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1. Sketch a possible contour diagram for a function where fx < 0 and fy > 0 everywhere in the
domain shown in the diagram.

2. T/F: If f(x, y) has fy(x, y) = 0 then f must be a constant function.

3. The cost of producing one unit of a product is given by c = a+ bx+ ky where x is the amount
of labor used (in person hours) and y is the amount of raw material used (by weight). a, b, k
are constants. What does ∂c

∂x
= b mean in words? What is the practical interpretation of b?

For your reference (single variable calculus):
Assuming f(x) is differentiable at a, the tangent line to the curve y = f(x) at a is a line
that passes through the point (a, f(a)) and has the same slope as the curve at that point.
This line is given by y = f(a) + fx(a)(x− a).

We can approximate f(x) near a with a local linearization: f(x) ≈ f(a) + fx(a)(x − a).
This is a linear approximation to f near a.

Let ∆x = x − a and ∆f = f(x) − f(a). Rearranging the linear approximation, we have
∆f ≈ fx(a)∆x. The differential df at a point a is the linear function of dx given by the
formula df = fx(a)dx. The differential at a general point is written df = fxdx.

1. Construct a linear approximation to the function f(x) = x2 at the point x = 3.

2. Write down a normal vector to the line you just constructed.

3. For the differentiable function h(x), we are told that h(600) = 300 and hx(600) = 12. Use a
linear approximation to estimate h(602).

4. For the (unknown) function h(x) above, find the change in h(600) when x increases by 2.

For your reference (section 14.3): Assuming f(x, y) is differentiable at (a, b), the
tangent plane to the surface z = f(x, y) at (a, b) is a plane that passes through the point
(a, b, f(a, b)) and has the same partial derivatives as the surface at that point. This plane is
given by z = f(a, b) + fx(a, b)(x− a) + fy(a, b)(y − b).

We can approximate f(x, y) near (a, b) with a local linearization: f(x, y) ≈
f(a, b) + fx(a, b)(x− a) + fy(a, b)(y − b).

Let ∆x = x− a, ∆y = y − b and ∆f = f(x) − f(a). Rearranging the linear approximation,
we have ∆f ≈ fx(a, b)∆x + fy(a, b)∆y. The differential df at a point (a, b) is the linear
function of dx and dy given by the formula df = fx(a, b)dx + fy(a, b)dy. The differential at
a general point is written df = fxdx + fydy.

1. Construct a linear approximation to the function f(x, y) = x2y at the point (3, 1).

2. Write down a normal vector to the plane you just constructed.
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3. Find the equation of the tangent plane to x2y + ln(xy) + z = 6 at the point (4, 0.25, 2).

4. Construct a linear approximation for f(x, y) =
√

x2 + y3 at the point (1, 2). Use it to estimate
f(1.04, 1.98).

5. T/F The local linearization of f(x, y) = x2 + y2 at (1, 1) gives an overestimate of the value of
f(x, y) at the point (1.04, 0.95).

6. f is a differentiable function with f(2, 1) = 7, fx(2, 1) = −3 and fy(2, 1) = 4. Using a linear
approximation, find the approximately largest value of f on or inside a circle of radius 0.1 about
the point (2, 1). At what point in the domain does your approximation of f achieve this value?

7. Find an equation of the tangent plane to the surface 2x2− 2xy2 +az = a at the point (1, 1, 1).
For which value of a (if any) does the tangent plane pass through the origin?

Matlab Examples:
Plot the surface

z = x2 + 2y2

and the linear approximation around (1, 0, 1).

pt=[1,0,1];

syms x y

f = @(x,y) x^2 + 2*y^2

fx = diff(f,x)

fy = diff(f,y)

fxpt = subs(fx,[x,y],pt(1:2))

fypt = subs(fy,[x,y],pt(1:2))

plane = (x-pt(1))*fxpt + ...

(y-pt(2))*fypt + pt(3)

r = 0.5;

fsurf(x,y,plane,[pt(1)-r,pt(1)+r,...

pt(2)-r,pt(2)+r])

hold on

fsurf(x,y,f(x,y))

axis equal

axis([-3 3 -3 3 -2 5])

caxis([-2 5])

xlabel(’x’); ylabel(’y’); zlabel(’z’)

title(’surface and tangent plane’)

set(gca,’FontSize’,14)


