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CHAPTER 2. APPENDIX: MATHEMATICAL DERIVATIONS

The risk premium on a 1-period nominal bond over a 1-period real bond
can be written as

Et
h
r$1,t+1 − πt+1 − r1,t+1

i
+
1

2
Vart [πt+1] = −βmxβπxσ

2
x − βπmσ

2
m,

which has the same form as equation (3.38) for equities.
The log price of an n-period nominal bond, p$n,t, also has an affine struc-

ture. It is a linear combination of xt and zt whose coefficients are time-
invariant, though they vary with the maturity of the bond. As shown in
equation (3.36), −p$n,t = A$n +B$1,nxt +B$2,nzt,where

B$1,n = 1 + φxB
$
1,n−1 =

1− φnx
1− φx

B$2,n = 1 + φzB
$
2,n−1 =

1− φnz
1− φz

A$n −A$n−1 = (1− φx)μxB
$
1,n−1 + (1− φz)μzB

$
2,n−1

−1
2

³
βmx + βπx +B

$
1,n−1 + βzxB

$
2,n−1

´2
σ2x

−1
2

³
βπz +B

$
2,n−1

´2
σ2z −

1

2
(1 + βπm + βzm)

2 σ2m

−1
2
σ2π,

and A$0 = B
$
1,0 = B

$
2,0 = 0.

The excess return on a n-period bond over the one-period log nominal
interest rate is

r$n,t+1 − r$1,t+1 = p$n−1,t+1 − p$n,t + p$1,t
= −

³
B$1,n−1 +B

$
2,n−1βzx

´
(βmx + βπx)σ

2
x −B$2,n−1βπσ

2
z

− (1 + βπm)βzmB
$
2,n−1σ

2
m −

1

2

³
B$1,n−1 +B

$
2,n−1βzx

´2
σ2x

−1
2

³
B$2,n−1

´2
σ2z −

1

2
β2zm

³
B$2,n−1

´2
σ2m

−
³
B$1,n−1 +B

$
2,n−1βzx

´
εx,t+1 −B$2,n−1βzmεm,t+1

−B$2,n−1εz,t+1.

The terms in B$2,n−1βzx and B
$
2,n−1βzm arise because shocks to expected

inflation are correlated with shocks to the expected and unexpected log real
SDF. Thus risk premia in the nominal term structure are different from

10
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