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Outline

Approximate LDP
f— Divergence and Contraction Coefficient

Equivalent Expression for LDP via Contraction Coefficient of /-Divergences

Applications:
« Lower Bounds on Minimax and Bayesian Risks under LDP

» Binary Hypothesis Testing Problems under LDP



Local DP
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Kis called (g,4)-LDP if

sup |[Ky(4) — Ky (4)] <9, Vo, x
A

[Warner’'65], [Evfimievski, Gehrke, Srikant’03], [Kasiviswanathan, Lee, Nissim, Raskhodnikova, Smith’11]



f~divergences

e f(t) =tlogt: KL(P|Q)

. f(t>=%\t—1\:

(1-+/x)> = Hellinger distance
(t — 1) — y2-divergence
t

* f.(t) = max(t — e%,0)
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Contraction coefficient

P\ /PK
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DPI:  D(PK||QK) < D(P||Q)

What is the smallest n < 1 s.t. D(PK||QK) < nD¢(P|Q)?

- | n(K) & syp  2LEKICH)
Contraction coefficient of K under f-divergence Df<§’||%>¢o D;(P|Q)

Dy (PK||QK) <1y (K)Ds(P||Q)

[Dobrushin’s6], [Ahlswede, Gacs'76], [Erkip, Cover’12], [Anantharam, Gohari, Kamath, Nair'13], [Raginsky’'14], [Polyanskiy,Wu’15,17], [Sason,
Verdu'15], [Calmon, Polyanskiy,Wu’17], [Makur, Zhang'18], [Sason’18,’19]



Contraction coefficient

s N
Contraction coefficient of K under f-divergence f PG Df(PHQ)
F(PllQ)#0
\_ J

e Under KL: Concentration inequalities (log Sobolev), decay rate of mutual information

[Ahlswede, Gacs'76], [[Cohen, lwasa, Rautu, Ruskai, Seneta’93], [Houdré and Tetali’'O1], [S. G. Bobkov and
P. Tetali’'O6], [Anantharam, Gohari, Kamath, Nair'13], [Polyanskiy,Wu'15,"17]

Under TV: Mixing of random walks on graphs [Dobrushin’56], [Raginsky’14]

2. L : -
e Under x*: Rényi maximal correlation [Erkip, Cover'12], [Makur, Zheng'20], [Makur, Y. Polyanskiy'18]

Under E.: Central DP guarantees of iterative algorithms
[Balle, Barthe,Gaboardi, Geumlek’19], [A., Diaz, Calmon’20, 21], [A., Liao, Calmon, Kosut, Sankar’20, ‘21]

R E. (PK||QK)
1=(K) = sup - = 0)

Ec (P|lQ)#0



Main result

Theorem.

Kis (¢,0)-LDP <= n.(K) <
— E(PK[QK) <JE(P||Q), VP Q

Kise-LDP «— n.(K)=0 <= E.(PK||QK)=0 VP,Q

1

Example. Binary-input binary-output with flipping prob. -

66 ea
1+4-e° k—1+e¢

0 0 E.(PK||QK) =0, VP,Q — Kise-LDP 0
1
1 1 :

eS
1+ec

(randomized response model) 2

Warning: E.(P||Q) =0 =% P=Q F—1te



Related work

e [Duchietal'13]: Kise-LDP = TV(PK,QK) < 2(ef — 1)TV(P,Q) onlyfore <1

o [Kairouz etal'15]: Kis e-LDP = TV(PK,QK) < &1 TV(P,Q)

only fore <« 1

* [Kairouz etal'14]: Kis e-LDP = KL(PK||QK) + KL(QK||PK) < 21TV (P, Q)

* [Duchi et al'14]: Kis e-LDP = | KL(PK[|QK) + KL(QK||PK)|<4(e® — 1)>TV*(P, Q)

f-divergence with f(¢) = (t — 1) logt
(Jeffrey divergence)

All their proof techniques fail it § > 0



Main result

Theorem.
Kis (¢,0)-DP = n¢(K) < ¢(e, )
— Dy(PK|QK) < ¢(e,0)Ds(P|Q)

where ¢(g,6) =1 —e (1 —9)

e Holds forany e > 0and ¢§ € [0, 1]

e Holds for any arbitrary f-divergences



No interaction!

-----------------------------------------------------

ﬁ, K _ZL

X=X, X, — ; "=y, 2
X%y |
........................ P

Theorem. K is (575)—DP — 77f(K®n) < sﬁn(875)

where 1 —e="(1 —9)"™.

n¢ seems difficult to compute (or bound) in case of interactivity



Application |: Minimax Risks

X"~ P lid.
Pep

Each X; — Z; via an (g,9)-LDP mechanism K;

We wish to estimate 6(P) using an estimator ¥

Rn(P,le,6) = inf infsupE

{Ki}€Q: s ¥ pep

e

best (e,4) private mechanisms

best estimator ¥

(W (Z2"),0(P))

worst-case over family P



Application |: Minimax Risks

P P

09 92 99 8¢

Non-interactive setting Sequentially interactive setting



Application |: Minimax Risks

From estimation to testing:

e Construct anindex set V ={1,...,|V|}
o Pick {P,:veV}CPs.t lO(P,),0(P,y)) >2r,YVv£1 €V
e Nature chooses V uniformly from Y

e Given V = v, samples X™ are drawn i.i.d. from P,

Rn(P,l,00,1) >inf 7 Pr(¥(X™) #£ V) [Yang, Barron'99], [Tsybakov'08]
v

e /™ are generated via Kq,...,K,

R,(P,l,e o) > inf infrPr(¥(Z" V
(Ptied) = inf inf rPH(¥(Z") £ V)



Application |: Minimax Risks

R,(P,l,e,6) > inf inf7Pr(¥(Z" V
( ) 2 b, b Pr((Z7) £ V)

Le Cam’s Method Fano’s Method

¢ [V =2 ¢ V=

® {PUZUEV}:{P(),Pl}

product
distributions

. I(X™; V) 4+ log?2
mn > o
A inf Pr(¥(X") #V) > 1 og [V

1 1
inf Pr(W(X") # V) 2 5 = STV(BF", PP")
e Consider {K;}"_, * Consider {K;}i,

1 1
. n n n I Zn.v 1 2
inf Pr(U(2") # V) = 5 = STV(Mg', M7) inf Pr(W(2") # V) > 1 - ( iog)]]j_\ og



Application |: Minimax Risks

Le Cam’s Method L — Ky
e Seqguentially interactive setting X"~ 5@”—-4 — K% —. Z" ~ MY

n n 1 n n
TV M) </ S0 )

— \/; Z KL( Py K[| PLK})

< /np(e,§)KL(Py|| Py)

KL<P0||P1>B

reduction in effective sample

size
[Yang, Barron'99], [Tsybakov'08], [Yu'97] Rn(P,Ll,00,1) > g [ \/@<L P0||P1)]



Application |: Minimax Risks

Example.[one-dimensional mean estimation]
e Fork>1 P, 2 {P: [Ep[X]| <1,Ep[|X|F] <1}
e )(P)=Ep[X]and (= /(3

2
We need to pick Py, P, € Py with |Ep, | X] — Ep, | X]|| > 27

Consider {—w™#,0,w™* } for some w € (0,1]

Po(—w #)=w, Py0)=1-w Plw *)=w, P0)=1-w

Corollary. (k—1)
Rn(Pk7637575) Zmln{L [71902(575)]_ : }

_ (k—1)
[Duchi, Jordan, Wainwright'13] R (P, l5,¢,0) > min {1, ne’(g,0)] ° } only fore < 1



Fano’'s Method

e Non-interactive setting

Application |: Minimax Risks




Application |: Minimax Risks

Example.[high-dimensional mean estimation in £y ball]

e P £ {prob. on ¢*-ball in R4}
* 0(P) =Ep[X]

° (= /(2 We need to pick index set V and { Py, ..., Py} C P with |Ep,[X] - Ep,, [X Hg > 27

On(e,0) =1 —e (1 - )"

Corollary.

1 d
o(P,43,¢,8) 2 mi
Ru(P: 63,6, )len{n%(aé)’n%z(e,5>}

[Duchi, Jordan, Wainwright’14]
d

n’ ne?

1
Rn(P,l3,6,0) 2 Tmm{g } only fore < 1



Application 2: Hypothesis Testing

P
I } Type | error: Pr(T' = 1|Hy)
Kle _______ | Kna] [ K n Type Il error: Pr(T = 0|H;4)
Server
I B.s(a) = inf inf Pr(T = 0|H,)

{Ki}€Qcs Prizn:
T €{0,1} Pr(T=1|Hp)<«



Application 2: Hypothesis Testing

Chernoff-Stein lemma: non-private, i.e., 2" = X"

1
lim ~log B, () = —KL(Ry||P)

n—oo N,
. 1 £,0
lim — lOg ﬁn’ (Oé) = — Ssup KL(POKleK)
n—oo 1 KEQ&,(S
Lemma.

1
lim = log 85°(a) > —(e, §)KL(Pol| Pr)

n—o0o N

(e, 0) =1 —e °(1—0)



Wrap-up

e Equivalent expression for (e,6)-LDP in terms of HS divergence

e Use it to derive lower bound for estimation and testing problems

non-private | private
statistical problem statistical problem
(¢,6)-LDP
TV(Po, Pl) [1 — (1 — 5)6_6]TV(P0, Pl)
KL(Py||P1) : 11— (1= 8)e |KL(P|IP)

1—e(1—8)n {— n

non or sequentially interacive
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