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Introduction

» Uncertainty of lifetime earnings

v

Gradually resolved over time
» How to set taxes to insure?

> Static models (Mirrlees 1971, Diamond 1998, Saez 2002):

» symmetric treatment of redistribution and insurance

» how to interpret a period?

» Dynamic context?



Introduction

> Most progress: particular cases or focus on saving distortions

» This paper: labor distortions and saving distortions in general
setting

» theoretical: novel formula for labor taxes

» numerical simulations



Introduction

» Questions regarding optimum:

> taxes depend on age?
> taxes depend on past history?

P tax system progressive or regressive



Introduction

» Optimum requires sophisticated taxes

» Simpler taxes?

» use optimum to construct simpler taxes

» finding: relatively simple taxes get most gains
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Preferences and Technology

> Utility

-

U({Cay}) = ]EO Z Bt_lut(ctvyt; et)

t=1

> Cost ;
Eo Z Rf(t*l)(ct —Yt)
t=1

> Life cycle:

» work phase
t<Te  u(c,y;0)=1i(c,y/6)

> retirement

Te<t<T ut(c,y;e)—{



Uncertainty and Information

» 0O; private info
» {6} markov:

> support: [0,(6;—1),0:(0:-1)]
» differentiable density: *(6;|6;_1)

> Start with:
> fixed support [6, 0]

P> relax later...



Planning Problem

Ko(v) = {T'yn}EO ;R (¢ 1)(Ct—Yt)
st. U{c,y})>v
U({c,y}) 2 U({c°,y?}) Voex

> Not tractable except special cases (for example, i.i.d.)

» Approach here:

» solve relaxed program with local 1Cs

» verify global ICs



Local ICs

» Continuation utility

w(0) = u(c(6"),y(67): 6:)+ Bv(67)

v@ﬁzi/wdeﬁHﬁwHﬂ&ﬁmHL
» Necessary conditions for IC:

38915W(9t) = ug(c(6%),y(6°);6;) +BA(6")

AwUE/WwHU@%@Hmw@H.

» Dynamic generalization of Envelope condition of Mirrlees
(1971) and Milgrom and Segal (2002)

> Kapicka (2009), Williams (2009), Pavan, Segal and Toikka
(2009)



A Recursive First-Order Approach

K(v,A,9_,t)_min/[c(9)—y(9)+;K(V(G),A(G),G,H- 1)]Ft(6]6.)do
s.t.

v:/W(O)ft(G\G,)dG where w(0)=u(c(0),y(6);0)+Bv(0)

w(0) = ug(c(0),y(0);0)+BA(6)
A= L/' 0)r! (6]6.)

» Kapicka (2009), Williams (2009), Pavan, Segal and Toikka
(2009)



Fernandes-Phelan

» warm up: finite shocks 1 < 82 < ... < N

» Fernandes-Phelan:
K(vi,va,...,vn,0',t) =minY [c(8") — y(8")

+%K(v1(9”), (8", vn(O7), 07, t+1)]FE(67|6")

u(c(0”),y(6");6)+Pvn(0") > u(c(6™),y(07);6")+Bvn(6™)
vk—ZW f(0)6%) k=1,2,....N

w(6”) = u(c(6"),y(6");0") + Bvn(6")



Fernandes-Phelan Local ICs

» warm up: finite shocks 1 < 82 < ... < N
» Fernandes-Phelan: (relaxed)

K(vi.vi+1,0",t) = min}_[c(6") — y(8")

1
+ o K(vn(6"),va11(0"), 07, t + ININCHED

s.t. Vn:
u(c(8"),(6"),0")+Bva(8" 1) > u(c(6" "), y(6"1),0") +Bva(6" )

ve =Y w(0)f(016)  k=1/+1
%]

w(8") = u(c(6"),y(6");6")+ Bva(6")



Wedges

> Intertemporal wedge

a¢ (Ct )/t;et)
1:[3/'_\’(1—1';(. ,1)E -1 | 5= £ ’
A Y (1, ye1:601)

» Labor wedge

ﬁg (Cta}/t; 91“)

1=(1—-1 =
(1= me) = £ (ct,yt: 0)



Intertemporal Wedge: Inverse Euler

Assumption

Separable utility: ut(c,y,0) = at(c)— ht(y,8).

Proposition

Inverse Euler holds:

1

6t (cpq) ~Rp

> Intertemporal wedge

Tk,t-12>0




Labor Wedge: A Simple Formula

Assumption
Isoelastic disutility of work At (y,0) = (/ct)(y/6)% .

Assumption
AR(1) productivity

log (6;) = plog(6:-1) + 6; +&:

Proposition

E,_ T 1 af_1,(Ct—1)]

1_TL,tB7R 0t/(Ct)

TLt—1

_p Atl/(ct_1)>
1-7+1

1
+ o Covs_q <|0g(9t)a ﬁiR - 0t/(ct)



Labor Wedge: A Simple Formula

» Labor wedge formula:

Ei_1

TLt i LAltfl/(Ct—l)

1-1¢BR 0Y(ct)
TLe—1

1—Tre 1

)

=p + oCovys_q <Iog(9t),



Labor Wedge: A Simple Formula

» Labor wedge formula:

E Tt iﬁtil,(Ct—l)
1o BR av(c)

T
=p—=1 | aCove g <|0g(9t)7
1-7+1

iﬁtill(ct—l)
BR i%(ct) )

» LHS: risk-adjusted conditional expectation of 7; /(1 — 7. )



Labor Wedge: A Simple Formula

» Labor wedge formula:

e 1 07 Y(ceo1)
Et g a5 n
1—7; BR 0(ct)

1 ﬁtl/(ct_1)>

Trt—1
=p———+aCovy_1 <|0g(9t)v ﬁiR ﬁt’(ct)

1-7+1

» LHS: risk-adjusted conditional expectation of 7; /(1 — 7. )
» RHS(1): {7, /(1—17.)} inherits mean reversion of {6}



Labor Wedge: A Simple Formula

» Labor wedge formula:

Ei_1

TL,t iﬁtil/(ct—l)
1-7:BR 0Y(ct)

T
ZPL_HXCOW_:L <|og(9t);
1-Tre 1

1 0t_1’(ct1)>
BR a%(ct)
» LHS: risk-adjusted conditional expectation of 7; /(1 — 7. )
» RHS(1): {7, /(1 —7L)} inherits mean reversion of {6}
» RHS(2): positive drift of {7, /(1—1.)}

» benefit of added insurance: Covs_; (Iog(@t) M)

' BR Y(ct)
> incentive cost increases with Frisch elasticity 1/(a—1)



Labor Wedge: A Simple Formula

» If 6; predictable...

UN Tr -1
1—7¢ 1-T 1

» Tax smoothing: p=1= 7+ =T +1

» Mean reversion: p < 1= {7,} reverts to zero at rate p



General Stochastic Process

» Define
g (9, 1) = /|og(et)ff(et|et,1)d9t

Proposition

Ei_1

TLt iﬁtil/(ct—l) .
1—1+BR 0Y(ct)

|
d¢tog TL7t—1
d0; 11—7, ;1

nt—1/
0, 1 (Ct1)>

1
+aCovi_q (|Og(9t)a BR . 0t(c;)



Moving Support

» Moving support:

[0,(6:-1),0:(6:-1)]
» Only difference

A(6Y) :/W(ef“)fg'-‘jl(etﬂye,f)det+1

d6:i1

+ do;

w <§t+1) frt (§t+1|9t)

de
B JZ)H W (8:41) F (8e4116¢)
t




Labor Wedge at Top and Bottom

Proposition
fL,t TL,t—l ﬁt/ d|og5t
1-— ’ELJ 1-— TLt—1 0t71/ d Iog Gt—l
T TLt-1 g dlog6,
1_£L.1_- l_TL,tfl ot-v dIogBt_l

» Generalizes Mirrlees (1971):
> fixed support...
7 (071,60, =1, (67%,6,) =0
> 0;=¢:0:_1 and & € [¢g,E]...

0 (05°1,8:) <7 (65) <7 (6°°,8,)



Continuous Time: Approach

» Productivity {0} follows a Brownian diffusion:
leg Bt ,ﬂtog(et)det—i—&tth
» Stochastic control formulation:

» Laws of motion for state variables v; and A;...

> ...HJB equation for cost function K(v¢, Ay, 6;,t)



Continuous Time: Dynamics

Proposition
1. Dynamics
dA A
71' — GA’ thth
At

dyy = [_eto-l7t6t2

2. Allocation and wedges

1

L’]tl(ct)

UN
]. - TL,t

» Dual variables: A: = K, (vt,At,6:,t) and 7 =

» Sufficient control: oy (A¢, %, 6, t)

Iog
+ (fit + 6: d9 )Yeldt 4 ¥: 6:d W4,
1 0; _ —a&
ﬁt,(Ct) ht'()’t/et) 0;
Ye 1 N
0y Ke= o +67.

KA(VtaAtaeh )



Labor Wedge: A Simple Formula

P continuous time counterpart...

~log
TLt TLt dil; D
: =|A ——0 A 67 | dt
d<kt1—TL,t> [ tl_TL,t " de, T AAOLLO

» Drift: same discrete time

» Zero volatility: new!
» realized paths = bounded variation
» innovations in 7 +/(1— 7. ¢) mirror A;
> regressivity in short run



Labor Wedge: A Simple Formula

P continuous time counterpart...

dii ~log R
d<7tt Tt )ZP e g 9He + A0y 67 | dt

]-_TL,t 1—1 TL,t d9t

» Drift: same discrete time

» Zero volatility: new!

» realized paths = bounded variation
» innovations in 7 +/(1— 7. ¢) mirror A;
> regressivity in short run

e 1 6
> Intuiton: )vtl e 0(c) ,;/((%4)
t

> A,(lct) h’(Yf) at first best

> ,(C) tracks = (;t) at second best



Labor Wedge: A Simple Formula

» [to's Lemma....

T T djiloe . 1
d( Lt >—[ Lt g, 9He +ac; 67| dt+ Lt A—,d(ﬁg)

]-_TL7t 1_TLt d9 1_TLt

» Drift: same discrete time

» Zero volatility: new!
» realized paths = bounded variation
» innovations in 7 +/(1— 7. ¢) mirror A;
> regressivity in short run

Tt 1 6
> Intuiton: A;1= we T e R
t

» _1 at first best

,(Ct) h/()’t)

> ,(C) tracks = (;t) at second best



Labor Wedge: A Simple Formula

» |to's Lemma...

log

TLt TLt dfi; ~2 TLt
d . = o) 67+ c? .67
<1—TL,t) |:1_TL.t g TR 1-g, Mt

dtf G)L_tc}tth
—TLt

» Drift: same discrete time

» Zero volatility: new!
» realized paths = bounded variation
» innovations in 7 +/(1— 7. ¢) mirror A;
> regressivity in short run

e 1 6
> Intuiton: ltl e 0(c) /’:'/(}git)
t

at first best

»Al

,(Ct) h/(}’t)
> ,(C) tracks = (;t) at second best




General Preferences

» Inverse Euler requires separability
» General utility u®(c,y,0)

» Define:
_ dlog|MRS,|

YT Dlog6;
uy

IMRS, | = —

t
uc



General Preferences

» Inverse Euler requires separability
» General utility u®(c,y,0)

» Define:
_ dlog|MRS,|

YT Dlog6;

IMRS,| = — %

ut
» Generalization

~log
Tt 11 D Tl + 11 d‘LLt
d —— — — | = | A0y ;6 - ——0 dt
<1TL7t nt Ug) [ t AJ t+1*TL7t nt UE t th

> Interpretation:

e 1 .
—— — = discouragement
1—7: 1M



General Preferences

P Interesting case

(w102 (2)°)

» Then n; = a; deterministic and

~log
TLt 2 Ty 1 dil; 1 doy
d ; = A —— — | 6 —— ]| dt
(17“;) QtAt0), Ot + 1, uf ( t 4o, + @ dt

. 10

+ —d(u
171'[_71’ Ué €

> Life cycle pattern for elasticity?



Numerical Simulation

» Agents live for T = 60 years, work for 40 years and retire for
20 years

» Utility function:
K (Yt\“
-5 (2
with a =3; k=1, g= =0.95.
> Storesletten, Telmer and Yaron (2004)

0; = €:6;_1,

€ lognormal with Var(loge) = 0.0161.



Insurance and Redistribution

» Initial heterogeneity:
> °(6o)
> Pareto weights [A(6p)[Fo X/, B ut(ct,ye; 6:))]f°(60)d6p ..
> _or SWF [W(EoX[; Bt *ut(cr,yt: 8:))f°(60)d6o
> initial tax rate 7, o(6p)
» Focus on social insurance:
» no initial heterogeneity
» independent of Pareto weights or SWF

» easy to extend



Wedges

0.012

0.01
0.008
0.006
0.004
0.002

K.t

)




Wedges
TLt K.t

‘ 0.012 x T :

0.01
0.008
0.006
0.004
0.002

0 il il il 0
10 20 30 40

» Recall from continuous time:
> key statistic {0} }
» with log utility A; = ¢;
> vare(ce1/ce)=07 .62 decreases to 0
P as retirement nears uncertainty goes to 0
> labor wedge increasing over time=-increased insurance

» explains patterns for labor and intertemporal wedges.



Allocation

variances

10

1.4

1.2 1

T

—— Yt

—a— Ct

+9t




Allocation

variances
1.4 T T
11 12 |
—a— Ct
1 1 [ —e— 9[’
0.8

0.9 0.6
0.4

0.2

0.8

0.7 ‘ ‘ ‘
10 20 30 40

» [E[c:] constant: Inverse Euler
» E[y:] decreasing: increasing labor wedge
» var(y:) > var(6;): income and substitution effects

» var(c) < var(y:): insurance



Tax Smoothing and Drift

0.5
0.4
0.3

T20
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Tax Smoothing and Drift

0.5 T 0.5 T

0.4 | el /
. 0.4} i

gos) | 8
o 0.3+ »° -
0.2 f 7 fd L7
01 e L L 1 02 7 1 1
0.1 02 03 04 05 0.2 0.3 0.4 0.5
T19 139

» Tax smoothing: slope close to one
» dispersion: innovations in ¢;
» Drift: above 45 degree line

» Late in life:

» lower dispersion
» smaller drift
> key to both: lim; 7,03+ =0



Near Zero Volatility

06 T T T T

05

0.4}

1
1-720 u'(c20)

03}

720

0.2

0.1 1 L 1 L
0.1 0.2 0.3 0.4 0.5

719 1
1-719 u/(c19)

0.6



Near Zero Volatility

1
1-720 u'(c20)

720

06 T T T T

05

0.4}

03}

0.2

0.1 1 L 1 L
0.1 0.2 0.3 0.4 0.5

T19
1-119 U/(c190)

Little dispersion

[llustrates zero volatility result

0.6



History Dependence and Insurance

T20
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History Dependence and Insurance

120

_
o
T

02 L i 1 i 5 L i 1 I
0 05 1 15 2 25 5 10 15 20 25

020 Yqtc

> Regressive tax on average: short-term regressivity
> History dependence: dispersion

» Insurance: slope of 0.67

30



Impulse Response

» Baseline:
g =F(05) t=12...,60

» Shock:

& = F(0.95)

TLt TK,t

0.01

0.005




l.i.d. Case

TLt
0.5 T T T
0.4 |
03| :
0.2} |
0.1 1
M

O il il il
10 20 30 40

» Normalize so that same cross sectional variance
» Level: smaller shocks in NPV
» Dynamics: easier to smooth incentives early in life

Ei 1 [ Lt

1Ct:| = aCov;_1 (log(6;), ct)
— Tt



Welfare Gains and Simple Tax Systems

» Welfare gains relative to no taxes from...
62 =0.0161

second best 3.43%
first best 13.04%



Welfare Gains and Simple Tax Systems

> Welfare gains relative to no taxes from...

62 =0.0161
second best 3.43%
first best 13.04%

» simple policies:
» history independent
» age dependent
» linear taxes = average of wedges from simulation



Welfare Gains and Simple Tax Systems

> Welfare gains relative to no taxes from...

62 =0.0161
second best 3.43%
first best 13.04%

» simple policies:
» history independent

» age dependent
» linear taxes = average of wedges from simulation

» Simple policies capture most of the gains...

Tt TK, ¢t 3.30%
Tet Tkt =0 3.16%
TLtr TK,t = TK 3.29%

Toe =T, Tkt = Tk 2.71%



Welfare Gains and Simple Tax Systems

» age indendent taxes 7, + = T;, Tk.+ = Tk
=T ~0

> intuition
» mimick effects of missing age dependent taxes...
» ... subisdy on savings = increasing taxes on labor
» ... encourages earlier rather than later work
(e.g. work in earlier periods buys more goods at retirement)
> cancels force for positive tax on savings (Inverse Euler)



Welfare Gains and Simple Tax Systems

> what is the benefit of sophisticated savings distortions?

» Exercise (Farhi-Werning, 2008)
> take allocation from simple tax system
» perturbation:

» Inverse Euler holds
» labor allocation unchanged



Welfare Gains and Simple Tax Systems

> what is the benefit of sophisticated savings distortions?

» Exercise (Farhi-Werning, 2008)
> take allocation from simple tax system
» perturbation:
» Inverse Euler holds

» labor allocation unchanged

> Welfare gains from Inverse Euler relative to...

T.:=0, Tkt =0 0.449%

TLt TK ¢ 0.011%

TLe Tk, =0 0.095%

TLeTK,t = TK 0.003%

Tt =T TK,e = TK 0.180%
» Gains

» overall: relatively modest

> no taxes: higher gains (higher variance in consumption)
» small gains from sophisticated capital taxes

» gains from better mimicking?



Summary

» Methodology:

» first order approach

» discrete and continuous time
» Characterization of second best:

» formula for the labor wedge

» labor wedge at top and bottom

> zero volatility result (short term regressivity)
» Second best informs us of simple policies:

» labor taxes increasing with age

» capital taxes decreasing with age

> Age dependent taxes important



Extensions

» Other productivity processes
» Human capital accumulation
» Extensive margin for retirement

» Occupational choice



Verification
» Solve using FOA...
ct =g (ve, A¢,re-1, 11, t)
Ve =& (ve, D¢, re—1,re,t)
Vigr = 8" (Ve, A¢, re—1, 11, t)
Aria ZgA(VtaAhft—l,ft’t)
wr = " (ve, D¢, re—1,rt,t)

> agent's problem

V(v,A,r_,0,t) :max{ut( “(v,A,r_,r,t),g”(v,Ar_,r,t),0)

—|—ﬁ/V (v, r ,rt),g2 (v, r r,t),r, 0, t+1)f11(6')6)d0'}

» IC = verify that
V(v,Ar_,0,t)=g"(v,A,r_,0,t)



General Weighting Function
» For any function 7 (6), let 1(0) be a primitive of 7 (6)/6
» Define

0f' (6c-1) = [ N(0)F* (8ul6r-1) 0

Proposition

TLt gﬁtil/(ct—l)
“Hi-w. B 0v(c)
do;’
-1 46, 1

E

(0)

Trt—1

= 7]
1-71 1

nt=1s
+aCOVt7]_ <I_I(0t)7 U(Ctl))

q
B i¥(ce)

» Generalizes previous formula (i.e. 7(6)=1)

» Characterizes process {7, /(1—17.)}



Formula from Global IC

» Formula:

» local ICs — any
» global ICs — some

Proposition

If {c,y} is optimal then the labor wedge satisfies the formula above
for some 7 (0).

> e.g. {6} geometric random walk — 7w(0) =0"¢



	Appendix

