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Invariance Principles Allowing of Non-Lyapunov Functions
for Estimating Attractor of Discrete Dynamical Systems

Tian Ge, Wei Lin, Member, IEEE, and Jianfeng Feng

Abstract—This technical note establishes several versions of invariance
principles for describing the eventual dynamical behaviors of discrete
dynamical systems. Instead of the requirement of the so-called Lyapunov
functions in the classical LaSalle invariance principle, some more relaxed
conditions are imported. The established invariance principles thus can
be applied to a more general class of discrete dynamical systems for
classifying their orbits into two categories based on the eventual dynamical
behaviors, and the proposed classification scheme is suitable for theoreti-
cally and numerically estimating the local or global attractors produced by
the discrete dynamical systems. The practical usefulness of the analytical
results is verified by systematically investigating several representative
discrete systems.

Index Terms—Chaotic strange attractor, discrete dynamical system, in-
variance principle, Omega limit set, synchronization.

I. INTRODUCTION

The invariance principle, originally established by J. P. LaSalle in
1960’s, has elicited a great deal of attention from both the theoretical
and the engineering communities. On the one hand, several versions of
the invariance principles were consecutively established for both con-
tinuous and discrete autonomous dynamical systems [1]–[4]. Also de-
veloped were the versions for time-variant systems and the systems
with stochastic perturbations [5]–[12]. On the other hand, those estab-
lished principles have been successfully applied to many natural and
artificial systems for analyzing their deterministic or stochastic dynam-
ical behaviors [13]–[21].

It is known that one essential step of applying the LaSalle invariance
principle is to design a so-called Lyapunov function whose derivative
or variation along the system orbits is always semi-definitely nega-
tive. The other key is to validate the eventual boundedness of every
orbit generated by the considered system. Constructing the Lyapunov
function is a kind of subtle work inviting complicated calculations,
even though a series of papers have been devoted to developing fea-
sible methods for specific systems [22]–[24]. Meanwhile, the eventual
boundedness of the orbit can always follow from the designed Lya-
punov function. Therefore, a proper design of the Lyapunov function
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is essential to the analysis of dynamical systems. Naturally, some ques-
tions arise here: “Can the semi-definite negativeness of the derivative
or variation of the Lyapunov function be relaxed to some extent?” “Can
the eventual dynamical behaviors of the system orbits be still classified
with the relaxed non-Lyapunov function?” “Are the established condi-
tions for discrete systems different from those for continuous systems,
and reflecting the characteristic of the orbits of discrete systems?”

The answer to the first two questions posed above can be found in
[25], [26], where two new versions of the invariance principles were de-
veloped for continuous systems. So far, as for the third question posed
above, there has not been a complete answer yet, to the best of the au-
thors’ knowledge. Indeed, only one version of the invariance principle
allowing of non-Lyapunov functions has been established for purely
discrete systems [27]. However, this version, which requires intricate
set notations, inherits from the versions for continuous dynamical sys-
tems [25], [26]. In fact, there is a difference between the orbits pro-
duced, respectively, by continuous dynamical systems and discrete dy-
namical systems. Therefore, more feasible versions of invariance prin-
ciples with relaxable conditions, that reflect the characteristic of the
orbits of discrete dynamical systems, are expected.

The main results of the note are in two folds. On the one hand, in-
spired by the existing results [25]–[27], we establish several versions of
the invariance principles for discrete dynamical systems (see theorems
in Section III). All these versions allow the variation of the function
along the system orbits to be either positive or negative in some re-
gions, where diverse attractors including the chaotic strange attractors
may emerge. On the other hand, the established principles leads to a
feasible scheme for classifying the eventual dynamical behaviors, and
the scheme is thus applied to several representative nonlinear discrete
systems for estimating the attractors (see Section IV). It is noted that
the obtained results for these representative systems are even optimal
and novel. The note is finally closed with some comments and remarks.

II. PRELIMINARIES

Consider a discrete system described by the following �-dimen-
sional difference equation:

������ �� � ������������ � � ��� � � (1)

with the initial value ������ � ���� �
�. Here, ������ � ����������� �

� is the state variable at the �-th iteration starting from ������ �

��� � ��. ��������, an �-valued and continuous mapping defined on
the space �, denotes the vector field of the system (1), and � rep-
resents the family of all positive integers. Denote by ������� �����
������ � � � � ���

�������� � � �� � ����������
��� the positive orbit of the system

(1). Define the distance between��� � � and � � � by 	
��������


�� ���� 	 ���� ��� � � , where � 
 � is the Euclidean norm. With this

setting, ����������� � ���������� � � as � � �� can be interpreted as
	
�� ������������� � � as � � ��. The following theorem (refer to
Theorem 4.2.3 in [2]) will be useful later.

Theorem 2.1: Every Omega limit set ������ of the discrete dynamical
system (1) is closed and invariant. Furthermore, assume that������� ����
is bounded. Then������ is nonempty, compact, invariant, and invariantly
connected.

Define the variation of a function � � � � along the system
(1) by �� ����� � � ����������	� �����. If ����������

��� is a positive orbit of
the system (1), this variation can be written as �� �������� � � �������

��� 	 � ��������. Let  be a set contained in �. The function � �
� � is said to be a Lyapunov function of the system (1) on the set
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� provided that � is continuous, and �� ����� � for all ��� � �. � is
called a non-Lyapunov function if the sign of �� ����� is changeable on
�. With these settings, the classical invariance principle for discrete
dynamical systems, attributed to J. P. LaSalle, was established (refer
to Theorem 4.3.1 in [2]). The use of the LaSalle invariance principle
requires a design of the Lyapunov function. This limited requirement
thus motivates us to develop some invariance principles with more re-
laxed conditions.

III. INVARIANCE PRINCIPLES WITH NON-LYAPUNOV FUNCTIONS

In this section, several versions of the invariance principles are es-
tablished. First, a local version of the invariance principle is obtained
as follows.

Theorem 3.1: Let � � � � be a real-valued and contin-
uous function. Assume the following three conditions hold simulta-
neously: (i) there exists a real-valued and continuous function � �
� � satisfying �� ����� ������� for all ��� � �; (ii) there

exists a real number � such that the set �� � ���� � � � �����

�� is bounded; (iii) � �, in which � ��	����� � ���������� and

�� ��� � �� ������ � � . Moreover, define two sets, respectively,

by 	� ��� � �� ������ � � and 
� ��� � � � ����� � .

Then, every positive orbit ����������
��� of the system (1) with the initial

value ���� � �� satisfies ������ � 
 as � � ��. Here 
 is the
largest invariant set contained in 	� � 
�.

Proof: First, it is shown that both sets 
� and �� are invariant
relative to the system (1). On the one hand, consider the case of ��� �
�� 
�. Then, from the above definitions of � and 
�, it follows that
� ���������� �, so that �������� � 
�. On the other hand, consider the
other case of ��� � 
� ���. Then, according to the definition of the set
��, it is easy to verify that ������ � and that �� ����� ������� �.
Next, �������� � 
� is proved by contradiction. Assume that �������� �� 
�.
Then it follows that � ���������� 	 �. Notice also that � ����� �. Hence,
it is obtained that �� ����� � � ���������� � � ����� 	 � which leads to a
contradiction. Consequently, ��� � 
� implies �������� � 
�, which yields
the invariance of 
� relative to the system (1).

As for the proof of the invariance of ��, let ��� � ���� �� �
�.
Then, either the case of ��� � ������ or the case of ��� � ���� ���

is considered. Analogous to the argument performed above, both cases
imply that �������� � ��. This, together with the invariance of
� and the
fact of 
� � ��, consequently yields the invariance of �� relative to
the system (1).

The remainder of the proof is divided into two parts. Suppose that
����������

���, a positive orbit of the system (1) with the initial value
���� � ��, satisfies ������ �� �� for all � � ��� � �. From the
invariance proved above, it follows that ������ � �� � �� and that
�� �������� � � ������ � ��� � � �������� ���������� � for all
� � ��� � �. Due to the boundedness assumption on ��, the orbit
����������

��� is bounded, so that � �������� is bounded from below and
non-increasing with respect to �. Hence, there exists some real number

 such that � �������� � 
 as � � ��. Moreover, since the orbit
����������

��� is bounded, there exist a sequence ���� and ��� such that
�� � �� and ������� � ��� as � � ��. Here, ��� is the Omega limit
point and thus 
������ is nonempty. Since � is a continuous function,
� ��������� � � ����� � 
 as � � ��. According to Theorem 2.1,

������ is invariant, so that � ���������� � 
 and thus � � �� �����

������� �, where the last inequality follows from the continuity of
� and from the fact that the sequence ���������, whose limit point is ���,
is contained in �� � ��. Therefore, ������ � � and thus 
������ � 	�.
Hence, 
������ is contained in the largest invariant set 
 as defined in

Fig. 1. Sketch shows the set relations in the proof of Theorem 3.1.

the theorem. Consequently, the boundedness of the orbit ����������
���

implies ������� 
������ and thus �������
 as � � ��.
If the above supposition is not valid, there exists a positive integer

 such that ����� � �� for an orbit ����������
���. Thus, from the def-

initions of � and 
�, it follows that ���� � �� � ���������� � 
�, so
that ������ � 
� for every integer �  � � because of the invari-
ance of 
� as proved above. Finally, the boundedness of 
� implies
������ � 
������ � 
� and thus ������ � 
 as � � ��. See Fig. 1
for a geometrical illustration.

Remark 3.2: The difference between Theorem 3.1 and the theorems
for continuous systems [25], [26] and for discrete systems [27] appears
in the definitions of �. Here, the discrete property of the orbit is suffi-
ciently considered in the proof above, which thus invites relaxation of
set notations and gives more convenience for the estimation of 
� in
applications.

Remark 3.3: The function � here needs to be continuous only, un-
like the ��-continuity requirement for continuous systems. This relax-
ation, also mentioned in [2], [27], brings more ways to design � for an
elaborate investigation of discrete dynamical systems. Moreover, the
continuity requirement of � could be relaxed, as illustrated in the fol-
lowing discussion.

Remark 3.4: Since the boundedness of �� cannot be always guar-
anteed, the second condition listed in Theorem 3.1 can be relaxed in
some sense. In fact, this condition can be replaced by requiring the ex-
istence of a bounded and connected component of��. Then, restricting
the discussions on this component, all the corresponding conclusions
are still valid.

Next, a global version of the invariance principle is given.
Theorem 3.5: Let � � � � be a real-valued and contin-

uous function. Assume the following two conditions hold simultane-
ously: (i) there exists a real-valued function � � � � such that
�� ����� ������� for all ��� � �; (ii) � ��	����� � ���������� ex-

ists, i.e., � � ��, where � ��� � � ������ � � . Then, any

bounded orbit ����������
��� of the system (1) satisfies ������ � 
,

� � �� where 
 is the largest invariant set contained in 	 � 
�,
	 ��� � � �� ����� � � and 
� is defined as 
� in Theorem
3.1.

Proof: First, suppose that the bounded orbit ����������
��� satisfies

������ �� � for all � � ��� � �. Then, from the definition of �,
it follows that � ������ � ��� � � �������� ���������� �. This,
together with the continuity of � and the boundedness assumption on
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the positive orbit, implies that � �������� is bounded from below and
non-increasing with respect to �. Hence, ������� � �������� exists,
denoted by �. Also due to the boundedness assumption on the orbit,
������� is nonempty and invariant relative to the system (1). Therefore,
� ����� � � for all��� � ������� ���� and any��� � �������. Since������� ���� �
�������, �� ����� � 	, and thus ������� � � . Consequently, ��������
as � � 
�, which follows from the invariance of ������� and from
������ � ������� � � as � � 
�.

If the initial supposition does not hold, there exists a positive integer
	 such that for the bounded orbit �������	����� of the system (1), ����	� �

. Hence, � �����	 
��� � � ���������	��� 
, and thus ����	 
�� � ��.
If����	
�� � ���
, analogously, it can be proved that ����	
�� � ��.
If ����	 
 �� � �� � 
, it is valid that � �����	 
 ��� � �����	 
 ��� �

�� �����	
��� ������	
��� 	. This implies that � �����	
���

� �����	 
 ��� 
. So, ����	 
 �� � �� still. By induction, it can be
proved that ������ � �� for every integer � 	 
�. Further notice that
the bounded orbit �������	����� approaches the limit set ������� which
is nonempty, closed, and invariant. Then, ������� � ��. Therefore, the
bounded orbit of the system (1) tends towards into the largest invariant
set� contained in �� as long as ������ � �� for some integer � 	.

Remark 3.6: The function � in Theorem 3.5 is not required to
be continuous, which makes it convenient to estimate 
 for a specific
system. The description of the set � could be the same as that in
Theorem 3.1 if � is continuous.

Since the boundedness assumption on the orbit is adopted in The-
orem 3.5, the rigorous validation of this boundedness should be carried
out first in applications. The following theorem regarded as a corollary
of Theorem 3.5 provides a useful approach to verify the boundedness.

Theorem 3.7: Let �  � � be a real-valued and contin-
uous function, and assume that all the conditions in Theorem 3.5
hold. Furthermore, � is supposed to be radially unbounded, that is,
����������� � ����� � 
�. Then, using the same notations defined
in Theorem 3.5, every positive orbit �������	����� of the system (1) is
globally bounded and satisfies ������ �� as � � 
�.

The proof is standard, so that we omit it here. Finally, a partial global
version of the invariance principle is given.

Theorem 3.8: Suppose that �  � � is a real-valued and con-
tinuous function, and that an unbounded set � � � is invariant rela-
tive to the system (1). Further assume the following conditions hold si-
multaneously: (i) there exists a real-valued function �  � � such
that�� ����� ������ for all��� � �; (ii) �������� � ���������� ex-
ists and�� � � , where �� is defined as �� in Theorem 3.1 and
�
��� � � ������ � 	 . Then, any bounded positive orbit �������	����� of

the system (1) with the initial value ���� � � satisfies ������ � �,
� � 
� where � is the largest invariant set contained in �� � ��

and �� ��� � � �� ����� � 	 .
The proof of the above theorem is a combination of the proofs of

Theorems 3.1 and 3.5.
Remark 3.9: Theorem 3.8 is different from the case considered in

Remark 3.4. Although the set �� in Remark 3.4 is allowed to be un-
bounded, only its bounded and connected component is considered. In
fact, Theorem 3.8 is suitable for investigating those system restricted in
some unbounded domain, such as those biological population systems
whose state variables must be nonnegative.

Remark 3.10: All the invariance principles established above can
classify the bounded positive orbits of the system (1) into two cate-
gories. One group of the positive orbits tend towards into the Omega
limit set contained in the conventional set such as ��, � , and �� as de-
fined above. The other group of the positive orbits approach the Omega
limit set contained in the set circumscribed by the function � such
as ��, ��, and ��. Both situations, in particular the latter one, prob-

ably allow the appearance of chaotic strange attractors circumscribed
in some sets. Thus, an accurate estimation of these sets somewhat leads
to an estimation of the attractor. Note also that the Omega limit sets cor-
responding to the two groups of the positive orbits may merge together
and even be nested mutually.

IV. APPLICATIONS: FROM ATTRACTOR BOUNDARIES

TO SYNCHRONIZATION REGIONS

As applications of the theories developed above, the attractors of
some well known discrete models are estimated analytically and nu-
merically in this section. The following results cannot be obtained by
the classical invariance principles since the signs of the constructed
function variations are changeable. Also the examples here are not pe-
culiar but representative ones for which the developed theories are suit-
able.

A. Logistic Map: From Steady States to Chaos

Consider the 1-D Logistic map, that induces a discrete dynamical
system

���
 �� � � � ���� � �� ����� �������� (2)

where � � �		 � �, � � ��� �� is the parameter, ��	� � �� � �	� ��

is the initial value. The discrete dynamical system (2), or say the Lo-
gistic map, is a prototype, showing that various dynamical behaviors
including chaos can arise from very simple nonlinear dynamical equa-
tions. With the variation of the parameter � from 0 to 4, an asymptoti-
cally stable fixed point of the map first appears followed by observable
periodic dynamics with different periods and then the onset of the mix-
ture of chaos and periodic dynamics [17]. Here, the newly established
invariance principle (Theorem 3.1) is applied to the dynamical system
(2) for precisely estimating the boundary of its ordinary and chaotic
attractors corresponding to different values of the parameter �.

Construct a real-valued and continuous function as follows:

� ��� �
���	�� ���� � 	��,
�	�� 	���	� � 	��

(3)

where �, � are positive parameters and � � ��� � �	� ��.
According to the conditions required in Theorem 3.1, define a set by

�� � � � ��� � where � � �, so that�� � �	 � �	.
Next, consider different cases corresponding to different values of the
parameter �.

1) Consider the case of � � � � �.
1-a) When 	 � 	��, it is obtained that
�� ��� � �� �	�� ���� ����  �� �	�� ���

��
���. Thus, direct computations give: 
�
 �

	 � 	�� ��
��� � 	 � �� ��� � � 	��	 and

��
 � 	 � 	�� �� ��� � 	 � �	� � ���	.

1-b) When 	�� � � �, it is obtained that � ��� �

���	��  ����  ����  �	��  	���	 ������.
It follows from ������ � 	 that �  �����  �� �

���  ��� . Here, letting � � 	, one immediately

gets 
�� � 	�� � � � ������ � 	 � � and

��� � 	�� � � � �� ��� � 	 � ��	.

Therefore,
� � 
�
�
�� � �� ��� � � 	��	. Also,
one can obtain that � ����� � ������� � �����
����	�� ���� ����	 � ����  ���. This thus
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yields �������� � � � � ��� ����� ���

� ��� ��� � ���� and �� � ��� � ��� �

��� � � ���� ��. In the light of Theorem 3.1, the posi-
tive orbit ����������� of the system (2) starting from any
point in �� approaches the largest invariant set contained in
the set �� � �������� � �� � ��� � ���� � ��� as
�� 		. Furthermore, according to the invariant connected
property of the Omega limit derived in Theorem 2.1, the orbit
�����������, except for those starting from 0 and 1, tends
towards into the largest invariant set contained in �������� .

2) Consider the case of � � �.
2-a) When � � ���, it is obtained that 
� ��� �

������ � ���� � ���� � ������ � ��� �������. From
������ 	 � it follows that 
�� � � and ��� � ��� ����.
2-b) When ��� 	 � �, it is obtained that 
� ��� �

������ � ���� � ���� � ���� � ����� �������. From
������ 	 �, it follows that � � ����� � �� 
 ��� � ��� .
Then, letting � � �, one has 
�� � � and ��� � ���.
Consequently, 
� � 
�� � 
�� � � and thus �	 � �.
Moreover, �� � ��� � ��� � ��� ���� ��.
Therefore, according to Theorems 3.1 and 2.1, the positive
orbit ����������� of the system (2) starting from �� ap-
proaches either the invariant single-point set ��� or ����� as
� � 		.
This convergence conclusion is completely consistent with the
eventual dynamical behaviors of the system (2) when the pa-
rameter � � �. As a matter of fact, in the present case, the
system (2) has two fixed points. One is the asymptotically
stable fixed point, ��� � ���, with an attracting basin having
a positive measure and the other is the unstable fixed point,
��� � �, with a zero measure attracting basin.

3) Finally, consider the case of � 	 � . In such a case, the system
(2) induced by the Logistic map exhibits various dynamical behav-
iors including periodic oscillations and even chaotic dynamics.

3-a) When � � ��� � �, one sets 
� ��� �

������ � ���� � ���� � ������ � ��� �������.
Here and throughout, � � ����� ������. Then, it is

obtained that 
�� � � � ���� � ������ 	 � � �

and ��� � � � ���� � 
� ��� � � � ���.
3-b) When ��� 	 � ��� 	 �, one sets

� ��� � �� ������ ��� ����� � �� ��� �����

�������. Thus, such a setting gives


�� � ��� 	 � ��� 	 � ������ 	 �

� ���� 	 � 	 �� ���� and ��� �

��� 	 � ��� 	 � 
� ��� � � � ��� ����.

3-c) When ���	 � 	 � �, one can set 
� ��� � �������

����� ���� � ����� ����� ���
���. Thus, ��
��� 	 �

implies �� ������ �� 
 ���� ���. If � �, one obtains


�
 � ��� 	 � 	 � � ��
��� 	 � � � and ��
 �

��� 	 � 	 � � 
� ��� � � � � .

3-d) When ��� � � 	 � ���, one sets 
� ��� �

������� � �� � ����� � ������ � ��� ���	���. It thus
follows from ��	��� 	 � that ������� ��� ��� 
 �� ��.
Notice that, when � 	 � �, there exists a real
number  satisfying ��� � � 	  ��� such that
����������� � ���. Hence, it is obtained that
�	 �

���� � 	 � ��� ��	��� 	 � � � 	 � ���� and

��	 � ���� � 	 � ��� 
� ��� � � � ��.

Fig. 2. Accurately-estimated boundaries (denoted by the red dots) of the at-
tractors generated by the Logistic map. Here � is used as in (4), and for each
parameter � � ��� ��, proper values of � � ������ �� and � � ����� ����� are
numerically searched with a step-size 0.01 for the optimal estimations.

A combination of the above results yields 
� � �������
�	
�� �

� 	 � 	 � � ���� and �� � �������
�	��� � ��� � � � ���� ��.
Hence, a direct computation yields � ����� � ������ �

����� ��� ������ ��� ������ � ����� ���, which fur-

ther yields �������� � � � � ��� ����� ��� �

���� ��� ����� ���� � ���. Eventually, by virtue of The-
orem 3.1, the positive orbit ����������� starting from any point in ��
tends towards into the largest invariant set contained in the following
set �� ��������� � ���� ��� ����� ���� � ��������� as
�� 		. More precisely, according to Theorem 2.1, as the parameter
� varies in the interval ��� �, the positive orbit ����������� starting
from almost every point in �� converges to the attractor contained
in �������� . Only the orbit initiating from 0 or 1 converges to the
invariant set ���.

In addition, instead of direct calculations, computer-aided compu-
tations along with the above-developed theories can generate a more
precise estimation of the attractor boundaries through considering a
delicate function � with more adjustable parameters. For example, the
function � is designed as

� ��� �
������ ���� � �,
������ ���� � �

(4)

where the ratio � � ��� and � � � are parameters that can be
adjusted numerically to achieve an optimal estimation for any given
parameter �. The function � designed in (3) is only a special case of
(4) with � � ���. As shown in Fig. 2, for each parameter � changing
from 2 to 4, very accurately-estimated boundaries of the attractors can
be obtained.

B. The Rulkov Model: From Single to Coupled Neurons

Consider the Rulkov model described by the following 2-D differ-
ence equations:

���	 �� �
�

� 	 �������
	 ���� ������� ������

���	 �� � ����� ������ � ������� ����� (5)

where ���� and ���� represent, respectively, the fast and the slow vari-
ables at time-step �, � � ��� � �. The parameter � is positive, and
� and � are both assumed to be positive and of the order of ����. The
model (5), which was put forward initially by N. F. Rulkov, becomes
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a prototype describing the individual dynamics of a single spiking or
bursting neuron [28], [29]. The parameter � corresponding to the phe-
nomena of biological significance needs taking value from the interval
������. In what follows, the newly established invariance principles
(Theorems 3.5 and 3.7) are first applied to determine the global bound-
edness of the Rulkov model (5) and then estimate the boundary of the
attractors. With these works, further investigated are the synchroniza-
tion dynamics between the unidirectionally and bidirectionally coupled
Rulkov models.

Theorem 4.1: Assume that � � �, � � � and � � �. Then every
orbit of the two-dimensional Rulkov model (5) is eventually bounded,
that is, there exists a bounded set � � � such that, for any orbit
������� 	����� ������ of the model (5) and correspondingly some pos-
itive integer 
 , ������ 	����� � � for every integer � 
 .

Proof: Design a real-valued and continuous function as
� ��� 	� � ��� � 	�� � 	�. Then the variation of the function �

along the model (5) can be estimated as follows:

	� ��� 	�

� �
�

� � ��
� ��� �

�

� �	 � ��� ���

� ���� 	�� � 	�

� ��� � �� � ���� �
����

� � ��
� ���� � ��� �

� �	� � ��	 �
���

�� � ����
�

����

� � ��
� ��� � ��

���� 	�
����� 	�� � �,
����� 	�� � � �

in which ���� 	� � ����������������� ���������	��

��	����� ����������� and ���� 	� � ������������

������ ��� ��	� � ��	 � ��� � ���� � ��� � ��. Define two

sets, respectively, by 	� ��� 	�� � � ���� 	� � �� � �

and 	� ��� 	�� � � ���� 	� � �� � � � . From the
conditions: � � �, � � � and � � �, it follows that
� � �� � �� � �, and that ��� � ���� � ��� � �� �

�. Therefore, both sets ��� 	�� � � ���� 	� � � and

��� 	�� � � ���� 	� � � , containing, respectively, 	� and
	�, represent the interiors of the corresponding ellipses. Hence, the
joint set	 � ��� 	�� � � ��� 	� � � � 	�
	� is bounded.

Since the closure of 	, denoted by 	, is bounded and the function
� ����� 	�� ���� 	�� � ������ � ��� � �� � �
� � �	 � �� � ���

is continuous, this function’s maximum can be obtained on the set 	.
Hence, � � ������� �� � ����� 	�� ���� 	�� exists. Notice also that
������������� � ��� 	� � ��. Therefore, according to Theorem
3.7, each orbit ������� 	����������� of the model (5) is not only
globally bounded but also tending towards �, the largest invariant
set contained in � 
 ��. Here, � � ��� 	�� � � ��� 	� � �

and �� is the same as that defined in Theorem 3.5. Since the set
�� is invariant relative to the model (5), �� � �, where the set
� ��� 	�� � � � ���� 	�� ���� 	� � is closed and
bounded due to the continuity of the model and the function � . Also
it is easy to verify that � � 	 � �. Consequently, � � �, where �
is the required bounded set in the theorem.

Now, with the above-obtained eventual boundedness of every orbit
of the Rulkov model (5), it is meaningful to investigate the synchro-

nization dynamics of the unidirectionally coupled Rulkov models as
follows:

���� �� �
�

� � �����
�
� ���� � ����������� ����
�

���� �� ������ ������ � � ����������� 	���
 (6)

where � � ���
 �, ����� and ����� are time-variant coupling gains,
and ������ 	����� is the driving signal produced by (5).

Theorem 4.2: Assume that � � �, � � � and � � � �. Set the
coupling gains as ����� � ��� ���  ���������� ����
 and ����� �
��, where �����
 is the signum function. Then the unidirectionally
coupled neuron models described by (6) eventually synchronize, that is,
for any � � �, there exists a positive number � such that, for any orbit
������� 	���� ����� ������������ of the model (6), ����������� � �

and �	��� � ����� � � for every integer � � .
The proof of Theorem 4.2 is standard, which thus is omitted. It is

worthwhile to mention that the synchronization can still be realized
even when the parameter � is larger than 3. In such a case, the function
variation along the error dynamics is not surely definitely negative but
changing sign occasionally. The theory of the Lyapunov exponent is
suitable for this case.

Further consider the bidirectionally coupled Rulkov models which
are described by

���� �� �
�

� � �����
�
� 	��� � �������� ����
�

	��� �� � 	���� ������ ��

���� �� �
�

� � �����
�
� ���� � �������� ����
�

���� �� ������ ������ � (7)

where � � ��� 
 �, �� and �� are constant coupling gains only for
fast variables. Couplings of this kind are of biological significance since
experimental evidences show that neurons are coupled mostly through
the fast variables.

Theorem 4.3: Assume that � � �, � � � and � � �. The cou-
pling gains �� and �� satisfy ��� � ��� � ��� � ��. Then every orbit of
the bidirectionally coupled Rulkov models described by (7) is eventu-
ally bounded, that is, there exists a bounded set � � 	 such that, for
any orbit ������� 	���� ����� ������������ of the model (7) and cor-
respondingly some positive integer �, ������ 	���� ����� ������ � �
for every integer � �.

This theorem can be proved by constructing a function as
� ��� 	� �� �� � ��� � 	�� � 	� � ��� � ��� � �� and by
using Theorems 3.5 and 3.7 directly. Now this theoretical result
ensures us a numerical investigation of the synchronization between
the coupled Rulkov models (11). Fig. 3 numerically depicts a kite-like
feasible region for the coupling gains, with which synchronization
between the bidirectionally coupled Rulkov models occurs.

V. CONCLUSION

Several versions of invariance principles are established in the note.
The conditions that allow of non-Lyapunov functions are imported. By
using these invariance principles appropriately, the eventual dynamical
behaviors of the orbits of the system can be classified, and the estima-
tions of the attractors produced by the discrete dynamical systems can
be obtained analytically and numerically. Moreover, systematic inves-
tigations on several representative models are performed, which shows
the practical usefulness of the theoretical results developed in the note,
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Fig. 3. Kite-like feasible region for the coupling gains, with which synchro-
nization between the bidirectionally coupled Rulkov models (7) occurs. Here
� � ��� and � � � � �� .

and also yields some new and elaborate results on the eventual dy-
namics of those single and coupled models of physical and biological
significance.

As for the future works related, two potential directions deserve in-
vestigations. Along the one direction, the invariance principle, which
allows the variation along the considered system to be sign-changeable,
can be established for deterministic or stochastic functional differential
equations. The infinite-dimensional property of these equations needs
consideration. One reviewer points out a recent work in this direction
[30]. Along the other direction, the invariance principles established
in the technical note are expected to be widely used in the analysis of
the eventual dynamical behaviors of various complex networks whose
nodes are described by discrete dynamical systems.
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