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Abstract—As large scale distributed energy resources are
integrated into distribution networks, coordinated dynamic eco-
nomic dispatch (DED) for integrated transmission and distribu-
tion networks is becoming essential. In this paper, we describe
a transmission and distribution network coordinated DED model
and propose an efficient decentralized method to solve this
problem using multi-parametric quadratic programming. In
the proposed method, only boundary variables are exchanged
between transmission and distribution networks so that the pri-
vacy between different operators can be guaranteed. A revised
procedure is developed based on the characteristics of the dis-
tribution network problem, which can significantly accelerate
the iteration. An effective method for dealing with degeneracy
in multi-parametric programming is also proposed. Numerical
tests demonstrate that the proposed method can achieve a global
optimal solution and that the coordinated DED method can
provide additional economic benefits compared with the iso-
lated economic dispatch method. Furthermore, the computational
performance of the proposed method is far superior to some pop-
ular decentralized methods in terms of both iteration number and
computation time.

Index Terms—Decentralized optimization, dynamic economic
dispatch, integrated transmission and distribution network,
multi-parametric programming.

NOMENCLATURE

Superscripts

(•)trans Variables/parameters of transmission
network

(•)dist,k Variables/parameters of the kth distribution
network.

Index Sets

T Index set of dispatch time horizon
G Index set of generator bus numbers
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DIST Index set of all distribution networks
Btrans Index set of boundary bus numbers of trans-

mission network
D Index set of load bus numbers
L Index set of line numbers
N Index set of bus numbers.

Variables

pgi,t Real power output of generator at bus i
during period t

pbtrans
i,t Transferred real power at bus i of transmis-

sion network to distribution network during
period t

pbdist,k
t Transferred real power from transmission

network to the kth distribution network dur-
ing period t

rui,t, rdi,t Upward/downward spinning reserve con-
tribution of generator at bus i during
period t

pi→j,t Line flow from bus i to bus j during period t
li→j,t Line loss from bus i to bus j during period t
pi,t Power injection at bus i during period t.

Parameters

PDi,t Real power load at bus i during period t
PLj Active power flow limit of line j
SFj−i Shift factor for bus i on line j
SFdist,k

j−root Shift factor for root bus on line j of the kth

distribution network
RUi, RDi Upward/downward ramp rate of generator at

bus i
PGi, PGi Maximum/minimum real power output of

generator at bus i
SRUt, SRDt System-wide upward/downward spinning

reserve capacity requirement during period t
P̂i→j,t, Q̂i→j,t Operational base points of real/reactive

power from bus i to bus j during period t
V̂i,t Operational base point of voltage magnitude

of bus i during period t
Ri→j Line resistance from bus i to bus j
PLi→j Active power flow limit of line from bus i

to bus j.
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I. INTRODUCTION

A. Motivation

DYNAMIC economic dispatch (DED) in power systems
optimizes the generation resources of future dispatch

intervals to achieve a minimum generation cost as well
as satisfying security constraints and the spinning reserve
capacity requirement of the system. Traditionally, DED is
mainly conducted in transmission networks since most gener-
ators are connected to a transmission network. As large-scale
distributed energy resources (DERs) are integrated into dis-
tribution networks, active distribution networks (ADNs) have
evolved. In ADNs, DED of DERs becomes essential.

At present, DED for transmission and distribution networks
is conducted separately by different operators. The distribution
network is equivalent to a load when undertaking transmis-
sion network DED, and transmission network is formulated
as a generator when solving DED problem for a distribu-
tion network. However, the above dispatch strategy cannot
fully utilize the flexibility gained from DERs, since the
power transferred from the transmission network to the dis-
tribution network is fixed in each dispatch time interval.
Therefore, a global optimal solution cannot be achieved.
Furthermore, security issues may occur without coordina-
tion between the transmission and distribution networks.
There will be a power balance mismatch at the substa-
tion between the transmission network and the distribution
network when DERs are massively injected. Line congestion
may also be a potential problem in transmission networks
without coordination of generation resources in distribution
networks.

Therefore, transmission and distribution coordinated DED
(TDC-DED) is important both for economic and security rea-
sons. However, since transmission and distribution networks
belong to independent operators, it is not practical to solve
a whole DED problem for integrated transmission and distri-
bution networks. Therefore, a decentralized DED solution for
transmission and distribution networks that can achieve global
optimality is presented in this paper.

B. Related Work

Coordinated operation of transmission and distribution
systems has been a recent research focus. A decentralized
power flow solution for an integrated transmission and dis-
tribution network is given in [1], which uses a master-slave
iteration scheme. In [2], a flexible management method for
active distribution network is proposed considering interaction
with transmission networks.

Decentralized DED solutions for power systems have also
attracted considerable attention. A number of studies have
discussed decentralized DED solutions for multi-area power
systems using different mathematical methods [3]–[8].
A dynamic multiplier-based Lagrangian relaxation is devel-
oped for the multi-area DED (MA-DED) problem in [3].
In our previous work [4], a modified generalized Benders
decomposition (GBD) approach is proposed to accelerate
the iteration procedure. Optimality condition decomposi-
tion is proposed in [5] to solve the real-time MA-DED

problem. Reference [6] gives a decentralized solution based
on the cutting plane consensus algorithm. A fully dis-
tributed multi-area economic dispatch problem for ADN is
proposed in [7], based on alternating direction method of
multipliers (ADMM). In our previous work [8], a multi-
parametric programming based solution is given, which has
good convergence properties.

The TDC-DED problem is different from the MA-DED
problem in several aspects. Firstly, the connection topology
among areas is different. In an integrated transmission and
distribution system, the transmission network has direct con-
nections to all other distribution networks, and thus can be
regarded as a coordinator. Secondly, the internal topology
between transmission and distribution network differs signifi-
cantly between the two models. Generation units with large
capacity are mostly concentrated in transmission networks
and most DERs are connected to the distribution networks.
Therefore, mathematical algorithms for the MA-DED problem
are not suitable for integrated transmission and distribution
systems. There are some studies dealing with TDC-DED.
References [9] and [10] propose a heterogeneous decompo-
sition (HGD)-based solution. However, the HGD method
is not applicable to networks with complicated topologies,
especially when there are connections between different distri-
bution networks. Hence, decomposition methods to solve the
TDC-DED problem should be studied further.

The GBD [11] is a decomposition method designed for
coordinated optimization problems. It has been success-
fully applied to power system operation problems, includ-
ing stochastic unit commitment [12], transmission expansion
planning [13], reactive power optimization [14] and demand
response [15]. The ADMM [16] is also a widely used dis-
tributed optimization approach. It has also been developed
to solve distributed problems such as state estimation [17],
optimal power flow [18], reactive power optimization [19]
and economic dispatch [7]. However, both GBD and ADMM
methods suffer from slow convergence. There are research
working on accelerating the convergence of GBD by bring-
ing additional terms into the iteration [4], but they will bring
errors to the solution.

Multi-parametric quadratic programming (MPQP) [20]
describes the solution of a quadratic programming problem
with parameters. The MPQP method can be further devel-
oped to solve distributed problems [21]. In general, the MPQP
method converges much faster than the GBD and ADMM
methods.

C. Contributions

In this paper, we propose a MPQP based solution to
the TDC-DED problem. During each MPQP iteration, the
transmission network solves the master problem and gives
boundary exchanging powers to each distribution network;
each distribution network solves its local sub-problem and
generates a critical region or feasible cut to the transmission
network. With the proposed MPQP based dispatch scheme, the
global minimal generation cost can be guaranteed and power
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Fig. 1. Structure of integrated transmission and distribution system.

mismatch between the transmission and distribution networks
can be eliminated.

Based on the characteristics of the TDC-DED problem,
the conventional MPQP (C-MPQP) method is revised
with a pre-definition of feasible cut set, namely R-
MPQP. Numerical tests show that the revised procedure
significantly reduced the iteration number between transmis-
sion and distribution networks. This method is also applicable
for networks with complicated topologies, especially when
there are connections between different distribution networks.
Furthermore, it is critical to deal with the degeneracy problem
during MPQP iteration. In this paper, we develop an effective
method for solving the degeneracy problem.

The remainder of this paper is arranged as follows.
Section II introduces the mathematical model of the TDC-
DED problem. In Section III, a detailed R-MPQP solution
for the TDC-DED problem is given. Numerical tests are
carried out in Section IV to show the exactness and computa-
tional performance of the proposed R-MPQP based solution.
Conclusions are drawn in Section V.

II. PROBLEM FORMULATION

A. Network Structure

A typical structure of an integrated transmission and dis-
tribution system is given in Fig. 1. The transmission network
connects with several distribution networks via substations.
Boundary buses of distribution networks are all set as the
root buses.

B. Objective Function

The objection function for TDC-DED problem is
minimization of the total generation cost of all genera-
tors in both the transmission and distribution networks. The
expression is

min
∑

t∈T

∑

i∈Gtrans

Ctrans
i

(
pgtrans

i,t

)

+
∑

t∈T

∑

k∈DIST

∑

i∈Gdist,k

Cdist,k
i

(
pgdist,k

i,t

)
(1)

where function Ci(•) is the generation cost function of the
generator at bus i, which can be formulated as a quadratic
function:

Ci
(
pgi,t

) = a0,i + a1,ipgi,t + a2,ipg2
i,t (2)

where a0,i, a1,i and a2,i are the coefficients of the constant,
linear and quadratic terms, respectively.

C. Constraints of the Transmission Network

The following constraints should be satisfied in the trans-
mission network.

1) Power Balance Constraints: The sum of generator out-
puts should be equivalent to the network load plus the power
transferred to distribution networks:

∑

i∈Gtrans

pgtrans
i,t =

∑

i∈Btrans

pbtrans
i,t +

∑

i∈Dtrans

PDtrans
i,t , ∀t ∈ T. (3)

2) Network Constraints: The transferred power of each line
should be within the line’s capacity.

− PLtrans
j ≤

∑

i∈Gtrans

SFtrans
j−i pgtrans

i,t

−
∑

i∈Btrans

SFtrans
j−i pbtrans

i,t

−
∑

i∈Dtrans

SFtrans
j−i PDtrans

i,t ≤ PLtrans
j , ∀j ∈ Ltrans,∀t ∈ T. (4)

3) Spinning Reserve Constraints: Sufficient spinning
reserve is required for the transmission system in the case
of system contingencies.

0 ≤ rutrans
i,t ≤ RUtrans

i �T,

rutrans
i,t ≤ PG

trans
i − pgtrans

i,t , ∀i ∈ Gtrans,∀t ∈ T (5)

0 ≤ rdtrans
i,t ≤ RDtrans

i �T,

rdtrans
i,t ≤ pgtrans

i,t − PGtrans
i , ∀i ∈ Gtrans,∀t ∈ T (6)

∑

i∈Gtrans

rutrans
i,t ≥ SRUtrans

t ,
∑

i∈Gtrans

rdtrans
i,t ≥ SRDtrans

t , ∀t ∈ T.

(7)

4) Ramping Constraints: Variation of generator output
between adjacent dispatch periods should be within the gen-
erator’s ramping limits.

− RDtrans
i �T ≤ pgtrans

i,t+1 − pgtrans
i.t ≤ RUtrans

i �T,

∀i ∈ Gtrans,∀t ∈ T. (8)

5) Generator Output Constraints: The output of a generator
should not exceed its upper or lower bound.

PGtrans
i ≤ pgtrans

i,t ≤ PG
trans
i , ∀i ∈ Gtrans,∀t ∈ T. (9)

D. Constraints of Distribution Network

A linearized AC power flow model is applied in the dis-
tribution network model since regular DC power flow model
may bring significant errors in distribution networks.

Since there are only a few generators excluding uncontrol-
lable renewable generators in distribution networks, generally
the spinning reserve constraints are not considered. Instead,
the capacities of substations between the transmission network
and distribution networks are designed to be large enough so
that the transmission network can provide sufficient spinning
reserve capacities for distribution networks.

The constraints of distribution networks are summarized as
follows. Further details of the linearized AC power flow model
can refer to [7].
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1) Power Flow Constraints:
∑

i:i→j

(
pdist,k

i→j,t − ldist,k
i→j,t

)
+ pdist,k

j,t =
∑

m:j→m

pdist,k
j→m,t,

∀j ∈ Ndist,k,∀t ∈ T (10)

pdist,k
j,t =

{
pgdist,k

j,t − PDdist,k
j,t + pbdist,k, j is root bus

pgdist,k
j,t − PDdist,k

j,t , j is not root bus,

∀j ∈ Ndist,k,∀t ∈ T (11)

ldist,k
i→j,t =

[(
P̂dist,k

i→j,t

)2 +
(

Q̂dist,k
i→j,t

)2
]

Rdist,k
i→j /

(
V̂dist,k

i,t

)2

+ 2
(

pdist,k
i→j,t − P̂dist,k

i→j,t

)
P̂dist,k

i→j,tR
dist,k
i→j /

(
V̂dist,k

i,t

)2
,

∀(i → j) ∈ Ldist,k,∀t ∈ T. (12)

2) Network Thermal Constraints:

− PLdist,k
i→j ≤ pdist,k

i→j,t ≤ PLdist,k
i→j ,∀(i → j) ∈ Ldist,k, ∀t ∈ T.

(13)

3) Generator Output Constraints:

PGdist,k
i ≤ pgdist,k

i,t ≤ PG
dist,k
i , ∀i ∈ Gdist,k,∀t ∈ T. (14)

E. Boundary Constraints

The transferred power between the transmission network
and the distribution network should be balanced, which can
be formulated as the following constraint.

pbtrans
I(k),t = pbdist,k

t , ∀k ∈ DIST,∀t ∈ T (15)

where I(k) denotes the bus number of the transmission network
connected to the kth distribution network.

III. SOLUTION PROCEDURE

A. Introduction of MPQP

The MPQP method is briefly introduced here; further details
can be found in [22].

Consider a general quadratic programming problem with
parameter vector x:

V∗(x) = min
z

1

2
zTHz

s.t. Gz ≤ W + Sx (16)

where z is the vector of optimization variables, x is the vector
of parameters, and H 	 0, G, W, S are constant matrices. The
following conclusions can be drawn based on MPQP theory.

For any parameter vector x0 that makes problem (16) fea-
sible, there exists a critical region CR0 wherein the optimal
solution z∗ can be expressed as an affine function of parameter
vector x for any parameters in CR0, i.e.,

z∗ = z∗(x), x ∈ CR0 (17)

Therefore, the optimal value of the objective function can
also be expressed as a function of x when x is within CR0.

The above conclusions can be applied to decentralized opti-
mization problems, in which the boundary variables between
each sub-problem can be formulated as the parameters. The
coordinator collects the local optimal objective function and

critical region of each sub-problem, and optimizes the param-
eters together. If the overall problem is convex, the optimal
solution for parameters will be at the bounds of the criti-
cal regions. Therefore, by iterating between the coordinator
and each sub-problem, parameters vary between the bounds
of different critical regions until global optimal solution is
achieved.

The application of MPQP to TDC-DED will be dis-
cussed later.

B. TDC-DED Model Analysis

As mentioned above, the combined DED model for inte-
grated transmission and distribution networks is a quadratic
programming problem. Variables of this model can be clas-
sified into transmission network variables (denoted as xtrans)
and distribution network variables (denoted as xdist,k). Hence,
this TDC-DED model can be expressed in a compact form:

min Ctrans(xtrans) +
∑

k∈DIST

Cdist,k
(

xdist,k
)

s.t. Akxtrans + Bkxdist,k ≤ ck

xtrans ∈ Xtrans

xdist,k ∈ Xdist,k, ∀k ∈ DIST (18)

where function Ctrans(•) is the objective function of the
transmission network and function Cdist,k(•) is the objective
function of the kth distribution network. The first constraint is
boundary constraint(15). Sets Xtrans and Xdist,k are the feasible
region of transmission network (equations (3)-(9)) and the kth

distribution network (equations (10)-(14)), respectively.

C. MPQP Based Solution

Based on MPQP, a decentralized solution procedure for the
model given in (18) is provided here.

Step 1) Initialize iteration number m as 0 and feasible cut
set FC as a universal set. Solve the transmission network
problem (19) and set the optimal solution as xtrans

(m) .

min Ctrans(xtrans)

s.t. xtrans ∈ Xtrans

xtrans ∈ FC (19)

Step 2) Solve the sub-problem for each distribution network;
given xtrans

(m) , the sub-problem for the kth distribution network
during the mth iteration is:

min Cdist,k
(

xdist,k
)

s.t. Akxtrans
(m) + Bkxdist,k ≤ ck

xdist,k ∈ Xdist,k (20)

Step 3a) If the sub-problem is feasible, determine the crit-
ical region CRk

(m) and the local optimal objective function
Ck

(m)(x
trans).

Step 3b) If the sub-problem is infeasible, generate a feasible
cut and update the feasible cut set FC.



LIN et al.: DECENTRALIZED DED FOR INTEGRATED TRANSMISSION AND ADNs USING MULTI-PARAMETRIC PROGRAMMING 4987

Step 4) Solve the master problem with the following form.

min Ctrans(xtrans) +
∑

k∈DIST(m)

Ck
(m)

(
xtrans)

s.t. xtrans ∈ Xtrans

xtrans ∈ FC

xtrans ∈ CRk
(m), ∀k ∈ DIST(m) (21)

where DIST(m) is the index set of distribution networks whose
corresponding sub-problem is feasible during the mth iteration.
Increase iteration number m by 1 and set the optimal solution
of (21) as xtrans

(m) .
Step 5) Terminate the iteration if all sub-problems are fea-

sible and the variation of solutions between two sequential
iterations is small enough, i.e.,

∣∣∣xtrans
(m) − xtrans

(m−1)

∣∣∣ < ε (22)

where ε is the convergence tolerance parameter. Otherwise, go
back to step 2 and solve the sub-problems.

D. Discussion on Feasible Sub-Problem

When a sub-problem is feasible, the critical region and local
optimal objective function should be determined. Since sub-
problem (20) is a quadratic programming problem, it can be
reformulated as

min
1

2

(
xdist,k

)T
Q

(
xdist,k

)
+ f Txdist,k + r

s.t. Âxtrans
(m) + B̂xdist,k ≤ ĉ (23)

The constraints in (23) can be categorized into active and
inactive constraints. Denoting subscript (•)A as parameters
correlated with active constraints, problem (23) is equivalent
to the following problem. Determination of active constraints
will be discussed later.

min
1

2

(
xdist,k

)T
Q

(
xdist,k

)
+ f Txdist,k + r

s.t. ÂAxtrans
(m) + B̂Axdist,k = ĉA (24)

The Lagrange function of (24) is

L
(

xdist,k, λ
)

=
(

1

2

(
xdist,k

)T
Q

(
xdist,k

)
+ f Txdist,k + r

)

+ λT
(

ÂAxtrans
(m) + B̂Axdist,k − ĉA

)
(25)

According to Karush-Kuhn-Tucker condition, we have

∂L
(
xdist,k, λ

)

∂xdist,k
= Qxdist,k + f + B̂T

Aλ = 0 (26)

Solution of (26) gives:

xdist,k = −Q−1
(

f + B̂T
Aλ

)
(27)

For simplicity, equation (27) can be reformulated as

xdist,k = M1λ + M2

M1 = −Q−1B̂T
A, M2 = −Q−1f (28)

Taking expression (28) into the constraints of (24), we have

λ = −
(

B̂AM1

)−1(
ÂAxtrans

(m) + B̂AM2 − ĉA

)
(29)

Equation (29) can be reformulated as:

λ = K1xtrans
(m) + K2

K1 = −
(

B̂AM1

)−1
ÂA,

K2 = −
(

B̂AM1

)−1(
B̂AM2 − ĉA

)
(30)

According to the complementary slackness, Lagrange
multipliers λ should be nonnegative:

λ ≥ 0 (31)

For inactive constraints (whose parameters are denoted as
(•)I), we have:

ÂIx
trans
(m) + B̂Ix

dist,k ≤ ĉI (32)

The critical region for xtrans can be determined from
(28) and (30)-(32), and its formulation is

CRk
(m) =

{
xtrans|K1xtrans ≥ K2,

(
ÂI + B̂IM1K1

)
xtrans

≤ ĉI − B̂I(M1K2 + M2)
}

(33)

The local optimal objective function can be calculated
directly by introducing equations (28) and (30) into the
objective function in (23), which is

Ck
(m)

(
xtrans) = 1

2

(
xtrans)T(

KT
1 MT

1 QM1K1
)(

xtrans)

+ (
f TM1K1 + (M1K2 + M2)

TQM1K1
)
xtrans

+
(

r + f T(M1K2 + M2)

+ 1

2
(M1K2 + M2)

TQ(M1K2 + M2)

)
.

(34)

E. Determination of Active Constraints

Usually, we determine the active constraints by finding out
the positive Lagrange multipliers. Denoting the index set of
positive Lagrange multipliers as IA and the solution of (23) as
x̂dist,k, we have

λi > 0, Âix
trans
(m) + B̂ix

dist,k = ĉi, i ∈ IA (35)

A degeneracy problem might occur using the above classifi-
cation method. Specifically, if the rows of matrix B̂A in (24) are
linearly dependent, B̂AM1 in equation (29) will be irreversible.
The degeneracy problem occurs when there are multiple solu-
tions for the dual variables. An analysis of the degeneracy
problem is given below.

For simplicity, the quadratic programming problem (23) is
reformulated as

min
1

2
xTQx + f Tx + r

s.t. Ax ≤ b (36)

The dual problem of (36) is

max
ω

inf
x

(
1

2
xTQx + f Tx + r + ωT(Ax − b)

)

s.t. ω ≥ 0 (37)
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Since Q is semidefinite, there is

x = −Q−1( f + ATω
)

(38)

Problem (37) is further deduced as

max
ω

−1

2
ωT

(
AQ−1AT

)
ω −

(
f TQ−1AT + bT

)
ω

+
(

r − 1

2
f TQ−1f

)

s.t. ω ≥ 0 (39)

In problem (39), if matrix A is not row full rank, AQ−1AT

is not reversible. Denote ω0 as an optimal solution of (39). If
there exists �ω satisfying

ωT
0 AQ−1AT�ω = 0,

�ωTAQ−1AT�ω = 0,(
f TQ−1AT + bT

)
�ω = 0,

�ω ≥ 0 (40)

Then, for any t ≥ 0, ω0 + t�ω is also an optimal solution
of (39). This is how dual variables ω might have multiple
solutions. To overcome this problem, we add a penalty term
−εTω to the objective function of (39), where ε is a small
enough array of positives. Hence, the dual variables of not
strictly active constraints will be reduced to 0.

Correspondingly, regarding to problem (23), we can calcu-
late the following modified problem if the degeneracy problem
occurs.

min
1

2

(
xdist,k

)T
Q

(
xdist,k

)
+ f Txdist,k + r

s.t. Âxtrans
(m) + B̂xdist,k ≤ ĉ + ε. (41)

F. Discussion on Infeasible Sub-Problem

When a sub-problem is infeasible, a feasible cut should be
determined, which is a violation of the sub-problem.

The feasibility problem of a sub-problem is:

max 0Txdist,k

s.t. Âxtrans
(m) + B̂xdist,k ≤ ĉ (42)

If problem (42) is infeasible, an equivalent condition is that
its dual problem is unbounded. The dual problem of (42) is

min ωT
(

ĉ − Âxtrans
(m)

)

s.t. ωTB̂ = 0

ω ≥ 0 (43)

By introducing an upper bound to dual variables ω in (43),
there will be a lower bound for the objective function in (43).
The modified dual problem is

min ωT
(

ĉ − Âxtrans
(m)

)

s.t. ωTB̂ = 0

0 ≤ ω ≤ 1 (44)

Denoting the optimal solution of (44) as ω0, we have

ωT
0

(
ĉ − Âxtrans

(k)

)
< 0, ω0 ≥ 0 (45)

Since ωT
0 B̂ = 0, we can achieve a violation of primal

problem (42), which is

ωT
0

(
Âxtrans

(m) + B̂xdist,k − ĉ
)

> 0, ω0 ≥ 0 (46)

The feasible cut set FC is updated as

FC = FC ∩
{

xtrans|ωT
0 Âxtrans ≤ ωT

0 ĉ
}
. (47)

G. Pre-Definition of Feasible Cut Set

Boundary variables between the transmission network and
distribution networks are the transferred powers at each
scheduling time period. The feasible cut set may be very
large when there is a large number of dispatch time peri-
ods. However, only one feasible cut is generated during
each iteration. Thus, generation of the feasible cut set may
involve a large amount of calculation and the iteration process
will be slow. Considering the constraints of the sub-problem,
a pre-definition of the feasible cut set can be conducted before
iteration, and this pre-definition scheme will significantly
decrease the number of iterations.

For each dispatch period, boundary variable pbtrans
I(k),t has to

guarantee the feasibility of constraints (10)-(15). Constraints
(10)-(15) can be reformulated as

pbtrans
I(k),t = υTxdist,k

t , Hxdist,k
t ≤ ξ (48)

In equation (48), υ, H and ξ are parameters of the kth

distribution network during period t. Specifically, constraint
pbtrans

I(k),t = υTxdist,k
t corresponds to constraint (15), and con-

straints Hdist,k
t xdist,k

t ≤ ξ
dist,k
t represent constraints (10)-(14).

The lower and upper bounds of pbtrans
I(k),t (denoted as lbtrans

I(k),t
and ubtrans

I(k),t) can be achieved through the following linear
programming problems:

lbtrans
I(k),t = min υTxdist,k

t subject to Hxdist,k
t ≤ ξ

ubtrans
I(k),t = max υTxdist,k

t subject to Hxdist,k
t ≤ ξ (49)

Hence, a necessary interval for boundary transferred power
at each scheduling time period can be achieved, which
should be:

lbtrans
I(k),t ≤ pbtrans

I(k),t ≤ ubtrans
I(k),t, ∀k ∈ DIST,∀t ∈ T (50)

By adding constraint (50) to the feasible cut set FC,
the iteration number for feasible cut generation can be
significantly reduced.

H. Revised MPQP Based Solution

By introducing the pre-definition of the feasible cut set, the
revised MPQP based solution can be summarized by Fig. 2.

In the proposed R-MPQP scheme, the master problem (21)
is solved by the transmission network. The master problem
is a global optimization problem, in which the objective of
distribution networks is expressed by boundary variables. After
the master problem is solved by the transmission network,
boundary variables of the solution are transferred to each sub-
problem.

Then the corresponding sub-problem is solved by each dis-
tribution network. The sub-problem is a local DED problem
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Fig. 2. Schematic of the revised MPQP based iteration.

with boundary variables from the transmission network. If the
sub-problem is feasible, the local optimal objective function
and its critical region is generated and transferred to the master
problem. Otherwise, a feasible cut is generated.

I. Convergence

The proposed R-MPQP method has finite convergence.
Deduction is given below.

Theorem 1: Within finite steps of feasible cut generation,
a solution of xtrans

(m) that makes sub-problem (20) feasible can
be achieved.

Proof: The region Xdist,k is a polyhedron since it contains
only linear constraints. Since boundary constraints (15) are
all equalities, the feasible region for xtrans

(m) that makes sub-
problem (20) feasible (denoted as FCtrans

(m) ) is a projection of
Xdist,k on some dimensions. Hence, FCtrans

(m) is a polyhedron. It
can be further concluded that the generated feasible cuts are
all boundaries of polyhedron FCtrans

(m) . The maximum iteration
number of generating feasible cuts to constitute FCtrans

(m) is the
number of boundaries of FCtrans

(m) .
End of proof for Theorem 1.
Theorem 2: There are finite critical regions in total and all

critical regions constitute the feasible region of xtrans.
Proof: Critical regions are determined through specific com-

binations of active constraints in (24). Since the number of
combinations of active constraints is finite, the number of

critical regions is finite. Furthermore, for each feasible solu-
tion xtrans, a critical region containing it can be generated.
Hence, the union of all critical regions contains all feasible
solutions.

End of proof for Theorem 2.
Theorem 3: If the optimal solution xtrans

(m) of the master
problem (21) does not locate at the boundary between dif-
ferent critical regions, then the solution xtrans

(m) is the global
optimal solution.

Proof: There are two circumstances that xtrans
(m) does not

locate at the boundary between different critical regions. In
the first circumstance, xtrans

(m) does not locate at the boundary
of its own critical region CRk

(m). Apparently, xtrans
(m) is the local

optimal solution of the master problem (21). Consequently,
xtrans
(m) and its corresponding solution of distribution network

through (28) and (30) constitute the local optimal solution
of the global problem (18). Since problem (18) is a convex
problem, its local optimal solution is equivalent to its global
optimal solution. In the second circumstance, xtrans

s(m) locates at
the boundary of CRk

(m) but there is no critical region adjacent
to it. According to Theorem 2 that all critical regions consti-
tute the feasible region of xtrans, it can be concluded that xtrans

(m)

is at the boundary of global feasible region. As a consequence,
xtrans
(m) is also a local optimal point, so it is the global optimal

solution in this convex optimization problem.
End of proof for Theorem 3.
Theorem 4: If the optimal solution xtrans

(m) of the master
problem (21) locates at the boundary between different critical
regions, the critical region generated during the next iteration
will be different from previous one, i.e., CRk

(m).
Proof: The criterion to distinguish different critical regions

is that the sets of active constraints in (24) are different.
In the formulation of CRk

(m), i.e., equation (33), inequalities
K1xtrans ≥ K2 represent that the Lagrange multipliers of active
constraints are nonnegative. Each row of K1xtrans ≥ K2 is
corresponded to an active constraint. Therefore, the inequal-
ities K1xtrans ≥ K2 between critical regions CRk

(m) and other
adjacent critical regions are different. Since that xtrans

(m) is at
the boundary of CRk

(m), at least one of the inequalities in
K1xtrans ≥ K2 in (33) will be strictly equal at xtrans

(m) . Therefore,
there exists at least one of the Lagrange multipliers that is 0
and the corresponded constraint is inactive at xtrans

(m) . Hence,
during the next iteration of generating critical region, the set
of active constraints will change compared with the previous
iteration, which leads to the generated critical region different
from the previous iteration.

End of proof for Theorem 4.
Proof for finite convergence of R-MPQP: According to

Theorem 1, the infeasible sub-problem circumstance will not
have influence on the finite convergence of R-MPQP, so it can
be assumed that all sub-problems are feasible. According to
Theorem 3 and 4, the solution of the master problem (21) will
be transferred along boundaries of different critical regions
until it reaches the global optimal point. Since the optimal
objective value of the master problem (21) is decreasing, the
optimal solution of (21) will not go back to a previously gen-
erated critical region. And Theorem 2 indicates that there are



4990 IEEE TRANSACTIONS ON SMART GRID, VOL. 9, NO. 5, SEPTEMBER 2018

Fig. 3. Equivalence of additional lines between active distribution
networks (ADNs).

finite critical regions, so the iteration number of feasible sub-
problem is finite. Therefore, the R-MPQP method has a finite
convergence.

J. Equivalence of Additional Lines Between ADNs

There might be a circumstance when additional lines are
connected between different ADNs. Fig. 3(a) gives a typical
topology of this circumstance.

The arrows on lines in Fig. 3 denote the direction of real
power flow. Let pt denote the transferred power from distri-
bution network #1 to distribution network #2. The original
model is equivalent to the model in Fig. 3(b). In Fig. 3(b), the
transmission network receives pbt1 from distribution network
#1 and sends pbt2 to distribution network #2. We have

pbt1 = pbt2 = pt (51)

In the equivalence model, the bus receiving pbt1 and the
bus sending pbt2 should be the same bus so that power flow
will remain the same in transmission network. An additional
constraint (51) is added to the feasible region Xtrans in the
master problem (21). The boundary variables set is enlarged
with pbt1 and pbt2 at all dispatch periods.

IV. NUMERICAL TEST

A. Introduction of Test Cases

Numerical tests were carried out to verify the applicability
and computational performance of the proposed method.

The tests were scripted in MATLAB on a laptop with an
Intel Core i7-4510U CPU and 8GB RAM. The problems were
handled by the GUROBI [23] solver.

Two test cases of different scales were designed: T24D33
and T118D33. The T24D33 test case uses a modified IEEE 24-
bus transmission system with three IEEE 33-bus distribution
systems connected. The T118D33 test case uses a modified
IEEE 118-bus transmission system with three IEEE-33 bus
distribution systems connected. In both test cases, distribution
networks were connected at buses 3, 9 and 19 of the trans-
mission network. Bus 1 was set as the boundary bus for all
distribution networks. A detailed diagram of the test systems
is shown in Fig. 4. Detailed data of test cases are provided
in [24].

B. Comparison Between Coordinated and Isolated Dispatch

Coordinated DED of integrated transmission and distribu-
tion networks will reduce the operation costs of generators.

Fig. 4. Diagram of test systems.

TABLE I
TEST RESULTS BETWEEN ISOLATED AND COORDINATED DISPATCH

In this case, a coordinated dispatch scheme was compared
with the conventional isolated one. In the coordinated dis-
patch scheme, both the proposed decentralized solution and the
centralized solution were carried out. In the isolated dispatch
scheme, the boundary exchanging power of future dispatch
periods was pre-defined as the total load minus the available
DER output in the distribution network. The generation cost
of the transmission and distribution networks is presented in
Table I.

It can be observed from Table I that the proposed coordi-
nated dispatch scheme will save about 14.48% of the total
generation cost in the T24D33 case, and 12.83% in the
T118D33 case, by reasonably arranging the output of gen-
erators from the transmission and distribution networks. In
addition, the same results between the decentralized and the
centralized solutions prove the exactness of the proposed
method.

C. Calculation Performance of Proposed Algorithm

The convergence procedure of the proposed R-MPQP
method is figured in Fig. 5. The objective of every feasi-
ble intermediate during the R-MPQP iteration shows that the
R-MPQP method has a monotone convergence performance.

Furthermore, other decomposition techniques were
also carried out for the TDC-DED model to compare
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Fig. 5. Convergence procedure of the R-MPQP method.

TABLE II
COMPARISON OF DIFFERENT METHODS

the performances. The tested decomposition techniques
include:

a. proposed revised MPQP (R-MPQP)
b. conventional MPQP (C-MPQP)
c. modified GBD (M-GBD) [4]
d. Lagrangian relaxation (LR)
e. optimality condition decomposition (OCD) [25]
f. augmented Lagrangian decomposition (ALD)
g. alternating direction method of multipliers (ADMM) [16]
h. auxiliary problem principle (APP) [26]
The iteration numbers and calculation time of the above

methods are provided in Table II.
From Table II, it can be concluded that the proposed

R-MPQP method converges faster than other decomposition
methods and requires the least CPU time. Besides, methods
based on multipliers, including LR, ALD, ADMM and APP,
have a common drawback that additional parameters need to
be determined which have significant impacts on the con-
vergence speed. However, there are no regular methods for
the determination of those parameters. Moreover, the OCD
method depends heavily on the initial value of the iteration,
otherwise it might diverge. Therefore, the proposed R-MPQP
method also has a better stability performance over other
methods.

D. Accuracy Test on Distribution Network Model

In this paper, a linearized AC power flow model is applied
in the distribution network. To validate the accuracy of the

Fig. 6. Network loss error of distribution network #1.

Fig. 7. Diagram of modified T118D33 test case.

linearized model, the network losses of each dispatch period
between the proposed model and the original AC power flow
model are compared. The network loss error is calculated using
the following equation:

Err. = |lossAC − losslinear|
lossAC

(52)

where lossAC is the actual network loss based on AC power
flow equations and losslinear is the network loss calculated
through the linearized model.

As shown in Fig. 7, the maximum network loss error among
all dispatch periods of the two test cases is 8.88%, while the
minimum is 2.04%. Therefore, the accuracy of the linearized
model is acceptable.

E. Complicated Case: Additional Lines Between ADNs

A modified T118D33 case was tested. In this case, an
additional line was connected between bus-21 of distribution
network #2 and bus-24 of distribution network #3, as shown
in Fig. 7.

Based on the equivalence in Section III-J, the R-MPQP
method, C-MPQP method and centralized method were used.
Table III gives the test results.

It can be concluded that both the R-MPQP and C-MPQP
methods solve correctly. Since the set of boundary variables
between the transmission and distribution networks is much
larger, the computational efficiency of the C-MPQP method is
far worse than that of the R-MPQP method.
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TABLE III
TEST RESULTS OF MODIFIED CASE T118D33

V. CONCLUSION

We have described a coordinated DED model for inte-
grated transmission and distribution networks. In terms of
the coordinated model, we have proposed a decentralized
algorithm based on MPQP. A key challenge of the MPQP
method has been solved, as the degeneracy problem can be
effectively managed. A revised procedure is proposed based
on the characteristics of the distribution system economic
dispatch problem, such that the iteration procedure can be
significantly accelerated. Since that the R-MPQP method pro-
vides a quadratic exchanging function rather than a linear
exchanging function in methods such as generalized Benders
decomposition, it may converge within around 5 steps.

Numerical tests on standard IEEE systems demonstrate that
the proposed decentralized method has a good convergence
and can achieve global optimality. Additional economic ben-
efits of the proposed method are proved compared with the
current isolated dispatch scheme.

The proposed method is based on a deterministic
model. However, uncertainty introduced by distributed energy
resources in distribution networks should be further considered
in future research.
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