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PROBLEM 1 (2+4 points)

For this problem, you may assume that we are working over the alphabet ¥ = {a, b}.
(A) Give a simple English description of the language generated by the following context-free
grammar (you do not need to justify your description):

S—elaY |bX | XY
X e |bX | Xa
Y e |aY | Y0

(B) Give a context-free grammar for the following: L = {w : w has twice as many a’s as b’s}.

PROBLEM 2 (6 points)

Draw the state diagram for a PDA for the language in Problem 1B. Use the state diagram notation
for PDAs given in Sipser.

PROBLEM 3 (844 points)

A satisfied boolean expression is a string over the alphabet ¥ = {0,1, (,),~, A, V} representing a
boolean expression that evaluates to 1, where — is the not operator, A is the and operator, and V
is the or operator (see Sipser p.14). For instance, 1, (1 A (=0)), and (—(—1)) are satisfied boolean
expressions.

Meanwhile, )(1, (0-), A0V 1), (0 A1), and (—=(1V 0)) are examples of strings that are not
satisfied boolean expressions: (The first three examples are strings that aren’t valid expressions
and simply don’t make sense. The last two are well-formed expressions, but they evaluate to 0,
rather than to 1.)

(A) Write a context-free grammar that generates the language of satisfied boolean expressions. You
may assume that expressions must be completely parenthesized. For instance, your grammar need

not generate =(0 A =0 A 1) but should generate its equivalent, (=(0 A ((=0) A 1))).

(B) Prove that the language of satisfied boolean expressions is not regular.



PROBLEM 4 (8 points)

Let L be the language {w : w has equal numbers of a’s, b’s and ¢’s}. Prove that L is context free.

PROBLEM 5 (8 + 4 points)

A context-free grammar G is ambiguous if there exists a string w € L(G) with two distinct
leftmost derivations in G.

(A) Prove that the language of G = (V,%, R, S), where V = {S},¥ = {a,b}, and R = {S —
SS8S8,S — bS,S — Sb,S — a} is

L(G) = {w: the number of a’s in w is odd}

Hint: To show C, proceed by induction on the length of the derivation. To show 2, proceed by
induction on the number of b’s.

(B) Show that the grammar of part (A) is ambiguous but that there is an unambiguous grammar

for L(G).

PROBLEM 6 (Challenge! 3 points)

Show that every context-free language over a unary alphabet is regular.



