some motivation based on ideas from topology. Recall that if X and Y
are topological spaces, and f,g: X — Y maps (continuous), then we say f is homotopic
to g if there exists a map H : X x I - Y such that H |xxo= f and Hxx1 = g. We say that
f is nullhomotopic if f is homotopic to a constant map (which sends all of X to some
point). We say that f is a homotopy equivalence if there exists g: Y — X such that
g o f is homotopic to idx and f o g is homotopic to idy.

As an example, the space R" is homotopic to a point. The space S* x S* (the torus) is
not homotopic to S%2. We’ll now go over some more constructions which will translate
into the language of complexes.

Definition 9.3 — Let f : X - Y. The mapping cylinder of f is the space
(([0,1] x X)uY)/ ~, where ~ is given by (0,z) ~ f(z), for x € X. The mapping
cylinder is denoted Cyl(f). That is, we take a cylinder whose ends are X, and glue
one of the ends of the cylinder to Y, via the map f. The mapping cylinder is useful

in that it factors f as
) \ / '

Cyl(f) ;
where the map Cyl(f) - Y is a homotopy equivalence.

Example 9.4

Consider the pushout of the maps (+u—-) — + and (+u-) - —, where + and - are
points, regarded as topological spaces. The pushout is a point, where we identify +
with — (the disjoint union modulo an equivalence relation which identifies the images
of both maps). This operation (pushout) is not homotopy invariant, in the sense
that we can replace — with something equivalent, and get a different pushout. For
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example, replace — with the mapping cylinder of (+ u-) - —, which is an interval T
with endpoints + and —. The pushout is then the circle S*, since we identify + and
—. Thus, taking pushouts is not homotopy invariant.

Example 9.5

Consider the pushout of the maps S' — pt and S' — pt. The pushout is a point.
The mapping cylinder of S* — pt is a cone (a cylinder with one end attached to a
point). Replacing one of the maps S! — pt with the map S* - Cyl(f), the pushout
becomes a sphere S2.

The previous two examples lead us to the following construction.

Definition 9.6 — If
— Z

~ e

is a diagram of “nice” spaces (think Hausdorff), then the homotopy pushout is
defined as the pushout

X —

|

Cyl(f) — Y

This homotopy pushout has more desirable properties than the ordinary pushout int
the following sense.

\
Proposition 9.7
Consider
X — 7
Y,
If we have
X — 7
Yy — Y/,
~ h h
where Y — Y’ is a homotopy equivalence, then Y| | Z ~Y'| | Z.
X X
. J
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h
Definition 9.8 — The mapping cone of f: X - Y is given by Cone(f) =Y |Ipt:

X —— s pt

| !

Cyl(f) —— Cone(f).

Now, let’s turn back to complexes, and define a notion of homotopy on them. Suppose
we have two complexes in an Abelian category A, C, and D,, and maps s, : C; = Dj1.
Define the map f,, = dp+18n + Sn—1dy,. This is shown below (note that the s, maps don’t
commute, they’re just shown for reference):

dn+1 C dn
n

> Chit > Cpo] ——
I I
I I
% \;/f”%l \Lf"’l
\ s D —_ ..
7 n+1 n 7 n—1

Lemma 9.9

The map f, : Co — D,, given by f, = dp+15, + Sp—1d,, as above, is a map of chain
complexes.

Proof. We have

dnfn = dn(dn+13n + Sn—ldn)
= dndn+13n + dnsn—ldn
= dnsn—ldn-

We also have

fn—ldn = (dnsn—l + Sn—an—l)dn
= dnsn—ldn-

So dp fn = fn-1dy (the d,, on the left side of this are the Dy maps and the d,, on the left
are the Cy maps), and thus the f,, form a chain map. O

We can now translate more of our topological notions into the language of complexes.

Definition 9.10 — A map of complexes f : Cy » D, is nullhomotopic if there
exist maps s, : C,, > Dy41 such that f = ds+ sd. If such an s exists, it is called a
chain contraction. Two maps f,g:C, - D, are said to be chain homotopic if
f = g is nullhomotopic. A map f:C, — D, is a chain homotopy equivalence if
there exists a g : Dy — C, such that go f is chain homotopic to id¢ and f o g is chain
homotopic to idp.

/Exercise 9.11. Consider the singular chain functor C, : Top -~ Kom(Ab), and the deRham

complex functor 2 : Mnfld - Kom(Ab). Show that the notions of homotopy on complexes
\deﬁned above translate properly to the notions of homotopy from topology.
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§10 February 25, 2021

§10.1 Complexes: Homotopy

From now on, our complexes will all be cohomological (increasing indices). Recall that
for maps g, f : K* - L*, we say ¢ is homotopic to f if there exists s : K™ — L™! such
that g — f = ds + sd, and we write g ~ f.

Lemma 10.1

If ¢ is homotopic to f (written f ~ g), then f and g induce the same maps on
cohomology. That is, for H"(K*) - H"(L*®), then H"(f) = H"(g) for all n.

Proof. We have

H™(f)(k) = f*(k)
= g"(l%) + ds(ic) + sd(l;:)
= H"(g)(k),

where k € K™ is a lift of k ¢ H"(K*). O

-
Corollary 10.2

If f is nullhomotopic then H"(f) = 0.
-

Definition 10.3 — We say that a cochain complex C* is acyclic if H"(C*) =0 for
all n e Z.

-
Lemma 10.4

The following are equivalent:
(1) C* is acyclic;
(2) C* is exact in all degrees;

(3) 0 — C* has a canonical map which is a quasi-isomorphism (defined below).
(N J

Definition 10.5 — A map f: K*®* — L*® is said to be a quasi-isomorphism if f

Hn
induces an isomorphism on cohomology, i.e. H"(K*) SN H™(L*) for all n.

-
Lemma 10.6

If f: K* - L*® is a homotopy equivalence, then f is a quasi-isomorphism.

.
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Exercise 10.7. Prove that homotopy equivalence is an equivalence relation, but quasi-
isomorphism is not.

Definition 10.8 — Let C*=-- > C™"! - C" - C™""! > .... We say that C* is split

8n+1

if there exist maps - < C"! Ecn&— o™t « ... such that

on da" . Cn+1

kb

on da" ; Cn+1

We say that C* is split exact if it is split and exact.

Example 10.9

Let A = Vectg, where K is a field. Then any complex in A is split. We can write
C"=2Z"® (B") and Z" = B" @ H", where Z" = ker(d") and B" = im(d"™1).

Example 10.10

Acyclic complexes need not be split exact. For example, take A = Ab (Z-modules).
Consider the complex

Y JYIN Y VR

This complex is not exact, since Z/2-Z /4 ¢ Z/2®Z/2. The complex is quasi-isomorphic
to 0, but not homotopy equivalent to 0. Such differences between quasi-isomorphism
and homotopy equivalence lead to complications in forming the derived category.

§10.2 Operations on Complexes

Definition 10.11 (Shifted Complex) — Consider a cochain complex K*. The n-
shifted complex, written K[n]®, is defined as the complex with (K[n]®)? = K™}
and dgpp)e = (=1)"dg (here the (~1) represents a shift, not a sign).

For example, consider the following complex:

-2 -1 0 1 2
K=K[0]=+>0->0->M->0->0- -

Then we have

2 -1 0 1 2
K[l]=+>0->M->0-0->0~->
2 -1 0 1 2
K[-1]=+>0->0->0->M->0-
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Definition 10.12 (Shift Functor) — The n-shift operation assembles into a functor
T" as follows:

T" :Kom(A) - Kom(A)
T(K*) = K[n]®
T°(f): K[n]* - L[n]".

Definition 10.13 (Cylinder) — Consider f: K* — L®. Define the cylinder of f as
Cyl(f)* =K o K[1]"® L,
where K[1]° is the shifted complex as defined above. The maps d are

d . Kn @ KTL+1 @ Ln+1 N Kn+1 @ KTL+2 @ Ln+1
: (kn7kn+1,ln) e (d(kn) _ kn+17_d(kn+1)7f(kn+1) + d(ln))

For example, consider the interval [0, 1] in Top, which is two copies of zero dimensional
objects (the points 0 and 1) glued to one copy of a one dimensional object (the line (0,1)).
We can ask: what is the chain complex version of the interval? Take A = Ab = Mody.
The interval in complex form is the complex

-1 0
> 0->2Z->7Z&7Z -0 -,

where the supersets indicate degree. The cohomology is given by

I ZoZl|{(n,-n)} ~Z, n=0
- 0, else.

So C*(I) (the complex of an interval) is the complex Z[0]. This is the cylinder (from
topology) on a point, so we expect this (since it’s homotopy equivalent to a point). Let’s
see that this agrees with the notion of a cylinder as above, for Cyl(id : Z — Z). We have

Cyl(id:Z - 7Z)=7Z[0]* ® Z[1]* ® Z[0]*
-1 0
-7 >7eZ,
where the maps are 006 Z &0 - Z & 0 ® Z, where (0,2,0) » (-z,0,x).

Definition 10.14 — Suppose A has a symmetric monoidal structure (a tensor
product ®). Then the shift complex is given by

(K*®L)'= @ K'oL’
i+j=n
d: (K*® L))"~ (K*®L")"""
(k) - (d(E) @ + (1)K @ d(Y)).

The cylinder is given by (for f: K* — L*®):

(K*eC.(I))o L%/ ~.
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Ignoring the equivalence relation now, the complex is

(K*oC,(I)®oL*=(K*'0oK[1]")® L".

Definition 10.15 (Cone) — Let f : K* — L*. Then Cone(f)® is the complex
K[1]* @ L* with maps

K’I’L+l @Ln — Kn+2 @ Ln+1
(kn+17ln) i (—d(kn+1),f(kn+1) +d(ln))

Example 10.16
Let f: M — N, amap in A. Then Cone(f)* is the complex

—lf 0

§11 March 2, 2021

§11.1 Operations on Complexes

Recall the definition of a cone from last time.

Definition 11.1 — Let f: K* — L*. Then the cone of f is the complex Cone(f)* =
K[1]*® L*, with differential

d . Kn+1 @LTL — K7‘L+2 @ L'r‘L+1
(KM e (<A (R, fORT) + d ().

Example 11.2
Suppose f: M — N is a map in an Abelian category A. Then Cone(f)* is the

complex
-1 0

and has homology

H™(Cone(f)*) = ker(f)
HO(Cone(f)') = coker(f).

-
Lemma 11.3
If f: M[0] - N[0], then f is an isomorphism if and only if Cone(f)* =~ 0.
q

—1S0

. J

The above lemma highlights a key aspect of the cone: the cone measure to what extent
a morphism f: K* — L°® is a quasi-isomorphism. This is the way in which we will usually
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think about cones going forward, since as we will see, we will not usually think of cones
as “strict objects.”

The following lemma is very important (possibly the “most important lemma in this
class”). Before we state the lemma, consider topological spaces. Recall that if we
have map X — Y, it can be factored through the cone, X < Cyl(f) - Y, where the
second map is a homotopy equivalence, and we can also collapse the cylinder to a cone
Cyl(f) = Cone(f), which then maps to the suspension. The following lemma is a chain
complexification of this topological analogy.

\
Lemma 11.4

Suppose f: K* — L*® is a map. Then we can form the following diagram:

0 > L* > Cone(f)®* —— K[1] — 0
0 > K° > Cyl(f)* —— Cone(f)* —— 0,

where everything is exact. (Apparently, “it is okay if you forget everything else
from this class, but you should remember this diagram.”) In addition, we have the
following:

1. the diagram is functorial in f.

2. a:L* - Cyl(L®) is a quasi-isomorphism.

3. In the long exact sequence H"(K*) LR H™(L*) from the top row, we have
6 = f*, the induced map.

. 4
4 )
Corollary 11.5
The map L* - K* is a quasi-isomorphism if and only if Cone(f)* is acyclic.
. 4

Proof. By the bottom row of the diagram in the lemma, we get the exact sequence
s HY(K*) 5 HY(CYI()") » H™(Cone(f)*) -+

and H"(Cyl(f)*) is isomorphic to H"(L*). The map H"(K*®) - H"(Cyl(f)*) is identi-
fied with f*. If H"(Cone(f)®) =0, then f* is an isomorphism. O

You can view taking the diagram from lemma 11.4 similarly to taking the kernel and
cokernel when working with modules, in the sense that it helps you better understand
maps and whether they are isomorphisms.

§12 March 4, 2021: Mark Kong

§12.1 Serre Quotients

Today’s lecture is given by Mark Kong
Recall that a full subcategory S of a category C is a subcategory such that for every
pair of objects X,Y €S, then every morphism f: X — Y in C is also in S.
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Definition 12.1 — A Serre subcategory is a full subcategory S of an abelian
category category A such that either of the following conditions hold:

(1) If A—> B - C is exact and if A,C €S, then also B € S.
(2) f0—> A - B - C -0 is exact, then B €S if and only if A,C € S.

If S is a Serre subcategory, we define the Serre quotient category A/S
as the category whose objects are the objects of A, and whose morphisms are
Hom 4 /g(X,Y") = colim Homa (X, Y'/Y"), where the colimit is over X', Y” € A such
that Y/, X/X'eS,and X' c X, Y'cY.

In order to better understand quotient categories, we will study localization (and see
that quotient categories can be viewed as a localization).

§12.2 Localization

In general, localization is a means by which to introduce denominators, or inverses,
into an object. We begin by recalling localization of commutative rings. Let S be a
multiplicatively closed subset of a commutative ring R (closed under multiplication). We
would like to form the set of fractions r/s, where s € S. In order to do this, define an
equivalence relation on R x S by (r1,s1) ~ (r2,s2) if and only if there exists ¢t € S such
that t(r1s2 —r251) = 0. The localization is denoted S~'R.

Alternatively, we can define the localization of a commutative ring via the following
universal property (for a commutative ring R): the localization S™'R is a commutative
R-algebra, together with a map h: R — S~! with h(s) invertible in A for all s € S, such
that for any other commutative R-algebra A with a map ¢ : R - A with ¢(s) invertible
in A for all s € S, then there exists a unique ¢ with ph = ¢, i.e. any R - A sending S
to invertible elements factors uniquely through R - S™'R — A, so following diagram
commutes:

R % SR
x /,/
PR

More generally we can work in an arbitrary category.

Definition 12.2 — Let C be a category, and let S be a class (set) of arrows. The
set S is called a left multiplicative system if it satisfies the following

1. The identity morphism idx for every X € C is in S, and S is closed under
composition.

2. For any morphism g in Homg (X, Y') and any ¢ € S, there exists f € Homc(Z, W)
and s € .S such that the following square commutes:

X 25y
l/t is
z-Isw
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3. If f,g are morphisms X — Y and s € S with sf = sg, then there exists t € S
with ft = gt.

One can similarly define a right multiplicative system. We now define what is known
as the calculus of fractions, or localization, of a category.

Definition 12.3 — Let C be an arbitrary category, and let .S be a left multiplicative
system. Then we define the (left) localization or left calculus of fractions, which
is a category denoted S™'C, as follows:

« Ob(S71C) = Ob(C).

« The morphisms X — Y in S~'C are pairs (f,s), with f € Homc and s € S, up
to an equivalence relation: the morphisms (f1: X — Z1,81:Y - Z1) and (fo:
X —» Zy,89:Y — Zy) are equivalent if there exists (f3: X — Z3,83:Y — Z3)
and morphisms v : Z; - Z3 and v : Zs - Z3, such that the following diagram

comimutes:
Z3
N
A 79

5 <
f2 S
Y

e If (f: X >Wh,s:Y > W) and (g:Y - Wa,t: Z > W;) are morphisms,
then the composition is the pair (ho f: X > W uot: Z - W), where h,u are
chosen as in the second item in the definition of left multiplicative system, so
that we have

X

% X w
W Wy = }V w
X Z

o The identity morphism id : X — X in S~1C is the equivalence class of (id,idx).

Z
A pair (s, f) with /‘ r\f is called a roof. So morphisms in S™'C are
X Y

equivalence classes of roofs. There is a little bit to check in the above definition to make
sure that we actually get a category. This is proved in the course textbook, and is also
stated in the below exercise.

Exercise 12.4. Verify in the above definition that:
(1) The relation ~ defined in the second bullet is an equivalence relation;
(2) The composition rule given in the third bullet is well defined;

(3) That the composition rule in the third bullet is associative.
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Lemma 12.5

Let C be a category and S a left multiplicative system of morphisms. For any finite
collection of morphisms g : X; — Y indexed by i, there is pair s : Y — Z and a family
of morphisms f; : X; - Z such that g; is the equivalence class of (f;,s) for each i.

4 N\
Lemma 12.6

Let C be a category and S a left multiplicative system of morphisms. If a,b: X - Y
are morphisms given by classes of roofs (f, s) and (g, s) respectively with f,g: X - Z
and s:Y — Z, then a = b if and only if there exists a morphism ¢: Z — W such that

loseSand lof="Vlog.
. J

4 ™
Corollary 12.7

Let C be a category and S a left multiplicative system of morphisms. Let Y € Ob(C),
and let Y/S be the category with objects (s:Y — Z) € S, and with morphisms

being diagrams
Y

L — W

for arbitrary Z — W. Then the morphisms in S™'C can be described as
Homg-1c(X,Y) = colim(y_ zyey /s Home (X, Z).

Furthermore, taking objects of C to objects in S~'C and morphisms in C to
equivalence classes in S™'C defined a functor @ : C - S~'C, called the localization
functor. If s € S, then Q(s) is an isomorphism in S™'C. Any functor F: C - D
such that F(s) is invertible for all s € S can be uniquely factored through the

localization, that is, there exists G : S~1!C — D such that F = G o Q.
. J

The last statement in the corollary above shows that the localization we’ve defined
works well with the definition of localization on rings/modules from above (the universal
property). Note also, we could have formulated everything above in terms of right
multiplicative systems instead of left. We’ll often work in the case where S is simply a
multiplicative system, which is a system of morphisms which is both right multiplicative
and left multiplicative.
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4 N\
Theorem 12.8

Let A be an Abelian category. Then
(1) The functor A - S~'A preserves 0 objects;

(2) If S is a left multiplicative system, then S~'A has cokernels and @ : A - S'A
preserves cokernels.

(3) If S is a right multiplicative system, then S~'A has kernels @ : A - S~*A
preserves kernels.

(4) If S is a left and right multiplicative system, the Q : A - S~ A is exact and

S~1A is Abelian.
\ 4

§13 March 9, 2021: Philip LaPorte

Today’s lecture is given by Philip LaPorte.

§13.1 The Derived Category

Definition 13.1 — Recall that for an Abelian category A, a morphism f: K* — L*®
is said to be a quasi-isomorphism if H"(f): H"(K®) —» H"(L®) is an isomorphism
for all n.

: Quais-isomorphisms do not form an equivalence relation. For example,
consider the map of chain complexes

> 0 > 7.
> 0 > 0

This is a quasi-isomorphism in the downward direction, but not in the upward direction,
since the only upward map is the 0-map.

: an arbitrary resolution Q* — X of an object X determines a quasi-isomorphism.
That is, we have

x2

~
N

~
[\
~

1

> 7.]2 > 0

~

~
~

= Qo

~

o+— OL

~

o+— QL

> 0 > 0
> 0 > 0

While quasi-isomorphisms do not form an equivalence relation, they generate an
equivalence relation. This is the idea behind derived categories: we aim to study the
equivalence relation generated by quasi-isomorphisms. This will allow us to identify an
object with its resolutions, which is convenient because many interesting functors can be
redefined, e.g. the functor (M » M ® N) ~ (M ~ P®* ® M), where P*® is a projective
resolution of M.

: this will force us to consider arbitrary complexes, not just complexes with zero
cohomology in nonzero degrees (which we have mostly seen so far).

\ \ \ N ..
7 7 7 7 .
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Definition 13.2 — The derived category D(A) of an Abelian category A is the
localization of Kom(A) at quasi-isomorphisms. That is, there is a canonical functor

Q@ :Kom(A) - D(A)
such that
1. Q(f) is an isomorphism whenever f is a quasi-isomorphism;

2. Any functor Kom(A) — C transforming quasi-isomorphisms to isomorphisms
factors uniquely through D(A), i.e. Kom(A) -~ D(A) — C.

Recall, the objects Ob(D(A)) are Ob(Kom(A)), and the morphisms are formal finite
sequences of arrows in

Mor(Kom(A)u{s™':Y - X |s: X - Y is a g-iso})

: The derived category is no in general Abelian, but is additive.

Definition 13.3 — A complex K*® is a cyclic complex if all its differentials are
zero. Cyclic complexes form a subcategory Komg(A) c Kom(A).

For example, the cohomology complex is cyclic, i.e. the cohomology functor takes
Kom(A) to Komg(A), h: Kom(A) - Komg(A), (K™,d") —» (H"(K*),0). This functor
also turns quasi-isomorphisms into isomorphisms, so we get an induced functor k :
D(A) - Komg(A), with k(s7!) = H"(s)7L.

In general, derived categories are difficult to compute, and we’ll now compute one of
the simpler examples.

§13.2 Computing the Derived Category

First, an Abelian category is called a semisimple category if every short exact sequence
splits. That is, each exact sequence 0 - A - B - C — 0 is isomorphic to the exact
sequence 0 > A - A® C - C - 0, where the maps are the canonical inclusion and
projection maps. As an example, the category Vecty is semisimple, but the category Ab
is not.

Proposition 13.4

In a semisimple Abelian category A, the functor k : D(A) - Komg(A) is an
equivalence of categories.

Proof. Consider the diagram

4 h

Y

Komg(A) —— Kom(A) —2— D(A) —5 Komg(A).

Note that k o £ is isomorphic to the identity (check with the definition of k).
We must show that ¢ o k is isomorphism to id. To this end, let K* € Kom(A), and
observe that we have two short exact sequences
OﬁZnﬁKniBn-Fl—)O
0-B"->Z"—-H"-0.
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Since we are in a semisimple category, then K" ~ Z" @ B™*!, and Z" ~ B" @ H", and thus
K"~ B"® H"® B""!, and we can write d : K™ — K" as d: (b", h",0"*1) = (0"*1,0,0).
Now, define quasi-isomorphisms

fK : (Kn7dn) - (Hn(K.),O)

f[n( . (bn’hn’bn+1) > R

gk : (H"(K*),0) > (K",d")

g +h" — (0,h"0).
Note that fx and g are quasi-isomorphic to each other.

Now, the natural isomorphism from £ok to idp(a) is given by the family fx. The fact

that fx : (Lok)(K) - id(K) is an isomorphism for each K follows from the definitions of

k,0,Q, and fx (similarly for gx). To check naturality, we can check that for a morphism
in Kom(A), (K",d") - (L",d"), the following diagram commutes:

(K™, d") —I5 (H(K*),0)

| |

(L, d") = (H'(L7),0),
and similarly for gx. We see that £ o k is naturally isomorphic to the identity. O

As a concrete example of the above, we have that D(Vecty) is the category of Z-graded
vector spaces.

§13.3 Bounded Derived Category

We are often interested in complexes with finiteness conditions. We define the following
complexes:

Kom®(A) = {K*: K'=0 for i <ig(K®)}

Kom™ (A) = {K*: K'=0 for i >io(K®)}

Kom®(A) = Kom™(A) nKom™ (A).

: Should D*(A) be the localization of Kom™(A) at quasi-isomorphisms, or

should it be the full subcategory of D(A) of complexes with H*(K*) =0 for i <ig? The
answer is that it doesn’t matter (although one definition might be better in some cases),

since these definitions are equivalent.
Recall the following definition from last time:

Definition 13.5 — A class S of morphisms in C is (right and left) localizing if
(1) S is closed under composition;

(2) If f e Mor(C), and s € S form a span or cospan, then there exist ¢ € S and
g € Mor(C) completing the squares for f,s as follows

W——2 W<«—2Z
T
x 1,y XY
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(3) Let f,g: X — Y. Then there exists s with sf = sg if and only if there exists t
with ft = gt.

We define the homotopy category of chain complexes, denoted K(A), by
e ObK(A)=0bKom(A);
o Morphisms in K(A) are homotopy classes of morphisms in Kom(A).

The class S of quasi-isomorphisms is localizing in K (A), and D(A) is the localization
of K(A) at quasi-isomorphisms.

Definition 13.6 — We say that K*® is an H°-complex if H*(K*) =0 for all i # 0.

Proposition 13.7

The functor @ : K(A) - D(A) gives an equivalence of A with the full subcategory
of D(A) formed by H-complexes.

Proof. The functor A - K (A sending an object to its corresponding 0-complex is fully
faithful, since the only homotopy between morphisms of 0-complexes is the zero-homotopy,
so A is a full subcategory of K(A).

First, we’ll prove that for O-complexes, the canonical mapping

a:Homp2)(X,Y) = Hompa)(Q(X),Q(Y))

gives an isomorphism with inverse given by
b=H":D(A) - A.

It is clear that boa =id on 0-complexes (using definitions).
We check that the same is true for aob. Let f = (f,s) be a morphisms of 0-complexes

in D(A), represented by
VA
AN
X Y,

where s is a quasi-isomorphism. We want to show that (a o b)( f) = f. We have that
(aob)(f): X - Y in D(A) is represented by

X
g
S N
X Y,

where g = HO(f) o H(s)™' : X - Y, since (f,s) i HO(f) o H(s)™' & (ﬁl— : i) We
want to show that

X A
/ X i ./ X
id S
X Y, X Y.

o4
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To this end, we need to find V,r, h so that we have the following diagram:

Define V by V' = Z' for i <0, V? = ker(d%), and V* = 0 for i > 0, and with dy induced by
dyz. Define r: V — Z to be the natural embedding, and h:V — X to be the map given

by
-2 -1
14 s 7 s 7 > ker(d%) > 0 > 0 ;
N A
X s 0 s 0 . X b0 — s 0 — -

It remains to check that r is a quasi-isomorphism, and that the diagram commutes.
We’ve now shown that the functor

Q: A s D(A)

~N 7

K(A)

is fully faithful. It remains to check that any H%-complex Z in D(A) is isomorphic to
some 0O-complex. The desired isomorphism is

where both r and h are quasi-isomorphisms. O

Exercise 13.8. Check that r as defined in the above proof is a quasi-isomorphism and that
the diagram commutes. In particular, for = goh. Note that g = H°(f) o H%(s)™!, and
h=HO(s)o.

As an example, we can define Ext by Ext} (X,Y) = Hompa)(X[0],YTi]).
§14 March 11, 2021: Fan Zhou
Today’s lecture is given by Fan Zhou.

§14.1 Triangulated Categories

We begin with the definition of a triangulated category. First, let C be an additive
category, with an additive autoequivalence X : C - C. A triangle is a diagram

X->Y->7-3X.
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A morphism of triangles is a commutative diagram

X > Y > Z > DX

L

X' s Y’ s 7! s X,

: Before we define triangulated categories, it is important to remember that a
triangulated category is a structure, not a property (i.e., we don’t say that a given category
is “triangulated,” rather we create triangulated categories from existing categories).

From now on, we will denote the autoequivalence ¥ by [1], or [n] when applied multiple
times (suggestive of a shift of a chain complex), so XX will be denoted X[1].

Definition 14.1 — A triangulated category consists of an additive category C,
a collection of additive functors {[n]},ey with [n] o [m] = [n+m], and a special set
of triangles, called distinguished triangles, satisfying the following axioms:
TC1:  The triangle X - X - 0 - X[1] is distinguished.
e Any triangle isomorphic to a distinguished triangle is distinguished.

e Any f: X - Y can be completed to a distinguished triangle X - Y —
Cone(f) - X[1].
TC2: The triangle X LyszXh X[1] is distinguished if and only if Y % Z LA
-f[1
] 222 ) e ebimetifha.

TC3: If X - Y - Z » X[1] is distinguished and X' - Y' - Z' - X'[1] is
distinguished, then

X > Y > Z > X[1]
X' > Y’ y 7' > X'[1]

determines the map Z - Z'.

TC4: This is called the octahedral axiom. (It is somewhat long, and I will use colors.)
Let X,Y, Z € C, with morphisms f: X - Y and g:Y — Z. Suppose that we
have the following three distinguished triangles:

b
Then there exist morphisms ngQg and (Q2— Q3 such that

p1[1]ods

P o

b
Q1 —— Q2 > Q3
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is a distinguished triangle, and such that the following diagram commutes:

X gof A p3 Q3 p1[1]ods N Ql [1]
\/ / P2 b -7 Y‘ /
// p1[1]
Y Q2 Y[1]
P1 a//\‘ do /
\ \ 711
Q1 X[1]

The colored arrows represent distinguished triangles, and the colored arrow
labels denote which distinguished triangle a map comes from. It may also
help your intuition to note that the following diagram (a rearrangement of the
above) commutes:

x oy 2y M x[)
N
X 5z 2 @ 2 X[1]
lf lid lb lf[l]
Y — Z "5 Qs = Y1

Looking at this diagram, we can see why distinguished triangles are often
called exact triangles (look at the rows, and the second to last column).

From axiom TC2, we have the following “double helix” diagram:

X[2] L, yio)
Z[1]
f[ﬁg%
X[1] » Y[1]

We’ll use this in the proof of the following.
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\
Proposition 14.2
Given a distinguished triangle X Lvyszhx [1], then for all A € C, the following
sequences are exact:
---Hom(4, X[n]) ﬂ) Hom(A,Y[n]) M} Hom(A4, Z[n]) ﬂ) Hom(A4, X[n+1])--
.Hom(Z[n], 4) <™ Hom(¥[n], 4) 2™ Hom(X[n], 4) 2y Hom(Z[n - 1], 4)--
. J

Proof. Using the helix construction from above, it suffices to check exactness of the
diagram at Hom(A,Y) = Hom(A,Y[0]). First, note that gf = 0, using axiom TC3
applies as follows:

x 45 x > 0 > X[1]
I

lid lf u l

X Ty 2z "ty xn

The only possible u is u = 0, and the since the diagram commutes, gf = 0. Then g, f. =0

as well.
It remains to check that if v: A — Y satisfies gv = 0, then v = fu for some u: A - X.
First, use TC3 and TC2 to get u[1]:

A—— 0 —— A[1] =4 A1)
lf l Lu[1] o[1]
y 2y oy xp Z2 vy
Then do this again to get g:
A, 42y » A[1]
A
x Iy S5z "y xn
This finishes the proof for the first diagram. The proof for the second is similar. O

4 )
Corollary 14.3 (a) f X - Y - Z - X[1] and X' > Y' > Z' > X'[1] are distin-

guished triangles with isomorphisms 6 and ¢ such that

X > Y > Z > X[1]
I

le l¢ iw lau]

X' > Y’ y 7' > X'[1],

then v is an isomorphism as well.

(b) The completion of X — Y to an exact triangle from TC2 is unique up to
isomorphism.

. J
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Proof. We sketch the proof of (a), and note that (b) follows immediately.

Use Yoneda lemma to note that we only need to check v is an isomorphism after
applying Hom to everything. Using the previous lemma, apply Hom(Z’,-) to the entire
diagram, then apply the five-lemma to get that ¢* : Hom(Z', Z7) - Hom(Z’,Z") is an
isomorphism. O

4 ™
Corollary 14.4

Suppose X Lyszh X[1] and x Ly dog X’[ ] are distinguished

triangles, and suppose ¢ : Y — Y’ satisfies g'¢f = 0. Then ¢ completes to a
morphism of triangles:

xJtyy 2,27 > X[1]
I I

Ee lqﬁ iw 59[1]
x Ly Lz My x,

Furthermore, if Hom(X, Z’'[-1]) = 0, then the morphism is unique.
. J

Proof. Apply Hom(X,-) to the lower distinguished triangle to get

o Hom(X, Z'[-1]) =M% Hom(x, X') — 5 Hom(X,Y") — Hom(X,Z') —— .

A morphism X — X’ such that
f

X —
|
: lqﬁ

x Ly
commutes is the preimage (f1)"'(¢o f). This preimage is unique up to an element of the
kernel ker(f.) =im(-h'[1].). This gives § making the square commute, which by TC2
gives a morphism of triangles. O

§15 March 18, 2021: Fan Zhou

Today’s lecture is also given by Fan Zhou.

§15.1 Homotopy Category of Chain Complexes is Triangulated

Recall the definitions of Cone and Cyl. For a map of complexes f : A* - B°, then

Cone(f)*® is the complex A[1]® @ B®, with dgone(f).(a,b) = (=d(a), f(a) +d(b)). And

Cyl(f)* = A* @ A[1]° ® B, with dgyi(sye(a,a’,b) = (d(a) —a',~d(a"), f(a’) +d(D)).
Recall that for f: A®* - B*, we can write the following diagram

Cyl(f)*
A* > B* > Cone(f)® —— A[1]°.

Here [1] is the shift operator on complexes. Now, recall the category K (A), the category
whose objects are chain complexes and whose maps are chain homotopy equivalence classes
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of maps in Kom(A). We say that a triangle A®* - B* - C* - A[1]° is a distinguished
triangle if it is isomorphic to a triangle of the form A} > B} - Cone(u;) — A1[1]. We
show now that with these triangles, the category K(A) (and K*(A)) is triangulated.
That is, if there exists a commutative (up to chain homotopy equivalence) diagram

A—- B s C = A[1]
I
A —

s B — Cone(uq) SN Aq[1].

From now on, we’ll continue to drop the dot notation for chain complexes, and write
A= A.

Theorem 15.1
The categories K(A) and K*(A) are triangulated categories.

Proof. TC1: Recall that the cone of the identity Cone(id) is split exact, and thus isomor-
phic to 0 in K(A). Thus, we see that X - X — 0 - X[1] is indeed a distinguished
triangle by

X > X > 0 > X[1]
Lk
X — X —— Cone(id) — X[1]

By definition, any triangle isomorphic to a distinguished triangle is distinguished,
and any f: X - Y can be completed to X - Y — Cone(f) - X[1] (by the diagram
above).

TC2: Given X v % 2 14 X[1] distinguished, we want to show that ¥V % Z L
-1l
X|[1] iEIN Y[1] is distinguished. We have Cone(g) ~ Y[1]® X[1] @ Y[1] (since
X -Y - Z - X[1] is distinguished and so Z = X[1]®Y) and

-dy 0 idy

dCone(g) = 0 -dx fl:l]
0 0 dy

Define 0 : X[1] - Cone(g) by x ~ (-f(x),z,0). We claim now that

X 2y oy gz Uy
lid lid le lyu]
Y —— Z —— Cone(g) — Y[1]

is an isomorphism. The difficult part is to show that s is homotopic to 6 o h.
The homotopy is given by 7" : Z® - Cone(g)" ! = Y[1]® X[1] ® Y (here again
Z = X[1]@Y), with n™ : (2™,9™) » (y™,0,0). It remains to check that this
morphism of triangles is an isomorphism. We now check that 6 : X[1] — Cone(g) is
an invertible isomorphism. We have 73 06 = id x|y (where 7 is the projection onto
the second component), and 6 o w3 = idy[jex[1]ey With (¥',2,y) = (=f(2),,0),
via the homotopy (v, z,y) ~ (y,0,0).
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TC3: Suppose we have distinguished triangles with

‘Y s 7 > X[1]

X
I Jo

Y —— 72— X'[1].

~

We can assume Z = Cone(u) and Z’ = Cone(u'), and we can take the map Z - Z’
to be f[1] & g.

TC4: The proof of this is long, and is found in Gelfand and Manin.

§15.2 The Derived Category is Triangulated

Recall our definition of a localizing class from definition 13.5. We make the following
definition

Definition 15.2 — A localizing class S is compatible if
e s€ S if and only if ¥s € S (where X is the shift operator);

o If f,geS, then there exists a morphism h € S which completes the morphism
of triangles in TC3:

> Y y Z > X[1]

lgES E JheS lf[l]
Y

!/

X u
lfes
XI

~
N <
~N
g

|
[a—

| —

~

We can then state our main theorem.

4 N
Theorem 15.3

Let C be a triangulated category, and S a compatible localizing class. Define a
triangle to be distinguished in S~!C if it is isomorphic to the image of a distinguished
triangle in C under C - S~'C. With these distinguished triangles, S™'C is a

triangulated category.
- J

Proof. TC1: The distinguishedness of X - X - X — X[1] in S7'C is inherited from its
distinguishedness in C. That any triangle isomorphic to a distinguished triangle is
distinguished is inherent in the definition. It remains to show that any morphism
of roofs can be completed to a distinguished triangle of roofs.

-1
For a morphism X I, Y in S~!'C, we denote the roof by
/ \
X Y

We construct the triangle as follows. We can complete XY EN Y to a triangle
-1

xv Ly Cone(f) & XY[1], and we can complete X ¥V toa triangle
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-1 1]o,
xP Ly Cone(f) oo, X[1]. These are isomorphic, since

XV —— ¥V —— Cone(f) — XV[1]

L e

X > Y > Cone(f) —— X[1].

with s and s[1] both invertible. Thus, the triangle is distinguished.

T C2: This axiom is inherited from C.

TC3: We can represent the distinguished triangles is S~'C as images of those in C. The
morphisms in S™1C are represented by roofs. That is, we write

X s Y —2 5 7y X[1]
l@s’l l¢fl l@s"l [1]
2 LN Y’ 9 N A h’ N X’[l]
as
X ! Y g s Z h L X[1]
XX’ YY? XX'[1]
/ % 0[1]
X' > Y’ > 7' y X'[1]

(*)
We want to show there is a roof ZZ' that fills in the gap above. Now, we can
complete the following square with some X, f,§, by

x Loy
Lo
JE— fS
XX ——Y
Now, consider
X
XX’ X
s 0s
S8 2]
X D¢

You can check that this diagram commutes. Then this tells us that we can replace

JE———

XX’ X
/ X > y ng
X X'

X X'
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Thus, by construction, we can replace the square with X X’ in eq. (*) by

x5y

g T

X Ly

which commutes by construction. We see that eq. (*) becomes

X ! % J > Z s X[1]
s§ _ ’\ L%
X ! y VY7 XX[1]
05 % o[1]
X' > Y’ > 7' > X'[1]

(**)

Now we do this again. Consider the part

J———

Note that we now have a map X - VY.
of the new diagram eq. (**)

x 1
b L
x Ly
There exists )% and $ such that
_ . 7105
X == X_ Y
of

Replace this into eq. (**) to get

f

X »Y z
N \ (1]
X RN, 757 XX[1]
As / 0[1]
X' > Y’ > 7' > X'[1]
Now, we can complete ):( ELN YY? to a distinguished triangle in C. Then TC3 in C
gives
X > YY? y 77" — X[1]
|
l9§§ ld) E Fop l(egs)[l]
X' > Y’ > 7' > X'[1]
and also in C
X > Y > X > X[1]
554\ ¢ 31 (sgé)[uT
|
X —— VY’ » 277 > X
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Now, our desired roof for Z and Z’ is

This completes the proof for TC3.

TC4: This proof is long, and is in Gelfand and Manin.

The rest of today’s lecture is given by Elden Elmanto.

§15.3 Stable Infinity Categories

We mentioned earlier that triangulated categories aren’t necessarily the right way to view
things. To explain this, pretend you are an early human. You start counting, and you
decide that the numbers you want are N. You could have instead started with Fin. If
you start with N, you get Z, Q, R, etc., and develop algebra and analysis. If instead you
start with Fin, you get the sphere spectrum S and you end up with higher algebra. The
notion of category goes to higher category, and Hom(X,Y") becomes Maps(X,Y’), which
is a “space.” Then, here’s a definition.

Definition 15.4 (Lurie) — Let C be a higher category. Then we say that C is
stable if

1) C is pointed (has a 0 object);
2) C has finite limits and colimits;

3) A square
—

1;

is a pushout if and only if it is a pullback.

3@

—

[
Theorem 15.5

If C is a stable co-category, then h(C), with objects the same as C and Hom(X,Y') =
moMaps(X,Y), is triangulated.
.

The key idea is that if f: X — Y is a map in C, then a triangle is obtained through
the diagram

X f>Y > 0
0 > W > X[1]
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§16 March 23, 2021: Madison Shirazi
§16.1 Tor in Z-Modules

We begin by considering Tor in Z-modules. Recall that the operation of tensoring is
right exact, but not left exact. That is, for an exact sequence 0 > A - B - C — 0, then
the sequence A M - B® M - C'® M — 0 is an exact sequence, but 0 > A®@ M —
B® M — C'® M is not necessarily exact. For example, one can tensor the exact sequence
0227 Z|2BZ — 0 by the module Z/2Z to get a sequence which is not exact on
the left. The Tor functor is a way of extending this sequence to the left to get an exact
sequence.

Definition 16.1 — Given A, B Abelian groups, choose a free resolution of A:
0->Z"->7Z" - A-0,

which is an exact sequence. Then delete A to get a sequence which is not necessarily
exact:
072" —-7Z" —0.

Then tensor the sequence with B, and define Tor; (A, B) as the module which makes
the following tensored sequence exact:

0 — Tor;(A,B) - B™ - B" - 0.

(Recall that Z™ ® B = B™.)

We'll go over some examples of computing Tor for Abelian groups. Note that Tor
preserves direct sums: Tor(A @ B,C) = Tor(A,C) @ Tor(B,C).

Example 16.2 « We compute Tor(Z,G). Take the resolution 0 - 0 - Z - Z — 0.
Deleting Z gives 0 - 0 - Z — 0, and tensoring with G gives 0 - Tor(Z,G) —
0 - G for the definition of Tor. Thus, we have Tor(Z,G) = 0, the module
which makes this sequence exact.

e We compute Tor(Z/nZ,G). Take the resolution 0 - Z - Z — Z/nZ — 0.
Deleting Z/nZ and tensoring with G gives 0 - Tor(Z/nZ,G) - G — G - 0.
The module that makes this sequence exact is the elements of order n, i.e. the
set of n-torsion elements. Note that for G = Z/mZ, we have Tor(Z/nZ,Z|mZ) =
Tor(Z/mZ,Z|nZ). That is, the n-torsion elements in Z/mZ are equal to the
m-torsion elements in Z/nZ.

We’ll now go over some properties of Tor for Z-modules, which will motivate the
properties of Tor (and derived functors) in general.
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-
Proposition 16.3 (1) Tor is well defined, i.e. it doesn’t depend on the resolution;

(2) Tor is a functor in both arguments: f : B — C induces a canonical map
Tor(A, B) - Tor(A,C);

(3) Tor is symmetric

(4) Tor induces a long exact sequence: for 0 > A - B — C — 0 exact, then there
is a long exact sequence

0 —— Tor(A,M) —— Tor(B,M) —— Tor(C, M)

A9M — BOM —— CM ——— 0
. J

Proof. (1) Choose two resolutions 0 > Z" - Z™ - A—-0and 0 > 2" - 7" - A >
0. Consider the following diagram, obtained by lifting id4 to two the projective
resolutions in either direction:

0 s 72 s 72 s A > 0.

The maps, after tensoring with idp, induce mutually inverse isomorphisms between
the homology complexes. Moreover, any two maps between projective resolutions
(or more generally between a complex of projectives and an exact sequence), are
homotopic. Thus the isomorphisms on homology are independent of the choices of
maps.

(2) The diagram from part (1) also gives functorality.

(3) Take 0 - Z™ - Z™ - A - 0 and 0 - Z* - Z' - B - 0. Consider the following
diagram:

Tor(B, A)

775 —— 7I"Q7° —— AQZS —— 0

~ ~

77t — 5 I ——— AQZE —— 0

~ ~

Tor(A,B) —— Z"®B —— Z"®B —— A® B —— 0

~ ~ ~

0 0 0
By following the arrows and lifting along the red path, we get the desired equivalence.

(4) This will follow from the general result we’ll prove later.
O
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§16.2 Tor in R-modules

Definition 16.4 (Tor) — For a ring R, and R-modules A, B, define Tor as follows:
1) Take a resolution of A:
> R" >R >R">R" > A-0,

which is an exact sequence.

2) Tensor the deleted resolution (the resolution above with A taken out) with B,
to get

A®B:=-— B"™ » B™ —» B"™ (),
which is not in general exact.

3) Define TorZR(A, B), the i’th component of Tor, by

ker(B™ — B™i-1) S
R ,_ _.
Torf'(4, B) = { s = HI(A6 B)

We can ask: which of the properties from the Z-module case does this Tor still satisfies.
It turns out, many of the properties still hold: this Tor is well defined (doesn’t depend on
choice of resolution), functorial (it is a functor), symmetric (Tor?(A, B) = Tor’(B, A)),
and gives a long exact sequence: given 0 > A - B — C — 0 exact, the following is also
exact:

- Torf (A, M) —— Torl(B, M) —— Torl}(C, M)

s

Torf(A, M) —— Tor®(B, M) —— Torl(C, M)

AM —— BOIM ——— CoM ——— 0

We’ll now go over a few examples in R-modules.

Example 16.5 (1) Let R = k[z]/(2?), where k is a field. This is two dimensional as
a k-vector space (with basis {1,z}. Let M := R/(z). We compute Tor?(M, M).
A resolution of M is

R > R > R > M > 0

Qr——2),1r——2),(1——1)

. . 00 0 0
Tensoring the deleted sequence with M, we get -+ > M —— M — M — 0.
Since all the maps are zero, Tor; = M for each 4, and there is no finite resolution.

(2) Define R = k[xz,y], for a field k, and let koo = R/(z,y), considered as a module
over R. There is a resolution 0 > R - R® R - R — kgg — 0, where the
map R—-> Re& Ris 1+~ (y,—z), the map R® R - R is (1,0) » z, (0,1) — y.
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Tensoring with koo to compute Torf%(koo, koo), we get
0 0
0 — koo — kg = koo — 0.

Since all the maps are zero, Torg = ko, Tor; = kgg and Tory = kqp.

§16.3 Derived Functors

We begin by studying “classical” derived functors. The definition is analogous to the
above definition for modules

Definition 16.6 — Let 7' : A - C be a (additive) functor between two Abelian
categories A, C, and let A € A. Take a projective resolution of A (assume we can do
this), to get

P=-s5sPa>P—>P —>F->A-0.

Form the deleted sequence
Py=>Pa>P—-P - F -0
Apply the functor to the sequence to get
TPy:=---TP,->TP, - TPy~ 0.

Then define the classical left derived functors (L;T)(A) := H;(TP,4), for each
1. These are functors A — C for each i. We define the classical right derived
functors analogously.

We'll define the left derived functor LT so that L;T == H'(LT). In particular, we’ll
define it so that we don’t have to first take a resolution.

Given an exact triple 0 > A - B - C' = 0, if T is left exact, then we get a long exact
sequence

+-R'F(A) —— R'F(B) — R'F(C)
D>
—

RFF(A) — -

We get a similar sequence with descending indices is T is right exact.

Definition 16.7 — A functor on a triangulated category is called ezact if it maps
distinguished triangles to distinguished triangles.

Definition 16.8 — Given a functor F': A - B which is right exact, define K*(F) :
K*(A) - K*(B) as the canonical induced functor. (Applying F to a complex
pointwise leaves homotopic morphisms homotopic.)
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\
Proposition 16.9

Let F, and K*(F) as above.

(1) K*(F) transforms quasi-isomorphisms into quasi-isomorphisms, so it induces
a functor D*(F): D*(A) - D*(B).

(2) D*(F) is exact, i.e. it maps distinguished triangles to distinguished triangles.
J

Proof. A map f: K* — L*® induces a canonical isomorphism F(Cone(f) — Cone(F(f)),
since F(Cone(f)") = F(K[1]'® L") and Cone(F(f))" = F(K[1])'® F(L)". Let K' =
F(K) and L' = F(L), so Cone(F(f))' = K'[1]*® (L')’. Now, f: K* - L* is a quasi-
isomorphism if and only if Cone(f) is acyclic. Now K — L — Cone(f) — K[1] induces a
long exact sequence

H;_1(Cone(f)) » Hi(K) 1> Hy(L) > Hy(Cone(f))-.

Then for a quasi-isomorphism f, C(f) is acyclic, and by exactness F(Cone(f)) =~
Cone(F(f)) is acyclic, and thus F(f) is a quasi-isomorphism. That is, K*(F) mapso
quasi-isomorphisms to quasi-isomorphisms. ]

<Exercise 16.10. Fill in the details in the above proof. >

§17 March 25, 2021: Madison Shirazi
§17.1 Adapted Classes of Objects

Recall that our idea to construct the derived functor was to apply F' elementwise to get
a map of complexes, but we don’t want to apply F to every object of every complex. We
introduce adapted classes to make this precise. First, note that we define a subobject
of an object C as an isomorphism class of monomorphisms A < C'. Two monomorphisms
i: A C and k: B - C are isomorphic if there exists an isomorphism k£ : A - B
such that i = jk. A given map i: A - C a subobject inclusion if and only if for all X,
Hom(C, X) - Hom(A, X) is a surjection.

Definition 17.1 — A class of objects R c Ob(A) is said to be adapted to a right
exact (resp. left exact) functor F if

(1) Tt is stable under finite direct sums;

(2) F maps any acyclic complex from Kom™ (R) (resp. Kom™ (R)) to an acyclic
complex.

(3) Any object in A is a quotient (resp. subobject) of an object from R.

4 ™\
Proposition 17.2

Let R be a class of objects adapted to a right exact functor £': A - B, and Si a
class of quasi-isomorphisms in K*(R). Then Sy is a localizing class of morphisms
in K*(R), and the canonical functor K*(R)[S5'] = D*(A) is an equivalence of

categories.
- J
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Proof. We know that the localization of K*(A) at quasi-isomorphisms is canonically iso-
morphic to D*(A). Since R is closed under direct sums, K *(R)[Sg'], then K*(R)[SF'] -
D*(A). A necessary condition for Sk to be a localizing class of morphisms is that for
any s: X' — X with s € S, X € Ob(B), there exists f: X" - X' such that sf € S and
X" ¢ Ob(B). O

<Exercise 17.3. Fill in the details in the above proof. See section II1.6.4 in the course text.)

Example 17.4
Let A = Ab, and R the class of finitely generated free Abelian groups, then Z/nZ €
D*(A). We can obtain Z/nZ just from K*(R), using Z — Z and taking a resolution.

We now define RF on objects of K*(R)[Sg'] term by term:
RF(K*) = F(K")

for K* e Ob(K"(R)), and F': A - B. Since quasi-isomorphisms in K *(R) are mapped
to quasi-isomorphisms, RF : K*(R)[Sz'] = D*(B). From the previous proposition, we
have a natural embedding (equivalence) K*(R)[S5'] - D*(A), so choose an inverse and
we get @ : D*(A) > K*(R)[Sg']. This allows us to finally define the derived functor on
the derived category:
RF(K*) = RF(®(K")).

This doesn’t depend on @, which is clear. It is also doesn’t depend on the choice of R,
which is less clear: we state below in a formal definition(/proposition) of the derived
functor, which can be used to verify independence.

Definition 17.5 — The derived functor of an additive left exact functor F: A - B
is a pair
(RF:D*(A) - D*(B),er: Qp o K*(F) » RF 0 Q) :

D*(A)
Qa Rp
K+(A)/ €F \D+(B) )

K*M 4

K*(B)

satisfying the following property: for any exact functor G : D*(A) - D*(B), and
any €: Qo K" (F) - GoQ 4, there exists a unique morphism of functors 5 : RF — G
such that the following commutes:

Qpo K™ (F)

RFoQy 1294 y GoQa.
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Suppose we have two derived functors (RF,€) and (RF,é). Then we can see that the
derived functor is unique by gluing together the diagrams

Qpo K™(F) QpoK*(I)

RFoQa oA s RFoQu. RFoQy oA s RFoQa.

Exercise 17.6. Show that the definition of the derived functor above matches with the
definition in terms of adapted classes.

§18 March 30, 2021

Today I missed class, and I would like to thank Mark Kong for these notes.

§18.1 Sheaves

Let X be a topological space. The category Opens(X) = Op(X) has as objects open
subsets of X, and as morphisms injections.

Definition 18.1 — Fix A an Abelian category (assume this category is “reasonable”

in the sense that it’s Ab, or more generally LModpg for an associative unital ring
R). The category of A-valued presheaves is the functor category

Fun(Op(X)??,A) ={F :Op(X)?? - A}.

This category is denoted PSh(X; A). Within PSh(X; A), there is a subcategory of
sheaves, which is the category of all F: Op(X)? — A such that for all U € Op(X)
and {U; - U} with U U; = U, the following is an equalizer:

iel

FU) — I FU) == NFT:nTj).
1€ i,

Unpacking this, the sheaf condition on an open cover {U;} of an open subset U ¢ X
says that for any choices of elements (s; € F(U;))ier with s; [v;nu;= 85 |u;nu; for all
i,7, we can glue the s; together in the sense that there exists a unique s € F'(u) such
that s |Ui: S; € f(UZ)

Example 18.2

Fix an object A € A. Consider the constant presheaf where all objects map to A
and all morphisms map to the identity. This is not a sheaf. First reason why: @ is
an open cover of @ < X (don’t confuse this with the open cover {@}). Indeed, the
hypotheses are vacuously satisfied. The objects involved in the equalizer condition
are then the empty product, which is 0 (that is, the 0 object in A). Thus, F ()
must be the equalizer of 0 = 0, which is 0. However, by the definition of the constant
presheaf, F'(&) = A, and A usually isn’t 0.

Can we fix this by sending F(@) = 0?7 Again the answer is no. Let X = X ] X; be
a disjoint union (so this is a disconnected space). Then { X, X;} forms an open cover
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of X. The equalizer condition implies F(X) ~ F(Xo) x F(X71) (it’s the equalizer of
two maps from A x A to 0), but A £ A x A usually.

Example 18.3

Let pe X and let A € A be an object. The skyscraper sheaf (or Dirac-6 sheaf)
is the functor
A peU

(ipx A)(U) = {0 o[ U

This is a sheaf.

Example 18.4

Let X be a manifold. Then the sheaf of co-differentiable functions is
OFF: U {f:U~>C>(U)}.

We could also have replaced “manifold” with “C-manifold” and “C'*” with “analyt-
ic/holomorphic.”

Exercise 18.5. Verify that the skyscraper sheaf and sheaf of co-differentiable functions are
actually sheaves. For the skyscraper sheaf, you can do this sectionwise/componentwise.

§18.2 Sheafification

We have an injection Sh(X, A) — PSh. Abstractly, there must exist a left adjoint, by
the adjoint functor theorem.

We will now give a construction of the sheafification. The construction we will use
will be one that generalizes to higher categories; the other methods of sheafification are
historical mistakes and should be forgotten.

We will use Lz, to denote the left adjoint. The construction proceeds in four steps.

§18.2.1 Step 1
Let U = {U; - U} be a cover of U in Op(X). If F were a sheaf, then
FU) ~E«[[F W) = [[FUinTy)).
Since we don’t know that [ is a sheaf, instead set
HU, F) = Bq([TF(U:) = [T F(Uin Uy).

which is
{(si)ier € [[F(Us) = si lv,00,= 55 v, -

This depends on the cover U, but we want an equalizer condition to hold for all covers,
so we assemble all the covers of U into a category

Covy ={U(={U; = Ulicr) };
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the morphisms are maps U(= {U; = U}ier = V(= {V; = U}jes) such that there exists
some set function a: [ — J with inclusions U; — V,(;).

This is the category of all covers. These morphisms are often called refinements (one
says U is a refinement of V in the above notation). We then have a functor

Covjl - A

given by U — H(U; F).

§18.2.2 Step 2
The only natural thing you can do is to set

FHU):= colim H'(U; F).

op
UeCovy;

: This isn’t a sheaf yet. This is called the “+-construction.”

Lemma 18.6 (Key Lemma)
Covy} is filtered.

Then U — F*(U) is a functor (as can be verified using the universal property).
: Given an element s € F*(U) = Cé)limHO(Z/{,}"), because we are taking a
ovy

filtered colimit, s is defined on some cover U.

(The lemma we are using is that compact objects factor through filtered colimits. In
Set, every element of a colimit is an element of one of the original objects, but this isn’t
true in a general Abelian category, e.g. Ab).

New apply Yoneda on an open set U. We get a functor Op(X) - PSh(X;A) by
sending U ~ Yy (V') = Hom(V, U).

(How is the Yoneda functor defined if A is not Sets? If A = Ab, then Yy is “free
Abelian homs,” meaning the group of formal linear combinations of homs. If A = LModg,
then Yy is the free left R-module on the set of homs.)

The following diagram will be relevant:

§18.2.3 Step 3

Although F* isn’t a sheaf, we claim F* has “improved” F in some sense. To make this
precise, we make the following definition:

Definition 18.7 — F is separated if

f(U)Ql'_;f(Uz)

for all covers {U; = U} (note the hooks in the arrows!)
If F lands in A, an Abelian category, then F is separated if and only if “covers detect

zero,” that is, for all covers {U; - U}, s € F(U) is 0 if and only if s |y,= 0 for all 4.
This is the sense in which F* improves F:
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Lemma 18.8

F* is separated.

Proof. We prove this in the case when F lands in an Abelian category. In this case, pick
S e FH(U) with {U; > U} =U such that s |y,e F*(U;) =0 for all i € I. We want to show
s=0.

Let 6 denote the map F — F* from the commutative square in step 2. By the
observation earlier, for each U; there exists a fixed cover {Vj; - U;} such that 0 =
s |u;lv;;= 0(s45) for some s;; € F(Vj;). Up to further refinement, s;; = 0 for all 4, 5.

Granted this, s is 0 in H°({V;; > U}), and hence s is 0 in F*(U).

The content of the observation is that if s is zero then it must have come from 0 in a
finite stage. That is, if A = colimA; and I is filtered and s = 0 in A, then there exists i € I,

iel
s; — s and s; =0 in A;. The proof of this in the case A = Ab is left as an exercise. [

§18.2.4 Step 4

Lemma 18.9
If F is separated, then F* is a sheaf and F — F* is injective.

Separatedness is quite close to the sheaf condition: the separated condition says
F(U) - [1F(U;), which is indeed implied by the sheaf condition.

Proof. This is the cleanest way in which filteredness enters the picture. Let’s prove that
F — F* is injective first. For any cover U,

FU) —— H°(U;F)

[17(Us)

iel
and the diagonal arrow is an injection since JF is separated. Thus, F(U) - H(U; F) is
injective.

But now F(U) 5 F*(U) = colimH YU, F) is a colimit of injections, and a filtered
Covy/

colimit of injections is an injection.

To see that F* is a sheaf, we need to check the gluing condition: if s; € F*(U;) are
chosen such that s; [1,nv;= 8j |v;ns; for all 4, j, then the S; glue to a unique section (i.e.
element) of F*(U). Uniqueness is guaranteed by the first claim. O

We'll finish the proof in the next class. It is a diagram chase. As a hint, it uses the
injectivity we just proved. For now, take the lemma for granted.

4 N\
Theorem 18.10
Let F e PSh(X,A), A € {Ab,LModg, Sets}. Then
e F**is a sheaf;
o LzanF = -7:++;
e The map F — F'* is the sheafification map.
. 4
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Proof. The first claim is clear (apply the lemma to F*).
There’s a universal property that if G is a sheaf, then any map F — G factors through
F**. The proof is using the universal property of the colimit we used to define F**. [

§19 April 1, 2021
§19.1 Sheafification

Recall from last time the “+-concstruction,” which is F*(U) := coliril(H O(U); F), where
Cov?]

U={U; » U} and HU; F) := Eq([1;e; F(U;) = [1i jer F(UinUj)). If F takes values in
A, this is ker([TF(U;) == [T F(U; n Uj;). So far we've been vague about A. We will
make this more clear today.

Recall from last time that F* is a separated presheaf. We started the proof of the

following lemma, which we will now finish.

Lemma 19.1
If F is separated, then F — F* is injective and F* is a sheaf.

Proof. We saw injectivity last time. We show that F* is a sheaf. Let Z = {U; > U} be a
cover of U, and let s; € [1;e; F*(U;) be compatible, meaning s; |v,nv;= 8; |v;nu; for all 4, ;.
Our goal is to produce an s € F + (U) so that s |y,= s; for all i. Once we have such an s,
uniqueness will be guaranteed by the separatedness of F (which implies separatedness of
Fr.

To produce such an s, for each i, choose a cover {V;, — U;};; of U; such that s; |V2.j:
0(ti;), where t;; € F(V;;) and 6 : F — F*. Then let V = {V;, » U};,. We claim now
that (t;,);, defined an element of H*(V;F), and hence an element of F*(U). To show
this, we need to show that #;, |VijﬁVi(,: ti;_, |Vz'jﬁVi',, for all 7,7,4’,5’. By the part of the

J J

lemma we showed last time, F — F* is injective (note this uses separability). So using

the assumed sheaf condition on the s; and applying ¢, we have 0 :t;, — s;, and the #;;

inherit the sheaf property from s;. Thus we have t;, |Vz~j v, =ty |%j av, , and so these
Zj’ jl Zj’

define an element ¢ of F*(U). Then check that ¢ |y,= s;, and we are done. O

Theorem 19.2

The functor L : Shv(X;A) - PShv(X;A) has left adjoint Lz, : PShv(X;A) —
Shv(X;A), and Lz, is computed as Lz, F = F** (which is a sheaf).

You may have sen sheafification before in “one-step.” You can do this, but it is useful
to use colimits. Our “+” formulation relies on two properties of A, namely that it has
filtered colimits, and that filtered colimits preserve monomorphisms. To make Shv(X; A)
to be an Abelian category, these two conditions are sufficient.

Proof. Take F — F* — F** where F" is separable and F** is a sheaf. Check the
universal property

F —— F
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O]

Our next goal will be to answer the question: when is Shv(X; A) an Abelian category?
First, we introduce the notion of stalks.

Definition 19.3 (Stalk) — Fix x € X. The stalk, F, of F at z is defined as the
filtered colimit (direct limit)

Fz = colimys, F(U).

Intuitively, a stalk takes you from a big neighborhood to a little neighborhood around
a point, i.e. it is “concentrating at a point.”

-
Lemma 19.4
If F is a presheaf, then F, ~ (Lz.,F),. That is, sheafification does not change stalks.

\

The basic idea of the proof is that colimits commute and filtered colimits commute
with finite limits, in particular equalizers.

Example 19.5

Let A€ A. Then A:U ~ A is not a sheaf. What is Ly, (A4)7

The above lemma implies that (Lza.:(A), = (A), = A. Observe that if U is a
connected topological space, then since every continuous map from a connected to
a discrete space is constant, we have A = Homs(U, A). We know that in general,
(LzarA)(U) # A; for example if U = Uy uUs, then (LzarA) = A(Up) x A(Uz) = Ax A
(if each U; is connected). -

We can guess then that Ly, A(U) ~ Homes(U, A). This works at every stalk, and
it is in fact actually true, since continuous maps can be glued.

In general, it is very difficult to compute using the + construction. In practice, the
best way to compute things is to guess, using stalks.
We still want to know when Shv is Abelian. We’ll now prove a result to this end.

Lemma 19.6

Let A be an Abelian category, and let B ¢ A be a full subcategory, and let L : A - B
be left-adjoint to inclusion. If L is left exact, then B is Abelian.

Proof. Take X ER Y a monomorphism in B. Then ker f = kerg(f) = kera(f) com-
putes in A: the kernel is a limit, and B < A is a right adjoint, and right ad-
joints preserve limits. This implies (check) that a kernel in A is a kernel in B:
ie. o “creates limits.” Now, coker(f) = L(coker(f)), but since coker is a colimit,
there is no reason for it to be preserved in the other direction, by the inclusion
B = A. To check the last axiom of Abelian categories, i.e. that coker(ker(f) —
X) ~ ker(Y — coker(f)), note that L(coker(f) - X)) = cokerg(ker(f) - X). Com-
pare this to ker(Y — L(coker(f))) = ker(Y — cokerg(f)). We want to show that
L(coker(ker(F') - X)) ~ ker(Y — L(coker(f))). By assumption, L is left exact, so
if0 > A—- B - C — 0is exact then so is 0 - LA - LB —» LC, and L pre-
serves kernels, and so ker(Y — L(coker(f))) = L(ker(Y — coker(f))). Then since

76



Math 163: Derived Categories in Algebra and Geometry Spring 2021

coker(ker(f) - X) ~ ker(Y — coker(f)) is an isomorphism in A, then L(coker(ker(f) —
X))) = L(ker(Y — coker(f))) ~ker(Y — L(coker(f))), by left-exactness. O

Now, if Lyar(x; A) = Shv(X; A) is left exact, we could say that Shv(X;A) is Abelian.
What does left-exactness mean? We want Ly, to preserve kernels. Since Ly, is a filtered
colimit, it doesn’t in general preserve kernels. We therefore make the following definition.

Definition 19.7 — A Grothendieck Abelian category is an Abelian category in
which colim are exact. That is, if {0 > A; > B; - C;}ies exact, then 0 - colim4; —

(2
colimB; — colimC; exact.

Such a category A has a generator in the following sense: there exists an object
U € A such that for any M and any 0 > N < M, there is a map U — M which does
not factor through IV,

2

k
V(O — N —— M)

-
Theorem 19.8
Whenever A is a Grothendieck Abelian category, then Shv(X; A) is Abelian.

(&

Proof. Ly.. = F*", which is left exact. O

Recall that we constructed D(Shv(X;A) = Kom(Shv(X;A))[g-iso *], and that this
is a triangulated category. This is the derived category of sheaves. We have a functor
I':Shv(X;A) - A with v(F) := F(X) (global sections), which is left exact, so we can
take RI'(F), and then H*(X;F) := H'(RI'(F)).

Lemma 19.9
I'(X;A) - A is a right adjoint functor.

Proof. Its left adjoint is A - Shv(X;A), with A~ Lz, (4). O

§20 April 6, 2021

§20.1 Computing Cohomology

In this section, X is a topological space, U = (U;);e; an open cover, and F a (pre)sheaf
on X. Furthermore, suppose there is an ordering < chosen on I. We begin by defining
the Cech complex/cohomology.

Definition 20.1 (Cech complex) — The Cech complex C*(U;F) is defined as
follows. The links in the complex are the Abelian groups

C"= [l FWUixnUyn-nU,).

10<t1<"+<lp

For an element « € [T;,c; F (Ui, ), there are two natural maps into [1;,<;, (Ui, nUs, ),
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. 0 1
which are a — (d°a);y<i; = @ |UiOﬂUi17 and a ~ (d @)iy<i, = 4, |U,-0mU1-1a where the
restrictions arise from the sheaf. Similarly, for any n, there are n + 1 natural maps,

k _ A .
(83 =~ (d a)’i0<“'<’in+1 - ai0<"'<%k<"'<in+l |Ui0ﬁ"'ﬁUl‘n+17 for Q€ Hi0<"'<7:n f(U’L() N N U’Ln)'
The differential is then given by the alternating sum

n+l e n+l )
dai0<---<in+1 = Z(_l) d o= E(_1)Jai0<--~<%j<~-~<in+1 |Uiom"'mUin+1 :
j3=0 7=0

We notate the ith cohomology group of this complex by H’(U; F) = H (C(U; F)).
In general, this will depend on the space, the cover, and the presheaf, but we will
sometimes write H(X;F).

\

-
Lemma 20.2

If F is a sheaf, then H°(X;F) ~ F(X), the global section.

Proof. This follows immediately from the sheaf condition, and the definition of the first

boundary map as a;, |U¢00Ui1 -y, |U¢00U¢1-

d

Example 20.3
Let X =S, and F = Ly, Z. Then

Z j=0
HI(X;F)={Z j=1.
0 j7>2

For j = 0, this follows from the fact that continuous maps from X to Z are isomorphic
to Z, i.e. Z~X ~7Z. We can cover X with two open sets (we can’t cover with a single
set), so the higher degree terms are zero. To justify the j = 1 term, call the two
covering sets A and B (they can be viewed as overlapping half-circles). In degree
0, we have F(A) x F(B) ~Z x Z. For their intersection, we have F(An B) ~Z x Z,
since the intersection is two arcs. The differential gives F(A) x F(B) - F(AnB) as

IxT—7TxZ
(a,b) —» (a—b,a-b).

The image is the diagonal, which is isomorphic to Z, so H' = ker /im ~ Z x Z|7Z ~ 7.

Example 20.4

Consider ZP' ~ S?, the complex projective space. For an open U c CP!, we have
U - Qllj, the set of complex differential forms. For example, A}C > AL = Clx]dx,
and Ag o~ C[x,1/x]dz. We can cover S? with two copies of A}: these represent
“punctured spheres,” one punctured at the bottom, and one punctured at the top.
Their intersection is the set C\ {0}. Then C° = C[z]dx x C[y]dy, and C* = C[z,1/x],
where we have made a preference for x over y, which is arbitrary. The elements of
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interest in C are
xex ye 1l/x
de v~ dx  dy v~ dy(= -1/2°dx).

The kernel of d is (f(x)dz,g(y)dy), where f(x) and g(x) have f(x) = —x%g(l/x).
But this cannot occur unless f = g = 0, so we have H°(U; Q) =0. But

a1 Clzx,1/z]dz ot - dlona
" _(f($)+x%g(1/ac)dx)_(c{ dx = dlog '},

which is a one dimensional C-vector space.

Example 20.5
Let X be a space, and x € X, and let i, . A be a skyscraper. Then

A j=0

H)(X;ig  A) = .
0 else

To see this, take a nice cover of X, {U; - U}, so that Uy >« and U; # x for ¢ # 0.

Now, take A = Ab.

Lemma 20.6
If X is a topological space, then Shv(X; A) has enough injectives.

Proof. Let A be an Abelian group. Recall that any A has an injective hull (see here)
0> A-1I(A),

where I(A) is injective. In fact, I is functorial in A. Once we know this, consider the
presheaf Ir : U v [, [(F,). We have the following sublemma

Lemma 20.7

I£ is a sheaf.

Ir is a product of skyscrapers Ir = [T ex iz« (Fz), where the equality is in presheaves.

Now, we have a map F — Ir given by s — [],y I(s;). Since this map is injective, it
suffices to show that I£ is injective.

Suppose we have 0 - Gy - G; a monomorphism in Shv, and Gy — I, we want to show
that the following map exists
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We have

Hom(G, Ir) ~ Hom(G, [ iz +«Fx)
reX

~ H Hom(G, iz, . Fz)
zreX

~ [] Hom(Gy, Fz)

reX

So to map G; — Ir is the same as maps {G1, - Ir, }zex. But by construction, since
I(F,) is injective, then there exists a map as in the following diagram

0 > Go, > 01,

l)\/

Ir,
This implies that I is an injective sheaf. O

The key ideas are as follows:

o To prove that Shv(X;A) is Abelian, we needed that Lz, is left exact, which is
guaranteed as soon as filtered colimits are left exact, which is guaranteed in a
Grothendieck Abelian category.

e In a Grothendieck Abelian category, there’s a second condition on existence of
generators, which implies any Grothendieck Abelian category has enough injectives.

o At this point, we know that sheaf cohomology in a Grothendieck Abelian category
exists.
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nullhomotopic, 40, 42 small category, 5
split, 44

split coequalizer, 30
split exact, 44
stable, 64

stalk, 76

subobject, 69

objects, 4
opposite category, 18

pointed rings, 15
presheaf, 18
presheaf category, 18

jecti dule, 29
Projective moatie, topological Abelian group, 26

quasi-isomorphism, 43 Tor, 67
triangle, 55
refinements, 73 triangulated category, 56
representable, 18 trivial, 31
roof, 49

unit, 8
upper bound property, 11
upper bound property for maps, 11

semisimple category, 52

separated, 73

Serre quotient category, 48

Serre subcategory, 48

sheaf of co-differentiable functions, 72

vertical composition, 7
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