
1 Problem set 06

1.1 Problem set

• This problem set has a team component and an individual component.

1. Individual Quiz correction assignment: check Canvas because this is assigned separately under the
Quiz 01 Rewrite and is submitted there as well. The instructions may not be super clear, so please
post any questions at all to Piazza. In addition, if you’re not sure what why something was marked
off or how to correct it, please do post to Piazza about that as well.

2. Individual We will spend time in class on Monday on projects. After that class meeting, add a
post to Piazza (either within a thread already related to your topic of interest or in a new thread if a
new topic is emerging). You may collaborate on the post. In that case, at the beginning of the post
name the people who have worked together to create it. The post should answer these questions:

• What question would you potentially like to answer for the project? State this as a question.
It might be a question about a paper, for example, “In [reference here], how do they show that
oscillations will be sustained?”. Or it might be a question about the world, for example, “how
does water availability limit the average biomass of vegetation across ecosystems?”

• How do you currently see ideas or methods of nonlinear dynamical systems being incorporated
into a project that is approaching this question? For some questions this may be obvious, but for
others, much of the work of the project may be focused on translating between your question and
a nonlinear model of some kind that you plan to analyze. That work of translation is worthwhile,
and it is just fine as the focus of your project.

In addition, offer feedback on at least one other post.

• Is the question specific or is it currently a more general question?

• Would you be interested in working on this question?

• What is your impression of the scope of the problem? Does it seem like too little or too much
for a month-long project? Note that it is both hard to identify the size of a problem and it is
hard to choose a right-sized problem. That’s just fine. The questions will iterate as we work on
the projects.

For the team questions

• Your solutions should be in complete sentences in an essay-format where you describe your
work.

• Use your team-space on Piazza to write your solution to the first question. The other solution
may be typed, hand-written or may be written up within Mathematica.

• If is expected that you each contribute to the mathematical discourse of each problem. Do your
work in a group, either by approaching the problems together or by working out your own ideas
and bringing them to group meetings. A divide-and-conquer strategy is not acceptable.

• You may divide-and-conquer the writing of solutions.

3. Team (6.8.14) Consider the family of linear systems ẋ = x cosα−y sinα, ẏ = x sinα+y cosα, where
α is a parameter that runs over the range 0 ≤ α ≤ π.

(a) Working analytically, classify the fixed point at the origin as a function of α. Generate phase
portraits for a few values and include the computational tool you used along with any specific
commands as part of your solution.

You can upload images onto Piazza and can also insert code (there’s a code button to create an
environment to post the code). Note that on Piazza, you can take turns editing the same note
to build your solution.



(b)

IC =
1

2π

∮
C

f dg − g df
f2 + g2

is an integral that gives you IC . This is LaTeXed

$$I_C = \frac{1}{2\pi}\oint_C \frac{f\ dg - g\ df}{f^2+g^2}$$

Use this integral to show that IC is independent of α (and see 6.8.13 for the derivation of the
integral).

You may have questions about notation - please post them to the class on Piazza. df and dg are
differentials.

To create a multi-line equation within LaTeX/Piazza:

dx

dt
= a2 + ab

= a(a+ b)

$$\begin{align*}

\frac{dx}{dt} &= a^2 + ab\\

&= a(a+b)

\end{align*}$$

The ampersand sets the alignment point and the double slash creates a new line.

(c) Let C be a circle centered at the origin. Compute IC explicitly by evaluating the integral for
any convenient choice of α.

4. Team (7.2.18) Consider the predator-prey model

ẋ =rx(1− x/2)− 2x

1 + x
y

ẏ =− y +
2x

1 + x
y

r > 0 x, y ≥ 0

(a) What is the long term behavior of each population in the absence of the other? Which species
is the predator and which is the prey? How do you know?

(b) Working analytically or in Mathematica, find the fixed points of the system. Use Mathematica to
classify these fixed points as stable/unstable/saddle points based on their trace and determinant.
Plot the points on axes with appropriate labels and unit markings.

Some code to help with this:

soln = Solve[f[x, y] == 0, {x, y}]

r0 = 5;

ListPlot[{x, y} /. soln /. r -> r0,

Ticks -> {Automatic, {{0, 0}, {r0/4, r/4}, {r0/2, r/2}, {3 r0/4,

3 r/4}, {r0, r}}}, PlotStyle -> PointSize[Large]]

(c) Explain the fixed points in the context of the problem. What does each fixed point represent in
the context of the problem and what seems to be the long term behavior of the system?

(d) According to index theory, what constraints are there on limit cycles in this system?

(e) Try to use the Bendixson criterion to show that there are not limit cycles in the system. Find

the curve(s) on which ∇ ·
(
ẋ
ẏ

)
= 0, write it/them in the form y = h(x). Explain why this

criterion is not working to rule out limit cycles.

(f) Now we’ll try rescaling the vector field to see if we can use Dulac’s criterion to rule out limit

cycles. Rescale the vectors in the vector field using a function of the form g(x, y) =
1 + x

x
yα−1.

Make a suitable choice of α so that you can use Dulac’s criterion to rule out limit cycles.

You may work through this in Mathematica or by hand. Whichever you choose, remember to
use complete sentences and to explicate your methods and ideas in your writeup.
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