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Overall Goals: Work together with your classmates to help each other figure out the ideas
below. Once you understand something, work to explain your understanding to a classmate.

1 Activity Sheet: Dot Product of Vectors

The dot product of two vectors ~v and ~w is a scalar (fancy word for number) and is written ~v · ~w.
The textbook gives two definitions, an algebraic one and a geometric one:
• Algebraic Definition: If we write ~v = 〈 v1, v2, v3 〉 and ~w = 〈w1, w2, w3 〉, then ~v · ~w =
v1w1 + v2w2 + v3w3. In other words, multiply respective components then add up the results.
• Geometric Definition: ~v · ~w = ||~v|| ||~w|| cos θ, where θ is the angle between the two vectors,

and we always choose θ between 0 and π.

1. Let ~v = 〈 3,−4, 5 〉, ~w = 〈−2, 4, 2 〉, and ~u = 〈 3,−2, 1 〉.
(a) Use the algebraic definition to compute ~v · ~u and ~w · ~u.

(b) Convince yourself that ~v· ~w = ~w·~v. It is true in general that the dot product is commutative.

(c) Show that (~v+ ~w) ·~u = ~v ·~u + ~w ·~u. It is true in general that the dot product distributes
over addition.

(d) Show that (2~v) · ~w = ~v · (2~w) = 2(~v · ~w). It is true in general that you can move scalars
around this way.

2. Show that the algebraic and geometric definitions give the same answer for the dot product~i ·~j,
and for the dot product 〈 1, 1 〉 · 〈 0, 3 〉.
Why do the two definitions give the same result? It’s not super easy to see. There is an argu-
ment presented in section 13.3 of the textbook if you are interested. You can also show that
the algebraic definition follows from properties (c) and (d) above combined with the geometric
definition (consider (v1~i+ v2~j) · (w1

~i+ w2
~j).)

3. Combine the two definitions of the dot product to find the cosine of the angle between
~v = 〈 3, 4, 5 〉 and ~w = 〈 1, 0, 1 〉. Then use a calculator to find the actual angle.

4. Show, for general ~v that ~v · ~v = ||~v||2. Give one argument using the algebraic definition and
another argument using the geometric definition.

5. Use the geometric definition to show that two vectors ~v and ~w are perpendicular if and only if
their dot product is zero!

6. Find a value c so that 〈 3, 4, 5 〉 is perpendicular to 〈 4, 2, c 〉.
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2 Activity Sheet: Dot Products and Planes

We call a vector, ~n, normal to a plane if it is perpendicular to any vector parallel to the plane.

1. We want to find the equation of a plane perpendicular to the vector ~n =~i+~j − ~k and passing
through the point (0, 0,−1).
(a) We are looking for points (x, y, z) that sit in the plane. Create a displacement vector, ~v

between a point (x, y, z) and the point (0, 0,−1).
(b) We want this displacement vector to be perpendicular to ~n, so we want ~v ·~n = 0. Plug your

displacement vector and the information for ~n into this dot product. Expand and simplify.

You should find z = x+ y − 1 for the displacement vector to be perpendicular to ~n.

(c) You have found an equation for a plane. Show that it passes through (0, 0,−1).
(d) Is any vector parallel to this plane perpendicular to ~n? Choose two points on the plane and

convince yourself that the vector between those points is perpendicular to ~n. This can be
shown to hold in general, but just choose enough pairs of points to convince yourself.

2. We’d like to generalize this.

(a) Redo your work in steps (a) and (b) above for the normal vector ~n = a~i+b~j+c~k. Continue
to use the point (0, 0,−1).

(b) We’d like the plane to be able to pass through a different point. Redo the work again with
the point (x0, y0, z0).

You should find that the equation for a plane with normal vector ~n = a~i + b~j + c~k containing
the point (x0, y0, z0) can be written a(x− x0) + b(y − y0) + c(z − z0) = 0.

3. Find a normal vector to the plane x+ 2y − z = 2.

4. Find a vector perpendicular to the plane z = 2x+ 3y.
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3 Activity Sheet: Dot Product and Projection

A canoe is moving with velocity ~v = 5~i+ 3~j m/sec relative to the water. Note: For your intuition,
m/sec and miles/hour are not too far apart - a factor of about 2.

The velocity of the current in the water is ~c =~i+ 2~j m/sec.

1. This is similar to our boat problem the other day. Add labels to the green and blue vectors in
the diagram below.

2. We can think of the current as having a component in the direction the canoe is moving (the red
vector, ~cparallel), and a component perpendicular to it (the black vector, ~cperp). We can rewrite
~c as the sum of those two vectors, ~c = cparallel + ~cperp. We will find ~cparallel and ~cperp.

(a) Find a unit vector, v̂, in the direction of the canoe’s velocity.

(b) Assume the angle between ~c and the red vector is θ, and convince yourself that the length,
L, of the red vector is ‖~c‖ cos θ.

(c) Use a dot product between the v̂ and ~c to find the length, L, of the red vector.

(d) Construct a vector of length L in the direction of v̂. Remember that a vector k~v has length
|k|‖~v‖. This is the red vector.

You should find ~cparallel ≈ 1.62~i+ 0.97~j

(e) To find ~cperp use ~cperp = ~c− ~cparallel
You should find ~cperp ≈ −0.62~i+ 1.03~j.

3. Let ~v = 3~i+ 4~j and ~F = 4~i+~j. Find the component of the force vector ~F parallel to ~v.

(a) Find the unit vector v̂.

(b) Find ~F · v̂, the length of the component of ~F parallel to ~v.

(c) Construct the vector ~Fparallel.

Check your work using the following matlab code:

vecv = [3,4];

vecF = [4,1];

unitv = vecv/norm(vecv);

lengFparallel = dot(vecF,unitv);

Fparallel = lengFparallel*unitv

% Is Fparallel parallel to vecv?

% dot(v1,v2)/norm(v1)/norm(v2) = 1

% for parallel vectors

dot(Fparallel,vecv)/norm(Fparallel)/norm(vecv)
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4 Activity Sheet: Dot Product Practice

1. Use the geometric definition of the dot product to compute the angle between ~v = ~i + ~j + ~k
and ~w =~i−~j − ~k.

2. Find the equation of a plane through (2,−1, 3) and perpendicular to 3~i+ 2~j − ~k.

3. Write ~a = 3~i + 2~j − 6~k as the sum of two vectors, one parallel, and one perpendicular, to
~d = 2~i− 4~j + ~k

4. Find a plane parallel to the plane 2x+ 3y − z = 1 and through (1, 0, 0). When two planes are
parallel a vector that is normal to one will be normal to the other.

5. Our course has three exams, weighted 15%, 20%, and 30% respectively. Assume the class
average on each of these exams is 75%, 78%, and 82% respectively. What do the vectors
~a = (0.75, 0.78, 0.82) and ~w = (0.15, 0.2, 0.3) represent in terms of the course? Calculate the
dot product ~w · ~a. What does it represent in terms of the course?

6. A consumption vector of three goods is defined by ~x = (x1, x2, x3) where x1, x2, x3 are the
quantities consumed of each of the three goods. A price vector for the goods is ~p = (p1, p2, p3)
(so one unit of the first good costs p1). With a budget for the goods of k we have ~p · ~x = k.
Assume you have two different consumption vectors where each satisfies the budget constraint.
Show that the difference between the vectors is perpendicular to the price vector.
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