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ABSTRACT: The rate performance of lithium-ion secondary batteries
depends critically on the kinetic transport of Li within the anode material.
Here we use first-principles theoretical calculations to study the diffusion
of Li in the low-concentration limit, using model electrodes of crystalline
and four-fold coordinated bulk amorphous silicon. We identify Li
diffusion pathways that have relatively low energy barriers (<0.50 eV) in
amorphous silicon and discuss how diffusion at short (∼2.5 Å),
intermediate (∼10 Å), and long (>1 nm) distances depends on the
atomic-scale features of the silicon host. We find that both the energy
barriers for diffusion and the topology of the atomic structure control the diffusion. We estimate the diffusion rate in amorphous
Si anode to be comparable to the rate in crystalline Si anodes. These findings shed light on the wide range of reported
experimental results for Li diffusion in Si anodes.

■ INTRODUCTION

Li-ion secondary batteries are the subject of intense current
interest as an energy storage technology of high energy density,
suitable for portable and grid applications.1−3 For instance, Si-
based anodes have a high theoretical specific charge capacity of
4200 mAh g−1, compared with 372 mAh g−1 for graphite,3−5

the conventional anode material in existing designs. In addition,
Si is an abundant and environmentally friendly material.
However, the commercialization of Si-based Li-ion batteries is
at present severely constrained by the capacity loss caused by
mechanical failure and chemical degradation of the Si anodes
during battery operation.6−8 Approaches for improving the rate
performance of the Si anode include tailoring its geometry,9,10

doping of the anode material,11 and using amorphous Si (a-
Si).12−14

The kinetics of Li diffusion is an issue of central importance
to the mechanical failure of Si electrodes because it significantly
affects the stress state during a lithiation cycle, and Li diffusivity
is a key parameter in determining how fast a battery can be
cycled.15 A discrepancy exists in experimental reports of the
diffusivity of Li in a-Si, with reported diffusivites spanning four
orders of magnitude, between 10−14 and 10−10 cm2 s−1 with
10−12 cm2 s−1 a typical value.16−19

Density functional theory (DFT)-based methods can provide
an atomic-level description of diffusion mechanisms in solids,
which is a prerequisite for better understanding the process of
lithiation and the kinetics of diffusion.7,8,20−25 Here we report
DFT calculations of the diffusion of Li in Si electrodes using
atomic-scale models of the crystalline and amorphous environ-
ment, and we demonstrate how the structural features of the Si
host can affect macroscopic properties of Li-ion batteries such
as charge/discharge rates. We calculate energy barriers for the
diffusion of Li atoms in crystalline silicon (c-Si) and in four-fold
coordinated a-Si. We show that within our structural model for

a-Si there exist several pathways of relatively low energy barriers
(<0.5 eV) for the diffusion of Li as well as a variety of other
pathways with barriers as high as 2.4 eV. These barriers should
be contrasted with the diffusion barrier in c-Si, calculated to be
0.55 eV and corresponding to a unique pathway in the
crystalline lattice. We establish that not all of the diffusion
pathways participate equally in mediating the flow of Li atoms
in the material, even if all energy barriers were assumed to be
equal. This indicates that the local atomic-scale structure of a-Si
affects long-range diffusion not only through the energy barrier
for the hoping of Li between low-energy sites but also through
the connectivity and topology of the atomic network.

■ METHODOLOGY
We used an amorphous bulk structure of 64 Si atoms with no
coordination defects to model the a-Si battery anode. The
structure is represented by a continuous random network
model,26 which, although it corresponds to an idealized case,27

is suitable for studying a tractable number of diffusion pathways
for Li. (See also the Supporting Information.) We calculated
the diffusion barrier in c-Si using a diamond cubic supercell of
64 atoms, which is a 2 × 2 × 2 multiple of the conventional
cubic cell that contains eight atoms. We performed total energy
calculations with the SIESTA package28 via the ASE interface.29

A double-ζ plus polarization basis set was used to represent the
Kohn−Sham orbitals. For the description of exchange and
correlation, the PBE functional30 was chosen.
To obtain diffusion pathways and the corresponding energy

barriers, we employed standard nudged elastic band (NEB)
calculations.31 For each pair of configurations with Li in
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neighboring equilibrium sites, we sampled the corresponding
pathway for diffusion with a NEB path consisting of eight
intermediate configurations. The NEB path was first con-
structed by linear interpolation of the atomic coordinates.
Then, the path was relaxed until the force on each atom was
smaller than 0.05 eV/Å. Atoms more than 6 Å away from Li in
all configurations were fixed to prevent the structure from
drifting, and the shape and volume of the unit cell were also
fixed. A continuous diffusion path was obtained by polynomial
interpolation between the optimized configurations. For the
analysis of the network of equilibrium sites, we used the
NetworkX Python language package.32

■ RESULTS AND DISCUSSION
In this work, we study the limiting case of the diffusion of a
single Li atom in a region of a-Si. Cooperative motion of Li and
Si atoms during lithiation will affect the diffusion process,24 and
Si self-diffusion is relevant at higher concentrations of Li.21 At
low concentrations, we do not expect any self-diffusion of Si,
and none was found in our simulations. Moreover, different
kinetics describe the diffusion of Li on surfaces of Si and in bulk
Si.20,24 Here we focus on bulk Si as an appropriate starting
point for understanding the fundamentals of Li diffusion. We
discuss first the diffusion of a Li atom in c-Si as a reference
process.
The first step in studying the diffusion pathways of impurities

in solids is to establish stable configurations for the impurity
atoms that correspond to local minima in the total energy. For
the case of isolated Li impurities in c-Si, a unique site for the Li
atom exists at an interstitial site referred to as the tetrahedral
(Td) position because of its symmetry: this site lies at a distance
of b0 away from a Si atom in the direction opposite from one of
its nearest neighbor Si atoms, where b0 is the bond length in the
ideal Si crystal (b0 = 2.37 Å, as obtained by our calculations
from energy minimization as a function of the crystalline lattice
constant). The diffusion process consists of the Li atom moving
from one interstitial Td position to a neighboring one that is a
distance b0 away. In doing so, the Li atom passes through the
hexagonal (Hex) interstitial position. The energy barrier of the
process is εa,c‑Si = 0.55 eV. In the Td site, the Li atom has four Si
nearest neighbors, whereas at the Hex site it has six Si nearest
neighbors. In Figure 1, we show the atomic structures
corresponding to the initial (labeled “a”), the barrier (labeled
“b”), and the final (labeled “c”) configurations as well as the
energy change along the path. Long-range diffusion of Li in c-Si

consists of a series of steps in which the impurity atoms move
randomly between Td sites by thermal activation and is
isotropic because of the cubic symmetry of the host lattice.
In the case of a-Si, the task of determining the equilibrium

positions of Li impurities in the amorphous network involves
more steps because the structure is not invariant on the atomic
scale. By analogy to the c-Si case, we start by placing the Li
atoms at Td-like sites in a-Si, defined as sites at a distance b0
away from the Si positions and in a direction opposite to the
Si−Si bonds of a given Si atom. The unit cell of the model a-Si
structure comprises 64 Si atoms, each with four nearest
neighbors to which it is covalently bonded. Therefore, a
maximum of 256, in principle, distinguishable, interstitial Td-
like sites exist in the model, all lying on the extension of Si−Si
bonds. With a single Li atom at each of those interstitial sites,
we performed structure optimization where the unit cell was
relaxed with respect to the atomic coordinates and cell shape,
and we found that many of the initial Td-like sites were very
close both structurally and energetically. We employed
hierarchical clustering to group the relaxed configurations
into clusters using the distance between two Li atoms as the
metric, with a cutoff of 0.6 Å (that is, b0/4). The cutoff distance
was chosen from a range of values that gave the smallest
variation in the number of clusters. Within each cluster, the
energy range of configurations was found to be no larger than
0.04 eV, and the lowest-energy configuration was used to
represent the cluster. As a result of this clustering procedure, we
identified 32 Td-like equilibrium sites that we consider to be the
unique (inequivalent) equilibrium sites of Li in the a-Si network
of our model. (See also the Supporting Information.) We then
used the NEB method to calculate the energy barrier for Li
atoms moving between nearest neighbor equilibrium sites. Two
energy barriers, εa,i→j and εa,j→i, were calculated for the two
directions of diffusion pi→j and pj→i between a pair of
equilibrium sites labeled “i” and “j”. Moreover, we calculate
the average energy barrier for a single hop to be 0.58 eV and
the average displacement 1.23b0, both comparable to the case
of c-Si. In Figure 1, we show an example of a diffusion pathway
in a-Si, described by the initial (labeled “d”), the barrier
(labeled “e”), and final (labeled “f”) configurations. The
corresponding energy barrier is 0.57 eV. We also calculated
the coordination using a cutoff distance 10% larger than the
length of the shortest Si−Li bond with Li at a Td site in c-Si.
Interestingly, the initial and final configurations for this pathway
as well as the barrier configuration are structurally quite similar

Figure 1. Diffusion of lithium atoms in bulk crystalline silicon (c-Si) and amorphous silicon (a-Si). The variation of the energy (red solid line) along
the diffusion pathway is plotted against the diffusion length, r, given in units of the bond length, b0, in c-Si (b0 = 2.37 Å). Configurations (a) and (c)
show the lithium atom (violet) at equilibrium sites and configuration (b) shows the lithium atom at the transition state between (a) and (c) in c-Si.
The corresponding configurations in a-Si are labeled (d) and (f) for the equilibrium sites and (e) for the transition state. The silicon atoms that are
nearest neighbors of lithium in each configuration are shown enlarged for contrast.
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to those found in c-Si; namely, in the initial and final
configurations, the Li atom has three and four Si nearest
neighbors, respectively, whereas in the barrier configuration, it
has six Si nearest neighbors. In the entire a-Si model, the
average number of Si neighbors of Li is 3.62 at the equilibrium
sites and 5.54 at the transition state sites.
An important consideration for diffusion in a-Si is the long-

range pathways and barrier(s) that the Li atoms encounter.
Specifically, in contrast with c-Si, where each interstitial Td site
for Li is always surrounded by other equivalent sites to which
the Li can hop, this situation is not guaranteed to be valid in the
a-Si network. The distribution of the low-energy Td-like sites
and the barriers between them is not necessarily uniform and
continuous. To clarify these issues, we identified pathways for
the diffusion of atomic Li in a-Si that consist of several hops
between the equilibrium sites in sequences that lead to longer
range displacement of the Li atoms. Figure 2 shows an example

of a pathway with energy barrier lower than εa,c‑Si = 0.55 eV and
diffusion length comparable to the size of the unit cell. (The
average side length of the unit cell is 11.3 Å.) In this example,
the overall motion of the Li atom comprises five hops between
the equilibrium sites labeled 1−2−3−4−5−6. The energy of
the highest barrier is 0.43 eV (between positions 2 and 3, left to
right). The total diffusion length, defined as the sum of
distances traveled in each individual hop between equilibrium
sites, is more than 5b0 ≃ 12 Å. The total displacement of Li,
defined as the distance between initial and final equilibrium
positions after five hops, is 7.57 Å.
To provide a more comprehensive picture of the diffusion

process that takes into account both the barriers for longer
range displacements and the topology of the moves that can
lead to such displacements, we sampled diffusion pathways that
cross up to six equilibrium sites. (The size of the model a-Si
structure does not allow the study of more extended pathways.)
Statistics of this analysis are summarized in Figure 3. Overall,
the range of barriers is quite large from a minimum of 0.1 eV to
a maximum of 2.4 eV. Most pathways have energy barriers
higher than the barrier for diffusion in c-Si (0.55 eV), but a
non-negligible number of pathways have smaller energy
barriers. The average displacement of Li is calculated to be
∼8.5 Å. There are relatively few pathways with an energy
barrier around 1.5 eV, which we attribute to the features of the
particular structural model of a-Si. Our findings suggest that

studies of deformed lattices of c-Si33,34 may not be sufficient in
describing diffusion of Li in a-Si, unless the model allows for a
distribution of energy barriers, or equivalently, for non-
equivalent equilibrium sites for Li with respect to the local
atomic environment.
To quantify these effects, we show in Figure 4 the network of

the equilibrium sites and their connectivity for Li diffusion in

the a-Si model structure. The average number of neighboring
hoping sites, that is, the number of sites to which a Li atom can
hop starting from any given equilibrium site, is 2.87. Not all of
the equilibrium sites and therefore single diffusion hops
participate equally in mediating the flow of Li, even if all
energy barriers for diffusion were assumed to have the same
value. To capture this, we define the concept of “centrality” of a
site in the diffusion process. The centrality ci of a site labeled “i”
is given by the expression ci = Σσj→k(i)/σj→k, where σj→k(i) is

Figure 2. (a) Example of a pathway for the diffusion of a lithium atom
(violet) in bulk amorphous silicon. The numbers label the equilibrium
sites between which lithium hops. The path between the sites is
colored with respect to the energy at each point. (b) Variation of the
energy along the diffusion pathway: open circles mark nudged elastic
band intermediate images between two equilibrium sites (black
circles). The highest energy barrier is 0.43 eV between sites 2 and 3.
The diffusion length r is given in units of the bond length b0 in bulk
crystalline silicon (b0 = 2.37 Å).

Figure 3. Distribution n of pathways for the diffusion of atomic lithium
in bulk amorphous silicon, with respect to the energy barrier εa. Blue
columns correspond to displacement of lithium in the range 4.50 to
6.71 Å, and red columns correspond to displacement in the range
8.96−11.19 Å. Each column describes a range of energy barriers of
[−0.17,+0.17] eV. The number of pathways is normalized to the total
number of diffusion pathways sampled (displacements up to ∼10 Å).

Figure 4. Equilibrium sites (opaque balls) and diffusion pathways
(violet sticks) for lithium atoms in bulk amorphous silicon. At least
one diffusion pathway exists between every two equilibrium sites. The
sites are colored with respect to their relative significance (centrality)
in mediating the flow of lithium (gray for low, dark green for high
centrality), irrespective of the energy barriers for individual hops
between sites.
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the number of shortest pathways (determined by the number of
nearest-neighbor hops) between sites labeled “j” and “k” that
pass through site “i”, and σj→k is the total number of shortest
pathways between sites “j” and “k”. The sum is taken over all
sites, for j ≠ k, j ≠ i, and k ≠ i. We find that the sites with the
highest ci are the neighboring sites labeled “a” and “b” in Figure
4, with ca = 1 and cb = 0.93, followed by site labeled “c” with cc
= 0.65 (normalized values are reported). Because of the
relatively high centrality of the sites “a” and “b”, and the high
energy barriers between them (εa,1→2 = 2.01 eV, εa,2→1 = 2.02
eV), pathways such as pa→b and pb→a could act as a bottleneck
for the diffusion of Li. Moreover, although at least one pathway
exists between every two equilibrium sites (Figure 4), some
sites, like the sites labeled “n” and “q”, are accessible to the Li
atom from only one neighboring site, which leads to cn = 0 and
cq = 0. In addition, we find εa,p→q = 0.12 eV, but εa,q→p = 1.46
eV, which implies that diffusion toward site “q” is kinetically
favorable but not in the opposite direction. Therefore,
equilibrium sites such as “q” could act as trapping sites for Li
atoms.35

The network of the equilibrium sites reflects the topology of
the a-Si. In this sense, Figure 4 reveals the percolation of the
equilibrium sites for Li and can provide insight into the
measurable diffusion constant for Li in a-Si. Specifically, Figure
4 illustrates how lithiation can be controlled not only by local
structural features but also by the topology of the Si host at
intermediate length scales.13,34 Knowledge of the energetics of
the diffusion of Li alone may not suffice to explain the
discrepancy in measured diffusivities. On the basis of the results
obtained from this analysis, we attempt to address the
experimental situation in what concerns diffusion of Li in a-
Si. The diffusion constant is given by D = d2νe−εa/kT, where d is
the elementary hop distance, ν is the hoping frequency, εa is the
activation energy barrier, k is the Boltzmann constant, and T is
the absolute temperature. Using the displacement and energy
barrier, we found previously for c-Si (d = 2.37 Å, εa,c‑Si = 0.55
eV), at T = 300 K (room temperature) and a typical value for ν
= 1013 s−1, we find for diffusion of Li in bulk c-Si: Dc‑Si = 3.6 ×
10−12 cm2 s−1, which is in the middle of the range of values
(10−14 and 10−10 cm2 s−1) that have been reported for the
diffusivity of Li in a-Si.16−18 The preceding analysis has shown
that most of the pathways for Li diffusion at intermediate
distances (∼10 Å) in a-Si are characterized by energy barriers
that are higher than the barrier for diffusion in c-Si (see Figure
3), which suggests that the diffusivity of Li in a-Si should be
smaller than that in c-Si. For example, assuming ν in a-Si to be
comparable to that for c-Si, for d = b0 and an average εa = 0.70
eV (that is, a barrier ∼20% higher than εa,c‑Si), Da‑Si is calculated
to be on the order of 10−14 cm2 s−1. Still, because of the
exponential dependence of the diffusivity on the energy barrier
εa, there will be a significant contribution to the Li flow and
thus to the charge/discharge rates, from diffusion pathways
with low energy barriers. For example, for the pathway shown
in Figure 2 (d = 7.57 Å/5 and εa = 0.43 eV), we calculate Da‑Si =
1.04 × 10−10 cm2 s−1, a relatively high diffusivity compared with
c-Si. Pathways with low barriers constitute only a small
percentage of the total number of available pathways (see
Figure 3), which will reduce the overall rate from such low-
barrier pathways. These arguments indicate that the lithiation
rate measured in experiment will depend on both the energy
barriers for diffusion and the topology of the atomic structure.
It is likely that the evolution of the actual structure of a-Si with

each charge/discharge cycle produces changes in the local
environment that can significantly affect the diffusivity.
To illustrate the relative importance of the low- and high-

barrier pathways on extended length scales (>1 nm) and the
interplay between energetics and topology in relation to
experiment, we constructed a simplified model consisting of
random networks of up to 200 equilibrium sites for Li (that is,
six times more sites than the sites in the model a-Si structure
used in the first-principles calculations). We ensured that there
is at least one pathway that connects every two equilibrium sites
and that the average number of Li nearest neighbors for each
site is equal to or less than four. (The average number of
neighbors in the model a-Si structure is 2.87.) We assigned a
weight of e−εa/kT to each pathway between neighboring sites,
with εa chosen from a normal distribution centered at 0.55 eV.
The centrality of each single-hop pathway was calculated by
analogy to the case of the equilibrium sites previously discussed.
Pathways with high centrality are expected to control a large
part of the flow of Li acting as diffusion bottlenecks. We used
the 5−25% pathways of higher centrality (we chose the exact
percentage randomly) to calculate an effective value for the
diffusivity of Li in the entire amorphous network. The entire
process was repeated until the average of the diffusivities
obtained was converged to within one order of magnitude.
Through this procedure, we estimate the rate for long-range
diffusion of Li in a-Si to be on the order of 10−12 cm2 s−1, which
is comparable to the rate for diffusion in c-Si and in excellent
agreement with experiments.16,18 However, we stress that the
considerations discussed above apply only to situations where
Li impurities are isolated in a matrix of a-Si, which is relevant to
low Li concentration (our model with one Li atom in a cell of
64 Si atoms translates into 1.5% Li content in a-Si). The
situation at higher Li concentrations could be very different,
with cooperative motion of the Li and Si atoms playing a large
role in diffusion. In addition, measured diffusivity can vary in
different stages of the charge/discharge cycle, even for a single
cell.

■ CONCLUSIONS

We used first-principles total-energy calculations based on DFT
to study the mechanisms of lithium diffusion in model
electrodes of crystalline and four-fold coordinated amorphous
silicon. We investigated pathways for the diffusion of atomic
lithium in the material at short (∼2.5 Å), intermediate (∼10 Å),
and extended (>1 nm) length scales. The energy barrier for
diffusion between tetrahedral interstitial sites in crystalline
silicon is 0.55 eV. In amorphous silicon, we find a distribution
of energy barriers for elementary hops of Li atoms between
equilibrium sites ranging from a low of 0.1 eV to a high of 2.4
eV. We identified pathways for the diffusion of lithium with
relatively low energy barriers that consist of several elementary
hops and lead to transport of lithium across distances that span
the size of the amorphous model cell. The energy barriers for
the diffusion are only one of the factors that control the
diffusion process: not all of the diffusion pathways participate
equally in mediating the flow of lithium in the material, even if
all energy barriers were assumed to have the same value. In a
simple extended model with the same distribution of
equilibrium sites as in our atomic model for the amorphous
Si structure, we find that the rate of long-range lithium diffusion
is comparable to that in crystalline silicon (∼10−12 cm2 s−1).
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