
CONFIGURATION SPACES IN ALGEBRAIC TOPOLOGY: LECTURE 17

BEN KNUDSEN

Our next goal is to explore the perhaps surprising connection between configuration spaces and
mapping spaces, following the seminal work of McDuff [McD75] (see also [Böd87]). A motivating
idea due to Segal [Seg73] is that of the electric charge map∐

k≥0

Bk(Rn)→ ΩnSn,

which assigns to a configuration, viewed as a collection of point charges, the corresponding
electric field. As a vector field, this electric field is a priori a map from Rn to itself; however,
since it becomes infinite at the location of a point charge, and since it tends to zero at infinity,
it naturally extends to a map between the respective one-point compactifications. Alternatively,
we can understand this map as a kind of Pontrjagin-Thom construction, sending a configuration
of k points to the composite Sn → ∨kSn → Sn of the Thom collapse map for the normal bundle
of the configuration followed by the fold map.

The electric field map is not a homotopy equivalence; for example, the induced map on π0

is the inclusion N → Z.1 We would like to understand whether this failure can be rectified, as
well as whether the same idea may be adapted to more general background manifolds and target
spaces.

We begin by identifying the type of combinatorics at play.

Definition. A pointed finite set is a finite set I together with a distinguished element, called
the basepoint and denoted ∗. We write I◦ for the pointed finite set I \ {∗}. A map f : I → J is
inert if

(1) f(∗) = ∗, and
(2) f |f−1(J◦) is a bijection onto J◦.

We write Inrt for the category pointed finite sets and inert maps. Note that this category is
isomorphic to the opposite of the category of finite sets and injective maps.

Construction. A manifold M defines a functor from Inrt to Top by sending I to ConfI◦(M)
and the inert map f : I → J to the projection

ConfI◦(M)

��

// Confπ−1(J◦)(M)
' //

��

ConfJ◦(M)

��

M I0
πf

// Mπ−1(J◦) ' // MJ◦

given by the formula

πf ((mi)i∈I◦) = (mf−1(j))j∈J◦ .

Date: 11 October 2017.
1In a sense, this “group completion” discrepancy on connected component is the only obstruction to the map

being an equivalence—see [Seg73].
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Construction. A based space (X,x0) determines a functor from Inrtop to Top by sending I to

Map∗(I,X) ∼= XI◦ and the inert map f to the inclusion

XJ◦ ∼= Xf−1(J◦) × {x0}I
◦\f−1(J◦) ⊆ Xf−1(J◦) ×XI◦\f−1(J◦) ∼= XI◦ .

Definition. The configuration space of M with labels in X is the coequalizer

ConfX(M) = coeq

( ∐
J→K

ConfJ◦(M)×XK◦
⇒
∐
I

ConfI◦(M)×XI◦

)
,

where the coproducts are indexed on the morphisms and objects of Inrt, respectively.

Remark. Note that this construction is sensible without the assumption that M be a manifold.

Thus, a point in ConfX(M) is a finite formal sum
∑
maxa with ma ∈M distinct and xa ∈ X,

and the following relation holds ∑
maxa ∼

∑
maxa +mx0.

We refer to the point xa as the label of ma, and the topology is such that a point vanishes if its
label moves to the basepoint of X; thus, if xk → x0 in X, for example, then mxk → ∅ for any
m ∈M .

Example. For any M , Confpt(M) = {∅}.

Example. For any M , there is a homeomorphism ConfS0(M) ∼=
∐
k≥0Bk(M).

We will also have use for a relative version of this construction. If M0 ⊆ M is a closed
subspace, we write ConfX(M,M0) for the quotient of ConfX(M) by the further relation∑

maxa ∼
∑
maxa +mx, m ∈M0.

We refer to this space as the labeled configuration space with annihilation in M0. In this space,
a point vanishes also if it collides with the annihilation subspace M0; thus, if mk → m ∈M0, for
example, then mkxto∅ for any x ∈ X.

Example. For any M and X, ConfX(M,M) = {∅}

Example. If either X or (M,M0) is connected, then so is ConfX(M,M0) (recall that a pair is
connected if the map on connected components is surjective).

Definition. The support of the configuration
∑
maxa is the (finite) subset

Supp (
∑
maxa) = {ma | ma /∈M0 and xa 6= x0} ⊆M.

The space ConfX(M,M0) is filtered by the closed subspaces

ConfX(M,M0)≤k := {
∑
maxa | |Supp(

∑
maxa)| ≤ k} .

Moreover, both the successive quotients and the successive complements of this filtration are
comprehensible, as

ConfX(M,M0)≤k�ConfX(M,M0)≤k−1
∼= Confk(M,M0) ∧Σk

X∧k,

where Confk(M,M0) is the quotient of Confk(M) by the subspace of configurations intersecting
M0 non-vacuously, while

ConfX(M,M0)≤k \ ConfX(M,M0)≤k−1
∼= Confk(M \M0)×Σk

(X \ x0)k.
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Example. The filtration quotients of ConfSr (M) are given by the Thom spaces of the vector
bundles

Confk(M)×Σk
Rrk → Bk(M),

so, by the Thom isomorphism, we may compute the homology of the configuration spaces of M
from knowledge of this filtration. In fact, as we will show, this filtration splits at the level of
homology, making this type of computation very feasible.

Notice that, for r > 0, ConfSr (M) is connected. In particular, the analogous electric charge
map

ConfSr (Rn)→ ΩnSn+r

is a bijection on π0, unlike in the case r = 0 considered above. In fact, as we will show, this map
is a homotopy equivalence.

We close this lecture by advancing the thesis that the construction ConfX should be thought
of as some kind of homology theory for manifolds. It is easy to see that analogues of some of the
Eilenberg-Steenrod axioms hold. For example, the construction is functorial in an obvious way
for embeddings of pairs (M,M0) → (N,N0) and for baseed maps X → Y ; the map induced by
an isotopy equivalence in the former case or a homotopy equivalence in the latter is a homotopy
equivalence; we have a homeomorphism

ConfX(M qN,M0 qN0) ∼= ConfX(M,M0)× ConfX(N,N0),

which is an analogue of the additivity axiom; and an analogue of excision is given by the home-
omorphism

ConfX(M \ U,M0 \ U)
'−→ ConfX(M,M0)

for U ⊆M0 that is open in M .
The basic building blocks of manifolds being disks rather than points, an appropriate analogue

of the dimension axiom is supplied by the following result:

Proposition. Fix X and n ≥ 0.

(1) The inclusion ConfX(Dn, ∂Dn)≤1 ⊆ ConfX(Dn, ∂Dn) is a weak homotopy equivalence,
and

(2) there is a homeomorphism ConfX(Dn, ∂Dn)≤1
∼= ΣnX.

Finally, we have the following analogue of exactness:

Theorem (McDuff). Let M0 ⊆M be a closed submanifold of codimension 0. If X is connected,
then the diagram

ConfX(M0)

��

// ConfX(M)

��

pt // ConfX(M,M0)

induced by the maps (M0,∅)→ (M,∅)→ (M,M0) is homotopy Cartesian.

We take up the proofs of these results in the next lecture. We conclude with a question, the
answer to which we will come to in due time. If ConfX is a homology theory, what is Poincaré
duality?

References

[Böd87] C.-F. Bödigheimer, Stable splittings of mapping spaces, Algebraic Topology, Lecture Notes in Math.,

vol. 1286, Springer, 1987.

[McD75] Dusa McDuff, Configuration spaces of positive and negative particles, Topology 14 (1975), 91–107.
[Seg73] G. Segal, Configuration-spaces and iterated loop-spaces, Invent. Math. 21 (1973), 213–222.


	References

