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Determination of Regional Pulmonary Parenchymal
Strain During Normal Respiration Using Spin
Inversion Tagged Magnetization MRI

Vitaly J. Napadow,1* Vu Mai,2 Alex Bankier,2 Richard J. Gilbert,1 Robert Edelman,2

and Qun Chen2

In clinical practice, the assessment of lung mechanics is
limited to a global physiological evaluation, which mea-
sures, in the aggregate, the contributions of the pulmo-
nary parenchyma, pleura, and chest wall. In this study, we
used an MR imaging methodology which applies two-di-
mensional bands of inverted magnetization directly onto
the pulmonary parenchyma, thus allowing for the quanti-
fication of local pulmonary tissue deformation, or strain,
throughout inhalation. Our results showed that the mag-
nitude of strain was maximal at the base and apex of the
lung, but was curtailed at the hilum, the anatomical site of
the poorly mobile bronchial and vascular insertions. In-
plane shear strain mapping showed mostly positive shear
strain, predominant at the apex throughout inhalation,
and increasing with expanding lung volume. Anisotropy
mapping showed that superior-inferior axial strain was
greater than medial-lateral axial strain at the apex and
base, while the opposite was true for the middle lung field.
This study demonstrates that localized pulmonary defor-
mation can be measured in vivo with tagging MRI, and
quantified by applying finite strain definitions from con-
tinuum mechanics. J. Magn. Reson. Imaging 2001;13:
467–474. © 2001 Wiley-Liss, Inc.

Index terms: lung; lung magnetic resonance imaging; lung
biomechanics; tagged magnetization; strain mapping

THE ASSESSMENT OF pulmonary parenchymal me-
chanics is important for the diagnosis of multiple dis-
eases in which ventilatory function is impaired. Not-
withstanding, current clinical tests do not discriminate
between the contributions from the pulmonary paren-
chyma, pleura, and chest wall to thoracic compliance,
nor do they account for regional mechanical differences
within the parenchymal tissue itself.

Present techniques for imaging the lungs are mostly
static, such as chest radiography, high resolution com-
puted tomography (CT) (1–3) and MRI (4–9). Although
MRI holds great promise for evaluating dynamic pulmo-
nary function (4), this modality is still challenged by
limited signal to noise ratio (SNR) from low proton den-
sity, as well as image degradation from physiological
motion (cardiac pulsation, respiration) and susceptibil-
ity artifacts. Several recent advances in MRI methodol-
ogy, which may improve pulmonary imaging, include
the use of short echo times, ultrafast spin-echo acqui-
sitions, projection reconstruction techniques, breath-
hold imaging, ECG triggering, contrast agents (perfu-
sion imaging, aerosols), hyper-polarized noble gas
imaging, and oxygen enhancement. The successful vi-
sualization of the pulmonary parenchyma by MRI
should provide a basis for the ultimate development of
tools to assess tissue deformation.

Owing to the difficulties associated with pulmonary
imaging, the assessment of parenchymal deformation
has been limited to tracking structures in proximity to
the lung, such the chest wall and diaphragm (10), or by
the fluoroscopic study of the motion of implanted metal
beads (11,12). The metal bead technique is capable of
quantifying parenchymal expansion; however, its inva-
sive nature limits this technique to animal models. Fur-
thermore, the coverage of this technique is limited to a
region 15–25 cm3 in size. On the other hand, the appli-
cation of tagged magnetization MRI (a MR method in
which orthogonal bands of inverted magnetization are
first applied to the tissue, and then tracked during
deformation) directly to the pulmonary parenchyma
may allow for explicit non-invasive quantification of lo-
cal tissue deformation, or strain, within the entire lung.
Tagging MRI has been utilized for strain mapping de-
forming tissue of various composition and anatomical
location. Many groups have investigated cardiac mus-
cle (13,14), while some have studied skeletal muscle,
such as the tongue (15,16). However, as previously
mentioned, quantifying deformation within the lung pa-
renchyma itself has been an elusive proposal owing to
the difficulty of imaging aerated tissue. In addition,
imposing tagging methodologies, with adequate tempo-
ral stability to derive physiologically relevant data, has

1Department of of Mechanical Engineering, Massachusetts Institute of
Technology, Cambridge, Massachusetts.
2Department of Radiology, Beth Israel Deaconess Medical Center, Bos-
ton, Massachusetts.
Contract grant sponsor: AHA; Contract grant sponsor: NIH; Contract
grant number: HL57437.
*Address reprint requests to: V.J.N., 3-355a, Department of Mechanical
Engineering, Massachusetts Institute of Technology, 77 Massachusetts
Avenue, Cambridge, MA 02138. E-mail: vitaly@mit.edu
Received June 15, 2000; Accepted October 24, 2000.

JOURNAL OF MAGNETIC RESONANCE IMAGING 13:467–474 (2001)

© 2001 Wiley-Liss, Inc. 467



complicated the application of this technology to the
lung parenchyma.

In the present study, we used spin inversion tagged
magnetization MRI to successfully quantify localized
deformation within the pulmonary parenchyma during
the normal respiratory cycle. We propose that this tech-
nique could have future utility in evaluating regional
differences of pulmonary mechanical function in nor-
mal as well as compromised lung tissue.

METHODS

MRI experiments were conducted on 11 healthy volun-
teers (6 women and 5 men, ages 25–49; mean age 5
35.6) using a 1.5-T MRI scanner (Magnetom VISION,
Siemens AG). The MRI tagging pulse sequence was
based on a fast FLASH sequence developed in our lab-
oratory which utilizes TR 5 1.65 msec and TE 5 0.4
msec. The short TE, crucial for the visualization of lung
parenchyma, was achieved with a 180 msec Gaussian
radiofrequency (RF)-pulse and an asymmetric read-out.
A rectangular field of view (FOV) was used to reduce
data acquisition time. A matrix size of 80–112 3 128
was used, resulting in a total acquisition time of 132–
185 msec for each image. Other imaging parameters
were as follows: flip angle 5 4 degrees; bandwidth 5
976 Hz/pixel; FOV 5 450–500 mm; section thickness 5
10–12 mm. The imaging pulse sequence was preceded
by 180° RF sinc inversion tagging pulses (one for each
tag) of 5-msec duration, which served to saturate the
longitudinal magnetization of the affected tissue form-
ing an inversion recovery (IR)-grid. A gradient strength
of 8–10 mT/m was used with each of the individual
inversion pulses to create thin tagging stripes. Since the
relative brightness of a pixel (in a proton density
weighted image) is due principally to the amount of
longitudinal magnetization just prior to the imaging
pulse sequence, tissue affected by the tagging pulses
appeared dark in contrast to the surrounding tissue.
Contrast then decayed with time constant T1 (of paren-
chymal tissue).

The application of the tagging grid was performed
with the subject at rest, at full exhalation, after which,
upon hearing the initiation of the tagging pulses, the
subject was asked to inhale deeply. Subsequent paren-
chymal deformation was tracked with five to six images
per inhalation that showed the tagging mesh in various
states of deformation. While it would be preferable to
track parenchymal deformation throughout the entire
pulmonary cycle, tag decay and through plane motion
limits the temporal window for which adequate tag
quality persists. Adequate tag quality (i.e., wherein a
deformed mesh could be digitized) was, in this iteration
of the project, a subjective (though conservative) deci-
sion by the software operator as to whether or not
tagged tissue could be confidently distinguished from
the surrounding untagged tissue.

The imaging slice (which was chosen to be either
coronal, showing both lungs, or sagittal, showing the
right lung) was obtained orthogonal to the tagging
planes. Consequently, in a two-dimensional image of
undeformed tissue, magnetic tags appeared as a square
rectilinear grid (tag spacing was 25 mm). Deformation

of tagging grid elements represented actual tissue de-
formation and was quantified by calculating strain, a
unitless measure of localized deformation independent
of rigid body translation or rotation. Our methodology
has been previously described in greater detail (15).

Strain in each triangular element of the two-dimen-
sional imaging plane was assumed to be non-linear and
derived by the application of Green’s strain tensor
transformations:

EGreen 5
1
2

~U2 2 I! (1.0)

Where U is the right stretch tensor and I the identity
tensor. In order to resolve the idealized material contin-
uum of the lung, discrete triangular deforming ele-
ments were defined by digitizing nodes at tag line inter-
sections. Thus, each triangular element was composed
of two independently deforming line elements (i.e.,
three nodes); one along the x-axis and the other along
the y-axis in the rest configuration. Each line element
had length s at rest, defined by the tag spacing. Axial
strains were calculated based on the lengths of the
deformed line elements (s1 and s2, respectively), while
shear strain was calculated based on line element
lengths, as well as the relative angle between adjacent
line elements (90° - f):

Exx 5
1
2 Ss1

2

s2 2 1D (2.0)

Eyy 5
1
2 Ss2

2

s2 2 1D (3.0)

Exy 5
s1s2

2s2 sin f (4.0)

Hence, the entire two-dimensional strain tensor, E, was
calculated from the digitization of the tagged image.

E 5 F Exx Exy

Eyx Eyy
G (5.0)

Strain maps of the in-plane trace of the strain tensor
were smoothed with bicubic spline surfaces and dis-
played by magnitude sensitive color code overlaying the
original tagged images. The trace of the strain tensor,
tr(E) 5 Exx 1 Eyy, is one of the three invariants (insen-
sitivity to coordinate reference frame) of the strain ma-
trix and can be considered a generalized direction-in-
dependent strain magnitude. The images were then
compiled into a dynamic strain map movie, which
tracked regional deformation during inhalation. Other
parameters that were similarly mapped included shear
strain, and the coordinate anisotropy index, Eyy - Exx

(y-direction axial strain - x-direction axial strain).
The entire strain tensor was alternately represented

by a spatial array of rhombi, with each rhombus cen-
tered on a tagging element’s centroid. The major and
minor axes of these rhombi were oriented according to
the directions of the eigenvectors, and scaled to the
linear directional axial stretch measured in the given
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tagging element (note: the major axis corresponds to
the eigenvector associated with the greater of the two
eigenvalues). In addition, the relative size of a rhombus
was based on a scaling factor, f, which (for visualization
purposes) allows icon size to be related directly to strain
magnitude. The factor, f, was defined by a function of
the strain tensor’s independent eigenvalues (l1, l2):

f 5 Îl1
2 1 l2

2 (6.0)

RESULTS

Strain analysis of the deformed tagging grids, acquired
during normal inspiration, presented a quantifiable
pattern of deformation for the lung parenchyma, dis-
played here for one representative subject. In most in-
stances, one lung on the coronal view images was dig-

itized while the other was left unscathed in order to
provide an adequate temporal assessment of tag defini-
tion and degree of fade. The coronal view strain maps
showed a regionally variant strain field during inspira-
tion with strain magnitude increasing as the lungs were
inflated with air. The strain tensor trace was maximal at
the base and apex of the lung (peaking at 0.63 at t 5
1110 msec), but was curtailed at the root (minimum
peak at -0.16 at t 5 1110 msec), the site of the relatively
non-distensible bronchial insertion (Fig. 1).

In-plane shear strain mapping in the coronal plane
showed mostly positive shear strain (peaking at 0.42)
which was most predominant at the apex throughout
inhalation, and increased with expanding lung volume
(Fig. 2). Later time points confirmed the existence of
negative shear strain (peaking at -0.20) at the middle
and lower lung fields.

Figure 1. Coronal view of the lungs
during inspiration with strain tensor
trace quantification of the left lung
shown. Successive images were digi-
tized at t 5 185 msec apart, with the
last viable image acquired at t 5 1110
msec after onset of inhalation. Strain
trace mapping showed increasing
strain as the lung was inflated with
air. Strain trace was maximal at the
base (peaking at 0.63 at t 5 1110
msec) and was diminished at the hi-
lus (peaking at -0.16 at t 5 1110
msec), the location of the relatively
non-distensable bronchial insertion.
[Color figure can be viewed in the on-
line issue, which is available at
www.interscience.wiley.com]

Figure 2. Coronal view of the lungs
during inspiration with in-plane
shear strain mapping of the left lung
shown. Successive images were digi-
tized at t 5 185 msec apart, with the
last viable image acquired at t 5 925
msec after onset of inhalation. Shear
strain mapping showed positive
shear strain (peaking at 0.42) which
was most predominant at the apex
throughout inhalation, and in-
creased with expanding lung volume.
Later time points confirmed the exis-
tence of negative shear strain (peak-
ing at -0.20) at the middle and lower
lung fields. Note that the polarity of
shear strain is purely coordinate de-
pendant, signifying direction of shear
(see Fig. 6). [Color figure can be
viewed in the online issue, which is
available at www.interscience.wiley.
com]
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Coronal plane coordinate anisotropy (Eyy - Exx) map-
ping showed that superior-inferior directed axial strain
was greater than medial-lateral directed axial strain at
the apex and the base, while the opposite was true for
the middle lung field (Fig. 3). Furthermore, the differ-
ence was accentuated with time, as lung volume in-
creased.

Strain tensor visualization in coronal plane imaging
showed that strain magnitude increased with expand-
ing lung volume, with maximal axial strain being di-
rected superior-inferior at the base and apex, and more
medial-lateral toward the more lateral regions of the
middle lung field (Fig. 4).

Sagittal plane imaging of the right lung with strain
trace mapping showed regions of compressive strain
which gradually become expanded (especially toward
the apex), as more air is inhaled into the lung, peaking
at 0.46 at t 5 528 msec (Fig. 5). Maximum expansion
appeared to occur at the apex of lung and was greater
posteriorly than anteriorly.

DISCUSSION

While advances in pulmonary imaging have improved
the visualization of parenchymal contents during static
conditions, there currently exists no imaging modality
to assess regional mechanics in the entire lung while
the parenchyma is in motion, i.e., during inhalation or
exhalation. The development of a modality with this
capability should allow for the tracking of deforming
tissue, the delineation of physiological variations in re-
gional deformation, and the potential detection of areas
of diminished mobility in diseased lung tissue.

In this study, we successfully evaluated respiratory
mechanics through strain mapping (shear, trace, and
anisotropy of the strain tensor) of the lung parenchyma
by tagged magnetization MRI, and regionally variant
deformation properties were discerned. The distribu-
tion of alveolar size is proportional to strain distribution
within the lung, while the distribution of ventilation is

Figure 3. Coronal view of the lungs during inspi-
ration with anisotropy (Eyy - Exx) mapping of the
left lung shown. Anisotropy mapping showed that
y-direction axial strain was greater than x-direc-
tion axial strain at the apex and the base, while
the opposite was true for the mid-lateral lung
field. The difference was accentuated with time, as
lung volume increased. The anisotropy index can
be used to derive whether expanding regions are
expanding more medial-laterally or antero-poste-
riorly. [Color figure can be viewed in the online
issue, which is available at www.interscience.
wiley.com]

Figure 4. Coronal view of the lungs during forced inspiration
with strain tensor visualization in the left lung shown. The
entire strain tensor was visualized as a rhombus, whose major
and minor axes were oriented along tensor eigenvectors (direc-
tions of most extreme axial strain, i.e., shear-free coordinate
directions) and scaled by the magnitude of the eigenvalues.
Furthermore, the entire rhombus was scaled in size by the
scaling factor f 5 (l1

2 1 l2
2)1/2. Strain magnitude increased

with expanding lung volume, with maximal axial strain being
directed superior-inferior at the base and apex, and more me-
dial-lateral toward the more lateral regions of the middle lung
field. Using an icon to visualize a multi-dimensional strain
field allows for the entire strain field to be visualized in one
graphic. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com]
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proportional to the change in strain (17). Hence, strain
mapping of the lung parenchyma is a very relevant
measure of pulmonary mechanics.

Through this analysis, several novel insights regard-
ing respiratory mechanics were revealed. We found that
the magnitude of parenchymal strain increases in all
regions as the lung is inflated with air (Fig. 1). While all
regions of the lung demonstrated progressively increas-
ing deformation, the trace was maximally increased at
the base and lateral portions of the lung. The base of the
lung may show a higher magnitude of strain because of
its close proximity to the prime inhalatory effector mus-
cle, the inferiorly displacing diaphragm. The trace was
notably diminished at the hilum, or root, of the lung,
where the relatively immobile bronchial tree and vas-
culature insert into the lung parenchyma (best evident
at t 5 1110 msec). As the branching continues into the
more distant reaches of the lung, the bronchioles be-
come finer and finer, with diminished fibrocartilage
content in the more distensible tissue. As a result,
when the more distensible tissue is subjected to acinar
filling, a greater magnitude of strain results.

The regionally variant properties of strain seen dur-
ing inhalation could reflect the variability of ventilatory
phase-specific air flow zones. Anatomic conformation
may result in the preferential flow of inhaled air down
one bronchial branch over another, until regional filling
due to the former alters anatomic airway conformation
enough to increase flow to other regions of the lung.
Furthermore, it is also conceivable that the supine po-
sitioning necessary for MRI scanning influences the
strain properties seen on the scan. Generally speaking,
heterogeneous patterns of deformation have been pre-
dicted by many researchers (12,17), and our data cor-
roborates qualitatively with their results. Unfortu-
nately, there are no quantitative in vivo strain data in
the literature to make an adequate comparison.

In-plane shear strain mapping of inhalation resulted
in another interesting observation (Fig. 2). Shear strain
was mostly positive (peaking at 0.42) and was most
prominent at the apex throughout inhalation, increas-

ing with expanding lung volume. Later time points con-
firmed the existence of negative shear strain (peaking at
-0.20) at the middle and lower lung fields. Shear mea-
sured relative to the vertical and horizontal coordinate
axes signifies a relative difference in expansion or con-
traction of neighboring regions along those axes. In
other words, shear strain connotes a change in element
shape as opposed to normal strain, which connotes a
change in element area; note that the polarity of shear
strain is purely arbitrary, signifying direction of shear
(Fig. 6). Positive shear seen in the lung most likely
signifies an expansion of parenchyma in a supero-lat-
eral direction, away from the relatively immobile hilum.
In testing pathological lung tissue, such as in fibrosis or
sarcoidosis, a resulting shear mapping may show in-
creased shear strain compared to what one would ex-
pect for the amount of axial strain observed, as regions
of relatively unaffected normally expanding paren-

Figure 5. Sagittal view of the lungs during inspiration with strain tensor trace quantification of the right lung shown. Successive
images were digitized at t 5 132 msec apart with the last viable image acquired at t 5 528 msec after onset of inhalation. Strain
trace mapping showed increasing strain as the lung was inflated with air (peaking at 0.46 at t 5 528 msec). Maximum expansion
occurred at the apex of lung and was greater posteriorly than anteriorly. [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com]

Figure 6. Shear strain, as opposed to axial strain, connotes a
distortion (change of shape without change of area). Polarity of
shear strain is arbitrarily assigned, signifying only the direc-
tion of angular deformation. The above figure reflects the con-
vention adopted for our analysis of lung parenchyma strain.
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chyma may exist in close proximity to regions of more
immobile fibrotic parenchyma.

Anisotropy mapping of the lung during inhalation can
provide data regarding preferred directions of expan-
sion (Fig. 3). The anisotropy index was defined as the
difference between superior-inferior and medial-lateral
strain (Eyy - Exx), hence, positive anisotropy connotes
greater expansion in the superior-inferior direction
than the medial-lateral, while negative anisotropy con-
notes the converse. Anisotropy mapping presented pos-
itive anisotropy at the apex and the base, and negative
anisotropy for the mid-lateral lung field (evident at later
time points). This difference was accentuated with in-
creasing lung volume. Preferential directional expan-
sion could be due to many factors including anatomical
barriers such as the ribs, and involved muscular dis-
placement, such as diaphragm motion. The latter effect
may induce preferentially superior-inferior axial strain
at the lung base, especially early in the inhalatory
phase. Furthermore, positive anisotropy at the apex
can be explained by the fact that the lateral excursion of
the first rib is decreased when compared to its more
distal neighbors, thus promoting parenchymal expan-
sion superiorly, rather than laterally, in this region.
Similarly, increased medial-lateral strain (relative to
superior-inferior strain) later in the inhalation phase
could signify an increase in the lateral displacement of
the 4th or 5th rib edge, thus allowing more room for
pleural displacement. Another explanation would sim-
ply be the increased filling of more laterally located
bronchopulmonary segments, which may occur prefer-
entially at later time points in inhalation. It should be
interesting to see how various pathologies (fibrosis,
neoplasm, etc.) affect the pattern of anisotropic paren-
chymal expansion during inhalation.

Coronal view strain tensor visualization was com-
pleted in order to visualize the entire strain tensor in
one image (Fig. 4). The visualization was completed for
only the last four digitized images, as tensor presenta-
tion in the first two images was insignificant. Strain
magnitude increased with expanding lung volume, with
maximal axial strain being directed superior-inferior at
the base and apex, and more medial-lateral toward the
more lateral regions of the middle lung field. Visualiza-
tion of the entire strain tensor can delineate regions of
similarly deforming (in orientation and magnitude) tis-
sue and allows for the entire strain tensor to be visual-
ized simultaneously.

Sagittal plane imaging of the strain tensor trace
showed increasing strain as the lung was inflated with
air, with maximum expansion occurring at the apex of
the lung and increased expansion posteriorly, com-
pared to the anterior lung fields. Regions of negative
strain seen in several regions were most likely due to
mistimed imaging wherein tagging was accomplished
while the subject was at the very end of his expiratory
phase (as opposed to being immediately before his in-
spiratory phase).

The tagging methodology proved to be robust in coro-
nal plane imaging, lasting up to 1110 msec. Tags in
non-lung tissue (muscle, connective tissue), which, to a
large degree, does not displace through-plane during

inhalation as much as lung parenchyma, lasted up to
3000 msec after placement.

However, when the imaging slice was in the sagittal
plane, the last viable image occurred at t 5 528 msec,
about half of the value for the last digitizable image in
coronal plane imaging. This result was most likely due
to increased parenchymal deformation medial-laterally
(hence quicker tag fade) than antero-posteriorly (which
would induce tag fade in with coronal plane imaging).

Despite these promising results, our technique still
has several limitations. Further efforts will be focused
on increasing tag retention time. Because tag fade does
not permit us to track an entire breathing cycle, not
only is valuable data missed from end-inhalation, but
intersubject comparisons are difficult to make. The lat-
ter problem stems from the fact that it is unclear how
total lung capacity (TLC) varies for different subjects, or
what fraction of TLC any given image represents. In
future investigations, we hope to be able to use a pre-
defined imaging/spirometry calibration relationship to
determine fractional TLC for any given image. This nor-
malization technique may then make it possible to
make intersubject comparisons. Another issue is that
respiratory motion is a three-dimensional phenome-
non, while our technique images only a single slice.
Hence, through-plane deformation is difficult to track.
Furthermore, through-plane motion may actually re-
sult in parenchymal tissue traveling outside of the orig-
inal imaging slice (contributing to image blurring). Fur-
ther developments of our technique will therefore be
oriented towards a multi-slice or three-dimensional ac-
quisition, rather than a single slice acquisition, with the
ultimate goal of covering the entire volume of the lung.

We anticipate that the technique of tagged magneti-
zation of the pulmonary parenchyma will have signifi-
cant utility in assessing pulmonary function, where
regional mechanical differences are likely to exist. For
example, the variability of parenchymal strain patterns
with subject body position could be studied. From a
clinical perspective, if a given lobe or segment is re-
stricted in its motion due to infection, tumor, fibrosis,
or acute/ventilator-induced lung injury, this may im-
pact on the ability of this segment, as well as adjacent
segments, to adequately expand during inspiration.
Consequently, the basis for impaired oxygenation in
these patients may only become apparent when paren-
chymal mechanics are fully detailed. Current diagnos-
tic approaches for evaluating such patients include (in
order of increasing invasiveness) chest radiography,
high resolution CT scan, bronchoscopy, and thoraco-
scopic lung biopsy. However, none of these modalities
measures pathological tissue motion. Our technique
successfully overcomes this limitation, and thereby
provides the basis for a dynamic mechanical assay that
could be used to follow up patients in order to monitor
the effects of therapy on the mechanics of the lung
parenchyma. Moreover, areas of fibrosis (or other dense
matter) within the parenchyma should only serve to
increase SNR, thereby improving the temporal limits to
which the tags in the tissue will prove viable.

We conclude that spin inversion MRI with tagged
magnetization constitutes a method to assess local pul-
monary parenchymal deformation during the respira-
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tory cycle. The application of this method should be
advantageous for more completely characterizing and
quantifying regional differences of mechanical function
in health and disease.
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APPENDIX

The following is a derivation of the equations for the
non-linear Green’s strain tensor components.

Consider the general deforming body defined by two
perpendicular line elements—one along the X (horizon-
tal) axis, the other along the Y (vertical) axis. The defor-
mation gradient, F, transforms any line element dX to
dx:

dx 5 F dX (A.1.0)

By the polar decomposition theorem, the deformation
gradient can be decomposed into an orthogonal rota-
tion tensor, R, and a symmetric, positive-definite right
stretch tensor, U.

F 5 RU (A.2.0)

Thus, assume a resting two-dimensional orthogonal
Cartesian coordinate system defined by the unit vectors
ex and ey, with:

ABW 5 sex (A.3.0)

ACW 5 sey (A.3.1)

while the deformed line elements can be calculated by:

A9B9W 5 FABW 5 sFex (A.4.0)

A9C9W 5 FACW 5 sFey (A.4.1)

Hence, since the rotation tensor does not cause any
stretch, the deformed line element lengths are given by:

s1 5 uA9B9u 5 suFexu 5 suUexu (A.5.0)

s2 5 uA9C9u 5 suFeyu 5 suUeyu (A.5.1)

Also, the relative angle between the two deformed line
elements can be given by:

A9B9W z A9C9W 5 s2Fex z Fey 5 s1s2 cos~p/2 2 f!

s2Uex z Uey 5 s1s2 sin f

Uex z Uey 5
s1s2

s2 sin f (A.5.2)

The general definition of a Lagrangian strain tensor is:

ELagrangian 5
1
m

~Um 2 I! (A.6.0)

where m Þ 0 is a scalar. By definition (18,19), Green’s
non-linear strain tensor is given by the special case,
m 5 2:

EGreen 5
1
2

~U2 2 I! (A.6.1)

Finally, the elements of this strain tensor can be derived
by incorporating Eq. A.5.0–A.5.2 with the definition
given in Eq. A.6.1:

Exx 5 Eex z ex 5
1
2

~U2 2 I!ex z ex

5
1
2

~U2ex z ex 2 1! 5
1
2

~Uex z Uex 2 1!

5
1
2

~uUexu2 2 1!

5
1
2 Ss1

2

s2 2 1D (A.7.0)

Eyy 5 Eey z ey 5
1
2

~U2 2 I!ey z ey

5
1
2

~U2ey z ey 2 1! 5
1
2

~Uey z Uey 2 1!

5
1
2

~uUeyu2 2 1!

5
1
2 Ss2

2

s2 2 1D (A.7.2)

Exy 5 Eey z ex 5
1
2

~U2 2 I!ey z ex

5
1
2

U2ey z ex 5
1
2

Uex z Uey

5
s1s2

2s2 sin f (A.7.1)
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