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Today:
� Spherical coordinates: Sketch the region in rz-space specified by the bounds of an integral in

spherical or cylindrical coordinates.
� Probability: Identify the probability of an event using a joint probability distribution function.
� Vector valued functions: Distinguish between scalar valued and vector valued functions.

Example (spherical integral). Consider the integral

∫ 2π

0

∫ π/4

0

∫ 3/ cosφ

0

ρ3 cosφ sinφ dρ dφ dθ.

• Identify the function of integration and translate it into cartesian coordinates.
• Sketch the portion of the rz-half plane associated with the region of integration.

pollQ

Example (probability density - height). The height of major league baseball players is repre-
sented in the three graphs below. On the left is a histogram showing the number of players in each
height interval. In the center is an approximation of the probability density function, showing the
fraction of players in each height interval, normalized by the size of the interval. On the right is an
approximation of the cumulative distribution function, showing the fraction of players below each
height.

Let p(x) be the probability density function and P (x) be the cumulative distribution function.
How would you find the fraction of players with heights between 70 and 75 inches?
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Example (probability density - weight). The weight of major league baseball players is rep-
resented in the four graphs below. The left two graphs are histograms made using different bin
intervals. The right two graphs are two approximations of the probability density function, showing
the fraction of players in each weight interval, normalized by the size of the interval, made using
two different bin intervals.

Example (joint probability distribution). The plots below are showing information about the
distribution of height and weight for major league baseball players. The upper right graph, showing
fraction per box area, is an approximation of the joint probability density function (pdf).

Based on the pdf, are height and weight independent?
They are independent if at each value of weight the height has an identical probability distribution

and vice versa.
pollQ
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For your reference, section 16.6 A function p(x, y) is called a joint probability density func-
tion or pdf for x and y if the fraction of the population that has a ≤ x ≤ b and c ≤ y ≤ d is
given by

∫ b
a

∫ d
c
p(x, y) dy dx where

∫∞
−∞

∫∞
−∞ p(x, y) dy dx = 1 and p(x, y) ≥ 0 for all x and y.

The probability that x is falling in an interval of width ∆x around x0 while y is falling in an
interval of width ∆y about y0 is approximately p(x0, y0)∆x∆y.

Example (joint probability distribution). I generated 40000 pairs of random numbers (x, y) with
0 ≤ x ≤ 1 and 0 ≤ y ≤ 1. Each number in the pair was drawn using a uniform distribution from
the interval [0, 1]. I binned the numbers using 100 boxes (a 10 by 10 grid).

data = rand(40000,2);

boxes = 10;

subplot(2,2,2)

histogram2(dat2(:,1),dat2(:,2),boxes,’normalization’,’pdf’,’DisplayStyle’,’tile’)

xlabel(’x’); ylabel(’y’); title(’fraction per box area’)

set(gca,’fontsize’,14)

caxis([0 2])

An approximation for the joint probability density function (pdf) is shown on the upper right (it
was make using the code given above).

Let p(x, y) be the pdf. p(x, y) ≈ k where k is a constant. Find an estimate for k.
pollQ
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Example (probability density). A point is chosen at random from the region R in the xy-plane
containing all points (x, y) such that 0 ≤ x ≤ 2, 0 ≤ y ≤ 2. “At random” means that the density
function is constant on R.

The density is the fraction of points per unit area.
Which of the following is the joint probability density function? p(x, y) = 1/4, p(x, y) = 1/2,

p(x, y) = 1, p(x, y) = 2

Example (probability). For the joint probability density function and region R above, what is the
probability that we would choose a point such that x > y?

Shade the region in R where x > y to help you think about this.
pollQ

For your reference, section 17.1 A position vector is a vector with its tail at the origin.
The vector ~r = x~i+ y~j + z~k is a position vector with tip at the point (x, y, z)

The set of equations

x = f(t), y = g(t), z = h(t), a ≤ t ≤ b

map a value of t ∈ [a, b] to a point (x, y, z) in 3-space. For f, g, h continuous functions, the
set of points

{(x, y, z) : x = f(t), y = g(t), z = h(t), a ≤ t ≤ b}

is a parameterized curve in 3-space with parameter t.

We can denote these points using position vector notation as ~r(t) = f(t)~i + g(t)~j + h(t)~k.
~r(t) is a function that takes a single input and returns three outputs, so it is called a
vector-valued function.

Example (parameterize a circle). Parameterize a piece of a circle. In this case the quarter circle
of radius 2 traversed from (2, 0) to (0, 2).

Pieces of a circle are often parameterized using polar coordinates with the radius fixed.

17.1 PARAMETERIZED CURVES 923

Exercises and Problems for Section 17.1
Exercises

In Exercises 1–6, find a parameterization for the curve shown.
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In Exercises 7–17, find parametric equations for the line.

7. The line in the direction of the vector i⃗ − k⃗ and through

the point (0, 1, 0).

8. The line in the direction of the vector i⃗ + 2⃗j − k⃗ and

through the point (3, 0, −4).

9. The line parallel to the z-axis passing through the point

(1, 0, 0).

10. The line in the direction of the vector 5⃗j + 2k⃗ and

through the point (5, −1, 1).

11. The line in the direction of the vector 3⃗i − 3⃗j + k⃗ and

through the point (1, 2, 3).

12. The line in the direction of the vector 2⃗i + 2⃗j − 3k⃗ and

through the point (−3, 4, −2).

13. The line through (−3, −2, 1) and (−1, −3, −1).

14. The line through the points (1, 5, 2) and (5, 0, −1).

15. The line through the points (2, 3, −1) and (5, 2, 0).

16. The line through (3, −2, 2) and intersecting the y-axis at

y = 2.

17. The line intersecting the x-axis at x = 3 and the z-axis

at z = −5.

In Exercises 18–34, find a parameterization for the curve.

18. A line segment between (2, 1, 3) and (4, 3, 2).

19. A circle of radius 3 centered on the z-axis and lying in

the plane z = 5.

20. A line perpendicular to the plane z = 2x − 3y + 7 and

through the point (1, 1, 6).

21. The circle of radius 2 in the xy-plane, centered at the ori-

gin, clockwise.

22. The circle of radius 2 parallel to the xy-plane, centered at

the point (0, 0, 1), and traversed counterclockwise when

viewed from below.

23. The circle of radius 2 in the xz-plane, centered at the ori-

gin.

24. The circle of radius 3 parallel to the xy-plane, centered

at the point (0, 0, 2).

25. The circle of radius 3 in the yz-plane, centered at the

point (0, 0, 2).

26. The circle of radius 5 parallel to the yz-plane, centered

at the point (−1, 0, −2).

27. The curve x = y2 in the xy-plane.

28. The curve y = x3 in the xy-plane.

29. The curve x = −3z2 in the xz-plane.

30. The curve in which the plane z = 2 cuts the surface

z =
!

x2 + y2.

31. The curve y = 4 − 5x4 through the point (0, 4, 4), par-

allel to the xy-plane.

32. The ellipse of major diameter 5 parallel to the y-axis

and minor diameter 2 parallel to the z-axis, centered at

(0, 1, −2).

33. The ellipse of major diameter 6 along the x-axis and mi-

nor diameter 4 along the y-axis, centered at the origin.

34. The ellipse of major diameter 3 parallel to the x-axis

and minor diameter 2 parallel to the z-axis, centered at

(0, 1, −2).

In Exercises 35–42, find a parametric equation for the curve

segment. (There are many possible answers.)

35. Line from (−1, 2, −3) to (2, 2, 2).

36. Line from P0 = (−1, −3) to P1 = (5, 2).

37. Line from P0 = (1, −3, 2) to P1 = (4, 1, −3).

38. Semicircle from (0, 0, 5) to (0, 0, −5) in the yz-plane

with y ≥ 0.

39. Semicircle from (1, 0, 0) to (−1, 0, 0) in the xy-plane

with y ≥ 0.

40. Graph of y =
√

x from (1, 1) to (16, 4).

41. Arc of a circle of radius 5 from P = (0, 0) to Q =
(10, 0).

42. Quarter-ellipse from (4, 0, 3) to (0, −3, 3) in the plane

z = 3.
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Text section Initial practice (exercises) PSet practice (prob-
lems)

16.6: Probability 3, 11 20, 22
17.1 Curves 1, 2, 4

Learning Objectives

These objectives are associated with Class 19 + Problem Set 7 questions + Quiz 5 + Workshop
+ Section + Office hours.

Students will be asked to
• probability

– define: joint probability density function
– determine whether a function over a region could be a joint probability density function

(§16.6 1-6)
– find the probability of a condition on the domain being met given a joint probability

density function on the domain (§16.6 7-15, 19)
– rescale a function so that it is a joint probability density function over a region (§16.6

16-17)
• vector valued functions

– define: parametric equations
– find a parameterization for a line segment, portion of a circle or ellipse, or segment of a

curve given by y = f(x) (§17.1 1-42)
– find a parameterization such that the curve passes through particular points at specified

times (§17.1 43-47)
– find a vector parallel to a parameterized line or find vectors perpendicular to it (§17.1

48-49, 53)


