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Abstract

An introductions to some aspects of the C metric. Understanding the
basic geometry is emphasized with many diagrams included. The various
interpretations of the Euclidean C metric are also discussed, as well as a
brief section on their import to superrotations at the end.
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1 Schwarzschild Geometry

Before talking about the C metric, let’s first refresh ourselves on how the
Schwarzschild metric works.

1.1 Kruskal Szekeres Coordinates

The Schwarzschild metric can be written as

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2 (1)

or

ds2 =
32M3

r
exp

(
− r

2M

)
(−dT 2 + dX2) + r2dΩ2 (2)

where r is given by

−T 2 +X2 =
( r

2M
− 1
)

exp
( r

2M

)
(3)

and t is given by
T +X

T −X
= exp

( t

2M

)
. (4)

Note that the horizon r = 2M is located at T 2 − X2 = 0 and the singularity
r = 0 is located at T 2 −X2 = 1.

If we want to easily draw a compactified Penrose diagram, we can define

U = T −X u = arctan(U) (5)

V = T +X v = arctan(V ) (6)

and plot u ∈ (−π2 ,
π
2 ) and v ∈ (−π2 ,

π
2 ) on a diamond. The horizon is UV = 0

and the singularity is UV = 1.

Figure 1: Singularity is at UV = 1, shown in red.
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Figure 2: Lines of constant T . Figure 3: Lines of constant X.

Figure 4: Lines of constant r. Figure 5: Lines of constant t.

(Actually, for Figure 5, t ∈ (−∞,∞) only covers the exterior region of the
black hole. The LHS of Eq. 4 is continued beyond that to get black hole interior
patch.)

1.2 The Wormhole

If we take Kruskal time T = const. slices, the resulting spatial manifolds of the
Schwarzschild metric can be thought of as a non-traversable wormhole, with
a “throat” of 2-spheres forming a bridge from one asymptotically R2 universe
to another. On the T = 0 time slice, the “horizon” is the 2-sphere right in
the middle of the bridge, with a radius of r = 2M . An observer on one side
of the horizon can never make it to the other side. As T increases, the bridge
elongates and thins out in the middle. This elongation is why you cannot use this
wormhole as a bridge from one universe to another: the bridge lengthens faster
than you can cross it. At T = 1, the sphere in the middle of the wormhole
reaches a radius of zero. This is the singularity. At T > 1, the singularity
advances towards the event horizon, eating any observer it comes across.
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Figure 6: The wormhole at different Kruskal time slices.

1.3 Wick Rotation

We will now define a Euclidean version of the Schwarzschild metric by replacing
Y = iT . The Euclidean Schwarzschild metric is given by

ds2 =
32M2

r
exp

(
− r

2M

)
(dX2 + dY 2) + r2dΩ2 (7)

where
X2 + Y 2 =

( r

2M
− 1
)

exp
( r

2M

)
. (8)

Note that for the Lorentzian Schwarzschild metric, surfaces of constant radius
r were hyperbolas in the T,X plane. In the Euclidean Schwarzschild metric,
surfaces of constant radius are circles in the X,Y plane.

One way to think of both the Euclidean and Lorentzian Schwarzschild met-
rics is as “sections” of one complexified metric. If we allow T to be complex,
then the subspace where T is real is the“Lorentzian section,” and the subspace
where T is pure imaginary is the “Euclidean section.” The metric is real both
on the Lorentzian and Euclidean sections. However, it is generally complex if
T is not purely real or purely imaginary. In the Euclidean section, where X
and Y are real, the spacetime will no longer hit the curvature singularity at
T 2 − X2 = 1. The equation for the singularity is −X2 − Y 2 = 1, which is
never satisfied for real X,Y . Note that at the origin of the Euclidean section,
X = Y = 0, r = 2M .
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Figure 7: The red line is the curvature singularity at T 2−X2 = 1. It is contained
completely within the Lorentzian section.

Now, usually instead of rotating Y = iT , Wick rotation is usually discussed
in terms of rotating the Schwazrschild time t and imposing a periodic identifi-
cation. These two procedures are actually the same. To see this, we can rewrite
Eq. 4 in the Euclidean section as

t

2M
= log(X − iY )− log(X + iY ) (9)

= −2i arg(X + iY )

Therefore, if we define τ = it, we can see that τ is periodic with a period of
8πM .

So we can see that instead of parameterizing the Euclidean section by the
X-Y plane, we can also parameterize it by r and τ . By Eq. 8, r = 2M at
the origin and increases from there on out. Meanwhile, τ is proportional to the
angle of the point (X,Y ). A diagram of the Euclidean section could not be
justifiably called a “Penrose” diagram for this spacetime because there are no
light cones.

Note that in the Euclidean section, the lines of constant τ will be straight
lines passing through the origin. This was also the case of lines of constant t in
the Lorentzian section, as by Eq. 4, the slope V/U was given by a function of
t, so lines of constant t were lines of constant slope. However the range of t was
(−∞,∞) and it only covered a portion of the spacetime, whereas the range of
τ is [0, 8πM) and it covers the whole spacetime.

1.4 Absence of Conical Singularity in Euclidean Section

Another important fact about the Euclidean section is that there is no con-
ical singularity. The metric of a 2D plane, written in polar coordinates, is
dr2 + r2dθ2 where θ ∼ θ + 2π. If θ has a different periodicity then there is
a conical singularity. Now, of course, we can immediately see that there is no
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such singularity by writing the metric of the Euclidean section in Kruskal, i.e.
“planar,” coordinates,

ds2 =
32M2

r
exp

(
− r

2M

)
(dX2 + dY 2) + r2dΩ2 (10)

where r is given by Eq. 8. However, we can also see it in Schwarzschild, i.e.
“polar,” coordinates, where

ds2 =
(

1− 2M

r

)
dτ2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2. (11)

To see this, we write r = 2M + ε to get, for small ε,

ds2 ≈ 2M

ε
dε2 +

ε

2M
dτ2 + (2M)2dΩ2. (12)

We see that at ε = 0 the angular part factorizes out nicely. Then we substitute
ρ =
√

8Mε to get

ds2 ≈ dρ2 +
ρ2

16M2
dτ2 + (2M)2dΩ2. (13)

In analogy with polar coordinates, if τ/4M is 2π periodic then τ must be 8πM
periodic, which is indeed the case.

1.5 Hartle Hawking Vacuum

Say we have a scalar field on the background Schwarzschild spacetime which
evolves in Kruskal time according to the operator e−iTHKruskal . The ground
state of this Hamiltonian can be found by acting a Wick rotated version of the
time evolution operator on any random state |χ〉. For simplicity, let’s assume
that |χ〉 is a field value eigenstate, meaning that it corresponds to a classical
field configuration. Taking Y = iT to be a large real number, all of the excited
states will decay off exponentially, leaving a state proportional to the ground
state.

|0〉 ∝ lim
Y→∞

e−Y HKruskal |χ〉 . (14)

We call |0〉 the “Hartle Hawking” state. Now, quantum field states can be
thought of as field wave functionals. It we have some classical field configuration
φ1 defined on the T = 0 timeslice, we can see that the value of Hartle Hawking
state |0〉 evaluated on the classical field configuration φ1 is

〈φ1|0〉 ∝
∫ φ(Y=0)=φ1

φ(Y=−∞)=χ

Dφ e−SE [φ]. (15)

This suggests the following picture of the path integral being conducted. Note
that T = 0 is the same as Y = 0. So the Euclidean path integral ends on the
T = 0 timeslice, where it can then be time evolved along the Lorentzian section
in the usual way.
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Figure 8: The Hartle Hawking state can be thought of as a path integral over the
Euclidean section, which joins the Lorentzian section at Y = 0, A.K.A T = 0,
at a “right angle.”

Just as we came up with a path integral expression for |0〉, we can do a
similar thing for 〈0|. In this case, the past boundary condition of the path
integral is the input to the wave functional, say φ2:

〈0|φ2〉 ∝ lim
Y→∞

〈χ| e−Y HKruskal |φ2〉 (16)

∝
∫ φ(Y=∞)=χ

φ(0)=φ2

Dφ e−SE [φ] (17)

The next thing we might wonder about is the density matrix of the state |0〉
when we trace out the left half of the spacetime.

ρ = TrLeft(|0〉〈0|) (18)

This trace is accomplished by integrating over all field configuration on the left
half of the T = 0 slice. This amounts to a Euclidean path integral over the whole
Euclidean section with a “slit” cut out for X > 0 on the T = 0 slice. Right
“underneath” the slit, the field will be equal to (φ1)R (the subscript R meaning
its a field only defined on the right hald of the spacetime) and right “above” the
slit, the field will be equal to (φ2)R. We can also lift the χ boundary conditions
because the specific χ doesn’t matter. We can even integrate over all χ’s if we
want. The result is

〈(φ2)R| ρ |(φ1)R〉 ∝
∫ φ(Y=ε)R=(φ2)R

φ(Y=−ε)R=(φ1)R

Dφ e−SE [φ] (19)

However, we can also interpret this path integral via time evolution on the
periodic time coordinate, τ , instead othe Kruskal time, Y . Recall that τ = it
where t is the Schwarzschild time, and τ ∼ τ + 8πM . Just as e−itH translates
along t, e−τH translates along τ . We then get that

〈(φ2)R| ρ |(φ1)R〉 ∝ 〈(φ2)R| e−8πMHSchwarzschild |(φ1)R〉 (20)

so
ρ ∝ e−8πMHSchwarzschild . (21)
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This implies that on the right half, the Hartle Hawking state is a thermal density
matrix with a temperature T = 1/8πM , which is the Hawking temperature.

Figure 9: Tracing over the left Hilbert space, the density matrix of the Hartle
Hawking state is given by time evolution around the τ circle.

Note that this discussion has treated the spacetime as a fixed background
on which quantum fields are defined. It has not taken into account the effect
of radiation on the spacetime itself, i.e. back reaction. But as a first order
approximation, this is a good start.

1.6 Uses of the Euclidean Section

In the last section we used arguments involving the Euclidean section to show
that, for a field on the fixed Schwarzschild background in the Hartle Hawking
state, the density matrix upon tracing out the left half gives a thermal density
matrix.

However, there is another quantum effect we can study using the Euclidean
section. Instead of studying the quantum mechanics defined on a background
metric, we can study the quantum mechanics of spacetime itself. This can be
done using the gravitational path integral, where we sum over all metrics. Now,
obviously such a path integral is not rigorously defined (because we don’t have
a theory of quantum gravity) but we can pretend it does and do semi classical
saddle point calculations and optimistically interpret the results as telling us
something about quantum gravity.

I’d say there are three main uses of the Euclidean section of black holes.
The first is to study Hawking radiation on the background black hole spacetime
(without taking back reaction into effect). The second is to study the thermo-
dynamics of the black hole, treating the Euclidean action as the thermodynamic
partition function Z(β), which can be used to derive thermodyamic formulas. A
historical paper in which this is done is [3]. The third use is to calculate quantum
tunneling decay rates. For example, in [5], the authors use the Schwarzschild
instanton to calculate the rate at which black holes are formed in hot flat space
(a gas of gravitons).
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1.7 Reissner–Nordström metric

The Reissner–Nordström metric describes a black hole with a mass M and a
charge Q. Famously, it has two horizons: an outer horizon at r+ and an inner
horizon at r−, where

r± = M ±
√
M2 −Q2. (22)

Note that r+ < 2M , where 2M is the Schwarzschild radius for the uncharged
black hole. Therefore, giving a black hole charge shrinks its radius. Now, why is
that? The answer is interesting. The Reissner–Nordström metric has an electric
potential Φ = At given by

Φ =
Q

r
. (23)

(Note that we are using units where 1
4πε0

= 1.) Now let’s think about this
potential in a hand wavy way, ignoring the complexities of general relativity.
(It turns out we’ll derive correct formulas anyway, so it’s just one of those

things.) The electric field is given by ~E = −~∇Φ so Er = Q
r2 . Next, the energy

density of an electric field is given by 1
8π | ~E|

2.

Now, because ~E persists outside of the black hole, there is some energy
density going all the way out to infinity. But by E = mc2, that means there is
also some mass found outside of the black hole due to the electric field. We can
figure out what this mass is by integrating the energy density.

Mass outside black hole =
1

8π

∫ ∞
r+

| ~E|24πr2dr =
Q2

2r+
=
r−
2
. (24)

Now, the total mass of the spacetime, measured at infintity, is M . Therefore,
the mass contained within the outer horizon, is,

Mass within black hole = M − r−
2

=
r+

2
. (25)

In other words, the mass contained within the radius r+ is r+
2 , just what you

would expect. So we can see that the black hole shrinks when it is charged
because some of its mass is contained outside of the event horizon [6]!

Now, the amount of mass contained within a sphere of radius r decreases as
r decreases, just because the energy density from the electric field is positive.
However, for r < r+, as r becomes smaller, the mass will have eventually de-
creased so much that an observer at r will no longer be contained within the
Schwarzschild radius of the mass contained within the sphere of radius r. It
can be shown that this occurs exactly at r−, the “inner horizon.” So once an
observer is at some r < r−, they are no longer within an “event horizon.”

I just thought this hand wavy analysis was cool and wanted to include it.
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2 The Lorentzian C Metric

2.1 Physical interpretation and pictures

The C-metric describes the spacetime with two black holes connected by a non
traversable wormhole. The black holes have equal mass and opposite charge.
They are also both accelerating at a constant rate. This acceleration is caused
by a “cosmic string,” which is “pulling” the black holes out to infinity, as in
Fig. 10.

Figure 10: Intuitive picture of C metric. Two black holes are uniformly accel-
erated out to infinity, pulled by cosmic strings (in purple).

The cosmic string has a delta function stress energy tensor. This causes
there to be an angular deficit around the cosmic string. The cosmic string also
“threads” through the wormhole, as shown in Fig. 11

Figure 11: Cosmic string (in purple) threads through the wormhole in between
the black holes.

As the black holes move apart, the string is “eaten up.” (Actually, while it
threads through the wormhole, the length of the path through the wormhole is
actually shorter than the non-wormhole path, causing the length of the string to
shrink.) As energy is conserved, the energy of the string goes into accelerating
the black holes.

Fig. 12 depicts a false “Penrose diagram” of the Spacetime. (The actual
Penrose diagrams will be discussed later.) The black holes can be thought of as
being on uniformly accelerated Rindler-like trajectories.
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Figure 12: A spacetime diagram of the C metric in the “plane” of the black holes.
The purple region is the worldsheet swept out by the string. The acceleration
horizons in blue.

2.2 Definition

Let’s write down the C-metric. We will use the conventions from [9]. The metric
is

ds2 =
1

A2(x− y)2

(
G(y)dt2 − dy2

G(y)
+

dx2

G(x)
+G(x)α2dφ2

)
(26)

where G(ζ) is a quartic polynomial which we can write in terms of its roots as

G(ζ) = (1− ζ/ζ1)(1− ζ/ζ2)(1− ζ/ζ3)(1− ζ/ζ4) (27)

where

ζ1 = − 1

r−A
ζ2 = − 1

r+A
ζ3 = −1 ζ4 = 1 (28)

and
ζ1 < ζ2 < ζ3 < ζ4. (29)

The metric is a solution to the Einstein-Maxwell equations with the electromag-
netic potential

Aµdx
µ = qydt. (30)

The variable φ is periodically identified:

φ ∼ φ+ 2π. (31)

We have also defined

α =
2

|G′(ζ4)|
. (32)

(α is what I am calling κ from [9].)
We also have a “temperature matching condition”

|G′(ζ2)| = G′(ζ3) (33)
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the interpretation of which will be discussed later.
It can be shown that the temperature matching condition reduces to

ζ2 − ζ1 = 2. (34)

With this condition, there are only two free parameters instead of three.
r+ and r− can be written as

r± = m±
√
m2 − q2 (35)

where, roughly, m is the mass of one of the black holes and q is its charge. A is
the acceleration of the black holes.

t ∈ (−∞,∞) should be thought of as like “Rindler time,” parameterizing
boosts. x ∈ [ζ3, ζ4] = [−1, 1] should roughly be thought of as cos θ, where θ is
the polar angle around a black hole. Different parts of the spacetime are reached
for different ranges of y. y ∈ (−∞, ζ1) is the region in between the black hole
singularity and the inner black hole horizon. y ∈ (ζ1, ζ2) is the region in between
the inner black hole horizon and the outer black hole horizon. y ∈ (ζ2, ζ3) is
the region in between the outer black hole horizon and the acceleration horizon.
y ∈ (ζ3, x) is the region in between the acceleration horizon and infinity.

2.3 Minkowski case

To get a sense for how to interpret the C metric coordinates (t, y, x, φ), let’s
see what happens when we remove the black hole from the spacetime. This
is accomplished by setting m = q = 0, which makes ζ1 = ζ2 = −∞, making
G(ζ) = 1− ζ2. This makes α = 1 as defined by Eq. 32. The metric is now

ds2 =
1

A2(x− y)2

(
(1− y2)dt2 − dy2

1− y2
+

dx2

1− x2
+ (1− x2)dφ2

)
. (36)

Note that if we set x = cos θ this becomes

ds2 =
1

A2(cos θ − y)2

(
(1− y2)dt2 − dy2

1− y2
+ dθ2 + sin2 θdφ2

)
. (37)

We recognize the S2 metric in dθ2 + sin2 θdφ2, although there is the overall
conformal factor out front.

Anyway, it turns out that this is just the Minkowski metric in different
coordinates. We can reach the right Rindler wedge, defined by Z > |T |, with
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−1 < x < 1, −∞ < y < −1, through the coordinate transformation

T =

√
y2 − 1

A(x− y)
sinh t (38)

X =

√
1− x2

A(x− y)
cosφ (39)

Y =

√
1− x2

A(x− y)
sinφ (40)

Z =

√
y2 − 1

A(x− y)
cosh t (41)

Note that t is the “boost time” or “Rindler time,” parameterizing a boost in the
Z direction. φ rotates around the Z axis. The nature of y and x is a bit more
mysterious. It turns out they are “bi spherical coordinates.” We can set t = 0
and φ = 0, π to parameterize the Z > 0 half of the X-Z plane. (Remember
Z > 0 because these coordinates only parameterize the right Rindler wedge.)
The lines of constant y and constant x look as follows:

Figure 13: Lines of constant y and x on the X-Z plane. Here we have set A = 1.
The circles are lines of constant y and the ‘radial’ lines are lines of constant x.
Note that you can think of x as cos θ. Reflecting this picture over the X-axis,
we get a second sphere, hence the name bi-spherical.

Note that at y = −∞, X = Y = 0 and Z = 1/A. This is the center of the
sphere. At y = −1, Z = 0. y should therefore, roughly, be thought of as −1/Ar,
where r is like a radius from the sphere center, albeit in some warped sense.

There is a way to easily reach “spatial infinity” in these coordinates. If
we set (x − y) equal to some small finite constant, then we will traverse a
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roughly spherical region centered around the origin. So for instance we can set
x = −1 + ε/2 + δ and y = −1 − ε/2 + δ. This implies (x − y) = ε which we
may hold fixed, and meanwhile vary δ ∈ (−ε/2, ε/2). The resulting surfaces are
depicted in Fig. 14.

Figure 14: Surfaces of constant x− y = ε go out to spatial infinity as ε→ 0.

We can also cover the “upper” Rindler region, defined by T > |Z|, by switch-

ing the cosh and sinh and sending
√
y2 − 1 to

√
1− y2. Now the range of y

changes to −1 < y < x < 1.

T =

√
1− y2

A(x− y)
cosh t (42)

X =

√
1− x2

A(x− y)
cosφ (43)

Y =

√
1− x2

A(x− y)
sinφ (44)

Z =

√
1− y2

A(x− y)
sinh t (45)

By looking at the (x− y)−2 prefactor in the metric, we can see that infinite
distance is reached as x− y → 0. In this patch, null infinity is that limit.

Figure 15: Surfaces of constant x and y in upper Rindler patch.
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Figure 16: Null infinity is reached as x− y → 0.

Understanding the flat case gives us some intuitive understanding of how
these coordinates work in the black hole case.

2.4 The string’s conical singularity

Let’s now discuss the conical singularity caused by the cosmic string. Note that
an overall conformal rescaling of a metric will not affect conical singularities,
assuming that the conformal factor doesn’t go to 0 or∞ anywhere. So, in order
to consider the conical singularity on the sphere metric, we should feel free to
take Eq. 26, set dt = dy = 0, and rescale by A2(x − y)2 as long as we’re not
working in a region where x − y → 0. Let’s also pretend we don’t know about
α yet. The sphere metric is then

dx2

G(x)
+G(x)dφ2. (46)

Recall G(ζ3) = G(ζ4) = 0, G′(ζ3) > 0, and G′(ζ4) < 0.
Let’s expand around x = ζ4 − ε. For small ε, the metric becomes

− dε2

εG′(ζ4)
− εG′(ζ4)dφ2. (47)

Under the substitution ρ =
√
−4ε/G′(ζ4), we get

dρ2 + ρ2
(G′(ζ4)

2

)2

dφ2. (48)

(Note that ρ is proper distance.) We see that this is not the correct form for a
plane in polar coordinates if φ ∼ φ+ 2π, meaning there is a conical singularity.
That is why we correct the metric to be

dx2

G(x)
+G(x)α2dφ2. (49)

where

α =
2

|G′(ζ4)|
. (50)

However, even though we have corrected the metric at x = ζ4, there is still a
problem at x = ζ3.
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If we then do the same procedure with the new metric, but now expand
x = ζ3 + ε and set ρ =

√
4ε/G′(ζ3), the metric becomes

dρ2 + ρ2
(G′(ζ3)

G′(ζ4)

)2

dφ2. (51)

Because we have already fixed φ ∼ φ+ 2π and smoothed out the conical singu-
larity at x = ζ4, we are stuck with a conical singularity at x = ζ3. The angular
deficit is given by

δ = 2π
(

1−
∣∣∣G′(ζ3)

G′(ζ4)

∣∣∣). (52)

The physical interpretation of what we have done is as follows. We have
eliminated the conical singularity at x = ζ4 = 1 but were forced to have one at
x = ζ3 = −1. You can’t eliminate both singularities, only one. The “string” at
x = 1 loops through the wormhole. By eliminating that conical singularity, we
are removing the string in between the black holes.

Figure 17: On a constant t surface, we have x = 1 in blue and x = −1 in purple.
If you eliminate the conical singularity around x = 1 you are forced to have one
at x = −1.

We could have done it the other way, eliminating the string at x = −1 at
the expense of having one at x = 1. If we were to do this, instead of having an
angular deficit around x = −1 we would have an angular excess around x = 1.

Now, if you have a string with a linear energy density µ, then the angular
deficit around the string is given by

δ = 8πGµ. (53)

We can see that an angular excess is caused by a negative energy density
string, while the more familiar angular deficit is caused by a positive energy
density string. As the black holes accelerate apart, the negative energy density
string would grow longer, supplying the energy for the black holes to accelerate
apart. We prefer to keep the positive energy string and eliminate the negative
energy one.

16



2.5 Penrose Diagrams

Now let’s discuss the Penrose diagrams of the C metric. This is a complicated
subject. Usually when we draw Penrose diagrams, we are used to having a lot
of symmetry that allows us to represent the whole spacetime on one diagram.
For instance, the spherical symmetry of the Schwarzschild geometry allows us to
draw a Penrose diagram where each point is a 2-sphere. The Penrose diagrams
for the C metric are more complicated because they don’t have spherical sym-
metry. We actually need a family of Penrose diagrams to accurately depict the
C metric. These diagrams are taken from [4] where they are rigorously derived.

We will start with the uncharged case q = 0 in which ζ1 → −∞. This elim-
inates the inner horizon. (The uncharged case cannot satisfy the temperature
matching condition, but we will ignore that for now.)

Because we do have a symmetry of the azimuthal angle φ, we will supress φ
in our diagrams, meaning each point is really a 1-sphere, a circle.

We will have a different penrose diagram for each x. We will draw the
diagrams for x = 1, a generic −1 < x < 1, and x = −1. Recall that x can be
thought of as cos θ where θ is the polar angle on the sphere surrounding a black
hole. Lines of constant x goes from one black hole to the other. In order to help
you visualize what is going on, I have drawn the two black holes accompanying
each diagram with a line of constant x going between them. At x = 1 the line is
a straight shot between the black holes. As x decreases the line “swings around”
and ends up becoming the cosmic string at x = −1.

Figure 18: The (uncharged) C metric Penrose diagram for x = 1.
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The x = 1 case is shown in Fig. 18. This region covers the area in between
the black holes, including the wormhole in between them. The black hole horizon
HBH and the acceleration horizonHacc are also denoted. You might wonder how
this Penrose diagram relates to the “fake” Penrose diagram of Fig. 12. I have
reproduced that figure with regions I, I’, II, and II’ labeled. The black hole
interior/wormhole regions III and III’ are not visible in this picture.

Figure 19: A helper picture for Fig. 18.

Now we look at the −1 < x < 1 case in Fig. 20.

Figure 20: The (uncharged) C metric Penrose diagram for generic −1 < x < 1.
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The only difference we notice is that the shape of null infinity I± has changed
from a diamond to a smooth surface. To understand why this happens, you
have to think about how our 2D Penrose diagram is embedded in the “true”
higher dimensional Penrose diagram. Null infinity is in fact a cone which can
be intersected by different surfaces. Fig. 21, which I stole from [4], shows how,
in Mikowski space, this surface intersects null infinity inside the 3D Penrose
diagram where only the φ coordinate is suppressed. Note how the yellow surfrace
intersects the cone of null infinite at a curved surface. That is exactly what is
happening in Fig. 20.

Figure 21: Fig. 7(a) of [4]. A 3D Minkowski Penrose diagram with an embedded
2D diagram.

Figure 22: The (uncharged) C metric Penrose diagram for x = −1.

As x decreases from 1 to −1, the null infinity lines gets closer and closer to
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the acceleration horizon. They touch at x = −1, at which point it ceases to be
called the acceleration horizon and is now null infinity. This is shown in the
x = −1 diagram Fig. 22.

As x = −1 on this diagram, the cosmic string worldsheet is present on this
entire diagram. In face, this diagram is a little confusingly drawn. Let’s try
drawing a different way, as we do in Fig. 23. We also reproduce Fig. 12 with
the relevant regions labelled.

Figure 23: A helper picture for Fig. 22. Shaded in purple is the worldsheet of
the cosmic string.

Note that Fig. 23 is also the Penrose diagram for the Schwarzschild met-
ric. This actually suggests something interesting: the Schwarzschild metric can
roughly be understood as the A→ 0 limit of the C metric when the black holes
are very far apart and the acceleration is very small. Just as Scwarzschild con-
nects two universes by a wormhole, in that limit, the C metric connects two
parts of the universe which are very very far apart (so essentially in different
universes).

We have now finished the story for the uncharged C metric. But what about
the charged C metric, which is our actual object of study?

Just as in the Reissner–Nordström case, when we add charge to our black
hole, our black holes develops two horizons, an inner horizon Hin

BH and an outer
horizon Hout

BH. If you pass through the inner horizon, you can come out of
a white hole into another universe. We can just take the black hole part of
the Reissner–Nordström Penrose diagram and paste into our C metric Penrose
diagrams. Here is the result for, say, −1 < x < 1:
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Figure 24: The Penrose diagram for a charged C-meteric for −1 < x < 1.

However from here on out I will continue only drawing the uncharged dia-
gram just because its easier to draw.

2.6 Killing Flow of ∂t

∂t is a killing vector of this spacetime. It is timelike, spacelike, or null in different
parts of the spacetime. It should roughly be thought of as the “boost” killing
vector. In this section I will draw the killing flow of ∂t just so you get some
intuition for it. I will draw it on top of the x = 1 Penrose diagram Fig. 18.

It’s interesting that this diagram is half Schwarzschild, half Rindler. Our
t coordinate, in the context of the Rindler-y region, acts like boost time. In
the context of the Schwarzschild-y region, it acts like the Schwarszschild time
coordinate.
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Figure 25: The Killing flow of ∂t.

We can also see what a constant t timeslice looks like.

Figure 26: A constant t timeslice.

2.7 Temperature Matching

Let’s think about the C metric intuitively. We have two uniformly accelerating
black holes. We know that black holes will slowly radiate off their mass in
the form of Hawking radiation. But we also know that uniformly accelerating
observed will be bathed in a bath of thermal radiation due to the Unruh effect.
So, even though the black holes will lose mass due to Hawking radiation, they
will also be fed mass due to Unruh radiation!

This means that, when quantum mechanics is taken into effect, the C metric
is unstable... unless... the Hawking temperature is equal to the Unruh temper-
ature! Then the rate of mass loss will equal the rate of mass gain. This is the
origin of the temperature matching condition Eq. 33.

Now, how do we calculate these temperatures? Well, note that ξ = ξµ∂µ =
∂t is a Killing vector for this space time whose norm vanishes on both the

22



acceleration horizon and event horizon. The surface gravity on these surfaces is
given by

κgrav =
√
∇µV∇µV (54)

where
V =

√
−ξµξµ. (55)

Note that the surface gravity scales with ξ, so κgrav does depend on the normal-
ization of ξ. However, because we can use the same ξ for both the acceleration
horizon and black hole horizon, the overall normalization won’t affect whether
the surface gravities are equal.

Anyway, using the fact that the acceleration horizon is at y = ζ3 and the
event horizon is at y = ζ2, and also using that G(ζ2) = G(ζ3) = 0, Eq. 54 can
be shown to reduce to

κacc =
|G′(ζ3)|

2
κbh =

|G′(ζ2)|
2

(56)

on the two horizons. Now, if the temperature of a horizon is given by T =
κgrav

2π ,
then the temperatures are equal when the surface gravities are equal. This is
given by

|G′(ζ2)| = G′(ζ3) (57)

(Absolute value bars are necessary because G′(ζ3) > 0 while G′(ζ2) < 0.) Using
the definition Eq. 27, this equation becomes a cubic whose only physically
sensible solution (where the black hole horizon is distinct from the acceleration
horizon) is given by

ζ2 − ζ1 = 2. (58)

This is the temperature matching condition. The reason we care about charged
C metrics in the first place is because we can get the temperatures to match
by tuning the charge. Using Eq. 28 and Eq. 35, the above equation can be
rewritten as

A =

√
m2 − q2

q2
(59)

If A and m are finite, this can only hold if q2 > 0. As the black holes become
extremal q → m, we have A→ 0.

3 The Euclidean C metric

Black hole metrics have a secret life in their analytic continuations, i.e. their
“Euclidean section.” The Euclidean section contains information on the Hawk-
ing radiation emmitted by the black hole, as well as the tunneling rate for these
black holes to appear quantum mechanically. We will leverage our knowledge
of the Euclidean section of the Schwarzschild black hole from the beginning of
these notes to understand the Euclidean section of the C metric.
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3.1 The Metric

We take the C metric in Eq. 26 and Wick rotate time, defining τ = it. The
result is

ds2 =
1

A2(x− y)2

(
−G(y)dτ2 − dy2

G(y)
+

dx2

G(x)
+ α2G(x)dφ2

)
. (60)

Now, recall that the Euclidean section of the Schwarzschild geometry was joined
“at a right angle” to the Euclidean section, at the t = τ = 0 region as in Fig.
8. The same thing happens for the C metric. Take the Penrose diagram for the
C metric and draw a straight line cutting through the middle of it, the t = 0
slice. The Euclidean section will be glued onto this slice. There are two things
I want to point out about this slice. The first is that the slice is contained
entirely between the acceleration horizon and black hole horizon. This means
that y ∈ [ζ2, ζ3], a smaller range than usual. Note G(y) < 0 in this range. The
second thing to note is that this “slice” actually loops around back on itself,
because it is passing through a wormhole. (The only exception is at x = −1
where it doesn’t loop back around.) A picture of the situation is given in Fig.
27.

Figure 27: The t = 0 slice (in green) of the C metric spacetime. y ranges from
ζ2 to ζ3. Here we have x = 1 but all that’s important is that x 6= −1.

Let’s for a moment consider the metric when we set dx = dφ = 0, and set
x 6= −1. We can rescale by an overall conformal factor A2(x− y)2 that doesn’t
vanish anywhere and get

−G(y)dτ2 − dy2

G(y)
. (61)
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As G(ζ2) = G(ζ3) = 0 and y ∈ [ζ2, ζ3], this looks like the metric of a 2-sphere.
Let’s expand the metric around the poles to study under what conditions a
conical singularity arises. We begin by expanding y = ζ2 + ε and get

−εG′(ζ2)dτ2 − dε2

εG′(ζ2)
. (62)

Under the substitution ρ =
√
−4ε/G′(ζ2), we get

dρ2 + ρ2
(G′(ζ2)

2

)2

dτ2. (63)

So if we periodically identify

τ ∼ τ +
4π

|G′(ζ2)|
(64)

then there is no conical deficit at y = ζ2. What about at y = ζ3? Well, if we
expand y = ζ3 − ε, we get

εG′(ζ3)dτ2 +
dε2

εG′(ζ3)
. (65)

Under the substitution ρ =
√

4ε/G′(ζ3), we get

dρ2 + ρ2
(G′(ζ3)

2

)2

dτ2. (66)

Now, note that once again we can periodically identify τ in such a way to get
rid of the conical deficit at y = ζ3, as we did earlier for y = ζ2 in Eq. 64. But
we can’t get rid of the conical singularity at both y = ζ2 and y = ζ3 unless we
have

|G′(ζ2)| = |G′(ζ3)|. (67)

But this is just the temperature matching condition! So we see that the C
metric is quantum mechanically stable if the Euclidean section is smooth!

Figure 28: A graph of the quartic polynomial G(y). Note that, by symmetry,
we have |G′(ζ2)| = |G′(ζ3)| when ζ2 − ζ1 = ζ4 − ζ3 = 2.
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3.2 Topology of Euclidean Section

The 2 dimensional τ -y metric described above is topologically a 2 sphere, as in
Fig. 29.

Figure 29: The 2-sphere parameterized by (y, τ). y is like the polar angle and τ
is the azimuthal angle. One pole has y = ζ2 (the event horizon) and the other
has y = ζ3 (the acceleration horizon).

This metric came from fixing x and φ, where x 6= −1. What happens when
x = −1? Expanding the Euclidean metric around y = ζ3 − ε, once again fixing
dx = dφ = 0, we get

1

A2ε2

(
εG′(ζ3)dτ2 +

dε2

εG′(ζ3)

)
. (68)

Note that we haven’t rescaled by a conformal factor because that factor now
blows up as ε → 0. We can calculate the proper distance of of τ circle at
y = ζ3 − ε and find that it diverges as ε→ 0.

proper length =

∫ 4π/G′(ζ2)

0

dτ
√
gττ =

4π

A

√
G′(ζ3)

G′(ζ2)
ε−1/2 (69)

So, at x = −1, the τ -y metric is topologically not a 2-sphere as in Fig. 29 but
instead a plane.

Now we are ready to state what the topology of the Eucliean section of the
C metric is. For each choice of (x, φ), which comprises a 2-sphere, we have
another 2-sphere parameterized by (τ, y), except at the point x = −1, when
(τ, y) parameterizes a plane. That is to say, the topology is

Euclidean Section ∼= S2 × S2 − {pt}. (70)

The excised point “pt” is x = y = −1, i.e. spatial infinity. We depict the
situation in Fig. 30.
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Figure 30: Leftmost: the (x, φ) 2-sphere. Center: the (y, τ) 2-sphere. For
almost every point on the (x, φ) 2-sphere, we have a whole (y, τ) 2-sphere. The
exception is at the point x = −1, where we have the topological plane, shown
in the rightmost picture.

Before moving on, there’s a common depiction of the Euclidean section I’d
like to address. The following figure is taken from [7]. (They are actually
discussing it in the context of the Ernst metric, but for our purposes let’s pre-
tend they’re talking about the C metric, because they’re pretty close for our
purposes.)

Figure 31: Euclidean section taken from Fig. 4(a) of [7].

How the hell is this a picture of the the Euclidean section? What we see here
is the plane R2 with a hemisphere (called the “cup”) glued onto a particular
circle. We also see τ acting as a periodic coordinate.

Here’s what’s going on. Take a time slice of the C metric, like the one in
Fig. 11. You can take a 1-dimensional cross section of it which features the
wormhole, as shown in Fig. 32. If you then rotate the picture around the
vertical axis you get the other “time slices” of the Euclidean section.
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Figure 32: Shown here is a 1-dimensional slice of the C-metric featuring the
wormhole. The centermost point of the wormhole is the event horizon. To get
the Euclidean section, rotate around the vertical axis.

Hopefully you can see how the picture I have just described relates to Fig.
31. The length “dlong” is the length from one wormhole mouth to the other
which doesn’t travel through the wormhole. The length “dshort” is the length
from one mouth to the other which does travel through the wormhole. Despite
how we’ve drawn it, dshort < dlong. Note that each point on the cup region of
Fig. 31 is a 2-sphere.

3.3 Gluing to Lorentzian Section

If the Lorentzian section and Euclidean section are both “cut in half” along
the t = 0 lines, they can be glued together. Indeed, they both have identical
3-dimensional spatial induced metrics on that surface, by construction. We will
now understand how to visualize this.

Let me first say what values of τ correspond to t = 0. It is tempting
to say τ = 0, as earlier we said τ = it, but that’s actually not quite right.
Comparing Fig. 27 and 29, which share the same green “equator” ring, we
can see that half of the ring has a value of τ = 0, but the other half has
τ = 2π/|G′(ζ2)| (remembering τ ∼ τ + 4π/|G′(ζ2)|). Furthermore, this green
equator ring becomes a line when x = −1. So we can see that the topology of
the t = 0 slice is

t = 0 slice of Euclidean/Lorentizian Section ∼= S2 × S1 − {pt}. (71)
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where once again, the excised point “pt” is x = y = −1, i.e. spatial infinity.
Because both the Euclidean and Lorentzian section share this 3 dimensional

slice, how can we see that how our two black holes connected by a wormhole
corresponds to S2 × S1 − {pt}?

Well, remember that the 2-sphere parameterized by (x, φ) is just the two
sphere surrounding the wormhole mount. For a generic x > −1, varying y
“threads” through the wormhole. This includes passing through the event hori-
zon at y = ζ2 and the acceleration horizon at y = ζ3. This is drawn in Fig.
33.

Figure 33: For each point (x, φ) in the S2, we have an S1 worth of y values
which threads through the wormhole.

For the exception, at x = −1, y instead traces the path of the cosmic string,
comprising an R instead of S1, as in Fig. 34.

Figure 34: At x = −1, the y = ζ3 point no longer exist so we only have an R
instead of S1.

Now, what does it look like when we cut the Euclidean section and Lorentzian
section “in half” along t = 0 and glue them along the cut? A picture, again
found in [7], is shown in Fig. 35.
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Figure 35: Figure 4(b) from [7]. The Lorentzian section and Euclidean section,
cut in half and glued along t = 0.

In the Lorentzian section, the wormhole mouths, as labelled in Fig. 32, move
apart from each other on hyperbolic trajectories, shown in red. In the Euclidean
section the hyperbolic trajectories becomes a circular trajectory.

Now, what is the use of gluing together the Euclidean and Lorentzian sections
as we have done here? It is used in the description of how a cosmic string
spacetime can quantum tunnel into a C metric spacetime. We will now begin
to understand what that means.

3.4 The flat “cosmic string” spacetime

Figure 36: A cosmic string in flat space. Picture by Roger Penrose.

Let’s take a quick break from discussing the Euclidean section of the C metric
and return to the Lorentzian spacetime. One element of the C metric that
warrants more discussion is the cosmic string. Let’s say you are very far from
the black holes. The spacetime would appear to you to be essentially flat, with a
long cosmic string extending in one direction. Reproducing Eq. 52, the angular
deficit around the string is given by

δ = 2π
(

1−
∣∣∣G′(ζ3)

G′(ζ4)

∣∣∣). (72)
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This means that if you parallel transport a vector around the string, when
it returns to its starting location it’ll be rotated by an angle of δ. If we want to,
we can construct a spacetime with only a cosmic string in it: no black holes or
wormholes or anything. It’s just a straight cosmic string with an angular deficit
sitting in flat space, as in Fig. 36.

Let’s discuss how to construct this metric in light of the C metric. Recall
that, from the discussion surrounding Fig. 14 that the x−y = ε constant surface
is a large sphere at spatial infinity. As ε→ 0 the sphere gets bigger and bigger.
So our plan of attack will be to study the C metric in this ε→ 0 limit and then
read off the flat cosmic string spacetime from that.

So let’s do that. A clever way to parameterize y and x is as

y = −1− ε cos2 θ (73)

x = −1 + ε sin2 θ (74)

Here, θ should really be thought of as the polar angle on our big sphere. You
can see this in the Minkowski case by plugging the above expressions for y and
x into Eq. 42 through Eq. 45.

Anyway, taking the C metric Eq. 26, expanding y and x around −1, and
then doing the change of variables Eqs. 73 and 74, we get the metric

ds2 =
1

A2ε2

(
− ε cos2 θG′(−1)dt2 +

dε2

εG′(−1)
(75)

+
4ε

G′(−1)
dθ2 + εG′(−1)α2 sin2 θdφ2

)
. (76)

Under the substitutions

r2 =
4

AG′(−1)ε
(77)

t̃ =
G′(−1)

2
√
A

t, (78)

and remembering α = 2/|G′(−1)| from Eq. 32, we get

ds2 = −r2 cos2 θdt̃2 + dr2 + r2dθ2 +
G′(−1)2

G′(1)2
r2 sin2 θdφ2. (79)

Ignore the dt̃2 term for a moment. Note that the rest of the metric is just that
of flat space with an angular deficit given exactly by Eq. 72, the same angular
deficit as the original C metric. So the spacetime we have here describes exactly
the flat cosmic string spacetime we were looking for. Furthermore, we can see
how it matches up with the C metric far away from the black holes.

Now, the dt̃ term looks a bit weird because tildet here is essentially the boost
time. We can express this metric in terms of the regular Minkowski time via

31



the following coordinate transformation

T = r sinh t̃ cos θ (80)

r′ =
r sin θ

sin
(
arctan

(
tan θ
cosh t̃

)) (81)

θ′ = arctan
(

tan θ
cosh t̃

)
(82)

φ′ = φ (83)

making the metric

ds2 = −dT 2 + dr′2 + r′2dθ′2 +
G′(−1)2

G′(1)2
r′2 sin2 θ′dφ′2. (84)

We can see very clearly that metric has three Killing vectors: rotation around
the string ∂φ, time translation ∂T , and boosts along the direction of the string
∂t̃.

3.5 Instantons

Let’s briefly discuss instanons in the context of 1 dimensional QM. Imagine you
have a particle in the potential of Fig. 37.

Figure 37: A potential with a minimum at x = a. The potential has the same
energy as that minimum at x = b

Imagine your particle wavefunction starts out localized in the minimum at
x = a. As it evolves in time, it will start to leak out of that area to the area
x > b. What happens next depends on how V (x) looks in the x > b region,
but that isn’t our concern here. The probability that the particle will be found
near the local minimum as a function of time goes as e−Γt. Here Γ is called the
“decay rate.” Note that the formula e−Γt only holds for “small” times t. If you
wait long enough, there might be some other potential minimum in which the
wave function might collect before it “sloshes” back to x = a.

Anyway, by a common treatment which can be found in, say, [1] or [10], the
decay rate is proportional to the negative exponential of the “Euclidean action”
of the bounce solution.

Γ ∝ e−SE . (85)
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(There is also a square root of a ratio of products of eigenvalues out front that
gives it the right units because an unpaired zero eigenvalue is removed from the
product.) Now, this Euclidean action, which can be thought of as coming from
Wick rotating time, results in the potential being negated as in Fig. 38. The
“bounce” solution starts at x = a, rolls down the hill and bounces off x = b
before it comes back to a. This bounce solution x(τ) is drawn in Fig. 39. SE is
the action of this solution.

Figure 38: To calculate the Euclidean
action, the potential V (x) is flipped up-
side down.

Figure 39: A graph of the “bounce”
solution.

Now, thinking about things semi classically, you can imagine that the particle
sits at x = a before it spontaneously tunnels to x = b before evolving classically
again. If you cut the bounce solution in half, you can see that it interpolates
between x = a and x = b. We depict this sketchy intuition in Fig. 40

Figure 40: A sketchy picture depicting how the instanton in imaginary time can
be thought of as interpolating between two classical solutions. On the left, the
particle sits at x = a. On Then it tunnels in imaginary time. Then it emerges
at x = b and evolves classically onto some x > b.
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3.6 Euclidean C metric as an instanton

The Euclidean C metric can be thought of as an instanton which interpolates
between the flat cosmic string spacetime and the Lorentzian spacetimes. If you
look at our two forms for the cosmic string spacetime Eq. 79 and Eq. 84, we
can see that there are two ways to think about Wick rotaing this spacetime.
The first is by Wick rotating the boost-like time t̃, which then gets periodically
identified by 2π. The second is by Wick rotating the Minkowski-like time T
which does not get periodically identified. As was the case with Schwarzschild
time and Kruskal time, these two Wick rotations are equivalent.

For our purposes, its easier for us to think about Wick rotating the Minkowski-
like time T . Far away from the wormhole region, the C metric essentially be-
comes the flat cosmic string spacetime (as we have shown). This is also true of
the Wick rotated spacetime– far away from the wormhole region, the Euclidean
C metric essentially becomes the Euclidean flat cosmic string spacetime. There-
fore, we can glue the cosmic string spacetime to one end of the Euclidean C
metric and the Lorentzian C metric to the other.

Figure 41: The Euclidean C metric, cut in half, interpolates between the
Lorentzian cosmic string and the Lorentzian C metric. This picture should
be thought of in analogy to Fig. 40.

In terms of our fake Penrose diagram, we can view this process in terms of
Fig. 42. In the region where the spacetime tunnels, there is no clear space-
time interpretation. In fact, the spacetime changes topology, which can’t occur
classically.

Let me take a moment to mention an important historical paper [2]. In it,
the authors consider a slighly different spacetime in which the black holes are
magnetic monopoles in a background magnetic field. They then calculate the
quantum mechanical rate for these magnetically charged black holes to form
and compare it to that of non black hole magnetic monopoles. They find the
ratio of the decay rates is eA/4, where A is the surface area of a black hole. As
the decay rate is proportional to the number of species of particles, they use
this as evidence that black holes have eA/4 microstates. Furthermore, the fact
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that the area A of one black hole appears and not two black holes suggests that
the black holes are entangled.

Figure 42: A depiction of the flat cosmic string spacetime tunneling to the C
metric spacetime. Recall that the purple region is the worldsheet of the cosmic
string.

4 The C Metric and Superrotations

First let me give an introduction to superrotations. A more complete treatment
can be found in [8].

The object of our interest are spacetimes which are asymptotically Minkowski.
Null future infinity of asymptotically flat space is topologically R × S2, where
the R is the retarded time coordinate u and S2 is the “celestial sphere.” The
BMS group is the group of symmetries of asymptotically flat space. It includes
a class of diffeomorphisms called “supertranslations” which translate retarded
time a different amount for each point on the celestial sphere. That is, each
function f on the S2 corresponds to a supertranslation. One might wonder if
there is a sort of “supertranslation” equivalent for rotations. It turns out that
there are indeed these “superrotations,” although they turn out to be slightly
troublesome.

I will not review all of the fall-offs of asymptotically flat metrics in Bondi
gauge, but will cite the relevant one for our purposes. It is

gz̄z̄ = O(r) (86)

Here z and z̄ are stereographic coordinates for the celestial sphere and r is the
radial coordinate.

One might wonder how the infinitessimal diffeomorphisms generated by a
vector field on S2, say Y z∂z+Y z̄∂z̄, affects the fall-offs of our metric componets.
It turns out that the change in the gz̄z̄ component under such a diffeomorpshim
is

δY gz̄z̄ = 2r2γzz̄∂z̄Y
z +O(r). (87)
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Note that if ∂z̄Y
z 6= 0 then the fall-off condition Eq. 86 is not preserved. So

we can see that supperotations are parameterized by holomorphic functions Y z,
or, more to the point, vector fields on S2 which generate conformal transforma-
tions. Now, it turns out that all such vector fields which are globally defined
(including at z =∞) are combinations of Y z = 1, z, z2, and generate the Möbius
tranformations corresponding to the Lorentz group of rotations and boosts.

However, if we try to use, say Y z = 1/z, then by

∂

∂z̄

1

z
= 2πδ2(z, z̄) (88)

we see that the fall-off condition Eq. 86 is broken at the origin.
Actually, the problem is even worse than that. It turns out that such a

vector field does not even generate an honest to goodness diffeomorphism of S2!
Recall that diffeomorphisms are smooth 1-to-1 maps. A vector field which is
discontinuous will not generate a 1-to-1 map, and the vector field Y z = 1/z is
discontinuous at the origin.

To get a sense for what is going on, here is a picture of the vector field
Y z = 1/z:
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Figure 43: Vector field
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Figure 44: Flow lines

What happens if we try to exponentiate this vector field? Well, exponenti-
ating a vector field is the same thing as solving a differential equation. In this
case, the differential equation is

ż = 1/z (89)

which is solved by
z(t) =

√
2t+ C (90)
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for some integration constant C. We can phrase this in terms of a transformation
Gt acting on a point z as

Gt(z) =
√

2t+ z2. (91)

Note that, assuming the branch of the square root is chosen correctly,

G0(z) = z (92)

and
Gt1(Gt2(z)) = Gt1+t2(z) (93)

which is the correct group composition law. So what’s the problem then? Well,
note that if z is purely real or imaginary, then at t = z2/2, both z and −z will
be sent to the origin, meaning that Gt is not a diffeomorphism. Furthermore,
if we try to evolve past that value of t, there is no canonical way to choose a
branch of the square root to take.

The situation is the same for any Yz = 1/zn. The general differential equa-
tion is

ż = 1/zn (94)

which is solved by
z = (n+1)

√
(n+ 1)t+ C (95)

or, phrased differently,

Gt(z) = (n+1)
√

(n+ 1)t+ zn+1. (96)

Here, the same problem arises when z is a real multiple of a (n+ 1)th root of 1
or −1. So we can see that, on a region of measure 0, these vector fields fail to
exponentiate to diffeomorphisms.

So, even though finite superrotations will fail to be diffeomorphisms on some
of the domain S2, they can still have meaning on most of S2.

Now we can return to the C metric and cosmic strings. In [9], the authors
show that the flat cosmic string spacetime is a finite superrotation of Minkowski
space, where the finite superrotation is given by

z 7→ z1− δ
2π (97)

where δ is the deficit angle.
Note that, as expected for a “finite superrotation,” this transformation is

not a diffeomorphism as it is not surjective. The whole complex plane is sent to
a pac-man shaped region. One might wonder what vector field “exponentiates”
to this transformation. To figure that out, we simply calculate

Y z =
d

dδ
z1− δ

2π

∣∣∣∣
δ=0

= − 1

2π
z log z. (98)

Note that log z has a branch cut, which is the source of the discontinuity of the
vector field.
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Figure 45: Vector field
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Figure 46: Flow lines

If we flow along this vector field for some finite t (finite deficit angle) we’ll
have to “glue” the mouth of the pac-man shut to have a connected spacetime.
The result will be a spacetime with a conical deficit, A.K.A. the cosmic string
spacetime.

Figure 47: A figure which shows how the C metric represents a transition be-
tween Minkowski spacetime and the cosmic string spacetime.

But what does the C metric have to do with any of this? Well, it’s an exact
solution to Einstein’s equations which “interpolates” between the cosmic string
spacetime and Minkowski space. As the cosmic string spacetime is just super-
rotated Minkowski space, and superrotations are (in some sense) a “symmetry”
of our theory, we may invoke the language of sponaneous symmetry breaking
and say that the C metric represents a dynamical vacuum transition from one
asymptotically locally flat vacuum to another. For u→ −∞ we are in a cosmic
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string spacetime and for u → ∞ we are in Minkowski. The difference may be
quantitatively summarized using the Bondi news tensor Nzz.

lim
u→−∞

Nzz = − 1

z2

δ

2π

(
1− δ

4π

)
(99)

lim
u→+∞

Nzz = 0 (100)

Pretty neat story, eh?
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