
Comment on “Repulsive Contact Interactions Make
Jammed Particulate Systems Inherently Nonharmonic”

In their Letter [1], Schreck, Bertrand, O’Hern, and
Shattuck (SBOS) study nonlinearities in jammed particu-
late systems that arise when contacts are altered. They
conclude that there is “no harmonic regime in the large
system limit (N → ∞) for all compressions Δϕ” and that
“the density of vibrational modes cannot be described using
the dynamical matrix …, which dramatically affects
mechanical response, specific heat, and energy diffusivity.”
We dispute these conclusions and argue that linear response
is justified and essential for understanding the nature of
jammed solids, even at nonzero temperature T.
Linear response holds if the displacements, δ, can be

made small enough so that a quadratic expansion of the
energy in terms of δ provides an accurate description of
macroscopic thermal and mechanical properties of the
system. The distinction between microscopic and macro-
scopic phenomena is important, as many crystals lack a
regime where the dynamical matrix perfectly describes all
aspects of the response, except strictly for δ ¼ 0 or T ¼ 0
[2]. The argument of SBOS rests on the claim that for “one-
sided repulsive interactions,” the changing of a single
contact is sufficient to destroy the linear regime because
it can cause energy to leak from a mode. However, as is
well known for crystals, such a failure at the microscopic
level does not imply that bulk harmonic properties, such as
the density of vibrational modes, elastic constants, or heat
capacity, fail to predict response and thus does not preclude
a linear regime.
Like crystals, jammed solids have a valid linear regime in

the thermodynamic limit. Note that there are two important
limits: the limit N → ∞ and the limit δ → 0. SBOS agree
that above the jamming transition, there is a linear regime
for systems with finite N. Therefore, if δ → 0 before N →
∞ there is clearly a well-defined linear regime. Moreover, if
the limits are reversed (N → ∞ before δ → 0), the linear
regime persists even if an extensive number of contacts are
altered. In perturbation theory, changing a single contact
affects the density of states by at most 1=N [3]. Therefore,
we can choose a nonzero δ so that the cumulative effect of
contact changes is negligibly small on the density of states
and other bulk harmonic properties. Thus, there is always a
well-defined linear regime as N → ∞, in agreement
with Ref. [4].
No real system can be described by purely repulsive

Hookian springs, the example potential used in the SBOS
study. It is therefore important to understand how changes
to this potential affect their conclusions. The SBOS
argument fails for any finite-range repulsive potential that
does not have a discontinuity in either of its first two
derivatives at its cutoff, such as the Hertzian interaction [3].
For such interactions, the dynamical matrix is continuous,
so for δ < δ0 (where δ0 is positive and depends on the
potential) there is no appreciable effect on the force. Thus,

even if contacts change, the harmonic approximation is
valid for δ < δ0 [3]. Only for the special case of Hookian
repulsions, where δ0 ¼ 0, do we need to invoke the more
subtle perturbation argument above to understand that a
linear regime exists.
The SBOS claim that “the density of vibrational modes

cannot be described using the dynamical matrix” is
inconsistent with the generally accepted definition of
“modes”; normal modes of vibration are by definition a
linear approximation [5]. The temperature T� above which
linear behavior breaks down is currently a matter of debate
[4,6], but there is no doubt that T� > 0 above the jamming
transition.
Although anharmonic effects dominate at the jamming

transition (Δϕ → 0) [7,8], it is still essential to understand
how linear quantities behave as Δϕ → 0 (just as it is
important to understand the linear susceptibility near the
Ising critical point). One also needs linear response to
understand nonlinear effects. For example, energy barriers
depend strongly on mode frequency [8], particle rearrange-
ments are strongly correlated with low-frequency modes
[9], and shock fronts in marginally jammed solids depend
on how the sound speed vanishes [10]. Linear response thus
provides a valid and indispensable foundation for under-
standing jammed solids.
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