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1 ��
���	����
	

������ R/Z 
 Z�
��
, ��������� [23].

�������	���������
����
. ���
�������������.

1927 �, Æ��	���
����������
ΔxΔp ≥ �

2
,

�� � ��������, x, p ������
��, 	����������
�. Æ���

�����������
�� [31], ������� ����� .

���
��� � , 	 1933 �, Hardy !!�!� R "����������, ��

Hardy ����� [26].

1957 �, Hirschman [28] !!�!�!� Shannon " Hs �����, �� "

Hs(|f |2) +Hs(|f̂ |2) ≥ log
e
2
, ‖f‖2 = 1, (1.1)

�� f � R �"!��, e �##
�". �� ""#Æ##$Æ�������. 1975 �,

Beckner $%��� " [3], $
&'� R
n " Hausdorff–Young ���
 Young ����

����� . %����� (1.1) � Hirschman–Beckner �����. ������� �

Özaydm 
 Przebinda � 2004 �&', ����%�(% f ����� [50].

	&' 	$, 1989 �, Donoho 
 Stark )%�()*�"������, ��*�&'

 �&�$+. Candes, Romberg 
 Tao ,-��"�
+./%�	�, 0&
'���,-

(&� , ��)�*�&�$+� [11].


�1*2���, ������3.�4�+,�. 	1*2-���", ��
���

+& �$, ��'5�������/�6.�4�0�+,. ��"#17)%����8

4��������*�2(, #/�

�95"3��84:�00�14.

20'; 70�2, Vainerman, Kac [64–66] 
 Enock, Nest [16–18] 3�4��� Kac2�. Kac

2����1*2���
�. �!5, Kustermans 
 Vaes <(�1*2��� [41, 42]. /�
!6)��� Kac 2�. 1*2���"�������"756�$2�+,�.

	 20 '; 80 �2, Jones 17���7�, ���0�*,���, =�&>+&� Jones

88�. ��,?0&�����

9�	��
�2	$���, :��*�,9-;�

DNA .9@/. 	�05:,�<8�

9��=-;. 1988 �, Atiyah <(�>1��;
 [2]. $�, Witten 17< –Simons )*�$ Jones 88��>1=2, �+?� 3 @>1�

�; [67]. Turaev, Reshetikhin 
 Viro �$���������
� [54, 56].

�7�� ��>��*���
�2���� [22], Jones 17 Jones *?&'��@A,

��$A+�A [34]. BC*$��, ��@A"#�-+�.

1988 �, Ocneanu �D��7�"����� [49]. Jones ,-�*,� #�>1��;
 �3", <(�4$2�. 	4$2��������>1ED�$2�4$"�F,. 1*

2���
4$2�"������B5�� +,�,C�4$2�"�������6.�

>1+,�. �����7, BD�� 	���6Æ#�*��7�
1*2���"���
� �. %�BC=�	�����G�����. 4$2�"������>12(�*�!
!�
9��E7-�2 [29] #�&'��&'���0&CFH [30], 1���I�����.
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	/G�K)�, %�0
-��9H�$�!L�$�BD	��K3, �*����7
�
1*2���"������, 0��!
:
��BD9��,?.

	M [31] �, ILJ
;-N�$�(*?�7�" Hirschman–Beckner �����, �&

'�0O1. !�0O1�&', �$!M��� Hardy �����. <P, K�$ Donoho–

Stark �������0O1�&'
-��� Hausdorff–Young ���, Young ����.

	M [32] �, ILJ
;-N:"L2-� [61] ��-MNO�"��*��(*?�
7�, !!��7�"�-MNO
-M��. ,-������������ , &'�(*
?�7�" Young ��������� , ��&' Hausdorff–Young �������� .

	M [44] �, Q�=
ÆM)3�$�1*2���"� Young ���. �!54, ÆM

)3	M [45] &'� Kac 2�"������������ , ��$!A Kac 2�� Hardy

�����. <P, %�K:�$�A Kac 2�"�-MNO
-M��, �P*�G,?&'
Young �������� , N/0� Hausdorff–Young ��������� .

2 c4c
�!Q6CRS von Neumann 2�O�7�O4$2��� . P8�� von Neumann 2

�TM [38, 59], �7�� >TM [37], ��4$2�>TM [33]. /�%��$�7�"��
����>1��.

? H �!�1�; C "� Hilbert 95, B(H ) � H "@.�UR23�2��2�.

��S ai ∈ B(H ), A?Q	 a ∈ B(H ), B0
�CE ξ ∈ H , aiξ → aξ DE, FG� ai → a

TH3�>1DE. A? M � B(H ) �!��.�� ∗- �2��	H3�>1�RS, FG

� M � von Neumann 2�. �!5A? M ��U4T, FG� M �7�. A?7� M �

V(@���V, FG��� II W7�. %�&U II W7� (	�V!���ED�) �X!�

V, W) tr. A? tr �VH, � M � II1 W7�. W5 tr �VI, � M � II∞ W7�.

? M �!�)*	 Hilbert 95 H "� von Neumann 2�, 5��A�J����:

M = (M ′)′(= M ′′),

��M ′= {x ∈ B(H ) |xa = ax, ∀x ∈M }. "K��:")� von Neumann 2��2��D.

�$�$!� II1 W7��X�. ? tr � 2 @1/% M2(C) "�VH, FG tr⊗n := tr ⊗
· · · ⊗ tr � M2(C)⊗n := M2(C) ⊗ · · · ⊗M2(C) "�VH. ? I �.�/%, FGN M2(C)⊗n �

M2(C)⊗n+1 �LMY7 x→ x⊗ 1 XV��. 17NZ#0(, 0��.�� ∗ - 2�
∞⊗
n=1

M2(C) :=
∞⋃
n=1

M2(C)⊗n #���VH τ = lim
n→∞ tr⊗n.

17 Gelfand–Naimark–Segal (GNS) +?, 0� Hilbert 95 H = L2(
⊗∞

n=1M2(C), τ) #�⊗∞
n=1M2(C) 	 H "�6)*. W R �2�

⊗∞
n=1M2(C) 	 H "�H3�SY, FG R �!

� II1 W7�. ��X����Z�( II1 W7�.

? N 
 M �7�. A? N ⊂ M , � N � M ��7�, 6� N ⊂ M ��7�. A?

N ′ ∩ M = C, FG� N ⊂ M ��"��7�. ÆM7)% N 
 M B� II1 W7��9H.
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2.1 Jones 89
? N ⊂ M ��7�, tr ����VH. 17 GNS +?, 0�!� Hilbert 95 H =

L2(M ) #� M 	 H "�6)*. $
0� H � Hilbert �95 L2(N ). W���95"
�[\� eN , �� Jones [\. ? M1 � M 
 eN 	 H ",�� von Neumann 2�, =

M1 = {M , eN }′′. %�&UM1 � IIW7�,�� eN �M ���([\. A?M � II∞ W

7�, FG N ⊂ M � Jones *?�D� ∞. A?M � II1 W7�, FG M "�VH tr "#

]>� M1 ". �
 N ⊂ M � Jones *?�D� 1
tr(eN ) , W) [M : N ]. Jones *?��7�

	$+ED��!�$C����. Jones :O�*?�A,?*$ Jones *?"#�-+�.

;< 2.1 (Jones *?�� [34]) ? N ⊂ M ��7�, FG

[M : N ] =
{(

2 cos
π

n

)2 ∣∣∣∣n = 3, 4, . . .
}
∪ [4,∞].

2.2 9d=>?
? N ⊂ M ��(*?��7�, 0��7� M ⊂ M1, ��

[M1 : M ] = [M : N ].

��7
���!Æ+?. $1!Æ+?0�!:7�
N ⊂ M ⊂ M1 ⊂ M2 ⊂ · · ·

��� Jones ^. 
� N 
 M �9N�
���, 0�!��(@ von Neumann 2���

N ′ ∩ N ⊂ N ′ ∩ M ⊂ N ′ ∩ M1 ⊂ N ′ ∩ M2 ⊂ · · ·
∪ ∪ ∪

M ′ ∩ M ⊂ M ′ ∩ M1 ⊂ M ′ ∩ M2 ⊂ · · ·
���?@���. 1�%�[ N 
 M )%� M−1 
 M0.

Popa�P&,?*$�(*?� II1 W_Q�7�"#17?@���A@R� [52], ��

�$?@����\��.
 [53], ��?@ λ- �. �3AS� Ocneanu ���(P'�7�
�?@����\�� [49]. Jones YZ*,� 
>1��; (TQFT) �3" [2, 67], �$=

�?@����\��.
, ��4$2�.

2.3 ABCD
?@���:"#NJT]^�['�)%, >TM [48]. 7� M "#6)*\3`)*

� Hilbert 95 L2(M ) ", = L2(M ) �!� M − M JT. 7� N ⊂ M ��7�, a#

L2(M ) :"#]) N − N , N − M 
 M − N JT. W X � N − M JT L2(M ), FG

��
� X � M − N JT L2(M ), �� X ⊗X � M − M JT L2(M ). ��JT�E�
4��� Connes U-. Connes �D�!!� Connes U-�JT]^"�E���. 7�JT

]^+� 2- ]^. �b N −N JT
 M −M JT�9+�E�]^. �7�:"#])�
V�]^5� Morita �^. %�"�JT�7��(�
, ��E�]^:���5U-]^
(unitary fusion category) .

E', C_1�;"�5U-]^B"#LM�Z�(7��JTE�]^�, ��, !�

N −N JT M �5U-]^�� Frobenius 2�%�(% N ⊂ M ��7� [48]. 	`�;

 �, �b�JT�����
c (quantum system) [46].
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Ocneanu ��*$ Frobenius 2��$ N − N JT]^"!�=�7�,+, 7�0�

!��D Hopf 2�. !���a_ Ocneanu �D� (�(P') �7�"� Fourier �� [49].

	�!Q:�$ Fourier ��	4$2��6b�>1+&.

2.4 FGHI
? N ⊂ M ��(*?��7�, 	�?@����, %�Jc0�!: Jones [\ ei ∈

Mi, i = 1, 2, . . ., � 
eiei±1ei = [M : N ]−1ei, (2.1)

eiej = ejei, ∀ |i− j| ≥ 2. (2.2)

��G ei ,��2���� Temperley–Lieb 2� (K: Temperley–Lieb 2���� Temperley


 Lieb � 1971 �	��cO�
�K)�0�). Kauffman N*,�['�$ Jones [\�

d�+&. Jones [\ ei �d 1 ��4$d+&. d 1 �eWR
`WR�9X#�aU
"
aU�b i �
b i+ 1 �c_. 
� δ =

√
[M : N ] �����@A.

· · · · · · · · ·1
δ

f 1 Jones gh ei

	*,� �2�7�17"�Y#��d��$. !�"D-�RSI"#Æ����

��@A δ. ��+&: Jones [\�2��
,��I�$dA. Jones �!517 Jones [

\�2��
0�i –Baxter 	
�$#�d��+&. �G2��
"#,�� 3 @95�
I�$dA, ��0� 3 @95�*,���, =�&>+&� Jones 88� [34].

Jones <(4$2�, ����$?@����>1=2. 	4$2��, ?@����2�
�
e��4$"I�$dA#�I�)*. 	�6.�RS4$2���D, j9TM [33].

4$"I�)*�4$CF�)*�$. %�	d 2 ��$!�4$CF�X�. 4$CF

Ye!�14$"�kZ ("#])[$c). �\*��(������kZ (]�\*kZ"

#])!�[Mc). ]�kZ�aU"����?W_. ]�kZ�aU�?W_��^fY

1�L, ���!�� $?W, �#����4$CF1-
_#���. 	\PkZ'5�R
;��(������fgWR, ��I. �GI\3RS, \3lkZhi���kZ"�?
W_. \PkZ'5�I���Y1R;�jg�Æ`a.

$ $

$

f 2 bckh
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4$CF�aU� ��aU�]!�Y1�L"c_��#� $a	R;�`a%�. %

!�4$CF�PaUl<!�4$CF�!�i�aU!M
,%�"#:��1-0�!�

=�4$CF. 4$CF��"D-�RSWR"#����1 δ 2Æ. ���11�����
�@�.

4$2�P•�!N# N∪{0}�[?� Z/2Z�j�R295Pn,± (��Pn,+
Pn,−�

9
��?@�����N ′∪Mn−1 
M ′∪Mn),��4$CF)�8$R2Y7)*	�G
R295", ��D;l1;N%�4$CF�aU� . 4$CF�)*� A�V�� :

(1) $d2: 4$CF�)*7Tl#�� (4$) $dA;

(2) ##2: 4$CF�)*�k-l4$CF�k-�ml�.

d 2 ��4$CF� 2 �i
���D;� P2,+ 
 P2,−. ��1;� P3,+. !M9H

� Pn,± � n +&��aU"c_��� 2n, + \ − +& $a	R;`a�ga\ja. 	'

d
, A??W $	aU�/6m, FGde $, �!5%�de4$CF�PaU.

A?!�4$2�� A�2(:

(1) �(@: dim Pn,± <∞;

(2) "n12: dim P0,± = 1;

(3) f$2: 4$CF�)*7Tl#��f$$dA;

(4) E7-�2: Q	!�lm$E7ml�
- ∗ )*	]� Pn,± ", B0 ∀x ∈ Pn,±,

· · ·
x∗

x

≥ 0,

FG���7�4$2�.

? P• �?@����$�4$2�, P2,± "�2�7��A�4$CF�$

xy

= x

y

.

P2,± "�
�4�A�4$CF�$

x ∗ y = x y

.

17$d2, "#]$74

�4B�,-Æ. 	��9H�, "#:
�4g�84.

4$2��!�$C2(, ������� F : P2,± → P2,∓ �Q
0 90◦ F,, �A�

4$CF�)*�$

F(x) = x

.
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17$d2, %�"#]$

x ∗ y = F (F−1(x)F−1(y)).

2.5 Oe: PeQe
? G �!��(���. KE� G $+�����!���, n G "#��)*	Z�(

II1 W7� R ", ���)*�P)*. 17�o4+?, %�0�!��7� R ⊂ R � G. W

Ĝ �� G �
��, �!50� Jones ^

N ⊂ N �G ⊂ N �G� Ĝ ⊂ N �G� Ĝ�G ⊂ · · · ,
#�?@���

C ⊂ C ⊂ L(Ĝ) ⊂ L(Ĝ�G) ⊂ · · ·
∪ ∪ ∪
C ⊂ C ⊂ L(G) ⊂ · · · .

? P• �?@����$�4$2�, FG P2,+ ����95 L(Ĝ), P2,− ��2�95

L(G). �

�4"g�84. ��������"BD�oh�����, 
��d�$2>

TM [29].

P!M�9H, "#:"K+?���(���Æ���(@ Kac 2� (	�Q<( Kac

2�). �
0��4$2� P• � P2,+ �� Kac 2��
�, P2,− �� Kac 2�Æi. $b

4%�0�74, 
�4
������
�. ��+?�$�(@ Kac 2�
�"�P'� 2

�(*?�7�'5�!!
�, >TM [58]. �� Kac 2��2��
l4$2��4$CF

)*�
�>TM [39].

	V(@�9H, !�!G-5� , Enock 
 Nest �$�oh (\32) Kac 2�
�"

�P'� 2 �7��'5�!!
� [20].

3 RSTUcV
ÆQ<(1*2�����D
��2(. 1*2���TM [41, 42], Kac 2�TM [19].

p� M ��-q, p�(, WjI ϕ � von Neumann 2�. k

Nϕ = {x ∈ M |ϕ(x∗x) <∞}, Mϕ = N∗
ϕNϕ,

��Mϕ �M � ∗ -�2�. W Hϕ �: Nϕ Aq�0�� Hilbert 95. Y7 Λϕ : Nϕ 
→ Hϕ

�YeY7. W πϕ � Hϕ "�

πϕ(a)Λϕ(b) = Λϕ(ab), ∀ a ∈ M , b ∈ Nϕ

�$� M "� ∗$+. l62 (πϕ,Hϕ,Λϕ) �� M �p)*+&. W ∇ϕ ��� ϕ �T3

�, σϕt ��� ϕ �T#$+�, t ∈ R, Jϕ � Hϕ "�`X56.

1*2��� G = (M ,Δ, ϕ, ψ) �#�6n2�:

(1) !� von Neumann 2� M ;

(2) !�-q, X.�, ∗ - $H Δ : M → M⊗M � (Δ ⊗ ι) ◦ Δ = (ι⊗ Δ) ◦ Δ;

(3) !�-q, p�(, WjI ϕ � (ι⊗ ϕ)Δ(x) = ϕ(x)1, ∀x ∈ M+
ϕ , #�!�-q, p�

(, WjI ψ � (ψ ⊗ ι)Δ(x) = ψ(x)1, ∀x ∈ M+
ψ .
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�� ⊗ * von Neumann 2�E�4, ι *r$Y7. -q, X.�, ∗ - $H Δ �� M "

�o74, ϕ �6 Haar I, ψ �` Haar I.

p� M )*	 Hϕ ", FGQ	X!�56 W ∈ B(Hϕ ⊗ Hϕ), � 
W ∗(Λϕ(a) ⊗ Λϕ(b)) = (Λϕ ⊗ Λϕ)(Δ(b)(a⊗ 1)), ∀ a, b ∈ Nϕ.

%��"K56�"756. P�!54, 
CE x ∈ M , � Δ(x) = W ∗(1 ⊗ x)W .


�"K�D�1*2��� G = (M ,Δ, ϕ, ψ),Q	!�5
s R,rX#$+� τt, t∈R


 M "�
s S. KQ	!�T6 δ � ψ = ϕδ = ϕR. W ρt �� 
CE ω ∈ M∗, x ∈ M


 t ∈ R, � ρt(ω) = ω(δ−itτ−t(x)) � M∗ "Yp.s�+&, �� M∗ � M �q
�.


�1*2��� G = (M ,Δ, ϕ, ψ), JQ	��
�1*2��� Ĝ = (M̂ , Δ̂, ϕ̂, ψ̂). �

)*	 Hϕ "���� von Neumann 2� M̂ �#�+,��$:

M̂ = {(ω ⊗ ι)(W ) |ω ∈ B(Hϕ)∗}′′.
W6n (ω⊗ ι)(W ) � λ(ω). 1���6n�� B(H ) "-qH ω (Y	M "0�� ω|M �

�����. ���o74 Δ̂ �#�+,��$

Δ̂(x) = Ŵ ∗(1 ⊗ x)Ŵ , Ŵ = ΣW ∗Σ,

�� Σ � Hϕ ⊗ Hϕ "�
�Y7. 
�6 Haar I ϕ̂ �D�� GNS +?0��l62
(Hϕ, ι, Λ̂) X!�$� M̂ "�-q, p�(, WjI. �D

I = {ω ∈ M∗ |Λϕ(x) 
→ ω(x∗), x ∈ Nϕ�U},
5 λ(I ) �Y7 Λ̂ �t� Λ̂(λ(ω)) = ξ(ω), ω ∈ I . �� ξ(ω) � ω(x∗) = 〈ξ(ω),Λϕ(x)〉 �$.


�` Haar I ψ̂ = ϕ̂R̂, �� R̂ � R �
�.

? G �!�1*2���, A?��rX#$+��4T�� σϕ = σψ, FG G � Kac 2

�. A? ϕ = ψ �H, FG G ��2���. A? ϕ = ψ �VI, FG G ��ZT Kac 2�.

KE�"$�D������ λ �N M∗ � M̂ �Y7. ���$lBDAm�����

�, %�: M∗ ]� L1(M ), /: M ]� L∞(M ), #�P* Banach 95t1��0�-n
� Lp(M ) 95, 1 ≤ p ≤ ∞. ���D����� Fp : Lp(M ) → Lq(M̂ ). P81*2���
������>TM [8, 12].

4 [\]^_[`a
�!Q:6.RS�7�
1*2���"�J[\.

?P �!��"��7�4$2�. A? B ∈ P2,± �!�[\� F (B)�!�[\��

7, FGu� B �!�J[\. A? B ∈ P2,± �!�J[\, FG

B ∗B =
tr2(B)
δ

B.

Bisch ��	�(*?�7�"r$�J[\�6), �!!J[\B����57�"�
[\ [4]. ��6)�����"�*?��. NJT�['$�, Bisch 
 Jones 	4$2��
�$�J[\�d�+& [6].

%�$b:"l
1*2����DJ[\. ? G �!�1*2���. A? B ∈ L1(G)

� F (B) �!�[\��7, FG� B �!�J[\.
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�1*2���Æi�AmJ[\�6)u�[\. A? p∈L∞(G)�!�-o[\� 
Δ(p)(1 ⊗ p) = p⊗ p,

FG� p�!�u�[\. 	M [44] �,Q�=
;-N!!�u�[\ p ∈ L1(G) 5 p�!�

J[\, E'A?6 Haar I��` Haar I\36 Haar I�VI, FGJ[\ p �u�[\.

Ar��� (6, `) pM, �DJ[\�4s. ? P �!��"��7�4$2�, B �!

�J[\. A? P2,± �[\ x � tr2(x) = tr2(B) 
 x ∗B = tr2(B)
δ x, FG� x � B �64

s; A? P2,± �[\ x � tr2(x) = tr2(B) 
 B ∗ x = tr2(B)
δ x, FG� x � B �`4s; A

? P2,± �[\ x � Q	!� B �64s gB, B0 x ≤ gB, FG� x � B �6�4s; A

? P2,± �[\ x � Q	!� B �`4s Bg, B0 x ≤ Bg, FG� x � B �`�4s.

KE� P2,+ 
 P2,− ��
�, 7�0�Vb�$�4s. "#: P2,− "�6`4sg
� P2,+ "� “"�” 4s. !���a_, %��DJ[\�J4s. A? P2,± ��-o6 x

� Q	!�J[\ B �`4s Bg 
 B̃ �`4s B̃h #�6n y, B0 x = F (B̃h) ∗ (yBg),

FGu� x �J[\ B �J4s, �� B̃ � F (B) �1;[\.

	����9H�, J[\�J4sJ"#
����*?��)Vj4s0�, =���


�95"�4s.

	�7��,��P2,+ 
P2,− v�-��2�,J[\��J4s�2(C14w8. x

�X�,%�wqt!!���6pM:� (<!�)���`pM, #/%�CN@=�['r

!!J[\�64s:�J[\�`4s. <!	$�(��������(�, #/�(*?
�7���57�"6��"��. �B0J[\+��95�>1�0P��s, $
:��

� 2(���v�@=�uv.

5 Hausdorff–Young cde
�!Qw �7�
1*2���"� Hausdorff–Young ���.

? G �!�ZT1*2���, F �N Lp(G) � Lq(Ĝ) ������, �� 1 ≤ p ≤ 2,
1
p + 1

q = 1, FG Hausdorff–Young ����

‖F (f)‖q ≤ ‖f‖p,
�� f � Lp(G) �"!��.

	����9H, ������0&�4�+,�, ��
 Lp(G) 
 Lq(Ĝ) B���95.


�!M�1*2�, Lq(Ĝ) ��/������95, /�!�-���3�95. ��6)
�DÆi��4T, P8��3�95
-�� Lp 95TM [27, 51, 63]. 1958 �, Kunze !
!�ZT1*2�"� Hausdorff–Young ���. 1974 �, Russo A@&'�ZT1*2�"
Hausdorff–Young ����01��. 1975 �, Beckner w��j�� R "� Hausdorff–Young

���, �$�H Hausdorff–Young ���:

‖F (f)‖p ≤ Aq‖f‖q,
�� Aq = q

1
2q p−

1
2p , �!!�01�������. 1977 �, Fournier P*ZT1*2�"

Young ��������� &'� Hausdorff–Young ����01��. 2012 �, Cooney !
!�1*2���"� Hausdorff–Young ���.
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0
�7��9�, M [31] !!��"��7�4$2�"� Hausdorff–Young ���:

;< 5.1 ? P �!��"��7�4$2�. 
�CE x ∈ P2,±,

‖F (x)‖p ≤
(

1
δ

)1− 2
p

‖x‖q,

�� 2 ≤ p ≤ ∞ 
 1
p + 1

q = 1.

���$�$�,?, BC<(y�$C6). A?!�6n x ∈ P2,± � ‖F (x)‖∞ =
‖x‖1
δ , FG� x �0c�. 
��"��7�4$2�, -6!��0c�. A?-o6n x ∈

P2,± � F (x) B�*��z��7�B�0c�, FG� x �0cJ*��z. 	M [31] �,

ILJ
;-N!!� x �J[\�J4s%�(% x �0cJ*��z.

P�!5, ILJ
;-N [32] K&'� Hausdorff–Young ��������� .

;< 5.2 ? P �!��"��7�4$2�. k x ∈ P2,± -o, FGA�<K�^:

(1) ‖F (x)‖ t
t−1

= ( 1
δ )

2
t −1‖x‖t 
t� 1 < t < 2;

(2) ‖F (x)‖ t
t−1

= ( 1
δ )

2
t −1‖x‖t 
CE 1 ≤ t ≤ 2;

(3) x �!�J[\�J4s.


�1*2����9�, ;-N [45] ��� Russo �,?A@&'�ZT Kac 2�"

Hausdorff–Young ��������� .

;< 5.3 ? G �!�ZT Kac 2�. k x � ϕ- "!�, FGA�<K�^:

(1) ‖F (x)‖ t
t−1

= ‖x‖t 
t� 1 < t < 2;

(2) ‖F (x)‖ t
t−1

= ‖x‖t 
CE 1 ≤ t ≤ 2;

(3) x �!�J[\�J4s.

6 Young cde
�!Q�:w �7�"� Young ���
1*2���"� Young ���. ? G �!

�ZT1*2�, 5 G "� Young ����

‖f ∗ g‖r ≤ ‖f‖t‖g‖s,
�� f ∈ Lt(G), g ∈ Ls(G), � 1 ≤ r, t, s ≤ ∞, 1

r + 1 = 1
t + 1

s . Young 	 1912 �0
 R "��

�84O3DE2���!A���, ����� Young ��� [69]. +� Young �����

>B*. 1975 � Beckner w�� R "� Young ���, �$� R "�H Young ���:

‖f ∗ g‖r ≤ AtAsAr′‖f‖t‖g‖s,
�� r′ = r

r−1 , �!!�����
��@*�01
. 1977 � Fournier A@&'�ZT1*
2�" Young ����01
. 1978 � Klein 
 Russo uK�!M1*2�"� Young ��

�, �!!� Heisenberg �"�H Young ���.


��7��9�, ILJ
;-N [31] !!��"��7�4$2�"� Young ���

;< 6.1 
CE x, y ∈ P2,±, �

‖x ∗ y‖r ≤ ‖x‖p‖y‖q
δ

,

�� 1 ≤ p, q, r ≤ ∞, 1
p + 1

q = 1
r + 1.
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P�!5, ILJ
;-N [32] A@&'� Young ����01
.

;< 6.2 ? P ��"��7�4$2�. k x, y � P2,± �-o6, FGA�vv�^:

(1) ‖x ∗ y‖r = 1
δ‖x‖t‖y‖s 
t� 1 < r, t, s <∞, B0 1

r + 1 = 1
t + 1

s ;

(2) ‖x ∗ y‖r = 1
δ‖x‖t‖y‖s 
CE 1 ≤ r, t, s ≤ ∞, B0 1

r + 1 = 1
t + 1

s ;

(3) Q	!�	 P2,± ��J[\ B, B0 x = (ax hB) ∗F (B̃g) � y = F (B̃g) ∗ (ayBf ), �
� Bg, Bf B� B �`4s, hB � B �64s� ax, ay B�	 P2,± �B0 x, y -o.

/G, Q�=
;-N�$�1*2���"� Young ��� [44]:

;< 6.3 ? G�1*2���. N 1 ≤ p, q, r ≤ 2� 1
r+1 = 1

p+ 1
q ,k p′ � 1

p+ 1
p′ = 1.

A? x ∈ Lp(G) � y ∈ Lq(G), FG

‖x ∗ ρ−i/p′(y)‖r ≤ ‖x‖p‖y‖q.
2016 �, ;-NKA@&'�ZT Kac 2�" Young ����01
 [45].

;< 6.4 ? G �ZT Kac 2�. k x, y � ϕ- "!, FG#�<K�^:

(1) ‖x ∗ y‖r = ‖x‖t‖y‖s 
t� 1 < r, t, s <∞, B0 1
r + 1 = 1

t + 1
s ;

(2) ‖x ∗ y‖r = ‖x‖t‖y‖s 
CE 1 ≤ r, t, s ≤ ∞, B0 1
r + 1 = 1

t + 1
s ;

(3) Q	 B, B0 x = ( hBax) ∗ F (B̃g) � y = F (B̃g) ∗ (Bfay), �� Bg, Bf B� B `4

s, hB � B �64s� ax, ay ∈ L∞(G), B0 x, y -o.

7 cfghi
�����/x�Æ��	�����
����, +�	� , &', ��&'�-;�

��ybzÆ������. �!QjC<( Hirschman–Beckner �����, Donoho–Stark

�����
 Hardy �����.

7.1 Hirschman–Beckner =k;l<
1957 �, Hirschman !!� R "�!���"������

Hs(|f |2) +Hs(|f̂ |2) ≥ 0, (7.1)

�� ‖f‖2 = 1, Hs(|f |2) = − ∫ |f |2 log |f |2dx� Shannon",�r$�!� R"��"�!�P
H������ (��� (1.1)) � ". 1975 �, Beckner !!��!� ". 2004 �, Özaydm


 Przebinda !!�CE1*2���"� Hirschman–Beckner �����, =��� (7.1) 


CE1*G�����, �&'��������� . 2014 �, Crann 
 Kalantar !!ZT
Kac 2�"��!�����.


��7�9�, ILJ
;-N [31] !!��"��7�4$2�� Hirschman–Beckner

�������������� :

;< 7.1 ? P �!��"��7�4$2�� x ∈ P2,± -o, FG

H(|x|2) +H(|F (x)|2) ≥ ‖x‖2(2 log δ − 4 log ‖x‖2),

�� H(|x|2) = −tr2(|x|2 log |x|2)� von Neumann ". P�!5, %������%�(% x�

!�J[\�J4s.


�1*2����9�, ;-N [45] !!� Hirschman–Beckner ����������

� :
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;< 7.2 ? G �!�ZT Kac 2�� x ∈ L1(G) ∩ L2(G) -o, FG

H(|x|2) +H(|F (x)|2) ≥ −‖x‖24 log ‖x‖2.

P�!5, %������%�(% x �!�J[\�J4s.

7.2 Donoho–Stark =k;l<
1989 �, Donoho 
 Stark	)*�"!!���L{M������$
K&'����

�. ? G �!��()*�. W f � G "�!���, 5
|supp(f)| |supp(f̂)| ≥ |G|,

�� supp(f) = {x ∈ G : f(x) �= 0}, |S| �M- S �6n��. 1990 �, Smith ���!��
���
�(���B����. 2004 �, Özaydm 
 Przebinda !!�CE1*2���"�
Donoho–Stark �����, �&'��������� . 2008 �, Algic 
 Russell 0
2�
!!�!�����. 2014 �, Crann 
 Kalantar !!ZT Kac 2�"��!�����.


��7��9�, ILJ
;-N!!��"��7�4$2�"� Donoho–Stark ��

���, �&'������ .

;< 7.3 ? P �!��"��7�4$2�, FG
CE-o x ∈ P2,±, �

S (x)S (F (x)) ≥ δ2,

�� S (x) = tr2(R(x)), R(x) � x �1;[\3�. P�!5, %������%�(% x �

!�J[\�J4s.


�1*2����9�, ;-N [45] &'� Donoho–Stark ����������� .

;< 7.4 ? G �!�ZT Kac 2�, FG
CE-o x ∈ L1(G) ∩ L2(G),

S (x)S (F (x)) ≥ 1.

P�!5, %������%�(% x �!�J[\�J4s.

7.3 Hardy =k;l<
1933 �, Hardy [26] !�����!!� R "�!������. A?
t� R ""!�

� f 
tG�� C,C′, a > 0, �

|f(x)| ≤ Ce−πax
2
, |f̂(ξ)| ≤ C′e−πξ

2/a,

FG f � e−πax
2
!��7.

Am4
��7�9�,ILJ
;-N!������0O1�&'�$��"��7�
4$2�"� Hardy �����.

;< 7.5 ? P ��"��7�4$2�. W w � Hirschman–Beckner ������!

�0O1. A?
�CE x ∈ P2,± 
�� C, C′ � |x| ≤ C|w|, |F (x)| ≤ C′|F (w)|, FG x �

w �!��7.


�1*2���9�, ;-N�$��J[\�ZT Kac 2�"� Hardy �����.

;< 7.6 ? G �!��J[\�ZT Kac 2�. p� w ∈ L1(G) ∩ L∞(G) �!�J[

\�J4s. A?
CE x ∈ L1(G) ∩ L∞(G) 
t�� C > 0 � C′ > 0, � |x| ≤ C|w| 

|F (x)| ≤ C′|F (w)|, FG x � w ��7.
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8 mnop
k A,B �$w��(L�� G �"L�M. "L2- [61] �, !�-�!Æ�uv�x-

Muv: A? A + B \3 A − B  {O, FG%�60� A \ B �_b&'? /!Æ�
M
NO�A����: max{|A|, |B|} ≤ |A+B|, |A−B| ≤ |A| |B|, �� |A| �M- A �6n��.

|�x-M�� [61] �yA�<K�^:

(1) |A+B| = |A|;
(2) |A−B| = |A|;
(3) |A− nB −mB| = |A| 
qz!
+� (n,m) �= (0, 0);

(4) |A− nB −mB| = |A| a�+� n,m;

(5) Q	 G ��(�� H, B0 B Ye	 H �pM�, A � H �tGpM��.


��M-"�L�, %�"#)%�7�4$2�"[\�
�4. �b
��7�, I

LJ
;-N0�A�-���-M�� [32]:

;< 8.1 ? P ��"�4$2�. W p, q ∈ P2,± �[\. k B1 �� q ∗ q ,��J[
\, B2 � p ∗ p 
�� tr2(p)

δ �{[\, FG max{tr2(p), tr2(q)} ≤ S (p ∗ q) ≤ tr2(p)tr2(q), P�

!5, A�<K�^:

(1) S (p ∗ q) = tr2(p);

(2) δ
tr2(q)

p ∗ q �[\;

(3) S (p ∗ (q ∗ q)∗(m)) ∗ q∗(j)) = tr2(p), 
t� m ≥ 0, j ∈ {0, 1}, m+ j > 0, �� q∗(0) = e1,

e1 � Jones [\;

(4) S (p ∗ (q ∗ q)∗(m)) ∗ q∗(j)) = tr2(p), 
CE m ≥ 0, j ∈ {0, 1}, m+ j > 0;

(5) Q	 P2,± �J[\ B, B0 q � B �`�[\�
t� x > 0, p = R(x ∗B);

(6) B1 ≤ B2;

(7) ‖p ∗ q‖t = 1
δ‖p‖t‖q‖1 
t� 1 < t <∞;

(8) ‖p ∗ q‖t = 1
δ‖p‖t‖q‖1 
CE 1 ≤ t ≤ ∞.


�1*2����9�, ;-N!!�A�-���-M�� [45].

;< 8.2 ? G �ZT Kac 2�. k p, q � L∞(G) ��[\, FG max{ϕ(p), ϕ(q)} ≤
S (p ∗ q). P�!5, A�<K�^:

(1) S (p ∗ q) = ϕ(p) <∞;

(2) ϕ(q)−1p ∗ q � L1(G) ��[\;

(3) S (p ∗ (q ∗R(q)∗(m)) ∗ q∗(j)) = ϕ(p) 
t� m ≥ 0, j ∈ {0, 1}, m+ j > 0, q∗(0) Exr q

�$�;

(4) Q	J[\ B, B0 q � B �`�4s�
t� x > 0, p = R(x ∗B).

KE�, 
�ZT Kac 2��9�, -M��5��$"U. X��|N R �+?$�.

9 [\]s[`a
N}$�w �, %���J[\�J4s�!�tU6), 7�$�	y�������

�� �. n	��$�"��7�4$2���J[\�J4s�y&�@*�^&':
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(1) x �J[\�J4s;

(2) x �0cJ*��z; (2)′ x �*��z��7� F−1(x) �0c�;

(3) S (x)S (F (x)) = δ2;

(4) H(|x|2) +H(|F (x)|2) = ‖x‖2
2(2 log δ − 4 log ‖x‖2);

(5) ‖x ∗ x∗‖r = 1
δ‖x‖t‖x‖s 
tG 1 < r, t, s <∞, B0 1

r + 1 = 1
t + 1

s ;

(6) ‖x ∗ x∗‖r = 1
δ‖x‖1‖x‖r 
t� 1 < r <∞;

(7) ‖x ∗ x∗‖r = 1
δ‖x‖t‖x‖s 
CE 1 ≤ r, t, s ≤ ∞, B0 1

r + 1 = 1
t + 1

s ;

(8) ‖F (x)‖ t
t−1

=
(

1
δ

) 2
t −1 ‖x‖t 
t� 1 < t < 2;

(9) ‖F (x)‖ t
t−1

=
(

1
δ

) 2
t −1 ‖x‖t 
CE 1 ≤ t ≤ 2;

(10) x �*��z��7, S (x ∗ x∗) = S (x) � ‖x ∗ x∗‖1 = ‖x‖2
1.


�ZT Kac 2�, :���J[\�J4s�Am�^&'.

10 ftuvw
�7�"� Hausdorff–Young ���
 Young ����!!��$�BD9��!!. 1

*2���"� Hausdorff–Young ����!!|_	�|�-��� Lp 95, Vc����

wqt0��7��"756. �7�"�5�"756. 1*2���"� Young ����

|_	�x�-n�-�� Lp95z*t1��. !M�1*2���"� Young���(6

!!
 1 ≤ r, p, q ≤ 2 �9���, 
� r = ∞ 6x�EX, C�
 Kac 2��&*�9H6!
! Young���
 1 ≤ r, p, q ≤ ∞�� [44]. 	BD�9�� Hausdorff–Young���
 Young

��������� 6{�$r}Æ#�!!, C�	-���9H, 7�5��6n4s�
!��K3, 0|�$Æ#!!. ��%�{z���
�����r}
c���
�$.

�7�"� Hirschman–Beckner �����
 Donoho–Stark ����������� 

�&':��$�BD�9�. ��$%�6n4s	-��9��+���, %�r$��7
�"�J[\�J4s, <PK:�syq Kac 2�". ��&' Young ���������

 , KBCYz"L2-��-M��. KE�-��-M���!!A@�$�BD-MNO

|�x
M���!!. Yz-��
M��
�����Æi������� , %�"#

&' Young ��������� , �/&' Hausdorff–Young ��������� . �r

��7��9�, ZT Kac 2�KC|�P8��4T�>1uv.

�$:x!G���uv:

(1) �W6{	�7�\1*2���"�$PLH� Hausdorff–Young ���
 Young

���?

(2) �W6{	�7�\1*2���"�$PLH� Hirschmann-Beckner �����?

(3) �W6{c!�7�
1*2���, �!!"KAm�, ?

(4) ? P �!��7�4$2�. A? x ∈ P2,± �!�[\� ‖x ∗ x− tr2(x)
δ x‖2  {

O, FG�WQ	!�J[\ B, B0 ‖x−B‖2  {O
g{ -�(| Jones, ILJ, <@�~~�L}. $
:(|�~��}U~�
��.
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