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For your reference (section 14.3): The Taylor series to first order of f(x, y) about the
point (a, b) is f(a, b) + fx(a, b)(x − a) + fy(a, b)(y − b). We can use this Taylor series to
construct a linear approximation to f(x, y) at (a, b).

For your reference (section 14.4): We want to be able to find the rate of change of the
output, f(x, y), with change in the input along arbitrary directions in the xy-plane. For
change with motion in an arbitrary direction we use the term directional derivative.

From a point (a, b) in the xy-plane, moving in a direction at an angle of θ from the x-axis,
the directional derivative of f at (a, b) in the direction of ~u = u1~i+ u2~j, for ~u a unit vector,

is f~u(a, b) = lim
h→0

f(a+hu1,b+hu2)−f(a,b)
h

.

For ~u = u1~i+ u2~j a unit vector, we find f~u(a, b) = fx(a, b)u1 + fy(a, b)u2.

Example. For each of the three contour plots above, decide whether the instantaneous rate of
change of the function at the indicated point in the marked directions is positive, negative, or
approximately zero.

Example. Find the directional derivative of f(x, y) = 3x2 + y2 at the point (1, 1) in the direction

of the vector 2~i+~j. Use f~u(1, 1) = lim
h→0

1+hu1,1+hu2)−f(1,1)
h

for your calculation.

Example. Use the Taylor series to first order to write f(a + hu1, b + hu2) in terms of f(a, b),

fx(a, b) and fy(a, b) for h small. Use this to find an approximation for f(a+hu1,b+hu2)−f(a,b)
h

.

Example. Find f~u(1, 1) for f(x, y) = 3x2 + y2 with ~u in the direction of 2~i + ~j. Use f~u(1, 1) =
fx(1, 1)u1 + fy(1, 1)u2 to compute this directional derivative.

Example. Express f~u(a, b) as the dot product of ~u with another vector that you construct.
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For your reference (more section 14.4): It can be convenient to write the directional
derivative using dot product notation:

f~u(a, b) = fx(a, b)u1 + fy(a, b)u2 =
(
fx(a, b)~i+ fy(a, b)~j

)
· ~u.

When we wrote this, we created the vector fx(a, b)~i + fy(a, b)~j. We’ll call this vector the
gradient vector. We denote it grad f(a, b) or ∇f(a, b).

Using the geometric definition of the dot product,

f~u(a, b) = fxu1 + fyu2 = grad f · ~u = ‖grad f‖‖~u‖ cos θ = ‖grad f‖ cos θ.

Left: tangent plane with cross-sections. Right: contour plot and gradient vector.

Example. Find the gradient vector of f(x, y) = 4− x2 − y2 at (1,−1). The tangent plane for the
surface at this point is shown in gray on the plot to the left above.

Find the directional derivative along the directions
• ~v =~i
• ~v =~i+~j
• ~v = −~i+~j
• ~v =~i−~j

Matlab Examples: See Week04Matlab.m on Canvas.


