
AM 21a Problem Set 03 Updated on January 22, 2019.

Due Fri Sept 28

at 10am

Review sections §13.2-13.4 and §14.1 in Hughes-Hallett.
The odd numbered problems in the Exercises (the first chunk of problems) in each section are

worthwhile practice for before the problem set. Answers are in the back for odd numbered problems,
and solutions are in the student solutions manual on reserve in Cabot.

1. Log in to WeBWorK and complete the problems assigned there under Problem Set 03.

To enter an expression like 10(
√

2~i+
√

2~j) into WeBWorK type 10 sqrt(2) i + 10 sqrt(2)

j. You can enter 3pi for 3π in WeBWorK. If you’re entering a number using a decimal
representation, plan to include 5 digits after the decimal point.

Webwork Qs: Hughes-Hallett

13.1: 30,

13.2: 25

13.3: 5, 13, 29, 48,

13.4: 8, 13, 16, 18, 21, 42, 46,

14.1: 2, 5, 9

2. The point P in the figure below has position vector ~v obtained by rotating the position vector
~r of the point (x, y) by 90 degrees counterclockwise about the origin.

750 Chapter Thirteen A FUNDAMENTAL TOOL: VECTORS

(a) What is the effect on F⃗M of increasing ω?

(b) The ball in Figure 13.42 is moving away from you.

What is the direction of the Magnus force?

ω

n⃗

Figure 13.42: Spinning baseball

36. The point P in Figure 13.43 has position vector v⃗ ob-

tained by rotating the position vector r⃗ of the point (x, y)
by 90◦ counterclockwise about the origin.

(a) Use the geometric definition of the cross product to

explain why v⃗ = k⃗ × r⃗ .

(b) Find the coordinates of P .

(x, y)

P

r⃗

v⃗

x

y

Figure 13.43

37. The points P1 = (0, 0, 0), P2 = (2, 4, 2), P3 =
(3, 0, 0), and P4 = (5, 4, 2) are vertices of a parallel-

ogram.

(a) Find the displacement vectors along each of the four

sides. Check that these are equal in pairs.

(b) Find the area of the parallelogram.

38. Using the parallelogram in Problem 37 as a base, create

a parallelopiped with side
−−−→
P1P5 where P5 = (1, 0, 4).

Find the volume of this parallelepiped.

39. Use the algebraic definition to check that

a⃗ × (⃗b + c⃗ ) = (⃗a × b⃗ ) + (⃗a × c⃗ ).

40. If v⃗ and w⃗ are non-zero vectors, use the geometric defi-

nition of the cross product to explain why

(λv⃗ ) × w⃗ = λ(v⃗ × w⃗ ) = v⃗ × (λw⃗ ).

Consider the cases λ > 0, and λ = 0, and λ < 0 sepa-

rately.

41. Use a parallelepiped to show that a⃗ ·(⃗b ×c⃗ ) = (⃗a ×b⃗ )·⃗c
for any vectors a⃗ , b⃗ , and c⃗ .

42. Show that ∥a⃗ × b⃗ ∥2 = ∥a⃗ ∥2∥⃗b ∥2 − (⃗a · b⃗ )2.

43. If a⃗ + b⃗ + c⃗ = 0⃗ , show that

a⃗ × b⃗ = b⃗ × c⃗ = c⃗ × a⃗ .

Geometrically, what does this imply about a⃗ , b⃗ , and c⃗ ?

44. If a⃗ = a1⃗i + a2j⃗ + a3k⃗ , b⃗ = b1⃗i + b2j⃗ + b3k⃗ and

c⃗ = c1⃗i + c2j⃗ + c3k⃗ are any three vectors in space,

show that

a⃗ · (⃗b × c⃗ ) =

!!!!!!!

a1 a2 a3

b1 b2 b3

c1 c2 c3

!!!!!!!
.

45. Use the fact that i⃗ × i⃗ = 0⃗ , i⃗ × j⃗ = k⃗ , i⃗ × k⃗ = −j⃗ ,

and so on, together with the properties on page 746 to

derive the algebraic definition for the cross product.

46. In this problem, we arrive at the algebraic definition for

the cross product by a different route. Let a⃗ = a1⃗i +
a2j⃗ + a3k⃗ and b⃗ = b1⃗i + b2j⃗ + b3k⃗ . We seek a vec-

tor v⃗ = x⃗i + yj⃗ + zk⃗ that is perpendicular to both a⃗
and b⃗ . Use this requirement to construct two equations

for x, y, and z. Eliminate x and solve for y in terms of

z. Then eliminate y and solve for x in terms of z. Since

z can be any value whatsoever (the direction of v⃗ is un-

affected), select the value for z which eliminates the de-

nominator in the equation you obtained. How does the

resulting expression for v⃗ compare to the formula we

derived on page 745?

47. For vectors a⃗ and b⃗ , let c⃗ = a⃗ × (⃗b × a⃗ ).

(a) Show that c⃗ lies in the plane containing a⃗ and b⃗ .

(b) Use Problems 41 and 42 to show that a⃗ · c⃗ = 0 and

b⃗ · c⃗ = ∥a⃗ ∥2∥⃗b ∥2 − (⃗a · b⃗ )2.

(c) Show that

a⃗ × (⃗b × a⃗ ) = ∥a⃗ ∥2b⃗ − (⃗a · b⃗ )⃗a .

48. Use the result of Problem 41 to show that the cross prod-

uct distributes over addition. First, use distributivity for

the dot product to show that for any vector d⃗ ,

[(⃗a + b⃗ ) × c⃗ ] · d⃗ = [(⃗a × c⃗ ) + (⃗b × c⃗ )] · d⃗ .

Next, show that for any vector d⃗ ,

[((⃗a + b⃗ ) × c⃗ ) − (⃗a × c⃗ ) − (⃗b × c⃗ )] · d⃗ = 0.

Finally, explain why you can conclude that

(⃗a + b⃗ ) × c⃗ = (⃗a × c⃗ ) + (⃗b × c⃗ ).

(a) Use the geometric definition of the cross product to explain why ~v = ~k × ~r.

(b) Find the coordinates of P . Explain your mathematical reasoning.

3. (a) Find a vector ~v with all of the following properties:

• Magnitude 20,
• angle of 45◦ with the positive x-axis,
• angle of 60◦ with the positive y-axis,
• negative z-component.

(b) A vector ~v of magnitude v makes an angle α with the positive x-axis, β with the positive

y-axis and γ with the positive z-axis. Show that ~v = v cosα~i+ v cos β~j + v cos γ~k.

(c) For angles α, β, γ as in (b), show that cos2 α + cos2 β + cos2 γ = 1.

4. We want to relate the area of a parallelogram to the area of its shadow in the xy-plane.

Consider a parallelogram S lying in the plane z = mx+ny+c. It has a projection R into the xy-
plane. Let S be determined by the vectors ~u = ∆x1~i+∆y1~j+∆z1~k and ~v = ∆x2~i+∆y2~j+∆z2~k
as in the figure on the left below. The figure on the right shows S for a steeper plane.
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49. Figure 13.44 shows the tetrahedron determined by three

vectors a⃗ , b⃗ , c⃗ . The area vector of a face is a vector per-

pendicular to the face, pointing outward, whose magni-

tude is the area of the face. Show that the sum of the four

outward pointing area vectors of the faces equals the zero

vector.

b⃗

b⃗ − c⃗

a⃗

c⃗

b⃗ − a⃗

c⃗ − a⃗

Figure 13.44

In Problems 50–52, find the vector representing the area of a

surface. The magnitude of the vector equals the magnitude of

the area; the direction is perpendicular to the surface. Since

there are two perpendicular directions, we pick one by giving

an orientation for the surface.

50. The rectangle with vertices (0, 0, 0), (0, 1, 0), (2, 1, 0),

and (2, 0, 0), oriented so that it faces downward.

51. The circle of radius 2 in the yz-plane, facing in the direc-

tion of the positive x-axis.

52. The triangle ABC, oriented upward, where A =
(1, 2, 3), B = (3, 1, 2), and C = (2, 1, 3).

53. This problem relates the area of a parallelogram S lying

in the plane z = mx+ny+c to the area of its projection

R in the xy-plane. Let S be determined by the vectors

u⃗ = u1⃗i +u2j⃗ +u3k⃗ and v⃗ = v1⃗i + v2j⃗ + v3k⃗ . See

Figure 13.45.

(a) Find the area of S.

(b) Find the area of R.

(c) Find m and n in terms of the components of u⃗
and v⃗ .

(d) Show that

Area of S =
!

1 + m2 + n2 · Area of R.

x

y

z

S

R

u⃗

v⃗

Figure 13.45

Strengthen Your Understanding

In Problems 54–55, explain what is wrong with the statement.

54. There is only one unit vector perpendicular to two non-

parallel vectors in 3-space.

55. u⃗ × v⃗ = 0⃗ when u⃗ and v⃗ are perpendicular.

In Problems 56–57, give an example of:

56. A vector u⃗ whose cross product with v⃗ = i⃗ + j⃗ is par-

allel to k⃗ .

57. A vector v⃗ such that ∥u⃗ × v⃗ ∥ = 10, where u⃗ =
3⃗i + 4⃗j .

Are the statements in Problems 58–67 true or false? Give rea-

sons for your answer.

58. u⃗ × v⃗ is a vector.

59. u⃗ × v⃗ has direction parallel to both u⃗ and v⃗ .

60. ∥u⃗ × v⃗ ∥ = ∥u⃗ ∥∥v⃗ ∥.

61. (⃗i × j⃗ ) · k⃗ = i⃗ · (⃗j × k⃗ ).

62. If v⃗ is a non-zero vector and v⃗ × u⃗ = v⃗ × w⃗ , then

u⃗ = w⃗ .

63. The value of v⃗ · (v⃗ × w⃗ ) is always 0.

64. The value of v⃗ × w⃗ is never the same as v⃗ · w⃗ .

65. The area of the triangle with two sides given by i⃗ + j⃗
and j⃗ + 2k⃗ is 3/2.

66. Given a non-zero vector v⃗ in 3-space, there is a non-zero

vector w⃗ such that v⃗ × w⃗ = 0⃗ .

67. It is never true that v⃗ × w⃗ = w⃗ × v⃗ .

Show your mathematical reasoning for the following:

(a) Find the area of R. Find this in terms of ∆x1,∆x2,∆y1,∆y2.

(b) Find the area of S. Find this in terms of ∆x1,∆x2,∆y1,∆y2,∆z1,∆z2.

(c) Show that
Area of S =

√
1 +m2 + n2 · Area of R.

To show this mathematical fact, start with your expression for the left hand side from part
(b). Manipulate it in a series of steps until, after some number of steps, you have the
expression on the right left hand side.

(d) Show that the area of the projection of S into the xy-plane is | ~A · ~k| where ~A is the area
vector for S. Write a similar expression that you think would give the area of the projection
of S into the xz-plane.

The idea in this problem is going to underpin our ability to work with surfaces later in the course.
To set up surface integrals, we will often want to cut a surface into parallelograms. We will
need to be able to relate the area of each parallelogram to the area of its projection into the
xy-plane.

If you get stuck think about a lower dimensional version of the problem:

• Consider the 2-space version of this. You have a line segment L along the line y = mx+b.
Let L be determined by the vector ~u = ∆x~i+ ∆y~j. Let D be the length of the projection
of L onto the x-axis. Show that Length of L =

√
1 +m2 · Length of D. Translate the

way you treated ∆y in this problem to how you can treat ∆z1 and ∆z2 in the parallelogram
problem.

5. Contours of f(x, y) are shown below, but the values of f on the contour lines have been omitted.
Given that fx(P ) > 0, find the sign of fy(Q) and explain your reasoning.
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22. Figure 14.10 shows contours of f(x, y) with values of f
on the contours omitted. If fx(P ) > 0, find the sign of

(a) fy(P ) (b) fy(Q) (c) fx(Q)

−5 5

−5

5

Q

P

f(x, y)

x

y

Figure 14.10

23. Figure 14.11 shows the contour diagram of g(x, y). Mark

the points on the contours where

(a) gx = 0 (b) gy = 0
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Figure 14.11

24. The surface z = f(x, y) is shown in Figure 14.12. The

points A and B are in the xy-plane.

(a) What is the sign of

(i) fx(A)? (ii) fy(A)?

(b) The point P in the xy-plane moves along a straight

line from A to B. How does the sign of fx(P )
change? How does the sign of fy(P ) change?

x

y

z

✲B ✠

A

Figure 14.12

25. Figure 14.13 shows the saddle-shaped surface z =
f(x, y).

(a) What is the sign of fx(0, 5)?

(b) What is the sign of fy(0, 5)?

x

y

z

❄

(0, 5, 3)

Figure 14.13

26. Figure 14.14 shows the graph of the function f(x, y) on

the domain 0 ≤ x ≤ 4 and 0 ≤ y ≤ 4. Use the graph

to rank the following quantities in order from smallest to

largest: fx(3, 2), fx(1, 2), fy(3, 2), fy(1, 2), 0.

x y

z

Figure 14.14

27. Figure 14.15 shows a contour diagram for the monthly

payment P as a function of the interest rate, r%, and

the amount, L, of a 5-year loan. Estimate ∂P/∂r and

∂P/∂L at the following points. In each case, give the

units and the everyday meaning of your answer.

(a) r = 8, L = 4000 (b) r = 8, L = 6000

(c) r = 13, L = 7000
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Figure 14.15


