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1. Introduction

Every lattice Λ = Zω1 + Zω2 ⊂ C (with ω1, ω2 linearly independent over R) corresponds to an
elliptic curve

EΛ : y2 = 4x3 − g2x− g3,

where

(1.1) g2 = 60G4(Λ) = 60
∑
ω∈Λ∗

1

ω4
and g3 = 140G6(Λ) = 140

∑
ω∈Λ∗

1

ω6
,

(in the above expressions, Λ∗ denotes Λ \ {0}). This correspondence is given by the biholomorphic
mapping ϕ : C/Λ→ EΛ(C) defined by

(1.2) ϕ(z) =

{
[℘(z), ℘′(z), 1] if z /∈ Λ

[0, 1, 0] if z ∈ Λ,

where

(1.3) ℘(z) =
1

z2
+
∑
ω∈Λ∗

(
1

(z − ω)2
− 1

ω2

)
is the Weierstrass ℘-function for Λ. Moreover, ϕ is a group isomorphism. For detailed proofs of
these facts, see [3, Sections 6.1-6.4], and for an overview of the theory of elliptic functions (of which
℘(z) is one), see [1, Chapter 7] or [9, Chapter 9].

In this exposition1, we consider the converse problem. Any elliptic curve over C can, after a
linear change of variables, be written in the form E : y2 = 4(x − a)(x − b)(x − c), with a, b, c ∈ C
distinct. By another linear change of variables, we can further assume that a+ b+ c = 0, i.e., that
the x2 term vanishes from the right hand side. For such an elliptic curve E, does there exist a
lattice Λ such that the correspondence described above associates Λ to E?

A simple application of the uniformization theorem for Riemann surfaces shows that this is indeed
the case. In this exposition, however, we will take a lengthier and more productive approach to
proving this converse result, which we call the uniformization theorem for elliptic curves over C.
First, we will obtain explicit formulas for the generators ω1 and ω2 of our desired lattice Λ. Then,
we will derive an expression for what is essentially the inverse of ℘(z), the Weierstrass ℘-function
for the lattice Λ we have constructed. This will allow us to show that ℘ satisfies the differential
equation ℘′2 = 4(℘−a)(℘− b)(℘− c), which shows that Λ indeed does give rise to our elliptic curve
E by the correspondence described above.

For an intuitive sketch of our strategy, let us suppose that we have constructed a lattice Λ that
corresponds to E. Then, p = ℘(z) associated to Λ must satisfy(

dp

dz

)2

= 4(p− a)(p− b)(p− c)

1This exposition is based on Sections 6.5-6.8 of [3]. For other proofs of the uniformization theorem for elliptic
curves over C, see [2, Theorem 2.9], [4, I.3.13], [5, VII Proposition 5], [6, Section 4.2], or [7, I.4.3]; this selection of
references is from [8, VI.5.1].
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1

2
√

(p− a)(p− b)(p− c)
dp = dz

(1.4) z(w) =

∫ w 1

2
√

(p− a)(p− b)(p− c)
dp.

An integral of this form is called an elliptic integral of the first kind. We wish to show that (1.4),
which should essentially be ℘−1, has a locally defined inverse that extends to a global meromorphic
function, which must then essentially be ℘.

In order to accomplish this, however, we have to be precise about the definition of (1.4). Our first
concern is that the integrand of (1.4) is double-valued, since one has to choose from two branches
of the square root. Thus, in order to make (1.4) well-defined, we need to analytically continue a
chosen determination of the square root to a global meromorphic function on a compact Riemann
surface that is essentially the elliptic curve E. To this end, we will present an overview of the theory
of analytic continuation in Section 2, then use this theory to make (1.4) well-defined in Section 3,
where we construct the compact Riemann surface on which we will be integrating.

Our second concern is that the choice of the path of integration in (1.4) affects the value of
the integral. However, we will show in Section 4 that different values of the integral arising from
different choices of the path (with the same endpoints) will in fact be equal modulo some lattice Λ,
which makes the integral well-defined in C/Λ as needed. Finally, in Section 5, we show that (1.4)
has a global inverse that is essentially ℘, which by our previous discussion completes the proof of
the uniformization theorem for elliptic curves over C.

2. Overview of Analytic Continuation

For ξ ∈ C, let a function element at ξ be an analytic function on an open disc centered at z = ξ.
In this section, we will define the notion of an analytic continuation of a function element along
a path. To this end, let f be a function element at ξ0 ∈ C, and let its Taylor series expansion at
z = ξ0 be given by

(2.1) f(z) =
∞∑
j=0

aj(z − ξ0)j for |z − ξ0| < r(ξ0),

where r(ξ0) denotes the (maximal) radius of convergence of the Taylor series of f at ξ0.
Suppose ξ1 ∈ C is contained in the disc |z − ξ0| < r(ξ0), so that the disc

|z − ξ1| < r(ξ0)− |ξ1 − ξ0|

is contained in the disc |z − ξ0| < r(ξ0). Then, one can take the derivatives of f(z) at z = ξ1 to
obtain the Taylor series expansion at that point.

(2.2) f(z) =

∞∑
j=0

bj(z − ξ1)j

In fact, we can explicitly compute the Taylor coefficients bj by using the relation

(z − ξ0)j = ((z − ξ1) + (ξ1 − ξ0))j ,

which we can substitute into (2.1) and rearrange into a power series in z − ξ1. It follows that (2.2)
is a convergent power series with radius of convergence at least r(ξ0)− |ξ1 − ξ0|.

We say that a second function element g at ξ1 is a direct analytic continuation of a given function
element f at ξ0 if |ξ1 − ξ0| < r(ξ0) and if the Taylor series for g arises from rearranging the series
of f at z = ξ1 (i.e., if the Taylor coefficients of g are precisely bj , in the above language). It may
be the case that the radius of convergence r(ξ1) of the second function element g is larger than the
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immediate lower bound of r(ξ0) − |ξ1 − ξ0|. In fact, this is precisely the case of interest, because
this permits the notion of analytic continuation along a path.

Let f be a function element at ξ0, and let C = {C(t) : t ∈ [T0, T1]} ∈ C be a path from ξ0 to ξ1.
A function element g at ξ1 is an analytic continuation of f along C if there exists a partition

T0 = t0 < t1 < · · · < tk = T1

and function elements fj on open discs Dj centered at C(tj) (respectively) for 0 ≤ j ≤ k, such that

(1) f0 = f
(2) fk = g
(3) C([tj−1, tj ]) ⊂ Dj−1 for 1 ≤ j ≤ n
(4) fj is a direct analytic continuation of fj−1 for 1 ≤ j ≤ n.

Example 2.1. Let C denote the unit circle C(t) = eit for t ∈ [0, 2π]. Consider the function element
f(z) =

√
z (for one of the two choices of the branch of the square root) on the disc |z − 1| < 1.

One can then check that the function element −f on the same disc |z − 1| < 1 is an analytic
continuation of f along C; indeed, the discs of the analytic continuation can be taken to be the
unit discs centered at ejπi/2 for 0 ≤ j ≤ 4.

Analytic continuation respects translation and multiplication, so we can generalize the above
observation in the following way. Let ξ ∈ C and C be a loop with winding number 1 about ξ. Let
g be a function element on a disc D ⊂ C (centered at the base point of C) that can be analytically
continued along C to itself. Then, if there exists a function element f(z) =

√
z − ξ on D (where

we take one of the two possible choices of the square root), it follows from above that −fg is an
analytic continuation of fg along C. This fact will be used a number of times throughout our proof.

The following are basic facts about analytic continuation that will be useful in our proof.

Proposition 2.2. Let f be a function element at ξ0 ∈ C, and let C be a path from ξ0 to ξ1 ∈ C.
Suppose function elements g and h at ξ1 are analytic continuations of f along C. Then, the Taylor
expansions of g and h at z = ξ1 are equal (i.e.: have the same coefficients).

Proof. See [3, Proposition 6.20]. �

Proposition 2.3. Let f be a function element at ξ0 ∈ C, and let C be a path from ξ0 to ξ1 ∈ C.
Suppose g is a function element at ξ1 that is an analytic continuation of f along C. Then, f is an
analytic continuation of g along the opposite path C−1.

Proof. See [3, Proposition 6.22]. �

Proposition 2.4. Let ξ0, ξ1 ∈ C, and let C = {C(t) : t ∈ [T0, T1]} be a path from ξ0 to ξ1. Let
f be a function element at ξ0, and suppose that g is a function element at ξ1 that is an analytic
continuation of f along C. Then, there exists ε > 0 such that the following holds: for any path
C ′ = {C ′(t) : t ∈ [T0, T1]} from ξ0 to ξ1 such that C ′(t) is within ε of C(t) for all t ∈ [T0, T1], g is
an analytic continuation of f along C.

Proof. See [3, Proposition 6.21]. �

3. The Riemann Surface of the Integrand

In this section, we would like to make
√

(z − a)(z − b)(z − c) globally well-defined in some sense,
but this is impossible when the domain is C \ {a, b, c}. Indeed, given z0 ∈ C \ {a, b, c} and a choice

of square root q0 =
√

(z0 − a)(z0 − b)(z0 − c) (among two possible choices),
√

(z − a)(z − b)(z − c)
can be extended to an analytic function on at least any disc D0 ⊂ C \ {a, b, c} about z0 (in fact, on
any simply connected open set); however, it follows from our discussion in Example 2.1 that this
ceases to be true if the domain contains a path that has winding number 1 about a, b, or c.
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To remedy this problem, we construct a double covering R of C \ {a, b, c} such that roughly

speaking,
√

(z − a)(z − b)(z − c) extends to a well-defined analytic function on all of R. Then, we
compactify R by adding four points α, β, γ, and ∞ that are the respective preimages of a, b, c, and
∞; we denote the new compact space asR∗. It turns out thatR∗ is a compact Riemann surface, and
also that roughly speaking,

√
(z − a)(z − b)(z − c) extends to be a global meromorphic function

on R∗ with simple zeros at α, β, and γ and an order 3 pole at ∞.
For z0 ∈ C \ {a, b, c}, consider a loop C ⊂ C \ {a, b, c} based at z0. If C is piecewise smooth,

then denoting its winding numbers about each of a, b, c as

n(C, a) =
1

2πi

∮
dz

z − a
, n(C, b) =

1

2πi

∮
dz

z − b
, and n(C, c) =

1

2πi

∮
dz

z − c
,

we define its total winding number (about a, b, and c) by

n(C) = n(C, a) + n(C, b) + n(C, c).

Even if C is not piecewise smooth, it is evident that all piecewise smooth loops that are sufficiently
close uniformly to C must have the same total winding number as each other, and we define this
to be n(C) in this case. Homotopic loops based at z0 share the same total winding number, so
n : π1(C \ {a, b, c}, z0) → Z is a group homomorphism. As generators for π1(C \ {a, b, c}, z0), we
can take simple piecewise smooth loops Γa,Γb,Γc in C \ {a, b, c} based at z0 that pairwise intersect
only at z0 and that satisfy

n(Γa, a) = 1, n(Γa, b) = n(Γa, c) = 0

n(Γb, b) = 1, n(Γb, c) = n(Γb, a) = 0

n(Γc, c) = 1, n(Γc, a) = n(Γc, b) = 0.

Since n(Γa) = n(Γb) = n(Γc) = 1, we note that n(·) is in fact surjective onto Z. Thus, the subgroup
of even total winding number, defined by

H = {C ∈ π1(C \ {a, b, c}, z0) : n(C) ∈ 2Z},(3.1)

has index 2. The following generators for H will be useful in our main proof.

Proposition 3.1. The subgroup H defined in (3.1) is generated by the equivalence classes of
Γ2
a,Γ

2
b ,Γ

2
c ,Γ1, and Γ2, where

Γ1 = ΓaΓb and Γ2 = ΓbΓc.

Proof. An arbitrary C ∈ H can be written as a word in Γa,Γb,Γc, and their inverses, such that
the number of factors in the word is even. So, it suffices to show that every pair made from these
factors is generated by Γ2

a,Γ
2
b ,Γ

2
c ,Γ1, and Γ2. This is immediate for Γ2

a,Γ
2
b ,Γ

2
c ,ΓaΓb, and ΓbΓc, and

we further have

ΓbΓa = Γ2
b(ΓaΓb)

−1Γ2
a

ΓcΓb = Γ2
c(ΓbΓc)

−1Γ2
b

ΓaΓc = (ΓaΓb)(Γ
2
b)
−1(ΓbΓc)

ΓcΓa = Γ2
c(ΓbΓc)

−1(Γb)
2(ΓaΓb)

−1Γ2
a.

Finally, note that the remaining pairs are precisely the ones with at least one inverse factor. For
these, note that if the left symbol of the pair is Γ−1

� for � ∈ {a, b, c}, then attaching Γ2
� to the left

of the pair results in a new pair where Γ−1
� is replaced with Γ�. We apply an analogous process

if the right symbol of the pair is an inverse. The resulting pair is among the above pairs that
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we have already shown to be generated by our choice of five generators. This overall proves our
proposition. �

Let R be the covering space of C \ {a, b, c} associated to H, and let e : R → C \ {a, b, c} be the
covering map. R can naturally be given the structure of a Riemann surface. To this end, consider
an arbitrary open disc D ⊂ C\{a, b, c}. Then, D is simply connected, so it is evenly covered. Thus,
e−1(D) is a disjoint union of two open sets ∆1 ∪∆2 that are each homeomorphic to D by the map
e. For each j ∈ {1, 2}, we can take e as a local coordinate in ∆j , making (e,∆j) a chart. So R is
a Riemann surface, although it is noncompact.

We will eventually complete R into a compact Riemann surface R∗. Note that we will use Greek
letters to denote points in R (and later, in R∗), and we will use their Latin counterparts to denote
the point in C to which e maps the point denoted by the Greek letter. For example, for a point ζ
in R (or in R∗), we will denote e(ζ) = z ∈ C.

Recall that we have fixed a base point z0 ∈ C. Adhering to the convention set above, fix a
base point ζ0 ∈ R so that e(ζ0) = z0 (there are two possible choices). Let D0 ⊂ C \ {a, b, c}
be a disc centered at z0, and let ∆0 be the component of e−1(D) that contains ζ0. Recall from

the beginning of the section that
√

(z − a)(z − b)(z − c) is an analytic function on D0 such that√
(z0 − a)(z0 − b)(z0 − c) = q0, where q0 is the choice of the square root we have taken. We will

now show that this function can be analytically continued to be well-defined on the whole space R.

Proposition 3.2. There exists a unique analytic function F : R → C such that F (ζ0) = q0 and the
following holds: for any ζ1 ∈ R, any path C ⊂ R from ζ0 to ζ1, and any open disc D ⊂ C \ {a, b, c}
containing z1 = e(ζ1), if e−1 is regarded as a map from D to the component ∆ of e−1(D) that
contains ζ1, then (F ◦ e−1, D) is an analytic continuation of

(
√

(z − a)(z − b)(z − c), D0)(3.2)

along e(C).

Proof. R is path-connected, so uniqueness immediately follows from Proposition 2.2. So, it suffices
to prove existence. Let f0 be the function element (3.2). f0 can clearly be analytically continued
along any path C ′ ⊂ C \ {a, b, c}, since f0(z)2 extends to a globally defined analytic function on
C \ {a, b, c}, and squaring is preserved by analytic continuation. Let function element f1 on a disc
D1 centered at z1 be an analytic continuation of f0 along e(C), and let ∆1 be the component of
e−1(D1) that contains ζ1. Using the local inverse e−1 : D1 → ∆1, we can define an analytic function
F = f1 ◦ e−1 on ∆1.

It now suffices to show that F is well-defined, since then it is immediately a global analytic

function with the desired properties. To this end, let C# be another path from ζ0 to ζ1, and let f#
1

denote a function element at z1 that is an analytic continuation of f0 along e(C#). We will show

that f1 and f#
1 have the same Taylor expansions at z1, which will prove that F does not depend

on the choice of path from ζ0 to ζ1.
It follows from our discussion in Example 2.1 that for any � ∈ {a, b, c}, the analytic continuation

of f0 along the loop Γ� yields −f0. So, the analytic continuation of f0 along a loop γ ⊂ C\{a, b, c}
yields (−1)n(γ)f0. Note that CC#−1 is a loop in R based at ζ0, so e(CC#−1) = f0. Since analytic
continuation of f0 along e(C) yields f1, it follows that analytic continuation of f1 along e(C#−1) =
e(C#)−1 yields f0. We can apply Proposition 2.3 to see that analytic continuation of f0 along

e(C#) yields f1. Then, by Proposition 2.2, the Taylor expansions of f1 and f#
1 at z = z1 are equal,

thus proving that F is well-defined.
�

We now construct a compact Riemann surface R∗ by adding to R four additional points: α, β, γ,
and∞. Concordantly, we extend our map e by defining e(α) = a, e(β) = b, e(γ) = c, and e(∞) =∞,
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so that e : R∗ → C∪{∞}. To endow R with a topology, we let it inherit the topology of our original
noncompact R, and additionally define the following basic open discs. A basic open disc of α is
given precisely by {α} ∪ e−1(D×a ), where D×a ⊂ C \ {a, b, c} is a punctured disc centered at a. The
basic open discs of β and γ are defined analogously. Finally, a basic open disc of∞ is given precisely
by {∞} ∪ (D×∞), where D×∞ ⊂ C \ {a, b, c} is of the form {z > R} for some R ≥ max{|a|, |b|, |c|}.
Under this topology, one sees that our new R∗ is a Hausdorff regular space with a countable basis,
and thus a separable metric space. Furthermore, R∗ is sequentially compact, and thus compact.
Note that with this notation, it makes sense to write the function F defined in Proposition 3.2 as

(3.3) F (z) =
√

(ζ − α)(ζ − β)(ζ − γ).

We now give R∗ the structure of a (compact) Riemann surface. Since we have already defined
charts for R, it suffices to construct compatible charts about α, β, γ, and∞. Consider a basic open
disc of α given by {α} ∪ e−1(D×a ) for some punctured disc D×a ⊂ C \ {a, b, c} centered at a. Recall
that e−1(D×a ) is a two-to-one cover of D×a . Moreover, for a point z ∈ D×a , the lift of a loop with
base point z and winding number 1 around a is not a loop, but in fact a path from one of the two
preimage points of z to the other. So, e−1(D×a ) is connected, which shows that it is a covering
space of D×a for the map e. By an argument analogous to the proof of Proposition 3.2, we can

define a function
√
ζ − α on e−1(D×a ) so that

√
e−1(z)− α is an analytic continuation of

√
z − a

(where the square root is taken to be consistent with the earlier choice of
√
ζ0 = z0).

Naturally, we define
√
ζ − α = 0 for ζ = α. This ensures that

√
ζ − α is continuous in e−1(D×a ).

Moreover,
√
ζ − α maps small open discs to open sets, so it is an open map. I further claim that it

is injective. Indeed, suppose that
√
ζ1 − α =

√
ζ2 − α. Then, we have z1 − a = z2 − a, so z1 = z2,

i.e., ζ1 and ζ2 lie over the same point z. If z = a, then ζ1 = ζ2 = α. On the other hand, if z 6= a,
then

√
ζ − α takes on distinct nonzero values (differing by a factor of −1) at the two preimage

points of e−1(z), so
√
ζ1 − α =

√
ζ2 − α implies that ζ1 = ζ2. Since

√
ζ − α is a continuous, open,

and injective map into C, we have that (
√
ζ − α, {α} ∪ e−1(D×a )) is a chart, one that can easily

be seen to be compatible with the charts on R. By a similar argument as above, we can define
compatible charts (

√
ζ − β, {β} ∪ e−1(D×b )) and (

√
ζ − γ, {γ} ∪ e−1(D×c )).

We are left with the task of defining a chart about ∞. Consider a basic open disc of ∞ given by
{∞} ∪ e−1(D×∞), where D×∞ ⊂ C \ {a, b, c} is of the form {z > R} for some R ≥ max{|a|, |b|, |c|}.
Then, e−1(D×∞) is a two-to-one cover of D×∞. For a point z ∈ D×∞, the lift of a loop with base
point z and winding number 1 around ∞ (i.e., winding number −1 around 0) is a path from one
of the two preimage points of z to the other. Thus, e−1(D×∞) is connected, which shows that it is a
covering space of D×∞ for the map e. Arguing again as in Proposition 3.2, we can define a function
1√
ζ

on e−1(D×∞) so that
1√
ζ

is an analytic continuation of
1√
z

(where the square root is taken to

be consistent with the earlier choice of
√
ζ0 = z0), and that

1√
ζ

= 0 for ζ =∞. Similarly as before,

we check that

(
1√
ζ
, {∞} ∪ e−1(D×∞)

)
is a chart that can easily be seen to be compatible with the

charts on R by construction. This overall gives R∗ the structure of a compact Riemann surface, as
desired.

The reciprocal of (3.3), given by

(3.4) F (ζ)−1 =
1√

(ζ − α)(ζ − β)(ζ − γ)
,

satisfies F (ζ0)−1 = 1/q0, is analytic in R, and is continuous in R∗ as a map into C ∪ {∞}. By
Riemann’s removable singularity theorem, F (ζ)−1 a meromorphic function on R∗. We now inspect
its behavior near each of α, β, γ, and ∞.
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The local coordinate near α is s =
√
ζ − α. Using the complex variable z to write F (ζ)−1 in

terms of s, we have s2 = z − a, i.e., z = s2 + a. This gives us

(z − b)(z − c) = (s2 + a− b)(s2 + a− c).

As a result, we have

(3.5) F (ζ)−1 = s−1 1√
(s2 + a− b)(s2 + a− c)

for one of the two possible branches of the square root. The square root is analytic and nonvanishing
at s = 0, so F (ζ)−1 has a simple pole at ζ = α. By an analogous argument, F (ζ)−1 also has simple
poles at ζ = β and ζ = γ.

The local coordinate near∞ is s =
1√
ζ

. Using the complex variable z as before, we have z = s−2,

which means

(z − a)(z − b)(z − c) = z3
(

1− a

z

)(
1− b

z

)(
1− c

z

)
= s−6(1− as2)(1− bs2)(1− cs2).

As a result, we have

(3.6) F (ζ)−1 = s3 1√
(1− as2)(1− bs2)(1− cs2)

for one of the two possible branches of the square root. The square root is analytic and nonvanishing
at s = 0, so F (ζ)−1 has a triple zero at ζ =∞.

4. Lemmas for the Elliptic Integral

With the notation of Section 3, we can write the integral of (1.4) (with the choice of a piecewise
smooth path C ⊂ R∗) as

(4.1) w(C) =

∫
C

1

2
F (ζ)−1dζ,

but the notation of this elliptic integral still needs to be made more precise. To this end, parametrize
the piecewise smooth path C as {C(t) : t ∈ I} for some domain interval I, and consider the path
e(C) ∈ C ∪∞ parametrized by {e(C(t)) : t ∈ I}. Then, we formally define the integral (4.1) by

(4.2) w(C) =

∫
t∈I

1

2
F (C(t))−1e(C)′(t)dt.

We now show that the integral (4.2) is convergent for any choice of C. The denominator of the
integrand is clearly bounded away from 0 when C is bounded away from α, β, γ, and∞, so we only
need to consider the cases when C is contained in a (sufficiently small) basic open disc of α, β, γ,
or ∞, since any piecewise continuous path in R∗ can be decomposed into subpaths that each fit
one of the above descriptions.

Suppose C is confined to a basic open disc of α. The local parameter near α is s =
√
ζ − α, so

if we denote s(t) to be the coordinate path corresponding to C, we have s(t)2 = e(C(t))− a, which
gives e(C(t)) = s(t)2 + a. Taking derivatives, we get

e(C)′(t)dt = 2s(t)s′(t)dt,

and substituting this expression and (3.5) into (4.2) yields

(4.3) w(C) =

∫
t∈I

s′(t)√
(s(t)2 + a− b)(s(t)2 + a− c)

dt.
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As long as our basic open disc of α is sufficiently small, the denominator is bounded away from 0,
and thus the integral is convergent. Analogously, we can show that (4.2) is convergent when C is
contained in a sufficiently small basic open disc of β or γ.

Finally, suppose C is confined to a basic open disc of∞. The local parameter near∞ is s =
1√
ζ

,

so if we denote s(t) to be the coordinate path corresponding to C, we have s(t)2 = 1/e(C(t)), which
gives e(C(t)) = s(t)−2. Taking derivatives, we get

e(C)′(t)dt = −2s(t)−3s′(t)dt

and substituting this expression and (3.6) into (4.2) yields

(4.4) w(C) =

∫
t∈I
− s′(t)√

(1− as(t)2)(1− bs(t)2)(1− cs(t)2)
dt.

Again, as long as our basic open disc of ∞ is sufficiently small, the denominator is bounded away
from 0, and thus the integral is convergent.

Therefore, the integral (4.2) is convergent, which justifies our definition of w(C) by (4.2). We
now show the following lemma, which allows us to evaluate w(C).

Lemma 4.1. Let C ⊂ R∗ be a piecewise smooth path contained in a basic open disc with local
parameter s, such that in this local parameter, C goes from s1 to s2. Then,

w(C) =

∫ s2

s1

1

2
F (ζ(s))−1dz

ds
ds.(4.5)

Proof. If the basic open disc is in R with local parameter z, then we immediately obtain the lemma

by applying the Cauchy integral theorem to the integrand, which is equal to
1

2
√

(z − a)(z − b)(z − c)
for one of the two choices of branch for the square root.

If the basic open disc is centered at α with local parameter s =
√
ζ − α, then it follows from

(4.3) that w(C) is given by

(4.6)

∫
1√

(s2 + a− b)(s2 + a− c)
ds,

where the path of integration is given by the coordinate path s(t) =
√
C(t)− α corresponding to

C. The integrand of (4.6) is analytic in a disc containing the path s(t), so the lemma follows from
the Cauchy integral theorem. Analogous remarks apply when the basic open disc is centered at β
or γ.

Finally, suppose that the basic open disc is centered at ∞ with local parameter s =
1√
ζ

. Then,

it follows from (4.4) that w(C) is given by

(4.7)

∫
− 1√

(1− as2)(1− bs2)(1− cs2)
ds,

where the path of integration is given by the coordinate path s(t) =
1√
C(t)

corresponding to C.

The integrand of (4.7) is analytic in a disc containing the path s(t), so the lemma follows from the
Cauchy integral theorem.

�

We note that (4.5) only depends on the endpoints; taking the integral over different paths with
the same endpoints yields the same value for w(C). In fact, the following more general result holds.
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Lemma 4.2. Let C,C ′ ⊂ R∗ be piecewise smooth paths from ζ1 to ζ2. If C and C ′ are homotopic
in R∗, then w(C) = w(C ′).

Proof. Denote the homotopy as {Cr : r ∈ [0, 1]}, where C0 = C and C1 = C ′, and each Cr is a path
from ζ1 to ζ2. Without loss of generality, we can assume that each Cr is piecewise smooth and has
the same interval I as its domain. To prove our lemma, it suffices to show that for each r0 ∈ [0, 1],
the value of w(Cr) is invariant for r in a neighborhood of r0. For this purpose, it is enough to prove
that w(Cr0) = w(C ′′) for any piecewise smooth path C ′′ that is sufficiently close to Cr0 uniformly
for t ∈ I.

At each point in the image of Cr0 , choose a basic open disc ∆ and an open basic subdisc ∆′′ ( ∆,
both centered at the point. The discs ∆′′ form an open cover of the image of Cr0 , which is compact.
So, there exists a finite subcover ∆′′1, . . . ,∆

′′
n. Let ∆1, . . . ,∆n be the corresponding discs ∆, and

choose intermediate basic open discs ∆′1, . . . ,∆
′
n satisfying

∆′′i ⊂ ∆̄′′i ⊂ ∆′i ⊂ ∆̄′i ⊂ ∆i for 1 ≤ i ≤ n.

Cr0 is uniformly continuous as a map, so there exists some δ > 0 such that Cr0(t) ∈ ∆′′i implies
Cr0(t) ∈ ∆′i for |t′ − t| < δ. Let t0 < · · · < tm be a partition of I such that tj − tj−1 < δ for
1 ≤ j ≤ m. For each j ∈ {0, . . . ,m}, choose ı(j) so that Cr0(tj) ∈ ∆′′ı(j). Then, since the mesh of

our partition is < δ, it follows that Cr0([tj−1, tj ]) ⊂ ∆′ı(j−1) for 1 ≤ j ≤ m.

Choose ε > 0 so that disti(∆̄
′
i,∆

C
i ) ≥ ε for 1 ≤ i ≤ n, where disti(·) denotes the pullback distance

given by the chart on ∆i. Let C ′′ be a piecewise smooth path from ζ1 to ζ2 that is uniformly within
ε of Cr0 . Then, C ′′([tj−1, tj ]) ⊂ ∆ı(j−1) for 1 ≤ j ≤ m. In fact, for 1 ≤ j ≤ m − 1, Cr0(tj) and
C ′′(tj) are both in ∆ı(j−1)∩∆ı(j), which is easily seen to be connected. So, for 1 ≤ j ≤ m−1, there
exists a piecewise smooth path Sj from Cr0(tj) to C ′′(tj) in ∆ı(j−1)∩∆ı(j). Additionally, denote by
S0 the constant path at Cr0(t0) = ζ1, and denote by Sm the constant path at Cr0(tm) = ζ2. Then,
by canceling the subintegrals along opposite paths, we have

(4.8) w(C ′′) =

m∑
j=1

w(Sj−1C
′′|[tj−1,tj ]S

−1
j ).

But Sj−1C
′′|[tj−1,tj ]S

−1
j is a path lying in the basic open disc ∆ı(j−1) with the same endpoints as

Cr0 |[tj−1,tj ]. Thus, by Lemma 4.1, it follows that (4.8) is

=

m∑
j=1

w(Cr0 |[tj−1,tj ]) = w(Cr0),

which proves our lemma. �

We have shown in Proposition 3.3 that the equivalence classes of Γ2
a,Γ

2
b ,Γ

2
c ,Γ1, and Γ2 gener-

ate the subgroup H of π1(C \ {a, b, c}, z0). We can lift these five loops to the respective loops
Γα,Γβ,Γγ , Γ̄1, and Γ̄2 in R ⊂ R∗ with base point ζ0. It is natural to compute the integral (4.1)
over these five loops.

Lemma 4.3. For Γα,Γβ, and Γγ defined above, we have∫
Γα

1

2
F (ζ)−1dζ =

∫
Γβ

1

2
F (ζ)−1dζ =

∫
Γγ

1

2
F (ζ)−1dζ = 0.

Proof. Applying Lemma 4.2 to just within R, computing the integral
∫

Γα
1
2F (ζ)−1dζ reduces to

taking the same integral over a loop around α (with the same winding number) in a basic open
disc of R∗ about α. Then, by Lemma 4.1, this integral is 0. Similarly, the analogous integrals over
Γβ and Γγ are also 0. �
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As for the analogous integrals over the other two loops Γ̄1 and Γ̄2, we denote them by

(4.9) ω1 =

∫
Γ̄1

1

2
F (ζ)−1dζ and ω2 =

∫
Γ̄2

1

2
F (ζ)−1dζ,

and we let Λ ⊂ C denote

(4.10) Λ = Zω1 + Zω2.

We take the quotient space C/Λ and endow it with the quotient topology. It turns out we can
project the aforementioned map w into C/Λ in a well-defined manner.

Proposition 4.4. Let w : R∗ → C/Λ be defined by

w(ζ) = w(C) (mod Λ)

for any piecewise smooth path C ⊂ R∗ from ζ0 to ζ. The map w is well-defined (i.e.: the above
definition doesn’t depend on the specific path C), and is in fact continuous and open.

Proof. Fix ζ ∈ R∗, and let C,C ′ ⊂ R∗ be piecewise smooth paths from ζ0 to ζ. We need to
show that w(C ′) − w(C) ∈ Λ. By homotopically perturbing C ′ if necessary, we can without loss
of generality assume the following: if ζ /∈ {α, β, γ,∞}, then neither C or C ′ meets any point
in {α, β, γ,∞}, whereas if ζ ∈ {α, β, γ,∞}, then C and C ′ meet {α, β, γ,∞} only at their final
endpoints. Note that

w(C ′)− w(C) = w(C ′C−1),

where C ′C−1 is a loop with base point ζ0. By Lemma 4.2, we can homotopically perturb C ′C−1 near
ζ, if necessary, so that C ′C−1 doesn’t meet any point in {α, β, γ,∞}. Afterwards, by Lemma 4.2,
w(C ′C−1) depends only on the equivalence class of C ′C−1 in R. It follows from Proposition 3.1
that the equivalence classes of loops in R are generated by Γα,Γβ,Γγ , Γ̄1, and Γ̄2, so w(C ′C−1) is
equal to an integer combination of w(Γα), w(Γβ), w(Γγ), w(Γ̄1), and w(Γ̄2). But we have shown in
Lemma 4.3 that w(Γα) = w(Γβ) = w(Γγ) = 0. Thus, w(C ′C−1) is an integer combination of w(Γ̄1)
and w(Γ̄2). This shows that w(C ′)− w(C) ∈ Λ, proving that w : R∗ → C/Λ is well-defined.

Now, we show that w is continuous and open. To this end, we fix ζ1 ∈ R∗ and a path C1 from
ζ0 to ζ1, then observe how w varies as the path of integration that start with C1 and continue
completely inside a basic open disc about ζ1. Let C2 be this continuation path within the basic
disc, let ζ be the final endpoint of C2, and let ζ1 and ζ correspond to s1 and s, respectively, in the
local coordinate. Then, by Lemma 4.1,

(4.11) w(ζ) = w(C1) + w(C2) = w(C1) +

∫ s

s1

1

2
F (ζ(s))−1dz

ds
ds.

The integral of the last term can be made arbitrarily small by having s arbitrarily close to s1, so
w is continuous. Furthermore, the integral of the last term is nonconstant analytic as a function of
s, which implies that w is open. �

The above result allows us to show that ω1 and ω2, as defined in (4.9), do in fact generate a
lattice that gives rise to an elliptic curve over C.

Corollary 4.5. Λ is not contained in Rω for any ω ∈ C×. Therefore, ω1 and ω2 are nonzero
complex numbers that are linearly independent over R.

Proof. Suppose for the sake of a contradiction that Λ ⊂ Rω for some ω ∈ C×. The natural
map µ : C/Λ → C/(Rω) is necessarily continuous and open. It follows that the composition
µ◦w : R∗ → C/(Rω), where w is the map defined in Proposition 4.4, is continuous and open. Note
that R∗ is compact and C/(Rω) is Hausdorff, which implies that the image µ ◦ w(R∗) is compact,
and moreover that µ ◦w is a closed map. Thus, µ ◦w(R∗) is open and closed, and since C/(Rω) is
connected, we in fact have µ ◦ w(R∗) = C/(Rω). But C/(Rω) is noncompact. Contradiction. �

It thus follows that Λ is a lattice, and that C/Λ is a complex torus.
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5. The Main Proof

The map w defined in Proposition 4.4 maps the compact Riemann surface R∗ into C/Λ, which
we have also shown to have the structure of a compact Riemann surface (in fact, a complex torus).
Given our sketch argument in Section 1, w should essentially be the inverse of the Weierstrass
℘-function for Λ. Thus, it makes sense to investigate the invertibility of w, and afterwards, the
holomorphicity of w−1. To this end, we prove the following.

Theorem 5.1. The map w : R∗ → C/Λ defined in Proposition 4.4 is biholomorphic.

Proof. (4.11) shows that w is holomorphic and has derivative (in terms of the local coordinate)

(5.1)
1

2
F (ζ(s))−1dz

ds
.

For ζ ∈ R, the local parameter is s = z, and so the derivative (5.1) is given in this case by

1

2
√

(s− a)(s− b)(s− c)
,

which is nonzero. At ζ = α, (5.1) is given by the integrand of (4.6), which is also nonzero.
Analogous results hold for ζ = β and ζ = γ. Finally, at ζ = ∞, (5.1) is given by the integrand of
(4.7), which is again nonzero. Since the derivative is nowhere vanishing, w is an immersion. An
immersion from a compact manifold to a manifold of the same dimension is necessarily a covering
map, so w : R∗ → C/Λ is a covering map. Thus, if we show that w is injective, then w is a
bijective holomorphic map, so there exists a holomorphic inverse map w−1 by the holomorphic
inverse function theorem for Riemann surfaces.

So, it suffices to show that w is injective. Suppose w(ζ1) = w(ζ2) for ζ1, ζ2 ∈ R∗. Then, for
piecewise smooth paths C1 and C2 from ζ0 to ζ1 and ζ0 to ζ1, respectively, we have

w(C1) = w(C2) + ω

for some integer combination ω = mω1 + nω2 in Λ. Let Γ = Γ̄m1 Γ̄n2 , so that w(Γ) = ω. Then,
C3 = ΓC2 is a path that goes from ζ0 to ζ2 and satisfies w(C3) = w(C2) + ω. Thus,

(5.2) w(C1) = w(C3)

Let us parametrize C1 and C3 to have domain interval [0, 1], so that the paths are respectively
denoted by {C1(t) : t ∈ [0, 1]} and {C3(t) : t ∈ [0, 1]}. For t ∈ [0, 1], define

C#
1 (t) = w(C1|[0,t]) and C#

3 (t) = w(C3|[0,t])

as piecewise smooth paths in C. We also define

(5.3) C##
1 = w ◦ C1 and C##

3 = w ◦ C3

as piecewise smooth paths in C/Λ. By Proposition 4.4, we have

C#
1 (t) = w(C1|[0,t]) ≡ w(C1(t)) (mod Λ),

so C#
1 is the lift of C##

1 based at 0. By an analogous argument, we also conclude that C#
3 is the

lift of C##
3 based at 0.

By (5.2), we have C#
1 (1) = C#

3 (1), from which it follows that C#
1 C

#−1
3 is a contractible loop in

C. Thus, C##
1 C##−1

3 is a contractible loop in C/Λ. Since w is a covering map, it follows from the

definition (5.3) that C1C
−1
3 is a contractible loop in R∗. Thus, the final endpoints of C1 and C2

are equal, i.e., ζ1 = ζ2. This completes our proof that w is injective, and thus biholomorphic by
our previous argument.

�
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We have constructed a lattice Λ and a bioholomorphic map w(ζ) that should essentially be the
Weierstrass ℘-function associated to Λ. To make the necessary modification for this to work, we

translate the map w(ζ) by
∫ ζ0
∞

1
2F (ζ)−1dζ + Λ ∈ C/Λ, which is well-defined as a result of (4.2) and

Proposition 4.4. The ensuing new map w : R∗ → C/Λ, given by

(5.4) w(ζ) =

∫ ζ

∞

1

2
F (λ)−1dλ+ Λ,

is still biholomorphic. Let w−1 : C/Λ → R∗ denote its holomorphic inverse. Let µ : C → C/Λ be
the quotient map, which is trivially holomorphic. Then, we can define P : C → C ∪ {∞} as the
meromorphic function

(5.5) P (z) = e ◦ w−1 ◦ µ(z),

where the map e : R∗ → C∪{∞} is defined in Section 2. We will see that this map P is essentially
the Weierstrass ℘-function associated to Λ.

Theorem 5.2. The map P (z) defined in (5.5) is in fact

P (z) = ℘(z) +
1

3
(a+ b+ c),

where ℘(z) is the Weierstrass ℘-function associated to the lattice Λ defined in (4.10).

Proof. The function P is meromorphic and double periodic with respect to Λ, so it is an elliptic
function. Note that w({∞}) = 0 + Λ by (5.4), so we have

P−1({∞}) = µ−1(w(e−1({∞}))) = µ−1(w({∞}))
= µ−1(0 + Λ)

= Λ,

i.e., the poles are precisely at Λ. To compute the order of these poles, we observe the behavior of
P (z) near z = 0. Since µ and w−1 are locally invertible maps, the order of the pole of P at z = 0

is the same as the order of the pole of e at ∞ in C. The local parameter of R∗ near ∞ is s =
1√
ζ

,

from which we get that w(ζ) = z = s−2. So, the order of the pole is 2.
I further claim that P is an even function, i.e., that P (z) = P (−z) for all z ∈ C. Indeed, fix

z ∈ C, and let ψ = w−1 ◦ µ(z) ∈ R∗. Let C ⊂ R∗ be a piecewise smooth path from ∞ to ψ. Note
that R∗ has a holomorphic involution that interchanges the two sheets. Let C ′ ⊂ R∗ be the image
of C under this involution. Then, C ′ is a piecewise smooth curve from ∞ to some point ψ′ ∈ R∗,
where ψ′ is the point to which the involution maps ψ. We have

w(ψ′) ≡
∫
C′

1

2
F (ζ)−1dζ (mod Λ) = −

∫
C

1

2
F (ζ)−1dζ

≡ −w(ψ) (mod Λ),

where the middle equality holds because the integrands, as defined in (4.2), differ precisely by a
factor of −1. It follows that ψ′ = w−1(−w(ψ) + Λ), from which we have

P (z) = e(w−1(µ(z))) = e(ψ) = e(ψ′) = e(w−1(−w(ψ) + Λ))

= e(w−1(−w(w−1(µ(z))) + Λ))

= e(w−1(−µ(z) + Λ))

= e(w−1(µ(−z) + Λ)) = P (−z).



UNIFORMIZATION THEOREM FOR ELLIPTIC CURVES OVER C 13

Since P only has one order 2 pole mod Λ, it is an order 2 elliptic function. It thus follows from
the proof of the classification theorem for even elliptic functions (see the proof of [8, VI.3.2]) that

(5.6) P (z) = k1(℘(z) + k2)

for some k1 ∈ C× and k2 ∈ C.
We now show that P satisfies the differential equation for ℘. As before, let ψ = w−1 ◦µ(z) ∈ R∗.

It suffices to show that P satisfies the differential equation in R, so we can suppose that ψ ∈ R.
Then, we take p = e(ψ) as a local parameter in C, which gives

P (z) = e ◦ w−1 ◦ µ(z) = e(ψ) = p.

Moreover, w(ψ) = µ(z), so it follows from (5.4) that

z ∈
∫ ψ

∞

1

2
F (ζ)−1dζ + Λ.

This allows us to use the equality (4.5), take derivatives of both side with respect to the parameter
p, and apply the fundamental theorem of calculus to obtain

dz

dp
=

1

2
F (p)−1 =

1

2
√

(p− a)(p− b)(p− c)
for one of the two branches of the square root. It follows that

dp

dz
= 2
√

(p− a)(p− b)(p− c).

Substituting p = P (z) and taking squares, we get the differential equation

(5.7) P ′2 = 4(P − a)(P − b)(P − c).
This relationship allows us to evaluate k1 and k2 in (5.6). Since P is an even meromorphic

function with a double pole at z = 0, we have the following as z → 0:

P (z) =
c−2

z2
+ c0 +O(z2)

P ′(z) = −2c−2

z3
+O(z)

P ′(z)2 =
4c2
−2

z6
+O(z−2)

(P (z)− a)(P (z)− b)(P (z)− c) =
(c−2

z2
+O(1)

)(c−2

z2
+O(1)

)(c−2

z2
+O(1)

)
=
c3
−2

z6
+O(z−4).

By our work above, it follows from (5.7) that
4c2
−2

z6
=

4c3
−2

z6
, which gives us c−2 = 1. Recall from

(1.3) that the coefficient of z−2 in the Laurent series for ℘(z) is 1, which overall implies that k1 = 1.
The differential equation (5.7) thus gives us

℘′2 = 4(℘+ k2 − a)(℘+ k2 − b)(℘+ k2 − c)
= 4℘3 + 4(3k2 − a− b− c)℘2 + (lower-order terms in ℘).

But recall from (1.1) that we also have

℘′2 = 4℘3 − g2℘− g3

for g2 = 60G4(Λ) and g3 = 140G6(Λ). This overall implies that

4(3k2 − a− b− c)℘2 + (lower-order terms in ℘) = 0.
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But ℘ takes on more than two distinct values in C, which contradicts the above equality unless the
left-hand side is uniformly 0. So, it follows that

3k2 − a− b− c = 0,

which proves the theorem. �

Recall from our discussion in Section 1 that by a linear change of variables, we have assumed
that our elliptic curve E : y2 = 4(x − a)(x − b)(x − c) satisfies a + b + c = 0. This means that
the Weierstrass ℘-function for the lattice Λ constructed in (4.10) satisfies the differential equation
given by the affine equation for E. Thus, we conclude that the correspondence described in (1.2)
in fact associates Λ to E. In summary, we have proven the following main result.

Theorem 5.3 (Uniformization). For every nonsingular curve

E : y2 = 4x3 − g2x− g3

over C, there exists a lattice Λ such that E can be written as C/Λ, i.e., such that

g2 = 60G4(Λ), g3 = 140G6(Λ),

and the map (1.2) is both a biholomorphism and a group isomorphism from C/Λ to E(C).
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