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PROBLEM 1 (3+3+3 points)

Prove the following statements, or provide a counterexample.
(A) If L ⊆ L′ and L′ is regular, then L is regular.
(B) If L \ L′ is cofinite, then L′ is regular.
(C) If L ∩ L′ is regular and infinite, then either L or L′ is regular.

PROBLEM 2 (4+4+2 points)

Consider the language L = {aibjck : i, j, k ≥ 0 and if i = 1 then j = k}.

(A) Prove that L satisfies the conditions of the pumping lemma. That is, show that there is a
number p where, if s is any string in L of length at least p, then s may be written as s = xyz such
that:

1. for each i ≥ 0, xyiz ∈ L,

2. |y| > 0, and

3. |xy| ≤ p.

(B) Prove that L is non-regular.

(C) Explain why this fact does not contradict the pumping lemma.



PROBLEM 3 (3+3+3+3+3 points)

For each of the following languages, determine whether the language is regular or non-regular, and
prove your answer.

(A) {xyxR : x, y ∈ Σ∗}.

(B) {aibjajbi: i, j ≥ 0}.

(C) {w : w is, for some n ≥ 1, the decimal notation for 10n}.

(D) {w : w is, for some n ≥ 1, the unary notation for 10n}.

(E) {R : R is a regular expression for a language over Σ} for some alphabet Σ.

PROBLEM 4 (3+2 points)

Let
L1 = {anbmambn : m,n ≥ 0}

L2 = {anbm : m,n ≥ 0,m 6= n}

(A) Construct a context-free grammar G1 for L1 and a context-free grammar G2 for L2.
(B) Draw a parse tree for the string aababb for the CFG G1.

PROBLEM 5 (3+3+3 points)

Show that the following languages over the alphabet Σ = {a, b} are not regular:

(A) L = {w ∈ Σ∗ : w contains twice as many as as bs}

(B) L = {wwR : w ∈ Σ∗}

(C) L = {w ∈ Σ∗ : w = wR}

PROBLEM 6 (10 points)

Show that the language L = {ap : p is a prime number} is not regular.

PROBLEM 7 (2 bonus points)

CHALLENGE: Show that the language L = {ap+q : p and q are prime numbers} is not regular.


