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For your reference (single-variable calculus):
The average rate of change of a function f(x) over the interval from a to a + h is given by
f(a+h)−f(a)

h
.

The instantaneous rate of change of a function f(x) at the point a is given by lim
h→0

f(a+h)−f(a)
h

.

This is the derivative of f at a, denoted df
dx
(a), df

dx

∣∣
a
, or f ′(a).

When h is sufficiently close to 0, the average rate of change of f(x) at a point a serves as

an approximation to the derivative of f at a. Example: f(1+0.1)−f(1)
0.1

is an approximation to

f ′(1). f(1+0.01)−f(1)
0.01

is a better approximation to f ′(1).

Example. Let the point P vary from A to B. How does the sign of df
dx
(P ) change?

Example. Let P vary along the region of the x-axis shown in the figure below. How does df
dx
(P )

change as you move from left to right?

For your reference (section 14.1):
To generalize the instantaneous rate of change to a multivariable context, we take partial
derivatives along cross sections of the function. Given a function f(x, y):

• The notation ∂f
∂x
(a, b) means “Set y = b and find the partial derivative with respect to x

at x = a.” ∂f
∂x

∣∣
(a,b)

= lim
h→0

f(a+h,b)−f(a,b)
h

. This partial derivative is also denoted fx(a, b).

• We can also compute the partial with respect to y: ∂f
∂y

∣∣∣
(a,b)

= lim
h→0

f(a,b+h)−f(a,b)
h

.

The symbol ∂ (see https://en.wikipedia.org/wiki/%E2%88%82) is used to
distinguish partial derivatives from ordinary ones. (Fun fact: Legendre, inventor of the
symbol, and Jacobi, key user of the symbol, each have a moon crater named for them.)

The units of a partial derivative are the units of the numerator divided by the units
of the denominator: if w is in kilograms and x is in meters then ∂w

∂x
will have units of

kilograms per meter.

https://en.wikipedia.org/wiki/%E2%88%82
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Example. For the figure on the left below, what is the sign of fx(A)? 14.1 THE PARTIAL DERIVATIVE 763
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For Exercises 14–16, refer to Table 12.2 on page 672 giving

the temperature adjusted for wind chill, C, in ◦F, as a function

f(w, T ) of the wind speed, w, in mph, and the temperature,

T , in ◦F. The temperature adjusted for wind chill tells you

how cold it feels, as a result of the combination of wind and

temperature.

14. Estimate fw(10, 25). What does your answer mean in

practical terms?

15. Estimate fT (5, 20). What does your answer mean in

practical terms?

16. From Table 12.2 you can see that when the temperature

is 20◦F, the temperature adjusted for wind-chill drops by

an average of about 0.8◦F with every 1 mph increase in

wind speed from 5 mph to 10 mph. Which partial deriva-

tive is this telling you about?

Problems

17. Figure 14.8 is a contour diagram for z = f(x, y). Is fx

positive or negative? Is fy positive or negative? Estimate

f(2, 1), fx(2, 1), and fy(2, 1).
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Figure 14.8

18. Approximate fx(3, 5) using the contour diagram of

f(x, y) in Figure 14.9.
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Figure 14.9

19. The quantity Q (in pounds) of beef that a certain com-

munity buys during a week is a function Q = f(b, c)
of the prices of beef, b, and chicken, c, during the week.

Do you expect ∂Q/∂b to be positive or negative? What

about ∂Q/∂c?

20. The average price of large cars getting low gas mileage

(“gas guzzlers”) is x and the average price of a gallon of

gasoline is y. The number, q1, of gas guzzlers bought in

a year, depends on both x and y, so q1 = f(x, y). Sim-

ilarly, if q2 is the number of gallons of gas bought to fill

gas guzzlers in a year, then q2 = g(x, y).

(a) What do you expect the signs of ∂q1/∂x and

∂q2/∂y to be? Explain.

(b) What do you expect the signs of ∂q1/∂y and

∂q2/∂x to be? Explain.

21. An experiment to measure the toxicity of formaldehyde

yielded the data in Table 14.3. The values show the per-

cent, P = f(t, c), of rats surviving an exposure to

formaldehyde at a concentration of c (in parts per million,

ppm) after t months. Estimate ft(18, 6) and fc(18, 6).

Interpret your answers in terms of formaldehyde toxic-

ity.

Table 14.3

Conc. c
(ppm)

Time t (months)

14 16 18 20 22 24

0 100 100 100 99 97 95

2 100 99 98 97 95 92

6 96 95 93 90 86 80

15 96 93 82 70 58 36

Example. For the figure on the right above, what is the sign of fy(Q)? What is the sign of fx(P )
and the sign of fy(P )?

Example. Approximate the instantaneous rate of change fx(P ) using an average rate of change.

Example. If possible, identify a point on the contour plot where fx < 0 and fy < 0. Explain your
reasoning.

For your reference (section 14.2):
To compute a partial derivative with respect to x, treat other variables as constants.
Compute an ordinary derivative with x as the variable.

We can create a function gx(x, y) or gy(x, y). These functions allow us to evaluate the partial
derivative of g with respect to x (or to y) at any point (x, y).

Example.
• Let f(x) = x3. Find fx(1).
• Let g(x, y) = x3 + y. Find gx(1, 4).
• Let g(x, y) = x3y. Find gx(1, 4).

Example. Let h be the temperature of along a wall at point x and time t. What does the function
hx(x, t) measure? What does the function ht(x, t) measure?

Example. Find fx(x, y) if f(x, y) = exy cosx.

Matlab Examples:

syms x y

d1 = diff(x^3,x)

subs(d1,x,1)

d2 = diff(x^3+y,x)

subs(d2,[x y],[1 4])

d3 = diff(x^3*y,x)

subs(d3,[x y],[1 4])

d4 = diff(exp(x*y)*cos(x),x)

Command list

diff subs


