
AM 108 Problem Set 05 Due Due 02 Mar 2018

1. (Projects) At this point there are a number of project ideas up on Piazza. Including posts by
you. Look through the other threads and also take a look at some of the resources that have
been suggested. Choose two of the other threads to comment on (i.e. two threads you haven’t
already been involved with). Possible questions you might address in your comment:

• Is this topic interesting to you, too? What do you find interesting about it?

• Are there related questions that come to mind for you? If so, share those.

• What other resources have you encountered that you think might relate?

• Is it clear from the thread how the topic would connect to the mathematical tools we’re
working with in this course? If so, you could mention how you see it fitting, and if not,
you could ask a question about that or make a suggestion.

• Remember that there are three categories a project might fit in: (1) trying to build a new
model (likely a very simple model) with the aim of answering a question you’re intrigued
by; (2) finding a model in the literature you’d like to understand and analyze or recreate
an analysis of; (3) choosing a topic from within dynamical systems that we’re not covering
within this course to learn more about. A project might mix two of these together, as
well.

Your comment could mention which of these categories seem to fit well with the ideas in
the thread, and if that’s a type of project that interests you, you might say that.

You won’t be asked to commit to a project topic and group until just after spring break, so in
about a month. In the meantime, we are building out possibilities. Ultimately, you don’t need
to work on something that you’ve suggested; your suggestions and comments are contributing
to the set of possibilities for everyone in the class.

2. Consider the system

ẋ = −µy + xy

ẏ = µx+
1

2
(x2 − y2).

(a) In the class activity from Class 09, you showed that the fixed points are (0, 0), (−2µ, 0),
(µ,
√

3µ) and (µ,−
√

3µ). You may have also classified these (linear center, saddle, saddle,
saddle), and shown that the system has a conserved quantity, H(x, y).

Find the conserved quantity, showing your steps. You can check your work on this against
the solution from the class activity.

(b) Find H(x, y) at each of the fixed points.

(c) Show that the line x = µ is an invariant of this system. Note that this line passes through
two of the fixed points, so H(x, y) = c where at all points (x, y) on the line x = µ, where
c is the value of H(x, y) at the fixed points.

(d) There are two other invariant lines and they intersect the x = µ line. Find these lines.
Here’s one procedure for this: since the lines intersect the x = µ line we know that the
lines are in the set of points where H(x, y) = c. So the points on x = µ and on the new
lines satisfy H(x, y) − c = 0. x − µ = 0 is one possible solution to this. You can divide
(x−µ) into H(x, y)− c to factor the polynomial into (x−µ)(K(x, y)) = 0. The other two
lines must be roots of K(x, y) = 0. If you finds solutions of the form y = ... based on the
expression K(x, y) = 0, you’ll find the other two lines.
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(e) Using the invariant lines you found above, along with local fixed point information and
the vector field, to sketch a phase portrait for the system. Your sketch doesn’t need to
be correct, it just needs to be consistent with the vector field, the invariant lines, and the
locally linear information you have for each fixed point.

(f) Identify any heteroclinic or homoclinic connections in your system.

(g) Use a numerical tool to create an accurate phase portrait (include the name of the tool
and any code or instructions needed to reproduce your plot).
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