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Macroeconomic Impact of Shocks

For economy with efficient equilibrium, Hulten (1978):

d log Y/d log Ai = salesi/GDP = λi .

First-order approximation (exact for Cobb-Douglas economies).

Foundation for Domar aggregation:

Sales approximate sufficient statistics.

Details of production structure are irrelevant.

“Bugbear” for production networks literature.
(e.g. shocks to Walmart and electricity equally important)



What We Do

Extend Hulten to second order to capture nonlinearities.

General formula: reduced-form GE-elasticities of substitution.

Mapping from micro to macro using a general structural model:
structural elasticites of substitution.
returns to scale.
factor market reallocation.
network linkages.

Nonlinearities lead to asymmetric responses of output to shocks.
amplification of negative shocks, attenuation of positive shocks.
lower mean, negative skewness, excess kurtosis.

Nonlinearities matter quantitatively:
×10 welfare costs of shocks from 0.05% to 0.6% of GDP.
×3 impact of 70’s oil price shocks from −0.2% to −0.6% of GDP.
−20 percentage point reduction in aggregate TFP between
1948-2014.



What We Can Also Do

Paper focuses on aggregate output, not co-movement, but can be
characterized with same GE-elasticities.

Paper maintains representative agent assumption.

Paper abstracts away from RBC channels (elastic labor supply,
capital accumulation), dynamics (reallocation).
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General Framework

Perfectly competitive economy, representative consumer.

Preferences represented by homothetic preferences

Y = D (c1, . . . ,cN) ,

where ci is consumption of good i .

Consumer budget constraint

∑
i

pici =
M

∑
i=1

wi li +
N

∑
i=1

πi ,

where pi , wi , and πi are prices, wages, and profits.



General Framework

Profits earned by the producer of good i :

πi = piyi −
M

∑
k=1

wk lik −
N

∑
j=1

pjxij .

Each good i is produced using production function:

yi = AiFi(li1, . . . , liM ,xi1, . . . ,xiN).

Ai Hicks-neutral technology (Harrod-neutral as special case).

xij intermediate inputs of good j used in the production of good i .

lik labor of type k used by i .



Hulten’s Theorem

Define Y (A1, . . . ,AN) to be competitive equilibrium aggregate
consumption function interpreted as output.

Theorem (Hulten)

Let λi denote industry i ’s sales as a share of output, then

d log Y
d log Ai

= λi .



GE Elasticity of Substitution

For CRS function f (A1, . . . ,AN) the Morishima elasticity of
substitution:

1
ρij

=−d log(MRSij)

d log(Ai/Aj)
=− d log(fi/fj)

d log(Ai/Aj)
.

For output function Y (A1, . . . ,AN), define GE-elasticity of
substitution:

1
ρij
≡−d log(MRSij)

d log(Ai)
=−d log(Yi/Yj)

d log(Ai)
.

Hence
d log(λi/λj)

d log Ai
= 1− 1

ρij
.



Input-Output Multiplier

Definition 1.1
Define input-output mutliplier

N

∑
i=1

d log Y
d log Ai

=
N

∑
i=1

λi = ξ .

“Macro returns to scale”: ξ > 1 implies reproducibility.

ξ constant if and only if C homogenous of degree ξ .



Extending Hulten: Idiosyncratic Shocks

Theorem

d2 log Y
d(log Ai)2 =

λi

ξ
∑
j 6=i

λj

(
1− 1

ρij

)
+ λi

∂ log ξ

∂ log Ai
.

General formula for second-order terms (nonlinearities) in terms
of reduced-form GE-elasticities of substitution.

Sales distribution not sufficient statistic.

ρij = 1, ξ constant, Cobb-Douglas, zero effect (knife-edge).



Macro Moments

Proposition
Suppose that log Ai are subject to idiosyncratic shocks with variance
s2

i . Then we have the following formula for the mean of output:

E(log(Y/Y ))≈ 1
ξ

∑
i

s2
i

2ξ
λi ∑

j 6=i

λj

(
1− 1

ρij

)
+∑

i

s2
i

2
λi

d log ξ

d log Ai
.

See paper for:

more general mean formula for correlated shocks.

beyond mean, formulas for skewness and excess kurtosis.



Welfare Costs of Shocks

Proposition

Let u : R→ R be a CRRA with parameter γ . Suppose TFP A has
idiosyncratic shocks with variance s2

k . Then the welfare costs of
shocks are given by:

[E(u(Y ))−u(Y )]

u′(Y )Y
≈ −1

2
γ

N

∑
k

λ
2
k s2

k︸ ︷︷ ︸
Consumption nonlinearities

+
1
2

Y
N

∑
k

∂ 2Y
∂A2

k
s2

k︸ ︷︷ ︸
Production nonlinearities

,

where recall Y = Y (A).

Nonlinearities in consumption: small cost in Lucas (1987).

Nonlinearities in production: can be order of magnitude larger.



Agenda

Framework

Illustrative Examples
Macro-Substitution
Input-output Mutlipliers

CES Networks

Quantitative Examples
Business Cycles
Oil Shocks
Long-run Growth

Conclusion



Agenda

Framework

Illustrative Examples
Macro-Substitution
Input-output Mutlipliers

CES Networks

Quantitative Examples
Business Cycles
Oil Shocks
Long-run Growth

Conclusion



GE Elasticities of Substitution

N goods produced using the production functions

yi

y i
= Ai

(
lisi

l isi

)1−ωg
(

lig
l ig

)ωg

,

specific labor lis and general labor lig .

Output

Y

Y
=

 N

∑
i=1

ω0i

(
ci

c i

) θ0−1
θ0


θ0

θ0−1

,

Budget constraint:

∑
k

pk ck = ∑
k

wLk +∑
k

wk lk +∑
k

πk .



GE Elasticities of Substitution

Market-clearing conditions are

ci = yi , lsi = lisi , and lg =
N

∑
i=1

lig.

GE-elasticity of substitution is:

ρji = ρ =
θ0(1−ωg) + ωg

θ0(1−ωg) + ωg + (1−θ0)
.

Hence,

d2 log Y
d log A2

i
=

dλi

d log Ai
= λi(1−λi)

(
1− 1

ρ

)
.

To build intuition, consider polar cases with ωg = 1 and ωg = 0.



Lesson #1: Micro-Elasticity of Substitution Matters
ωg = 0 =⇒ ρ = θ0.
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d2 log Y
d log A2

i
= bi(1−bi)

(
1− 1

θ0

)
.



Lesson #2: Reallocation Matters
ωg = 1 =⇒ ρ = 1

2−θ0
.
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Varying Reallocation Parameter

log(A)
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(G

D
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All these economies are equivalent to a first order.
d2 log Y
d log A2

i
= bi(1−bi)

(
1− 1

ρ

)
.
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The role of ξ

So far, ξ = 1, constant macro returns to scale.

For most applications, ξ > 1: intermediate goods, capital, trade.

In many applications, ξ restrictted to be constant: Gomme and
Rupert (2007), Aghion and Howitt (2008), Jones (2011), Gabaix
(2011), Acemoglu et al. (2012), Kim et al. (2013), Bartelme and
Gorodnichenko (2015).



Variable ξ

Assume

y1

y1
= A1

ω1l

(
l1
l1

) θ1−1
θ1

+ (1−ω1l)

(
x1

x1

) θ1−1
θ1


θ1

θ1−1

,

Market-clearing

y1 = c1 + x1 and l = l1.

The steady-state input-output multiplier

ξ = 1 + (1−ω1l) + (1−ω1l)
2 + . . . = 1/ω1l

decreases with the labor share ω1l and increases with the
intermediate input share 1−ω1l .



Variable ξ

Hulten’s theorem implies that

d log Y
d log A1

= ξ .

Proposition

d2 log Y
d log A2 =

(
1
a
−1

)
(θ −1) = (ξ −1)(θ −1).



Variable input-output multiplier
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Networks

General nested CES economy.

“Relabel” each CES nest to be a new sector with elasticity θi .

Input-output matrix

Ωij =
pjxij

piyi
.

Leontief inverse

Ψ = (I−Ω)−1 =
∞

∑
n=0

Ωn.

Ωij and Ψij direct and total reliance of i on j .

Domar weights are λ = b′Ψ.



Networks

To understand these models, two sets of equations are key:
Forward and Backward equations.

Let α denote the factor shares. Then forward equations:

d log pi =−d log Ai +∑
j

Ωij d log pj +∑
f

αif d log Λf ,

or
d log P = Ψ(α d log Λ−d log A) .

This implies Hulten’s theorem

d log Y =−b′ d log P = λ
′ d log A + Λ′ d log Λ.



Networks – Forward Equations

Next, we need to understand the backward equations:

d log λ = f (d log P).

To characterize the backward equations, we need input-output
covariance operator:

CovΩ(j)(Ψ(k),d log P) = ∑
i

ΩjiΨik d log pi−

(
∑

i
ΩjiΨik

)(
∑

i
Ωji d log pi

)
.



Input-Output Covariance
Input-output variance operator:

CovΩ(j)(Ψ(k),d log P) = ∑
i

ΩjiΨik d log pi−

(
∑

i
ΩjiΨik

)(
∑

i
Ωji d log pi

)
.

j

· · ·Ψ2k ,d log p2Ψ1k ,d log p1 ΨN−1,k ,d log pN−1 ΨNk ,d log pN

Ωj2 Ωj,N−1

Ωj1 ΩjN



Backward Equations

The backward equations are given by

dλi =
N

∑
k=0

(1−θk )λk CovΩ(k)(Ψ(i),d log P),

Now we can plug in the forward equations and we are done.

In the one factor world, this is easy

d log P =−Ψd log A



One Factor, Full Reallocation

Proposition

d2 log Y
d log Aj d log Ai

=
dλi

d log Aj
=

N

∑
k=0

(θk −1)λk CovΩ(k)(Ψ(i),Ψ(j)),

and in particular

d2 log Y
d log A2

i
=

dλi

d log Ai
=

N

∑
k=0

(θk −1)λk VarΩ(k)(Ψ(i)).

Centrality measure mixing network and elasticities.

Can also compute macro elasticities of substitution (see paper).



Network Irrelevance Result

Proposition
Suppose a single factor, θj = θ for every j, and factor-augmenting
shocks. Then

Y

Y
=

(
N

∑
i=0

λ iA
θ−1
i

) 1
θ−1

,

where λ i is the steady-state Domar weight of i. Then

d2 log Y
d log Aj d log Ai

=
dλi

d log Aj
= (θ −1)λi(1(i = j)−λj),

and in particular

d2 log Y
d log A2

i
=

dλi

d log Ai
=

N

∑
j=0

(θj −1)λjVarΩ(j)(Ψ(i)) = (θ −1)λi(1−λi).

Extends Hulten network irrelevance to second-order.



“Universal” Input Example
One factor, full reallocation, two elasticities θ1� θ0.

M...1 M+1 ...

E

HH

N

L

θ1

θ0

d2 log Y
d log A2

E
= (θ0−1)λE

(
N
M
−1

)
λE + (θ1−1)λE

(
1− N

M
λE

)
,

= (θ0−1)λE (1−λE )− (θ0−θ1)λE

(
1− N

M
λE

)
.



Direction of Diffusion

Proposition
Assume that there is one factor and full reallocation. If industries k and
l sell the same share to all other industries and the household, then

d log Y
d log Ak

=
d log Y
d log Al

,

and
d2 log Y
d log A2

k
=

d2 log Y
d log A2

l
.

Key: downstream diffusion under CRS.

Limited Re-allocation, multiple factors or DRS breaks it.



Multiple Factors, Limited Reallocation
Proposition

d2 log Y

d log A2
k

= ∑
j

(θj −1)λj VarΩ(j) (Ψ(k))

+∑
j

(θj −1)λj CovΩ(j)

(
∑
f

Ψ(f )
d log Λf

d log Ak
,Ψ(k)

)
.

New terms arising from changes in factor shares (prices) given by

d log Λ

d log Ak
= Γ

d log Λ

d log Ak
+ δ(k),

Γf ,g = ∑
j

(θj −1)λj CovΩ(j)

(
Ψ(f ),Ψ(g)

)
,

δfk = ∑
j

(θj −1)λj CovΩ(j)

(
Ψ(f ),Ψ(k)

)
.

Can compute macro factor elasticities of substitution (see paper).



“Universal” Energy Example
Two factors: electricity and labor.

Sectors use energy and labor with elasticity θ1 < 1.

Final demand uses downstreams sectors with elasticity θ0� θ1.

M...1 M+1 ...

E

HH

N

L

θ1

θ0

d2 log Y
d log A2

E
=

dΛE

d log A2
E

=
(θ0−1)ΛE (1−ΛE )− (θ0−θ1)ΛE

(
1− N

M ΛE
)

θ0− (θ0−θ1)
(1− N

M ΛE)
1−ΛE

.



Beyond CES

Define the substitution operator for j as

Φj(Ψ(k),Ψ(l)) =

∑
x ,y

x 6=y

Ωjx Ωjy (1−σ
j(x ,y))ΨxlΨyk

 ,

=
1
2

EΩ(j)

(
(1−σ

j(x ,y))(Ψk (x)−Ψk (y))(Ψl(x)−Ψl(y))
)
,

where Ψk (x) = Ψxk .

Φj similar to covariance:

symmetric;
bilinear;
Φj = 0 if an argument is constant.



Beyond CES

Proposition
For a general economy,

dλi

d log Ak
=−∑

j=0
Φj(Ψ(k),Ψ(i)) +∑

f
∑

j
Φj(Ψ(i),Ψ(f ))

d log Λl

d log Ak
.

where

dΛf

d log Ak
=−∑

j=0
Φj(Ψ(k),Ψ(f )) +∑

l
∑

j
Φj(Ψ(l),Ψ(f ))

d log Λl

d log Ak
.
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Simulation
Final demand

Y

Y
=

(
N

∑
i=1

ω0i

(
ci

c i

) σ−1
σ

) σ

σ−1

.

The production function of industry i is

yi

y i
= Ai

ωil

(
li
li

) θ−1
θ

+ (1−ωil)

(
X̂i

X i

) θ−1
θ

 θ

θ−1

,

labor inputs li and intermediate inputs X̂i .

The composite intermediate input Xi is given by

Xi

X i
=

(
N

∑
j=1

ωij

(
xij

x ij

) ε−1
ε

) ε

ε−1

,

intermediate inputs xij from industry j used by industry i .



Simulation

Set θj = θ = 0.5,εi = ε = 0.001, and σ = 0.9 drawing on Atalay
(2016), Boehm et al. (2015), Barrot and Sauvagnat (2016),
Comin et al. (2015).

Impose no-movement in labor for benchmark (Acemoglu et al.
(2016), Autor et al. (2016), Notowidigdo (2011)).

Use the 88-sector US KLEMS annual input-output data from
1960-2005, with sector-level TFP data constructed using
Jorgenson et al. (1987) methodology by Carvalho and Gabaix
(2013).

Sectoral TFP (annual or quadrennial) shocks to be
logN (−Σii/2,Σii), where Σii is sample variance of ∆log TFP
for industry i .

Check that σλ = ∑i λ iσλi
matches data.



Simulation Results

(σ ,θ ,ε) Mean Std Skew Ex-Kurtosis σλ

Full Reallocation - Annual
(0.7, 0.3, 0.001) -0.0023 0.011 -0.10 0.1 0.090
(0.9, 0.5, 0.001) -0.0022 0.011 -0.08 0.0 0.069
(0.9, 0.6, 0.2) -0.0020 0.011 -0.05 0.0 0.056
(0.99, 0.99, 0.99) -0.0013 0.011 0.01 0.0 0.001

No Reallocation - Annual
(0.7, 0.3, 0.001) -0.0045 0.012 -0.31 0.4 0.171
(0.9, 0.5, 0.001) -0.0034 0.012 -0.18 0.1 0.115
(0.9, 0.6, 0.2) -0.0024 0.011 -0.11 0.1 0.068
(0.99, 0.99, 0.99) -0.0011 0.011 0.00 0.0 0.001

Annual Data - 0.015 - - 0.13



Simulation Results

(σ ,θ ,ε) Mean Std Skew Ex-Kurtosis σλ

Full Reallocation - Quadrennial
(0.7,0.3,.0.001) -0.0118 0.026 -0.4 0.4 0.307
(0.9, 0.5, 0.001) -0.0113 0.026 -0.28 0.4 0.176
(0.9, 0.6, 0.2) -0.0100 0.026 -0.23 0.2 0.133
(0.99, 0.99, 0.99) -0.0058 0.025 0.01 0.0 0.003

No Reallocation - Quadrennial
(0.7, 0.3, 0.001) -0.0270 0.037 -2.18 12.7 0.404
(0.9, 0.5, 0.001) -0.0187 0.030 -1.11 3.6 0.267
(0.9, 0.6, 0.2) -0.0129 0.027 -0.44 0.7 0.154
(0.99, 0.99, 0.99) -0.0057 0.025 0.00 0.0 0.002

Quadrennial Data - 0.030 - - 0.27



Histograms
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Figure: The left panel shows the distribution of GDP for the annual model.
The right panel shows these for shocks for quadrennial shocks.
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Oil v. Retail
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Intuition: low micro-elasticity of substitution, universal input.

Consistent with large asymmetric effects of oil shocks (Hamilton,
2003), even without frictions.



Reduced-form Impact of Oil Shocks

Proposition

Up to the second order in the vector ∆, we have

log (Y (A + ∆)/Y (A)) =
1
2

[λ (A + ∆) + λ (A)]′ log(∆) + O(log(∆)3).



Reduced-form Impact of Oil Shocks

1970 1980 1990 2000 2010
0

0.02

0.04

0.06

0.08

Figure: Global expenditures on crude oil as a fraction of world GDP.

First-order effect: 1.8%×−13%≈−0.2%.

Second-order effect: 1
2 (1.8% + 7.6%)×−13%≈−0.6%.
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Nonlinearities and Cost Disease

“Nonlinear” measure of aggregate TFP growth

∆log TFPnonlinear =
N

∑
i=1

2013

∑
t=1948

λi,t(log Ai,t+1− log(Ai,t)).

Approximation, by discrete left Riemann sums, of the exact
aggregate TFP growth, given by

N

∑
i=1

∫ 2014

1948
λi,td log Ai,t .

If economy was log-linear, TFP growth is

∆log TFP1st order =
N

∑
i=1

λi,1948(log Ai,2014− log Ai,1948),



Baumol’s Cost Disease

1940 1950 1960 1970 1980 1990 2000 2010 2020
1.00

1.20

1.40

1.60

1.80

Nonlinear
First Order
Second Order

Baumol’s cost disease: slow growth sectors get big.

Structural change: non-homothetic preferences.
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