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Artist: Ahmed Farid. Title: Urbanization (Oil on canvas, 2012)
From: http://almasargallery.com/ahmed-farid-urban-diversity-11-may-30-may-2013-solo-exhibition

Diversity of: Shapes, Colors, and Sizes.



Sharing, 
e.g., goods, 

facilities, 
risk

Learning, e.g., 
knowledge 
spillovers

Diversity and the Puzzle of Cities

Matching, e.g., 
employers and 

employees

Natural amenities Lower transaction/
transportation costs

Increasing returns
To scale Cultural amenitiesEconomies of 

scale

See Puga (2010, JRS)
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The interplay between city sizes and their 
internal heterogeneity determines:

• how we should measure productivity, 

• and the statistical properties of the 
aggregate output.



Are cities finite
systems that violate
the Law of Large 
Numbers?

Gomez-Lievano, Vysotsky, and Lobo (2014, in preparation)

Facing the Heterogeneity
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1. Knowledge as major economic driver.
 Romer (1986, 1990), Lucas (1988), Glaeser et al. (1995), Rauch (1993), Jones & Romer (2010)

2. Diversity of skills, (complementary to 
specialization):
 Marshall (1890) vs. Jacobs (1969)
 Glaeser (1992); Faggio, Silva & Strange (2013-Dec, Working Paper)
 Quigley (1998), Beaudry & Schiffauerova (2009)

3. Population size matters:
 Sveikauskaus (1975); Ó hUallacháin (1999); Bettencourt et al. (2007a, 2007b, 2010); Bettencourt 

(2013).

Consensus
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Stock of knowledge

• Educational attainment

• Embodied in technology

• “Total Factor Productivity” 
(A)

Knowledge is spatially 
localized
• E.g., Jaffe et al. (1993)

• “tacit knowledge”

• People move with less 
difficulty than their ideas 
– (See Breschi & Lissoni, 2001a,b, 

2004, 2009; Klepper & Sleeper, 
2005; Klepper, 2010; Hausmann, 
Neffke, Otto, 2013)

Measurement of Knowledge



Conceptually, the economic output of an entire 
city (a system-wide property) should not be 

understood using the average properties of 
individuals (e.g., years of schooling)



What citizens do

• Creative Class (Florida, 2004)

• Inventors



Obstacles to Economic Development

• Are the counts of 
‘creatives’ and inventors 
constrained in urban 
areas?

Gomez-Lievano, Bettencourt, Stolarick, Strumsky, Lobo 
(2014, in submission)



Assumption

The ability of a city to “learn” is constrained by 
its capacity to attract creative and inventive 
individuals (Florida, 1995, Futures).



More than 70% explained by urban 
population

(Rauch, 1993; Glaeser & Saiz, 2004; Bettencourt et al., 2007)
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Methodology & Results: P(Y,N)=P(Y|N)P(N)

P(Y|N)

P(N)

For a similar study regarding homicides in Brazil, Colombia, and 
Mexico:
Gomez-Lievano, Youn, Bettencourt (2012, PLoS ONE)
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Findings: a distributional account
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Whereas normally distributed RVs often arise from random 
additive processes
X1 + X2 + X3 + ... = “X1 OR X2 OR X3 OR ...”

… lognormal RVs arise, often, from random multiplicative
processes:
X1 * X2 * X3 * ... = “X1 AND X2 AND X3 AND ...”

Why is this important?

• Jaynes, 2003; Frank, 2009; Frank and Smith, 2011
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Conjecture

and come from a large number of effects 
acting multiplicatively

• Hidalgo et al. (2007), Hidalgo & Hausmann (2009), Neffke et al. (2013, Working Paper), 
Neffke & Henning (2013);

• Muneepeerakul, Lobo, Shutters, Gomez-Lievano, Qubbaj (2013);
o Hausmann & Hidalgo (2011)
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“Urban dynamics, as can be seen, are the ultimate noisy 
social science problem” 

– Storper et al. (2012, JRS, p. 4)

• “Size”, “Heterogeneity” and “Structure”
• Policies and Distributions



THANKS!
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constrained by the space of products and the 
existing set of skills in the city,

Does the acquisition of skills (“lego pieces”),

conditioned on the population 
size (# of lego pieces),

generate lognormal distributions in output?

Question
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Playing with a model of the world
I expand H&H’s model in two
ways:

1. I will model a process of 
acquisition of skills (pbytes).

2. I will model what cities 
produce, as a step to know 
how much they produce.

Hausmann & Hidalgo (2011)’s conceptual 
framework:

• Skills are represent non-tradable 
capabilities.

• Persons are carriers of skills.
• 1 person = “1 pbyte”
• A pbyte “counts” for economic 

development only when it is different 
from the others.

• Products require different pbytes.
• Countries/Cities that possess many 

different pbytes will be able to 
produce many different, and more 
complex products



=



=



=

Lego analogy inspired by:
TEDxBoston - César A. Hidalgo - Global Product Space
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Model (currently):

1. The matrix C starts empty.
2. The matrix P is Bernoulli-filled (with prob. q), 

and fixed.
3. For each city (i.e., row) in C, 

i. a random skill is added,
ii. and lost with a certain probability.

4. We calculate the matrix X of output 



Will the model reproduced data?



Profiles of P(Y|N)

Null Model:

Inventors:

H&H Model





Example
• City 1 has skills {1,2,5}
• City 2 has skills {2,4,5}

• Product 1 requires {2,5}
• Product 2 requires {4}

• City 1 only produces 
Product 1

• City 2 produces Both





The following relationship has to hold if we want 
a confidence (1-α) that Y/N is close to the mean 

of the process
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Creatives Inventors

• Note this way we have 
completely characterized

P(Y,N)=P(Y|N)P(N)



Logarithmic convergence 
vs.  

Absolute divergence of cities





Occupational 
“interdependencies”

• Definition:



“Harmony” between occupations



Scaling relationships 
(sensu Stat. Mech.)
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