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OUTLINE	
  

Introduc_on	
  

2.	
  Field	
  theory	
  of	
  Bosonic	
  Topological	
  
Phases	
  in	
  2+1	
  Dimensions.	
  

3.	
  Field	
  Theory	
  of	
  Bosonic	
  SPT	
  in	
  3+1	
  
Dimensions	
  

4.	
  Intui_ve	
  Descrip_on	
  from	
  
Decorated	
  domain	
  walls.	
  



Introduc_on	
  -­‐	
  Free	
  Fermion	
  Topological	
  Insulators	
  

3D	
  Topological	
  Insulators	
  
(Fu,	
  Kane,	
  Mele;	
  Moore,	
  Balents;	
  Fu,	
  Kane;	
  Roy;	
  Hsieh,	
  Hasan,	
  
Cava	
  et	
  al.;	
  Xia	
  et	
  al.;	
  Chen	
  et	
  al.;	
  Qi,	
  Hughes,	
  Zhang)	
  
	
  
•  Bulk	
  gapped.	
  Gapless	
  surface	
  states,	
  not	
  
realizable	
  in	
  a	
  2D	
  system	
  	
  	
  
•  	
  Protected	
  by	
  Time	
  reversal	
  and	
  charge	
  
conserva_on	
  symmetry.	
  

P =θ e2

2πh
B

Break	
  _me	
  reversal	
  only	
  at	
  the	
  	
  surface.	
  
Unusual	
  insula_ng	
  state.	
  “σxy=1/2”	
  

One	
  chiral	
  mode	
  on	
  surface	
  domain	
  walls	
  

σxy=+1/2	
  
σxy=-­‐1/2	
  

Similarly	
  3D	
  Topological	
  Sc.	
  –	
  Thermal	
  analog	
  κxy.	



θ=π	



OR	
  Quan_zed	
  	
  Magneto-­‐electric	
  polarizability.	
  



Interac_ng	
  Analogs	
  of	
  Topological	
  Insulators	
  

•  New	
  T.	
  I.	
  like	
  phases	
  that	
  require	
  interac_ons?	
  
–  Bulk	
  gapped	
  and	
  has	
  no	
  exo_c	
  excita_ons.	
  (Short	
  Range	
  
Entangled)	
  

	
  	
  	
  	
  Laughlin	
  Frac_onal	
  Quantum	
  Hall	
  
–  Focus	
  on	
  T.I.s	
  of	
  bosons/spins	
  -­‐	
  require	
  interac_ons.	
  

•  Realiza_on	
  in	
  cold	
  atoms/quantum	
  magnets?	
  	
  
–  1D	
  Example	
  –	
  AKLT/Haldane	
  spin-­‐1	
  chain.	
  

	
  
	
  

Eg.	
  Y2BaNiO5	
  	
  

	
  
`Ising	
  model’	
  of	
  interac_ng	
  topological	
  phases	
  –	
  new	
  insights.	
  	
  

Eg.	
  `Impossible’	
  Topological	
  order	
  on	
  the	
  surface	
  of	
  3D	
  
Topological	
  phases.	
  	
  
	
  
(AV-­‐Senthil,	
  Wang-­‐Senthil,	
  Burnell-­‐Chen-­‐Fidkowski-­‐AV,	
  Metlitski-­‐Kane-­‐Fisher.	
  See	
  talks	
  
by	
  Xie	
  Chen	
  and	
  Senthil)	
  



Short	
  Range	
  Entangled	
  Topological	
  Phases	
  of	
  Bosons	
  in	
  D=2,3	
  

•  A.	
  Kitaev:	
   	
  E8	
  state	
  in	
  d=2.	
  	
  	
  	
  	
  No	
  symmetry.	
  

•  Chen,	
  Gu,	
  Liu,	
  Wen	
  (2011):	
  	
  Symmetry	
  protected	
  topological	
  phases.	
  

–  Symmetry	
  group	
  G	
  -­‐>	
  set	
  of	
  topological	
  phases	
  related	
  to	
  group	
  cohomology.	
  

Symmetry	
  
	
  
Dimension	
  

Time	
  Rev.	
  
T	



Charge	
  Consv.	
  
U(1)	
  

Charge	
  Consv.
+Time	
  Rev.	
  
U(1)	
  |x	
  Τ	



d=1	
   Z2	
   Z1	
   Z2	
  
d=2	
   Z1	
   Z	
   Z2	
  
d=3	
   Z2	
   Z1	
   Z2xZ2	
  

Physical	
  proper_es?	
  Nature	
  of	
  surface	
  states?	
   Bulk	
  gapped	
  



Field	
  Theory	
  Approach	
  to	
  2D	
  Symmetry	
  
Protected	
  Topological	
  Phases	
  



2D	
  Topological	
  Phases:	
  Chern-­‐Simons	
  Approach	
  
•  K-­‐matrix	
  descrip_on	
  of	
  topological	
  phases.	
  	
  
	
  	
  	
  	
  	
  	
  (eg.	
  Hierarchy	
  quantum	
  Hall	
  states,	
  bilayer	
  states	
  etc.).	
  	
  

(⇢, j
x

, j
y

) =
r⇥ a

2⇡

•  Mul_ple	
  components	
  I,J=1,2.	
  
•  Mutual	
  sta_s_cs	
  

L =
X

I,J

KIJ

4⇡
aI ·r⇥ aJ

L =
X

I,J

KIJ

4⇡
aI ·r⇥ aJ

Theore_cally	
  
`cheaper’	
  method	
  
than	
  cohomology.	
  
	
  
Physical	
  proper_es	
  
are	
  transparent.	
  

(@
t

, @
x

, @
y

) = rwhere	
  



2D	
  Topological	
  Phases:	
  Chern-­‐Simons	
  Approach	
  
•  K-­‐matrix	
  directly	
  related	
  to	
  edge	
  states:	
  

•  K:	
  symmetric	
  integer	
  matrix.	
  	
  
•  |Det	
  K|	
  	
  =	
  torus	
  degeneracy.	
  Demand:	
  	
  

1.  |Det	
  K|=1	
  (no	
  topological	
  order)	
  
2.  Diagonal	
  entries	
  are	
  even.	
  (only	
  bosonic	
  excita_ons)	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  
K=1	
  not	
  allowed.	
  

L =
X

I,J

KIJ

4⇡
aI ·r⇥ aJ Ledge =

1

4⇡
K

IJ

�̇
I

@
x

�
J



‘Bosonic’	
  Topological	
  Superconductor	
  in	
  d=2.	
  	
  

1.	
  Bosonic	
  ‘topological	
  Sc.’	
  	
  
(like	
  p+ip)	
  
•  chiral	
  state,	
  no	
  symmetry.	
  
MIN	
  Dimension:	
  8x8	
  
•  8	
  chiral	
  edge	
  modes.	
  
	
  
•  K	
  matrix	
  (E8	
  Cartan	
  matrix)	
  
•  Kitaev	
  E8	
  state.	
  

3

Figure 1: Summary of some simple ‘integer’ bosonic topo-
logical phases. 1) A chiral phase of bosons (no symmetry
required). An integer multiple of eight chiral bosons at the
edge is needed to evade topological order, leading to a quan-
tized thermal Hall conductance 

xy

/T = 8nL0 in units of the
the universal thermal conductance L0 =

⇡

2
k

2
B

3h . These are
bosonic analogs of chiral superconductors. (2) A non-chiral
phase of bosons protected by U(1) symmetry (eg. charge con-
servation). Distinct phases can be labeled by the quantized
Hall conductance �

xy

= 2n�0, which are even integer multi-
ples of the universal conductance �0 = q2/h for particles with
charge q. These are bosonic analogs of the integer quantum
Hall phases. (3) a non-chiral phase stabilized in the presence
of time reversal and U(1) charge conservation symmetries,
the same symmetries used to define quantum spin Hall (topo-
logical) insulators. A Z2 topological classification is obtained,
although bosonic time reversal that squares to +1 is involved.

have all edge modes moving in the same direction. Phys-
ically the fluxes ✏µ⌫�@

µ

a
⌫

are related to densities and
currents of bosons of different flavors.

Strategy and results: Let us briefly review our strat-
egy and results. Although we mainly focus on non-chiral
states, we begin by looking for maximally chiral states
of bosons without topological order. These are bosonic
analogs of the integer quantum Hall effect or chiral su-
perconductors of fermions. It is readily shown that the
smallest dimension of bosonic K matrix that yields a
maximally chiral state is 8. This is consistent with the
prediction of Kitaev, derived from topological field the-
ory. Here we explicitly construct a candidate K matrix
for this state, corresponding to the Cartan matrix of the
group E

8

.
We then consider non-chiral states of bosons, with

equal number of left and right moving edge modes. In
the absence of symmetry we argue that there are no non-
trivial topological phases with | detK| = 1. However,
the presence of a symmetry can lead to new topologi-
cal phases. The main result of this work is a scheme
to classify topological phases with | detK| = 1, that are
protected by symmetry.

Given a particular symmetry (e.g. time reversal, charge

conservation etc.) we study distinct ways in which the
symmetry can act on the elementary quasiparticles. The
symmetries are realized by a set of symmetry transforma-
tions on elementary quasiparticles, which form a (faith-
ful) representation of the symmetry group G. Distinct
realizations are potentially different phases - analogous
to the space group classification of crystals. However, an
additional requirement to realize a non-trivial topological
phase is the existence of symmetry protected edge states,
i.e. either the edge is gapless, or if it is gapped, it must
spontaneously break the symmetry. Note, an internal
symmetry can never provide such protection to a purely
one-dimensional system - hence the edge states enjoy
these special properties by virtue of their connection to
the bulk topological phase. We will call such phases Sym-
metry Protected Topological (SPT) phases following the
terminology of Ref. 47. To access these states, we sup-
plement the Chern-Simons action with insertion/removal
of “local" quasiparticles that are bosonic and have trivial
mutual statistics with any other excitation. Symmetry
imposes additional, and crucial, constraints on the possi-
ble terms. The set of these symmetry-allowed perturba-
tions can be used to analyze if stable edge states exist or
not. For the most part we restrict our attention to 2⇥ 2

K matrices.
Remarkably, this simple analysis yields the same set of

interacting topological phases as the group cohomology
classification of Chen et al for a large set of symmetry
groups G (see table II). For example, bosonic phases with
G = U(1) are classified by an integer which is just the
quantized Hall conductance in units of 2Q2/h where Q
is the unit of boson charge. When U(1) is broken to a
discrete subgroup Z

n

, the set of topological phases is also
reduced to Z

n

. Similarly both schemes find a Z

2

classi-
fication of bosonic insulators with conserved charge and
time reversal symmetry (G = U(1)o ZT

2

, the semidirect
product ensures this is the usual relation between charge
and time reversal), the analog of fermionic quantized spin
Hall insulators, despite the fact that the time reversal op-
eration is “bosonic" and squares to +1. An advantage of
the present formulation is that the edge states of these
phases are explicit - typically being non-chiral c = 1 con-
formal field theory (CFT) when gapless. Moreover, be-
ing cast in the familiar Abelian Chern-Simons form, it
is amenable to further investigation using standard field
theory methods. We focus on symmetries (such as time
reversal) that are realized locally. Spatial symmetries
such as translation invariance, inversion etc. will be left
for future work. Since we do not make any assumption
about spatial uniformity - the topological phases we find
are well defined in the presence of disorder.

A disadvantage of our method is that it is less suited
to discuss non-Abelian Lie group symmetries, and we are
currently restricted to two spatial dimensions, neither
of which is a restriction for group cohomology theory47.
Also, our method does not automatically produce a group
structure for the set of topological states. On general
grounds, one expects the set of topological phases pro-

14
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FIG. 4: Summary of some simple ‘integer’ bosonic topological
phases. 1) A chiral phase of bosons (no symmetry required).
An integer multiple of eight chiral bosons at the edge is needed
to evade topological order, leading to a quantized thermal Hall
conductance 

xy

/T = 8nL0 in units of the universal thermal

conductance L0 =
⇡

2
k

2
B

3h . These are bosonic analogs of chiral
superconductors. (2) A non-chiral phase of bosons protected
by U(1) symmetry (eg. charge conservation). Distinct phases
can be labeled by the quantized Hall conductance �

xy

= 2n�0,
which are even integer multiples of the universal conductance
�0 = q2/h for particles with charge q. These are bosonic
analogs of the integer quantum Hall phases.

example, the signature of the K matrix (number of pos-
itive minus negative eigenvalues) is the chirality of edge
states - the imbalance between the number of right and
left moving edge modes. Maximally chiral states have all
edge modes moving in the same direction. Physically, the
fluxes j�I = ✏µ⌫�@µaI⌫ are often related to densities and
currents of bosons of di↵erent flavors.

We begin by looking for maximally chiral states of
bosons without topological order. These are bosonic
analogs of the integer quantum Hall e↵ect or chiral su-
perconductors of fermions; they have a thermal Hall co-
e�cient of nL

0

T where n is the dimension of the K ma-
trix. The smallest dimension of bosonic unimodular K
matrix that yields a maximally chiral state is 814. This
is consistent with the prediction of Kitaev, derived from
topological field theory. An example of such a K matrix
is given by:

KE8 =

0

BBBBBBBBBBBB@

2 �1 0 0 0 0 0 0

�1 2 �1 0 0 0 0 0

0 �1 2 �1 0 0 0 �1

0 0 �1 2 �1 0 0 0

0 0 0 �1 2 �1 0 0

0 0 0 0 �1 2 �1 0

0 0 0 0 0 �1 2 0

0 0 �1 0 0 0 0 2

1

CCCCCCCCCCCCA

(25)

This K matrix is the Cartan matrix of the group E
8

, and

hence we call this phase the Kitaev E
8

phase; see Fig. 4a.
It has edge modes protected by the thermal Hall e↵ect,
which does not require any symmetry.
We now consider non-chiral states of bosons, with

equal number of left and right moving edge modes,
in order to investigate other routes to protected edge
modes. In the absence of symmetry we believe there
are no nonchiral topological phases with | detK| = 1.
However, the presence of a symmetry can lead to new
topological phases. The integer quantum Hall states of
bosons are in fact modeled by the very simple K ma-

trix: K =

 
0 1

1 0

!
. Due to the presence of a conserved

charge, the electromagnetic response of the system can
be computed by coupling an external gauge field Aµ. The
field theory then is:

L =
1

2⇡
✏µ⌫� [a

1µ@⌫a2� � (a
1µ + a

2µ)@⌫A�] (26)

where we have taken the coupling to have the simplest in-
teresting form80. Integrating out the internal fields gives
the e↵ective action for the electromagnetic response:

Lem = � 1

2⇡
✏µ⌫�Aµ@⌫A�, (27)

which corresponds to a �xy = 2. A pictorial representa-
tion of this phase is given in Figure 4a. Intuitively, the
non-chiral modes at the edge implied by Eq. (26) can be
viewed as oppositely propagating modes, one of which
is charged and the other neutral14–16. This prohibits
backscattering between the modes. Another viewpoint
is that it is a regular Luttinger liquid except in that it
transforms under the internal U(1) symmetry in a way
that is impossible to realize in a 1D Luttinger liquid14,16.
For example, in this particular case, both the conjugate
fields ✓,� of the Luttinger liquid transform like charge
phases under the U(1) symmetry. Recent work has ar-
gued that the Integer Quantum Hall state of bosons could
appear in interacting systems of bosons in the lowest Lan-
dau level15, that could be realized in cold atom systems
exposed to an artificial gauge field.
In the presence of more complicated symmetries, there

are many more topological phases. These phases are at
least partly classified by the third cohomology group of
G, as shown by Ref.13,60. The classification is still not
entirely complete, especially when Majorana edge modes
are present. Besides producing new phases in bosonic
systems, interactions can also reduce the number of topo-
logical insulating phases in fermionic systems in higher
dimensions (similar to the one-dimensional case)14,61,62.
SRE Phases and Topological Order: There are

interesting and deep relations between SRE topological
phases and states with topological order. Levin and Gu63

pointed out that the relation can be viewed as a duality.
It is well known that the 2+1D quantum Ising model with
Z
2

global symmetry is dual to a Z
2

gauge theory, with
the disordered phase mapping to the deconfined phase of



Bosonic	
  Integer	
  Quantum	
  Hall	
  Phase	
  

2.	
  Bosonic	
  ‘Integer	
  Hall’	
  state:	
  U(1)	
  
symmetry.	
  Charge	
  vector:	
  q=	
  (	
  1	
  	
  n)	
  	
  	
  
–  Quan_zed	
  σxy=2n	
  (q2/h).	
  
–  EVEN	
  Integers	
  only!	
  	
  (Lu-­‐AV	
  2012,	
  Senthil-­‐

Levin)	
  

–  Edge	
  Lutnger	
  Liquid	
  with	
  	
  
‘impossible’	
  symmetry	
  transforma_ons.	
  

K =

✓
0 1
1 0

◆

q =

✓
1
1

◆

Simplest	
  non-­‐chiral	
  state:	
  
L =

1

2⇡
a1 ·r⇥ a2



Edge	
  States	
  and	
  Symmetry	
  

•  Edge	
  -­‐	
  1D	
  Lutnger	
  Liquid	
  	
  
	
  	
  	
  	
  	
  But	
  Symmetries	
  act	
  in	
  a	
  way	
  that	
  is	
  impossible	
  in	
  1D.	
  (Lu-­‐AV,	
  Chen-­‐Lu-­‐Wen.)	
  

Ledge = �̇1
@
x

�2

2⇡

φ1	
  	
  	
  	
  	
  	
  	
  Boson	
  phase,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Boson	
  density.	
  ⇢ =
@
x

�2

2⇡

L =
1

2⇡
a1 ·r⇥ a2

Usual	
  Tomonaga-­‐Lutnger	
  
Liquid	
  

Edge	
  Tomonaga-­‐Lutnger	
  
Liquid	
  

Δ	
  L=Cos	
  φ2	
  	
  	
  	
  	
  (can	
  be	
  gapped)	
   No	
  gapping	
  term	
  

(1+2)	
  CHARGED	
  

(1-­‐2)	
  NEUTRAL	
  

�1 ! �1 + ✏ �1 ! �1 + ✏
�2 ! �2 + ✏�2 ! �2

(')

(2✓)



Topological	
  Phase	
  with	
  Z2	
  symmetry.	
  

•  Edge	
  theory	
  can	
  be	
  used	
  to	
  extract	
  all	
  universal	
  
proper_es.	
  
–  Eg.	
  Z2	
  symmetry	
  (Levin-­‐Gu).	
  	
  

�1,2 ! �1,2 + ⇡
π	



π	



Or	
  –	
  end	
  domain	
  wall	
  at	
  edge	
  

D(x) = e

i⇡

R
x

dx [@
x

�1+@

x

�2]
2⇡

= e

i

2 (�1(x)+�2(x))

D(x)D(x0) = i Sign(x� x

0)D(x0)D(x)

D(x)	
  

Pi	
  fluxes	
  are	
  semions.	
  

 (↵) = (�1)Ndomain�wall

Pi-­‐fluxes.	
  End	
  points	
  of	
  Z2	
  domain	
  walls.	
  



Field	
  Theory	
  of	
  3D	
  Symmetry	
  Protected	
  
Topological	
  Phases	
  



3D	
  BOSONIC	
  `TOPOLOGICAL	
  INSULATORS’	
  	
  
•  Surface:	
  2D	
  Bosons	
  but	
  symmetries	
  

act	
  in	
  a	
  special	
  way.	
  

•  Example:	
  Symmetry:	
  U(1)	
  (Sz)	
  +	
  T	
  	
  
–  Bulk	
  paramagnet.	
  
–  Surface:	
  2D	
  XY	
  model	
  BUT	
  unusual	
  

symmetry	
  ac_on.	
  

•  Describe	
  two	
  SPT	
  phases:	
  
–  PHASE	
  1:	
  break	
  U(1)	
  on	
  surface.	
  	
  
	
  	
  	
  	
  	
  Vor_ces	
  are	
  Kramers	
  pairs.	
  T2	
  =	
  -­‐1	
  

–  PHASE	
  2:	
  break	
  T	
  on	
  surface.	
  	
  
	
  	
  	
  	
  	
  	
  Insulator	
  with	
  σxy=1	
  

Bulk	
  gapped	
  

hS+i = ei�1

vortex = ( ", #)



3D	
  BOSONIC	
  `TOPOLOGICAL	
  INSULATORS’	
  &	
  
Magneto-­‐electric	
  Effect	
  

	
  
•  Phase	
  2:	
  	
  Consider	
  [U(1)	
  x	
  U(1)]	
  x	
  T	
  

–  Break	
  U(1).	
  XY	
  order.	
  
–  Vor_ces	
  transform	
  under:	
  U(1)	
  x	
  T	
  
–  Boson-­‐Vortex	
  duality:	
  

•  Vor5ces	
  coupled	
  to	
  gauge	
  field	
  `a’.	
  	
  

–  `External’	
  Fields:	
  	
  A,	
  A	
  

hS+i = ei�1

vortex = ( ", #)

r⇥ a

2⇡
= n

Ledge = |(@ � ia+ i
�

2
A) �|2 +

r⇥ a

2⇡
·A+ La

Condense:	
  	
   " a =
1

2
Athen	
   Lem =

1

4⇡
A ·r⇥A

�
xy

= 1 (⇥ = 2⇡)

and	
  

Two	
  U(1)s	
  needed	
  to	
  obtain	
  fermionic	
  
vor_ces	
  –	
  `framing’.	
  
Xu	
  and	
  Senthil	
  



A	
  PHYSICAL	
  PICTURE	
  of	
  SOME	
  SPT	
  phases	
  	
  
from	
  DECORATED	
  DOMAIN	
  WALLS	
  



Physical	
  Picture	
  –	
  Condensate	
  of	
  Decorated	
  Defects	
  

•  1D	
  topological	
  phase	
  with	
  G	
  =Z2xZ2	
  symmetry.	
  
–  Two	
  Ising	
  models.	
  Rotn.	
  by	
  180	
  degrees	
  about	
  X,Y,Z.	
  
Analog	
  of	
  Haldane	
  phase.	
  

	
  Condense	
  domain	
  walls	
  of	
  Z2	
  	
  with	
  Z2	
  charge.	
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Topological	
  Phase	
  from	
  Condensing	
  Decorated	
  
Defects	
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Unique	
  Ground	
  state	
  with	
  periodic	
  boundary	
  condi_ons	
  
	
  
4	
  fold	
  edge	
  degeneracy	
  with	
  open	
  boundary	
  condi_ons.	
  
	
  

Sum	
  of	
  commu_ng	
  projectors	
  

{�z

0 , �
x

0 ⌧
z

1/2}

Exactly	
  Soluble	
  Hamiltonian	
  (Cluster	
  State)	
  Son,	
  Amico,	
  Vedral	
  

h⌧z1/2

"
NY

i=1

µx

i

#
⌧z
N+1/2iCondensate	
  of	
  domain	
  wall&spin	
  flip	
  =string	
  order	
  

parameter:	
  	
  



3D	
  Bosonic	
  Tis	
  from	
  Condensing	
  Decorated	
  Domain	
  
Walls	
  

	
  

•  Symmetries:	
  Z2xZ2	
  	
  
•  Domain	
  walls	
  of	
  eg.	
  Z2	
  in	
  an	
  SPT	
  
phase	
  protected	
  by	
  Z2	
  symmetry.	
  

	
  

 = (�1)Ndw�intersect

1.	
  Wave-­‐func_on:	
  superposi_on	
  over	
  domain	
  wall	
  
configura_ons	
  with:	
  

	
  
	
  

2.	
  Domain	
  walls	
  on	
  surface	
  carry	
  symmetry	
  protected	
  edge	
  
modes.	
  
3.	
  Classifica_on	
  –	
  phases	
  labeled	
  by	
  excluded	
  
symmetry:Z2xZ2	
  



3D	
  Bosonic	
  Tis	
  from	
  Condensing	
  Decorated	
  Domain	
  
Walls	
  

	
  

•  Symmetries:	
  Z2xZ2	
  	
  
•  Domain	
  walls	
  of	
  eg.	
  Z2	
  in	
  an	
  SPT	
  
phase	
  protected	
  by	
  Z2	
  symmetry.	
  

	
  

4.	
  Topological	
  termina_on	
  –	
  gapped	
  and	
  fully	
  symmetric	
  
state	
  with	
  topological	
  order.	
  Laughlin	
  m=2	
  state	
  which	
  
transforms	
  projec_vely	
  under	
  Z2xZ2	
  (like	
  S=1/2).	
  
	
  
5.	
  Gauging	
  Z2	
  :	
  π-­‐flux	
  carries	
  gapless	
  mode.	
  (Z2	
  Symmetry	
  
enriched	
  topological	
  phase).	
  



Conclusions	
  and	
  Future	
  Direc_ons	
  

•  Physical	
  descrip_on	
  of	
  bosonic	
  topological	
  insulators.	
  	
  
•  New	
  topological	
  phase	
  beyond	
  group	
  cohomology.	
  Surface	
  

related	
  to	
  Kitaev	
  E8	
  state.	
  
•  Simple	
  physical	
  realiza_ons	
  in	
  magnets/Bose-­‐Hubbard	
  

models?	
  
•  New	
  topological	
  phases	
  of	
  interac_ng	
  fermions	
  ?	
  

Symmetry	
  
	
  
Dimension	
  

Time	
  Rev.	
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  Consv.	
  
U(1)	
  

Charge	
  Consv.
+Time	
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  Τ	



d=1	
   Z2	
   Z1	
   Z2	
  
d=2	
   Z1	
   Z	
   Z2	
  

d=3	
   Z2	
   Z1	
   Z2xZ2	
  
X	
  Z2	
  


