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We introduce firm and worker heterogeneity into a model of innovation-driven en-
dogenous growth. Individuals who differ in ability sort into either a research activity
or a manufacturing sector. Research projects generate new varieties of a differentiated
product. Projects differ in quality and the resulting technologies differ in productivity.
In both sectors, there is a complementarity between firm quality and worker ability.
We study the co-determination of growth and income inequality in both the closed and
open economy, as well as the spillover effects of policy in one country to outcomes in
others.
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1. INTRODUCTION

THE RELATIONSHIP BETWEEN GROWTH AND INCOME DISTRIBUTION has been much stud-
ied. Researchers have identified several channels through which inequality might affect
growth, such as if rich and poor households differ in their propensity to save (Kaldor
(1955–1956)), if poor households face credit constraints that limit their ability to invest
in human capital (Galor and Zeira (1993)), or if greater inequality generates more re-
distribution and thus a different incentive structure via the political process (Alesina and
Rodrik (1994), Persson and Tabellini (1994)). Growth might affect distribution if the ac-
tivities that drive growth make more intensive use of skilled labor than do other activities
in the economy (Grossman and Helpman (1991)).

In this paper, we propose a novel mechanism that links distribution to growth, one that
has not previously been considered in the literature. In an environment with heteroge-
neous workers and heterogeneous firms, markets provide incentives for certain types of
workers to sort to certain activities and for the workers in a sector to match with certain
types of firms. The fundamental forces that drive growth also determine the composition
of worker types in each activity and thereby influence the matching of workers to firms.
In this way of thinking, growth does not cause inequality, nor does inequality influence
growth, but rather the two outcomes are jointly determined. We examine several poten-
tial determinants of growth and inequality, such as the productivity of an economy’s man-
ufacturing operations, its capacity for innovation, and its policies to promote R&D. Since
we know from previous work that the form and extent of international integration can
have important influences on growth, we also investigate how the mechanism of sorting
and matching of heterogeneous workers operates in an open economy.
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We introduce our mechanism in a simple and stylized setting—although we believe
that it would operate similarly in a wide variety of growth models with heterogeneous
workers and heterogeneous firms. We imagine that the economy undertakes two distinct
activities that we refer to abstractly as idea creation and idea using. Our mechanism rests
on two key assumptions. First, among a group of workers with heterogeneous abilities,
greater ability confers a comparative advantage in creating ideas relative to using ideas.
This implies rather directly that the more able types will sort into the idea-creating ac-
tivity. Second, when research or production takes place, there exists a complementarity
between the quality of an idea and the ability of the workers that implement the idea. As
a consequence, there is positive assortative matching between heterogeneous firms and
heterogeneous workers in both sectors of the economy. The forces that affect the sizes of
the two sectors also affect the composition of workers in each sector and thereby affect
the matching of workers with firms.

In our model, as in Romer (1990), the accumulation of knowledge serves as the engine
of growth. Knowledge is treated as a by-product of purposive innovation undertaken to
develop new products. Our treatment of trade, international knowledge diffusion, and
growth extends the simplest, one-sector model from Grossman and Helpman (1991).1

The advantage of the framework we develop here is that it focuses on the new mechanism
and allows us to consider the entire distribution of earnings that emanates from a given
distribution of worker abilities and firm productivity levels, and not just, say, the skill
premium (i.e., the relative wage of “skilled” versus “unskilled” workers), which has been
the focus of much of the existing theoretical literature.

In the next section, we develop our model in the context of a closed economy. A country
has a fixed endowment of research equipment and a fixed supply of labor with an exoge-
nous distribution of abilities. The economy assembles a single consumption good from dif-
ferentiated intermediate inputs. Blueprints for the intermediate goods result from R&D
services that are purchased by firms. The manufacturing firms, which engage in monop-
olistic competition, have access to different technologies and can hire workers of any
ability. A firm’s total output is the sum of what is produced by its various employees. The
productivity of any employee depends on his ability and on the firm’s technology. Ability
and technology are complementary, so that, in equilibrium, the firms that have access to
the better technologies hire the more able workers.

Innovation drives growth. Entrepreneurs rent research equipment to pursue their re-
search ideas. Once an entrepreneur has established a research lab, she learns the quality
of her project. The lab produces “R&D services” at a rate that depends on the qual-
ity of its project, the ability of the researchers that it hires, and the stock of knowledge
capital available in the economy. Knowledge accumulates with research experience and
is non-proprietary, as in Romer (1990). R&D services can be converted into designs for
new varieties of the differentiated product. Each design comes with a random draw of
a production technology, so that some manufacturing firms ultimately operate sophisti-
cated technologies and others simpler technologies. There is free entry in both sectors
of the economy. Expected returns are zero, although the lucky research entrepreneurs
(those that draw above average research ideas) and the lucky manufacturers (those that
draw above average production technologies) earn positive profits, while the others do
not fully cover their fixed costs.

1In Grossman and Helpman (1991), we devoted several chapters to models with two or more industrial
sectors in order to address the impact of intersectoral resource allocation on growth and relative factor prices.
By considering here a model with one industrial sector, we neglect this important, additional channel for trade
to influence growth and income distribution.
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In equilibrium, all individuals with ability above some endogenous cutoff level sort
into the research sector. They are hired there by the heterogeneous labs according to
their ability. Similarly, for those that enter the manufacturing sector, there is endogenous
matching between firms and employees. The complementarity between ability and tech-
nology delivers positive assortative matching in both sectors. These competitive forces of
sorting and matching dictate the economy’s wage distribution. We focus the analysis on
the resulting inequality of wages.

After developing the model, we show how the long-run growth rate and wage distribu-
tion are codetermined in a long-run equilibrium. More specifically, we derive a pair of
equations that jointly determine the steady-state growth rate in the number of varieties
and the cutoff ability level that divides manufacturing workers from inventors. Once we
know the growth rate of intermediate varieties, we can calculate the growth rate of fi-
nal output and the growth rate of wages. Once we know the cutoff ability level, we can
calculate the entire distribution of relative wages.

In Section 3, we compare growth rates and wage inequality across countries that differ
in their technological parameters and policy choices. In this section, we focus on isolated
countries that do not trade and do not capture any knowledge spillovers from abroad.
We show that Hicks-neutral differences in labor productivity in manufacturing that ap-
ply across the full range of ability levels do not generate long-run differences in growth
rates or wage inequality, although they do imply differences in income and consumption
levels. In contrast, differences in “innovation capacity” generate differences in growth
and inequality. Innovation capacity is represented by a sufficient statistic that reflects the
size of a country’s labor force, its endowment of research capital, its ability to convert
research experience into knowledge capital, and its inventors’ productivity in generating
new ideas. A country with greater innovation capacity grows faster in autarky but experi-
ences greater wage inequality. Subsidies to R&D financed by taxes on wage and capital
income also contribute to faster growth but greater inequality.

Section 4 addresses the impacts of globalization. We consider a world economy with an
arbitrary number of countries that trade the differentiated intermediate goods as well as
the homogeneous final good. We follow Grossman and Helpman (1991) by assuming that
international integration might also facilitate the international sharing of knowledge cap-
ital. In our baseline specification, we allow for an arbitrary pattern of complete or partial
(but positive) international spillovers. In particular, the knowledge stock in each country
is a weighted sum of accumulated innovation experience in all countries including itself,
with an arbitrary matrix of strictly positive weighting parameters. We study a balanced-
growth equilibrium in which the number of varieties of intermediate goods grows at the
same constant rate in all countries. Even allowing for a wide range of differences in tech-
nologies and policies, we find that the long-run growth rate is higher in every country in
the trading equilibrium than in autarky, but so too is the resulting wage inequality. We
reach the same conclusion regardless of whether financial capital is internationally mo-
bile, so that countries can engage in intertemporal trade, or is completely immobile, so
that a country’s trade must be balanced at every moment in time.

To better understand what is driving these results, we also study cases in which knowl-
edge spillovers do not occur. When only goods are traded, the opening of trade has no
effect on the long-run innovation rate or on wage inequality in any country. However,
trade does accelerate wage and consumption growth in all countries except the one that
grows the fastest in autarky. The other countries can take advantage of the rapid innova-
tion in the fastest growing country by importing the new varieties of intermediate goods
that it develops and produces. When goods and assets are both traded, then innovation
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slows in all countries except the fastest innovator. Yet these other countries all experi-
ence a boost in growth of wages and consumption. Moreover, wage inequality narrows
in all of them. We conclude that the adverse distributional consequences of international
integration are driven by knowledge flows and not by trade on international markets per
se.

In Section 5, we study further the long-run trading equilibrium with partial or complete
international knowledge spillovers. There, we are interested in how wage inequality com-
pares in countries that differ in their productivities and policies and how parameter and
policy changes in one country affect growth and inequality in others. Countries that dif-
fer in size, in research productivity, in manufacturing productivity, and in their ability to
create and absorb knowledge spillovers will converge not only in their growth rates, but
also in their wage inequality in the long run. However, differences in government induce-
ments to R&D generate enduring differences in the shape of their wage distributions; a
country with a greater R&D subsidy will devote a larger fraction of its labor force to the
research activity and will experience greater wage inequality as a result. Parameter and
policy changes that accelerate growth and promote inequality in one country will have
qualitatively similar effects on growth and inequality in all of its trade partners by the
mechanism of sorting and matching that we describe.

In Section 6, we clarify the relationship of our work to some earlier research on wage
inequality. Section 7 offers concluding remarks.

In this paper, we do not conduct any empirical tests for the operation of our mecha-
nism, nor do we attempt to quantify its significance. In general, attempts to substantiate
the operation of mechanisms linking inequality to growth have been hampered by in-
adequate data and methodological pitfalls. Kuznets (1955, 1963), for example, famously
advanced the hypothesis that income inequality first rises then falls over the course of
economic development. While the “Kuznets curve”—an inverted-U shaped relationship
between inequality and stage of development—has been established for the small set of
countries that Kuznets considered, subsequent studies using broader data sets cast doubt
on the ubiquity of this relationship.2 More generally, empirical assessment of the links be-
tween distribution and growth has proven elusive due to the fact that a country’s growth
rate and its income inequality are jointly determined and there are few if any exogenous
variables to serve as instruments for identifying causal relationships.3 It might be possible
to calibrate a growth model to get a sense of the relative quantitative significance of vari-
ous mechanisms that link distribution with growth, but the model that we have presented
here is too simple for calibration purposes. We have chosen the simple (and familiar)
specification in order to present starkly the mechanism that we have in mind, and leave
quantification of the mechanism for future research.

2. THE BASIC MODEL

We develop a model of economic growth featuring heterogeneous workers, heteroge-
neous firms, and heterogeneous research opportunities. In the model, endogenous inno-
vation drives growth. Workers that differ in ability engage either in creating ideas or using
ideas. In keeping with the literature, we refer to the creation of ideas as “R&D” and the
implementation of ideas as “manufacturing,” although we prefer not to interpret these

2See Helpman (2004, Chapter 4) for a survey of this evidence.
3A similar problem has plagued attempts to assess the relationship between trade and growth (see Helpman

(2004, Chapter 6)).
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terms too narrowly. Research firms (“labs”) generate both research services and general
knowledge as joint outputs, using labor, laboratory equipment (“equipment”), and knowl-
edge as inputs. To simplify our analysis, we take the stock of equipment as fixed. Research
services are proprietary and are sold by the labs to manufacturing firms that convert them
into blueprints for differentiated intermediate inputs. Knowledge, in contrast, is non-rival
and a freely-available public input. When a manufacturing firm produces an intermediate
input, it operates a randomly-chosen technology that is an identifying characteristic of the
firm. Similarly, labs differ in their realized research productivity. There is free entry into
both activities before the uncertainty is resolved. In the equilibrium, the heterogeneous
workers sort into one of the two sectors and firms and labs with different productivities
hire different types of workers. The economy converges to a long-run equilibrium with
a constant growth rate of final output and a fixed and continuous distribution of wage
income.

We describe here the economic environment for a closed economy and defer the in-
troduction of international trade, international knowledge spillovers, and international
capital mobility until Section 4 below.

2.1. Demand and Supply for Consumption Goods

The economy is populated by a mass N of individuals indexed by ability level, a. The
cumulative distribution of abilities is given by H(a), which is twice continuously differen-
tiable and has a positive density H ′(a) > 0 on the bounded support, [amin� amax].

Each individual maximizes a logarithmic utility function,

ut =
∫ ∞

t

e−ρ(τ−t) log cτ dτ� (1)

where cτ is consumption at time τ and ρ is the common, subjective discount rate. The
consumption good serves as numeraire; its price at every moment is normalized to 1. It
follows from the individual’s intertemporal optimization problem that

ċt

ct
= ιt − ρ� (2)

where ιt is the interest rate at time t in terms of consumption goods. Inasmuch as a varies
across individuals, so does income and consumption.

Consumption goods are assembled from an evolving setΩt of differentiated intermedi-
ate inputs. Dropping the time subscript for notational convenience, the production func-
tion for these goods at a moment when the set of available inputs is Ω is given by

X =
[∫

ω∈Ω
x(ω)

σ−1
σ dω

] σ
σ−1

� σ > 1� (3)

where x(ω) is the input of variety ω. The elasticity of substitution between intermediate
inputs is constant and equal to σ .

The market for consumption goods is competitive. It follows that the equilibrium price
of these goods reflects the minimum unit cost of producing them. Since X is the nu-
meraire, we have [∫

ω∈Ω
p(ω)1−σ dω

] 1
1−σ

= 1� (4)

where p(ω) is the price of intermediate input ω.
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2.2. Supply, Demand, Pricing, and Profits of Intermediate Goods

Once a firm has converted research services into the blueprint for an intermediate good,
it produces that good indefinitely using labor as the sole input to production. Each firm
that manufactures an intermediate good is distinguished by its technology, ϕ. A firm with
a higher ϕ is more productive, no matter what type(s) of workers it hires. Consider a firm
that produces variety ω using technology ϕ and that hires a set Lω of workers types with
densities 
ω(a). In such circumstances, the firm’s output is

x(ω)=
∫
a∈Lω

ψ(ϕ�a)
ω(a)da� (5)

whereψ(ϕ�a) is the productivity of workers of type a when applying technology ϕ. Notice
that labor productivity (given ϕ) is independent of ω.

We suppose that more productive technologies are also more complex and that more
able workers have a comparative advantage in operating the more complex technologies.
In other words, we posit a complementarity between the type of technology ϕ and the
type of worker a in determining labor productivity. Formally, we adopt the following:

ASSUMPTION 1: The productivity function ψ(ϕ�a) is twice continuously differentiable,
strictly increasing, and strictly log supermodular.

Assumption 1 implies ψϕa > 0 for all ϕ and a.
As is known from Costinot (2009), Eeckhout and Kircher (2016), Sampson (2014), and

others, the strict log supermodularity of ψ(·) implies that, for any upward-sloping wage
schedule w(a), each manufacturing firm hires the particular type of labor that is most ap-
propriate given its technology ϕ, and there is positive assortative matching (PAM) between
firm types and worker types. We denote bym(ϕ) the ability of workers employed by firms
that operate a technology ϕ; PAM is reflected in the fact that m′(ϕ) > 0.

Shephard’s lemma gives the demand for any variety ω as a function of the prices of all
available intermediate goods, namely,

x(ω)=X
[∫

υ∈Ω
p(υ)1−σ dυ

] σ
1−σ
p(ω)−σ

In view of (4), demand for variety ω can be expressed as

x(ω)=Xp(ω)−σ for all ω ∈Ω (6)

Each firm takes aggregate output of final goods X as given and so it perceives a constant
elasticity of demand, −σ . As is usual in such settings, the profit-maximizing firm applies
a fixed percentage markup to its unit cost.

Considering the optimal hiring decision, a firm that operates a technology ϕ has pro-
ductivity ψ[ϕ�m(ϕ)] and pays a wage w[m(ϕ)]. Hence, the firm faces a minimal unit cost
of w[m(ϕ)]/ψ[ϕ�m(ϕ)]. The firm’s profit-maximizing price is given by4

p(ϕ)=
(

σ

σ − 1

)
w
[
m(ϕ)

]
ψ
[
ϕ�m(ϕ)

]  (7)

4We henceforth index intermediate goods by the technology with which they are produced (ϕ) rather than
their variety name (ω), since all varieties are symmetric except for their different technologies.



GROWTH, TRADE, AND INEQUALITY 43

This yields an operating profit of

π(ϕ)= σ−σ(σ − 1)(σ−1)X

{
w
[
m(ϕ)

]
ψ
[
ϕ�m(ϕ)

]}1−σ
 (8)

2.3. Inventing New Varieties

Any research entrepreneur can establish a lab to pursue a research project. When an
entrepreneur contemplates a new project, she does not know its quality, q. At this stage,
she perceives q as being drawn from some cumulative distribution function for project
types, GR(q), with G′

R(q) > 0 on a bounded support [qmin� qmax]. Each project requires f
units of equipment. Once an entrepreneur has rented the requisite equipment to under-
take her project, she discovers the project’s quality. She then hires some number 
R(a)
of workers of some ability level a to carry out the research, paying the equilibrium wage,
w(a).

All projects generate R&D services. The volume of services that results from a project
depends upon its quality, the number of researchers engaged in the project, their ability,
and the state of knowledge at the time. We follow Romer (1990) in assuming that knowl-
edge accumulates as a by-product of research experience. The knowledge stock at time t is
θKMt , whereMt is the mass of varieties that have been developed before time t and θK is a
parameter that reflects how effectively the economy converts cumulative research experi-
ence into applicable knowledge. The output of a research project of quality q that employs

R(a) workers with ability in the interval [a�a+ da] when the state of knowledge is θKM
is given by θKMψR(q�a)
R(a)γ da, 0< γ < 1, where ψR(q�a) captures a complementar-
ity between project quality and worker ability in determining innovation productivity. In
particular, we adopt the following assumption, analogous to Assumption 1.

ASSUMPTION 2: Research productivity ψR(q�a) is twice continuously differentiable,
strictly increasing, and strictly log supermodular.

In equilibrium, the workers with type mR(q) work on projects of quality q. Assump-
tion 2 ensures PAM in the research sector, so that m′

R(q) > 0.
LetQ be the economy’s fixed endowment of laboratory equipment and defineR≡Q/f .

Then R gives the measure of active research projects at any point in time. This fixed
quantity does not pin down the innovation rate in the economy, however, because the
scale and productivity of the research labs are determined endogenously in equilibrium.

Manufacturing firms buy R&D services from research labs at the price pR. One unit
of R&D services generates a design for a differentiated intermediate good along with an
independent draw from a cumulative technology distribution, G(ϕ), as in Melitz (2003).
The technology parameter ϕ determines the complexity and productivity of the technol-
ogy, as described in Section 2.2 above.

2.4. Free Entry

There is free entry into both research and manufacturing. A research entrepreneur
must pay rf to rent the equipment needed to carry out a project, where r is the equilibrium
rental rate. The investment yields an expected return of EπR, where

EπR =
∫ qmax

qmin

πR(q)dGR(q)
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and

πR(q)= max
a�
R

[
pRθKMψR(q�a)


γ
R −w(a)
R

]
is the maximal profit for a lab that implements a project with quality q. Since a lab that
undertakes a project of quality q hires researcher workers with ability mR(q), we have5

πR(q)= (1 − γ)γ γ
1−γ
{
pRθKMψR

[
q�mR(q)

]
w
[
mR(q)

]−γ} 1
1−γ  (9)

Free-entry into R&D implies

rf = (1 − γ)γ γ
1−γ (pRθKM)

1
1−γ
∫ qmax

qmin

ψR
[
q�mR(q)

] 1
1−γ w

[
mR(q)

]− γ
1−γ dGR(q)� (10)

which determines r.
Similarly, a manufacturing firm pays pRt to purchase the R&D services needed to intro-

duce a variety of the intermediate good at time t. If it draws a manufacturing technology
ϕ, it will earn a stream of profitsπτ(ϕ) for all τ ≥ t. We have derived the expression for op-
erating profits and recorded it (with time index suppressed) in (8). On a balanced-growth
path, wages of all types of workers grow at the common rate gw and final output grows at a
constant rate gX . Final output serves only consumption, so, by (2), gX = ι− ρ. Operating
profits also grow at a constant rate gπ , independent of ϕ, and, by (8), gπ = gX −(σ−1)gw.
Finally, (4) and (7) imply that, in a steady state, (σ − 1)gw = gM . Combining these long-
run relationships, the expected discounted profits for a new manufacturing firm at time t
can be written as

∫ ∞

t

e−ι(τ−t)
∫ ϕmax

ϕmin

πτ(ϕ)dG(ϕ)dτ=

∫ ϕmax

ϕmin

πt(ϕ)dG(ϕ)

ρ+ gM 

Equating the cost of R&D services to the expected discounted value of a new product,
and again dropping the time subscript, we have

pR =

∫ ϕmax

ϕmin

π(ϕ)dG(ϕ)

ρ+ gM  (11)

2.5. Sorting, Matching, and Labor-Market Equilibrium

Individuals choose employment in either research or manufacturing. In so doing, they
compare the wages they can earn (given their ability) in the alternative occupations. Let
wM(a) be the wage paid to employees in the manufacturing sector and let wR(a) be the
wage paid to those entering research. To identify the equilibrium sorting pattern, we make

5We derive the maximal research profit for a lab with a project of quality q by choosing 
R(q�a) according
to the first-order condition which implies


R(q�a)=
[
γpRθKMψR(q�a)

w(a)

] 1
1−γ
�

and substituting this expression for optimal employment into the expression for operating profits.
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use of two lemmas that characterize the wage schedules in the two sectors. First, we have
the following:

LEMMA 1: Consider any closed interval of workers [a′� a′′] that is employed in the manu-
facturing sector in equilibrium. In the interior of this interval, wages must satisfy

w′
M(a)

wM(a)
= ψa

[
m−1(a)�a

]
ψ
[
m−1(a)�a

] for all a ∈ (a′� a′′)� (12)

where m−1(·) is the inverse of m(·).
The lemma reflects the requirement that, in equilibrium, a manufacturing firm with

productivity ϕ must prefer to hire the worker with ability m(ϕ) than any other worker.
The lemma follows from the first-order condition for the profit-maximizing choice of a=
m(ϕ); it says that the shape of the wage schedule mirrors the rise in productivity as a
function of ability, with productivity evaluated at the equilibrium match. In the event, no
firm will have any incentive to upgrade or downgrade its labor force.

The second lemma applies to the research sector, and has a similar logic.

LEMMA 2: Consider any closed interval of workers [a′� a′′] that is employed in the R&D
sector in equilibrium. In the interior of this interval, the wage schedule must satisfy

w′
R(a)

wR(a)
= ψRa

[
m−1
R (a)�a

]
γψR

[
m−1
R (a)�a

] for all a ∈ (a′� a′′) (13)

This lemma expresses a preference on the part of each lab for the type of researchers
that it hires in equilibrium compared to all alternatives. It comes from the first-order con-
dition for maximizing research profits in (9). The shape of the wage schedule in R&D is
slightly different from that in manufacturing, because the R&D sector has diminishing
returns to employment in a given lab with its fixed research capital, whereas the manufac-
turing sector exhibits a constant marginal product of labor. The entrepreneur’s choice of
researcher type reflects not only the direct effect of ability on the productivity shifter, but
also the fact that different types imply different employment levels and therefore different
diminishing returns; see Grossman, Helpman, and Kircher (2017) for further discussion
of this point in a related setting.

We assume that high-ability workers enjoy a comparative advantage in R&D; in partic-
ular, we make the following assumption.

ASSUMPTION 3: ψRa(q�a)

γψR(q�a)
> ψa(ϕ�a)

ψ(ϕa)
for all q, ϕ, and a.

Assumption 3, together with Lemmas 1 and 2, dictate the equilibrium sorting pattern.
They ensure that there exists a cutoff ability level aR such that all workers with ability
above aR are employed in the research sector and all workers with ability below aR are
employed in manufacturing.6 In a steady-state equilibrium with positive growth, aR < amax.

6The wage schedule must be everywhere continuous, or else those paying the discretely higher wage will
prefer to downgrade slightly. The two lemmas ensure that wages rise faster in the research sector just to the
right of any cutoff point, and they rise slower in manufacturing just to the left of any cutoff point. It follows
that there can be at most one such cutoff point.



46 G. M. GROSSMAN AND E. HELPMAN

In any case, the equilibrium wage schedule, w(a) satisfies

w(a)=
{
wM(a) for a≤ aR�
wR(a) for a≥ aR� (14)

with wM(aR)=wR(aR).
We next derive a pair of differential equations that characterize the matching functions

in the two sectors. In the manufacturing sector, the wages paid to all workers with ability
less than or equal to some a =m(ϕ) match what the firms with technology indexes less
than or equal to ϕ are willing to pay, considering their labor demands. This equation of
labor supply and labor demand implies

MX

(
σ

σ − 1

)−σ ∫ ϕ

ϕmin

{
wM
[
m(φ)

]
ψ
[
φ�m(φ)

]}1−σ
dG(φ)=N

∫ m(ϕ)

amin

wM(a)dH(a) (15)

Differentiating this equation with respect to ϕ yields

m′(ϕ)= MX

N

(
σ

σ − 1

)−σ wM
[
m(ϕ)

]−σ
ψ
[
ϕ�m(ϕ)

]1−σ
G′(ϕ)

H ′[m(ϕ)] for all ϕ ∈ [ϕmin�ϕmax] (16)

Following Grossman, Helpman, and Kircher (2017), we show in Appendix A2.5 that this
equation, together with the wage equation (12) and the boundary conditions,

m(ϕmin)= amin� m(ϕmax)= aR� (17)

uniquely determine the matching functionm(ϕ) and the wage functionwM(a) for workers
in manufacturing, for a given cutoff value aR.

The demand for R&D workers by all labs with projects qualities between some q and
qmax is

R

∫ qmax

q

{
γpRθKMψR

[
z�mR(z)

]
wR
[
mR(z)

] } 1
1−γ
dGR(z)

and the wage paid to a worker by a lab with a project of quality z is wR[mR(z)]. Wage
payments equal wage earnings. Therefore, labor-market clearing for this set of workers
requires

R

∫ qmax

q

wR
[
mR(z)

]{γpRθKMψR[z�mR(z)
]

wR
[
mR(z)

] } 1
1−γ
dGR(z)=N

∫ amax

mR(q)

wR(a)dH(a) (18)

Differentiating this equation with respect to q yields a differential equation for the match-
ing function in the research sector,

m′
R(q)= R

N

{
γpRθKMψR

[
q�mR(q)

]
wR
[
mR(q)

] } 1
1−γ G′

R(q)

H ′[mR(q)
] � for all q ∈ [qmin� qmax] (19)

with boundary conditions

mR(qmin)= aR� mR(qmax)= amax (20)



GROWTH, TRADE, AND INEQUALITY 47

The differential equation (19) together with (13) and the boundary conditions (20)
uniquely determine the matching functionmR(q) and the wage functionwR(a) for a given
cutoff aR. The proof is similar to the proof of uniqueness for the matching and wage func-
tions in the manufacturing sector.

The solution to these differential equations gives us matching functions for the two
sectors that are parameterized by the cutoff point, aR, which enters through the boundary
conditions (17) and (20). To emphasize this dependence on aR, we write the solutions as
m(ϕ;aR) and mR(q;aR). Note that the matching functions do not depend directly on N ,
R,X , θK , pR, orM . As shown in Grossman, Helpman, and Kircher (2017), the wage ratios
in manufacturing—that is, the ratio of wages paid to any pair of workers employed in that
sector—are also uniquely determined by aR, independently of N , X or M . Similarly, the
relative wages of R&D workers are uniquely determined by aR, independently of N , R,
θK , pR or M . We define relative wage functions λ(a;aR) and λR(a;aR) that describe
inequality among workers in each sector as

λ(a;aR)= wM(a)

wM(amin)
for a ∈ [amin� aR]

λR(a;aR)= wR(a)

wR(aR)
for a ∈ [aR�amax]

⎫⎪⎪⎬
⎪⎪⎭  (21)

We note that the levels of the wages—for example, of wM(amin) and wR(aR)—do depend
on parameters and variables like N , X , R, θK , pR, and M that determine the momentary
equilibrium.

2.6. The Steady-State Equilibrium

In this section, we derive a pair of equations that jointly determine the growth rate
in the number of varieties and the cutoff ability level that separates researchers from
production workers in a steady-state equilibrium. The first curve can be understood as a
kind of resource constraint; the more workers that sort to R&D in equilibrium, the more
new varieties are invented. The second relationship combines the free-entry condition for
manufacturing with the labor-market clearing condition for that sector. Once we have the
steady-state values of gM and aR, we can calculate the other variables of interest, such as
the growth rates of output and consumption and the distribution of income.

The growth in varieties reflects the aggregate output of R&D services by the research
sector. In steady state,

gM = θKR
∫ qmax

qmin

ψR
[
q�mR(q)

]

R
[
q�mR(q)

]γ
dGR(q)�

where 
R[q�mR(q)] is steady-state employment by projects of quality q. In the Appendix,
we derive what we call the RR curve by substituting the labor-market clearing condition
for the research sector (18) into the expression for gM . The RR curve is given by

gM = θKNγR1−γΦ(aR)
∫ amax

aR

λR(a;aR)dH(a)� (22)
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FIGURE 1.—Equilibrum growth rate and ability cutoff.

where

Φ(aR)≡

⎧⎪⎪⎨
⎪⎪⎩

∫ qmax

qmin

ψR
[
q�mR(q;aR)

] 1
1−γ λR

[
mR(q;aR);aR

]− γ
1−γ dGR(q)∫ amax

aR

λR(a;aR)dH(a)

⎫⎪⎪⎬
⎪⎪⎭

1−γ



Notice that the right-hand side of (22) depends only on the cutoff value aR and on exoge-
nous parameters, inasmuch as the cutoff fully determines matching in the research sector
and relative wages there. In the Appendix, we show that the RR curve slopes downward,
as depicted in Figure 1, despite the fact that Φ′(aR) > 0. The RR curve is a resource
constraint, indicating that faster growth in the number of varieties requires that more
resources be devoted to R&D and hence a lower cutoff ability level for the marginal re-
search worker. Given the cutoff aR, (22) indicates that the growth rate will be higher the
more productive is experience in generating knowledge capital, the larger is the popula-
tion of workers, and the larger is the stock of laboratory equipment, which allows that
more research projects can be undertaken.

Next, we substitute the expression for profits of an intermediate good producer in (8)
into the free-entry condition (11) and combine the result with the labor-market clearing
condition for manufacturing (15), evaluated with ϕ= ϕmax. The result can be written as

ρ+ gM = 1
σ − 1

N

pRM

∫ aR

amin

w(a)dH(a)

Again we can use (18), the labor-market clearing condition for the research sector, to-
gether with the definition of the relative wages λ(a;aR) and λR(a;aR) to eliminate pRM ,
so that we can write a second steady-state relationship involving only gM and aR. This is
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the AA curve depicted in Figure 1, and it is represented by

ρ+ gM = γ

σ − 1
θKN

γR1−γΦ(aR)

∫ aR

amin

λ(a;aR)dH(a)
λ(aR;aR)  (23)

In the Appendix, we prove that the AA curve must slope upward, as drawn.
The figure shows a unique balanced-growth equilibrium at point E.7 Once we know the

steady-state cutoff level of ability aR, we can compute the long-run distribution of relative
wages using the wage structures dictated by Lemmas 1 and 2. From the long-run rate of
growth in the number of intermediate goods, gM , we can calculate the long-run growth
rates for consumption and wages. We have noted already that gw = gM/(σ − 1). Equality
between savings and investment requires

pRṀ =N
∫ amax

amin

w(a;aR)dH(a)+ rQ+M
∫ ϕmax

ϕmin

π(ϕ)dG(ϕ)−C� (24)

where C is aggregate consumption and, therefore, the right-hand side is the difference
between aggregate income (the sum of wages, rents, and profits) and aggregate consump-
tion. Equation (33) in the Appendix implies that pRṀ = gMpRM = N

γ

∫ amax

aR
wR(a)dH(a),

so aggregate investment grows in the long run at the same rate as wages, gw. On the
right-hand side, aggregate wage income grows at rate gw, while the free-entry condition
for R&D (10) implies that rental income grows at this same rate. Also, we have noted
from (8) that gπ = gX − (σ − 1)gw while the labor-market clearing condition (15) implies
σgw = gM + gX . Together, this gives gπ + gM = gw; that is, aggregate profits also grow at
the rate gw. It follows from (24) that aggregate consumption must grow in the long run at
the same rate as wages; gC = gw. We conclude, therefore, that gw = gC = gX = gM/(σ−1).

3. GROWTH AND INEQUALITY IN AUTARKY EQUILIBRIUM

In this section, we compare growth rates and wage inequality in a pair of closed
economies. We consider countries i and j that are basically similar but differ in some
technological or policy parameters. We focus on balanced-growth equilibria, such as those
described in Section 2. In the following sections, we will perform similar cross-country
comparisons for a set of open economies and examine how the opening of trade affects
growth and wage inequality with and without international knowledge spillovers and with
and without international borrowing and lending.

3.1. Productivity in Manufacturing

We begin by supposing that the countries differ only in their productivity in manufac-
turing, as captured by a Hicks-neutral technology parameter θMc . In country c, a unit of
labor of type a applied in a firm with technology ϕ can produce ψc(ϕ�a) = θMcψ(ϕ�a)
units of a differentiated intermediate good. For the time being, the other characteristics

7If the AA curve falls below the horizontal axis for all aR ≤ amax, then no workers are employed in the
research sector in the steady state. In such circumstances, growth rates of varieties, final output, consumption,
and wages are all zero.
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of the countries are the same, including their sizes, their distributions of ability, their dis-
tributions of firm productivity, their discount rates, and the efficiency of their knowledge
accumulation.

In these circumstances, the matching function m(ϕ;aR) in the manufacturing sector
is common to both countries; that is, a difference between θMi and θMj does not affect
matching in the manufacturing sector for a given aR.8 Therefore, the relative-wage func-
tion λ(a;aR) also will be the same in both countries if they have the same cutoff point.
But then the solution to (22) and (23) is the same for any values of θMi and θMj . In other
words, countries that differ only in the (Hicks-neutral) productivity of their manufacturing
sectors share the same long-run growth rate and the same marginal worker in manufac-
turing. It follows that relative wages for any pair of ability levels are also the same. We
summarize in the following:

PROPOSITION 1: Suppose that countries i and j differ only in manufacturing labor produc-
tivity ψc(·) and that these differences are Hicks-neutral; that is, ψc(·)= θMcψ(·) for c = i� j.
Then in autarky, both countries grow at the same rate in a balanced-growth equilibrium and
both share the same structure of relative wages and the same degree of wage inequality.

3.2. Capacity to Innovate

In our model, a country’s capacity for innovation is described by four parameters: pop-
ulation size, which determines the potential scale of the research sector; the productiv-
ity of research workers; the efficiency with which research experience is converted into
knowledge; and the endowment of laboratory equipment or, equivalently, the measure
of research projects that can be undertaken simultaneously. In this section, we compare
autarky growth rates and wage distributions in countries that differ in labor force, Nc , in
efficiency of knowledge accumulation, θKc , in research capital Qc and thus in the mea-
sure of active research projects, Rc ≡Qc/f , and in the productivity of research workers,
as captured by a Hicks-neutral shift parameter θRc , where ψRc(q�a)= θRcψR(q�a).

The RR curve in Figure 1 is defined by equation (22). In this equation, the right-hand
side is proportional to θKcNγ

c R
1−γ
c θRc , for a given aR. The same expression also appears in

equation (23) for the AA curve. We observe that θKcNγ
c R

1−γ
c θRc is a sufficient statistic for

the innovation capacity in country c; variation in this term explains cross-country variation
in (autarky) long-run growth rates and wage distributions, all else the same.9

Consider two countries i and j that differ only in their innovation capacities, such that
θKiN

γ
i R

1−γ
i θRi > θKjN

γ
j R

1−γ
j θRj . Under these circumstances, the AA and RR curves for

8To see this, differentiate the labor-market clearing condition (16) with respect to ϕ, to derive the second-
order differential equation

m′′(ϕ)
m′(ϕ)

= (σ − 1)
ψϕ
[
ϕ�m(ϕ)

]
ψ
[
ϕ�m(ϕ)

] − σ ψa
[
ϕ�m(ϕ)

]
ψ
[
ϕ�m(ϕ)

] + G′′(ϕ)
G′(ϕ)

− H ′′[m(ϕ)]m′(ϕ)

H ′[m(ϕ)] 

The productivity parameter θMc appears in the numerator and the denominator of ψϕ/ψ and of ψa/ψ, and so
it does not affect matching for a given aR.

9The reader may have noticed that the relative-wage function for R&D, λR(a;aR), appears under an integral
in both equations, and the relative-wage function for manufacturing, λ(a;aR), appears under an integral in
(23). However, none of the four parameters under consideration affects the solution for the matching function
in research or in manufacturing, given the cutoff ability aR that appears in the boundary conditions. Given
that the matching functions are not affected by these parameters except through aR, the same is true of the
relative-wage functions.
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country i lie above those for country j. But relative to the equilibrium cutoff point aRj
in country j, the AA curve in country i passes above the RR curve in that country.10 It
follows that the equilibrium point for country i lies above and to the left of that for country
j; that is, country i devotes more resources to R&D and it grows at a faster rate in the
long run.

To compare wage inequality in the two countries, we first need to compare the match-
ing of workers with firms and research projects that takes place in each. In Figure 2,
the left panel depicts matching of firms and workers in the manufacturing sector. The
solid curve represents the matching function mj(a) ≡ m(a;aRj) in country j. The firms
with the simplest technologies, namely, those with indexes ϕmin, hire the least-able work-
ers, namely, those with indexes amin. The firms with the most sophisticated technologies,
namely, those with indexes ϕmax, hire the most-able workers employed in the manufactur-
ing sector, namely, those with indexes aRj . There is positive assortative matching in the
sector and thus the matching function slopes upward. Now compare the matching func-
tion for country i, represented by the broken curve. Recall that aRi < aRj . In this country,
too, the firms with technology ϕmin hire the workers with ability amin. And the firms with
technology ϕmax hire the best workers in that country’s manufacturing sector, who have
index aRi. Since we show in Appendix A2.5 that a pair of solutions to (12) and (16) that
apply for different boundary conditions can intersect at most once, and since the curves
for the two countries intersect at their common lower boundary, they cannot intersect
elsewhere. It follows that the broken curve lies everywhere above the solid curve, except
at the leftmost endpoint. This implies that a worker in country i with some ability level
a < aRi < aRj matches with a more productive firm than does his counterpart with similar
ability in country j.

The right panel of Figure 2 depicts the matching between researchers and research
projects in the two countries. In both countries, the best projects, namely, those with

FIGURE 2.—Matching in manufacturing and research.

10An increase in θKNγR1−γθR of some proportion shifts every point on the RR curve vertically upward by
that same proportionate amount, but it shifts the AA curve up more than in proportion. Therefore, the new
AA curve must pass above the new RR curve at the initial equilibrium value of aR, and the new steady-state
equilibrium must fall to the left and above point E in Figure 1.
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indexes qmax, hire the most-able researchers, namely, those with indexes amax. The solid
curve again represents matching in country j. Here, entrepreneurs that find themselves
with the least productive research projects hire the researchers with ability aRj , who are
the least able among those employed in the R&D sector. The broken curve represents the
matching in country i, where the least-able researchers have ability aRi < aRj . By a similar
argument as before, the solid and dashed curves cannot intersect except at their common
extreme point. It follows that a researcher in country i with some ability a > aRj > aRi
pursues a higher quality research project than his counterpart in country j with the same
ability.

The different matching in the two countries translates into differences in wage inequal-
ity. Consider first inequality in the manufacturing sectors. We have seen in Figure 2 that
manufacturing workers of any ability level in country i are paired with firms that have ac-
cess to better technologies than the firms that hire their similarly-talented counterparts in
country j. The better technology pairings boost the productivity of workers in i relative to
those in j at all ability levels. But the complementarity between technology and ability im-
plies that the productivity gain is relatively greatest for those who have more ability. This
translates into a relative wage advantage for the more able of a pair of manufacturing
workers in the country with the greater capacity for innovation. We have the following:11

LEMMA 3: Suppose amin < aRi < aRj < amax. Then

λ
(
a′′;aRi

)
λ
(
a′′;aRj

) > λ
(
a′;aRi

)
λ
(
a′;aRj

) for all a′′ > a′ and a′� a′′ ∈ [amin� aRi]

Now consider inequality in the research sector. Research workers also achieve better
matches in country i than in country j, as illustrated in the right panel of Figure 2. The rel-
ative research productivity of the more able in any pair of researchers is greater in country
i than in country j, due to the complementarity between project quality and worker ability
that we posited in Assumption 2. Akin to Lemma 3, we have the following lemma.

LEMMA 4: Suppose amin < aRi < aRj < amax. Then

λR
(
a′′;aRi

)
λR
(
a′′;aRj

) > λR
(
a′;aRi

)
λR
(
a′;aRj

) for all a′′ > a′ and a′� a′′ ∈ [aRj� amax]

Finally, consider an individual who has an ability level a′′ ∈ [aRi� aRj]. Such a worker
sorts to the research sector in country i, but to the manufacturing sector in country j. If
a′′ were to work in manufacturing in country i, he would already earn a relatively higher
wage in that country compared to some a′ ∈ [amin� aRi], thanks to the better technologies
that all manufacturing workers access there. The fact that this individual instead chooses

11Given the ability cutoff aR and the matching function m(ϕ;aR), the wage equation for manufacturing
implies

lnλ(a;aR)=
∫ a

amin

ψa
[
m−1(v;aR)� v

]
ψ
[
m−1(v;aR)� v

] dv for a ∈ [amin� aR]

By Assumption 1, a deterioration in the match for the worker with ability v reduces the expression under the
integral. It therefore reduces the relative wage of the worker with greater ability among any pair of workers
employed in the manufacturing sector.
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employment in the research sector implies that the wage offer there is even better than
what he could earn in manufacturing. It follows that a′′ earns relatively more compared
to a′ in country i than in country j. By the same token, if we compare the relative wages
of a′′ ∈ [aRi� aRj] to a′′′ ∈ [aRi� amax] in the two countries, a′′′ would earn relatively more
in i than in j even if a′′ were to work in the research sector in country j. The fact that
this worker prefers to work in manufacturing in country j only strengthens the relative
advantage for these lower-ability workers from residing in the country with the relatively
smaller research sector.

Putting all the pieces together, we can compare the relative wages paid to any pair of
workers of similar ability levels in the two countries. We have established the following.

PROPOSITION 2: Suppose countries i and j differ only in their capacities for innovation,
with θKiN

γ
i R

1−γ
i θRi > θKjN

γ
j R

1−γ
j θRj . In autarky, country i grows faster than country j in a

balanced-growth equilibrium and it has greater inequality throughout its wage distribution.
That is, gMi > gMj , and for any pair of workers a′� a′′ ∈ [amin� amax] such that a′′ > a′,

wi
(
a′′)

wi
(
a′) > wj

(
a′′)

wj
(
a′) �

where wc(a) is the equilibrium wage schedule in country c.

The proposition implies that, when countries differ only in their capacity for innova-
tion, fast growth and wage inequality go hand in hand. A greater innovation capacity
generates a relatively larger research sector and therefore a lower cutoff ability level for
the marginal worker who is indifferent between employment in the two sectors. The fact
that aRi < aRj means that manufacturing workers access better production technologies
in country i than in country j and that research workers work on better projects there.
In both cases, the better matches favor the relatively more able among any pair of abil-
ity levels, due to the complementarity between ability and technology on the one hand,
and between ability and project quality on the other. Finally, the fact that ability confers
a comparative advantage in R&D reinforces the tendency for the more able (and better
paid) workers to earn relatively higher wages in the country that conducts more research.

3.3. Support for R&D

Next, we examine the role that research policy plays in shaping growth and inequality,
focusing specifically on cross-country differences in R&D subsidies. We consider symmet-
ric countries i and j that differ only in their subsidy rates, si and sj . The subsidy applies
to the purchase of R&D services by manufacturing firms, so that the private cost of a
product design and its associated technology draw becomes (1 − sc)pRc in country c. The
subsidy is financed by a proportional tax on wages or on research capital.

With a subsidy in place, the equation for the AA curve in Figure 1 is replaced by

(1 − sc)(ρ+ gMc)= γ

σ − 1
θKN

γR1−γΦ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
λ(aRc;aRc) 

Since the relationship between the resources invested in R&D and the growth rate is not
affected by the subsidy, neither is the RR curve that depicts this relationship.
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It follows immediately that, if si > sj , the AA curve for country i lies above and to the
left of that for country j. Not surprisingly, the subsidy draws labor into the research sec-
tor and, thereby, stimulates growth. The link to the income distribution should also be
clear. With aRi < aRj , the technology matches are better for manufacturing workers of a
given ability in country i than in country j, and the project matches are better for the re-
searchers there as well. The larger size of the research sector in country i also contributes
to its greater inequality, because ability is more amply rewarded in R&D than in manu-
facturing. Together, these forces generate a more unequal distribution of wages in both
sectors of country i compared to country j, and in the economy as a whole.

PROPOSITION 3: Suppose that countries i and j differ only in their R&D subsidies and
that si > sj . Then, in autarky, country i grows faster than country j in a balanced-growth
equilibrium and it has more inequality throughout its wage distribution. That is, gMi > gMj ,
and for any pair of workers a′� a′′ ∈ [amin� amax] such that a′′ > a′,

wi
(
a′′)

wi
(
a′) > wj

(
a′′)

wj
(
a′) 

In Section 5.3, we will revisit the effects of R&D subsidies for an open economy and
will address the spillover effects of such subsidies on growth and inequality in a coun-
try’s trading partners. We will see that, with partial or complete international knowledge
spillovers, R&D subsidies increase wage inequality not only in the economy that applies
them, but also around the globe.

4. THE EFFECTS OF TRADE ON GROWTH AND INEQUALITY

In this section, we introduce international trade among a set of countries that differ in
size, in research productivity, in manufacturing technologies, and in their capacity to cre-
ate and absorb international knowledge spillovers. We focus here on how international
integration affects growth and income inequality in the various countries. Our baseline
case, discussed in Section 4.1, allows for partial or complete international spillovers of
knowledge capital between all pairs of countries. In Section 4.2, we examine the long-run
effects of goods trade on growth and inequality when neither knowledge capital nor finan-
cial capital flows between countries, as well as in a world without knowledge spillovers but
with free mobility of financial capital.

Our trading environment has C countries indexed by c = 1�    �C . In country c, there
areNc workers with a distribution of abilities,H(a). A worker with ability a who applies a
technology ϕ in country c can produce θMcψ(ϕ�a) units of any intermediate good, where
ψ(ϕ�a) again has the complementarity properties described by Assumption 1. We assume
that manufacturing firms in all countries draw production technologies from a common
distribution G(ϕ).

All varieties of intermediate goods can be freely traded at zero cost.12 Therefore, the
cost of producing final goods is the same in all countries, and since these goods are com-
petitively priced, so too are the prices of these goods (irrespective of whether final goods

12In our working paper, Grossman and Helpman (2016), we allowed for both ad valorem tariffs and iceberg
trading costs. We showed that, in a world with partial or complete knowledge spillovers, the long-run effects of
opening trade on a country’s growth rate and wage inequality are qualitatively the same for any level of physical
or policy-generated trade costs. Moreover, changes in the trade costs do not affect the long-run growth rate or
relative wages in any country. We assume away all trading frictions here in order to simplify the exposition.



GROWTH, TRADE, AND INEQUALITY 55

are tradable or not). Once again, we can choose the price of a final good (anywhere) as
numeraire, and then we have

{
C∑
c=1

[∫
ω∈Ωc

pc(ω)
1−σ dω

]} 1
1−σ

= 1� (25)

where pc(ω) is the price of variety ω of an intermediate good produced in country c and
Ωc is the set of intermediate goods produced there. We denote by Xc the output of final
goods in country c and by X̄ =∑c Xc the aggregate world output of final goods.

In the research sector in country c, a team of researchers of size 
R and with ability a
who work on a project of quality q produces θRcψR(q�a)Kc


γ
R units of research services,

where θRc reflects the overall research productivity in country c and Kc is the national
stock of knowledge capital. Assumption 2 again describes a complementarity between the
researchers’ abilities and quality of the project. An entrepreneur in country c must hire
f units of local equipment at the rental rate rc in order to operate a research lab. This
enables her to draw a research project from the common distribution of project qualities,
GR(q). Once the project quality is known, the lab hires local researchers to produce the
R&D services. R&D services are not internationally tradable, so the price pRc of these
services may vary across countries.

The national knowledge stock in country c reflects the country’s cumulative experi-
ence in R&D, its ability to learn from that experience, and the extent of any knowledge
spillovers from abroad. We assume that

Kc =
C∑
j=1

θKjcMj� (26)

where θKjc is a parameter that measures the extent to which cumulative research experi-
ence in country j contributes to inventors’ productivity in country c. Note that θKcc cap-
tures the effectiveness with which country c converts its own research experience into us-
able knowledge; this parameter is the same as what we denoted by θK in Section 2.3 above.
Any positive spillovers between country j and country c imply θKjc > 0. The special case of
complete international spillovers into country c can be represented by setting θKjc = θKc
for all j. An absence of international knowledge spillovers corresponds to θKjc = 0 for all
j �= c.

Besides goods trade and any knowledge flows, international integration might enable
cross-border borrowing and lending. With perfect capital mobility, interest rates are
equalized worldwide, that is, ιc = ι for all c. With no capital mobility, trade in goods
must be balanced in each country at every moment in time. Then, R&D investment must
be financed by local savings, or

pRcṀc =Nc

∫ amax

amin

wc(a;aR)dH(a)+ rcQc +Mc

∫ ϕmax

ϕmin

πc(ϕ)dG(ϕ)−Cc� (27)

where Cc is aggregate consumption in country c.

4.1. Partial or Complete International Knowledge Spillovers

The available evidence points to the existence of significant but incomplete interna-
tional R&D spillovers. Coe, Helpman, and Hoffmaister (2009), for example, found that a
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country’s researchers benefit differentially from domestic and foreign R&D experience
and that the capacity to absorb domestic and foreign knowledge depends on a coun-
try’s institutions and in particular on its regime for protection of intellectual property
rights and the quality of its tertiary education.13 To capture this reality, our baseline case
posits θKjc > 0 for all j and c, so that every country reaps some spillover benefits from re-
search that takes place anywhere in the world. Our qualitative findings do not depend on
whether international knowledge spillovers are partial or complete, so we simply assume
that θKjc ≤ θKcc for all j �= c.

We begin with the case of balanced trade (no capital mobility) and describe a balanced-
growth path along which each country’s share of the total number of intermediate goods
remains strictly positive and constant; that is, there is convergence in national rates of in-
novation, and therefore gMc = gM for all c.14 The output of final goods, X , in the closed-
economy expression for the profits of a typical intermediate good (8) and in the labor-
market clearing condition (15), is replaced in the open economy by aggregate world out-
put, X̄ =∑j Xj .15 Since this variable enters multiplicatively on the left-hand side of (15),
the form of the matching function in the manufacturing sector, as described by the differ-
ential equation (16), remains the same for the open economy as for the closed economy.

We can solve for the growth rate of varieties in country c and the cutoff point for labor
allocation aRc using two equations analogous to (22) and (23). In place of the former, we
have

gMc = κcθRcNγ
c R

1−γ
c Φ(aRc)

∫ amax

aRc

λR(a;aRc)dH(a)� (28)

13For a review of additional evdience, see the survey by Helpman (2004, Chapter 5).
14Such an equilibrium always exists. We show in Section 5.2 that in the equilibrium described below, the solu-

tion to the share of country c in the number of intermediates available in the world economy, μc ≡Mc/
∑

j Mj ,
satisfies

ζμc =
C∑
j=1

γjcμj for c = 1�2�    �C�

where ζc ≡ κcN
γ
c R

1−γ
c θRc , ζ ≡ Kc/Mc , takes a common value across all countries, that is, ζc = ζ for all c,

and γjc ≡ θKjcN
γ
c R

1−γ
c θRc . It follows that ζ is a characteristic root of the matrix Γ = {γjc}, with the associated

characteristic vector μ = {μc}. Moreover, by the assumption that θKjc > 0 for all j and c, all elements of Γ
are strictly positive. Then the Perron–Frobenius theorem implies that all elements of μ are positive only if ζ
is the largest characteristic root of Γ . It follows that the balanced growth path with μc > 0 for all c is uniquely
determined by the matrix Γ .

15We showed in our working paper, Grossman and Helpman (2016), that, in the presence of trade costs, the
output X is replaced instead by the market access X̄c facing a typical producer of intermediates in country c,
where

X̄c =
∑
j

τ1−σ
jc pσMjXj

and pMj is the price index of intermediate goods in country j. This variable, as defined by Redding and Ven-
ables (2004), scales the aggregate demand facing an intermediate good producer in country c (given its price),
considering the production of final goods in each market, the cost of overcoming the trade barrier specific to
the market, and the competition the firm faces from other intermediate goods sold in that market (as reflected
in the price index for intermediate goods). The following arguments about the effects of trade on growth and
inequality remain the same when we use X̄c in place of X̄ .
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where κc ≡Kc/Mc is the ratio of the knowledge stock in country c to the country’s own
cumulative experience in research and

Φ(aRc)≡

⎧⎪⎪⎨
⎪⎪⎩

∫ qmax

qmin

ψR
[
q�mR(q;aRc)

] 1
1−γ λR

[
mR(q;aRc);aRc

]− γ
1−γ dGR(q)∫ amax

aRc

λR(a;aRc)dH(a)

⎫⎪⎪⎬
⎪⎪⎭

1−γ

�

as before (except that now we add a country-specific index, c, to aR). In place of the latter,
we have16

ρ+ gMc = γ

σ − 1
κcθRcN

γ
c R

1−γ
c Φ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
λ(aRc;aRc)  (29)

Notice the similarity between (28) and (29) and the equations that jointly determine
the steady-state equilibrium in the closed economy; the new equations incorporate the
parameter θRc that represents Hicks-neutral differences in researcher productivity and
they include κc in place of θK (or what we now denote by θKcc). Similar arguments as
before imply that the RR curve for the open economy slopes downward and the AA
curve slopes upward. Using (28) and (29), we can solve for the long-run values of gMc and
aRc as a function of κc . Then, we can use aRc and the differential equations for wages in
each sector to solve for the distribution of relative wages in country c. Separately, we can
use a set of trade balance conditions and labor-market clearing conditions to solve for the
wage levels in each country.

A key observation is that κc > θKcc for all c. That is, in an integrated world with interna-
tional knowledge spillovers, researchers anywhere can draw not only on their own coun-
try’s accumulated research experience when inventing new products, but also to some
extent on the research experience that has accumulated outside their borders. No matter
what the extent of international knowledge spillovers, so long as they are positive, a re-
search team in any country can be more productive in the open economy than in autarky.
This greater productivity translates a given labor input into greater innovation by (28) and
it reduces the cost of R&D that is embedded in the zero-profit condition in (29).

Now we are ready to compare (28) and (29) to their analogs that describe the closed-
economy equilibrium. Note that the bigger κc appears in place of the smaller θKcc (i.e., θK)
in each equation. Thus, the RR curve for the open economy lies proportionately above
that for the closed economy, whereas the AA curve for the open economy lies more than
proportionately above that for the closed economy. The two curves that determine the
open-economy equilibrium in country c cross above and to the left of the intersection
depicted in Figure 1. Thus, in a trade equilibrium, every country devotes more labor to
research than in autarky and invents new varieties at a faster rate.

What about consumption growth and wage inequality? Concerning the former, the
trade-balance condition (27) implies that consumption in country c grows in the long
run at the same rate as wages do, by arguments analogous to those used in Section 2.6;
aggregate investment grows at rate gwc as do all components of aggregate income, so
aggregate consumption must grow at this rate in order that savings match investment.17

16See Section A4.1 in the Appendix for details.
17See Section A4.1 of the Appendix for more details of this argument.
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Using the labor-market clearing condition analogous to (15) and the convergence in in-
novation rates such that gMc = gM for all c, we have σgwc = gM + gX̄ for all c and thus
gwc = gw for all c. Then, from the pricing equation analogous to (7) and the competitive
pricing of final goods (25), we have gwc = gCc = gM/(σ − 1); wages and consumption in
every country grow in proportion to the aggregate rate of innovation, just as in the closed
economy. The opening of trade accelerates the latter and therefore it accelerates wage
and consumption growth in every country. Meanwhile, the expansion of the research sec-
tor (fall in aRc) exacerbates wage inequality, both as a reflection of the re-matching that
takes place in both sectors (i.e., workers match with better firms and projects) and of
the reallocation of labor to R&D, where ability is more amply rewarded. Meanwhile, the
acceleration of innovation generates faster growth of wages and final output. We have
established the following.

PROPOSITION 4: Suppose that goods are freely tradable and each country’s trade is bal-
anced at every moment in time. Countries may differ in their research productivities, their
manufacturing productivities, their capacities to generate and absorb international knowledge
spillovers, and in their labor supplies. In a balanced-growth equilibrium, consumption and
wages in every country grow faster with trade than in autarky and every country has a more
unequal wage distribution with trade than in autarky.

Now suppose that financial capital is perfectly mobile. At every point in time, capital
flows from countries with (incipient) low interest rates to countries with (incipient) high
interest rates, until interest rates are equalized worldwide. Note, however, that interest
rates anyway are equalized along a balanced-growth path in an equilibrium without capital
flows; from the optimal consumption path, ιc = gCc + ρ, and we have just seen that gCc =
gM/(σ − 1) for all c in the absence of capital mobility. It follows that the long-run rates of
wage and consumption growth and the long-run wage distribution are the same in a trade
equilibrium whether or not capital is internationally mobile. We summarize our findings
in the following proposition.

PROPOSITION 5: Suppose that intermediate goods are freely tradable and capital is per-
fectly mobile. Countries may differ in their research productivities, their manufacturing pro-
ductivities, their capacities to generate and absorb international knowledge spillovers, and
in their labor supplies. In a balanced-growth equilibrium, consumption and wages in every
country grow faster with trade than in autarky and every country has a more unequal wage
distribution with trade than in autarky.

In our working paper, Grossman and Helpman (2016), we showed that the equilibrium
rate of innovation and wage inequality do not depend on the level of ad valorem tariffs
or on the size of iceberg trading costs. Taking this argument to the limit, it follows that
long-run innovation rates and measures of wage inequality would converge to the same
levels in a global equilibrium with international knowledge spillovers even if intermediate
and final goods were not traded at all.

4.2. No International Knowledge Spillovers

In Section 4.1, we studied global integration that combines goods trade and partial or
complete international knowledge spillovers. In order to better understand the distinct
role played by each of these components of globalization, we compare now the autarky
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equilibrium to one with free trade in goods but no knowledge spillovers. Here, each coun-
try has a national stock of knowledge that reflects only its own experience in R&D. As
before, capital immobility might require balanced goods trade at every moment in time
or integration may allow imbalanced trade subject to an intertemporal budget constraint.
We consider each possibility in turn.

With no knowledge spillovers, the knowledge stock in country c is proportional to the
country’s own experience in R&D, so the relationship between the inputs into research
and the production of R&D services is the same as in autarky. We can follow the same
steps as in Sections 2.4 and 2.6 to derive the RR curve that relates the steady-state growth
rate of intermediate inputs in country c to the ability aRc of its marginal worker in the
R&D sector. This curve, represented by equation (22), is the same for each country c as
in autarky.18 Moreover, when trade must be balanced for each country at every moment
in time, the AA curve also is the same as in autarky.19 It follows that the steady-state
growth rate of intermediates gMc and the steady-state marginal worker aRc are the same
as in autarky. Goods trade in the absence of knowledge spillovers and capital flows has no
effect on the long-run resource allocation and therefore no effect on any relative wages.

How does trade affect the growth of output and consumption in this case? In the Ap-
pendix, we show that the labor-market clearing condition in manufacturing implies

gMc + gX̄ = σgwc (30)

We also show that the growth of aggregate output is a weighted average of the growth
rates of wages in every country, where the weights vary with the share of country j in the
total number of varieties of intermediate goods in the world economy. In the long run,
the weight approaches 1 for the country j that has the fastest rate of innovation in the
global economy and approaches zero for all others. Therefore, in the steady state,

gX̄ = g̃M

σ − 1
�

where g̃M ≡ maxj{gMj}. It follows from (30) that wages grow faster with trade than in
autarky in every country except the one with the fastest rate of autarky growth. More-
over, the trade-balance condition (27) ensures that output and consumption grow in every
country at the same rate as wages do, in the long run. Therefore, we have the following
proposition.

PROPOSITION 6: Suppose that there are no international knowledge spillovers, that inter-
mediate goods are freely tradable, and that each country’s trade is balanced at every moment
in time. Countries may differ in their research productivities, their manufacturing produc-
tivities, their capacities to absorb local knowledge spillovers, and in their labor supplies. In
the long run, consumption, output, and wages grow faster with trade than in autarky in ev-
ery country except that with the fastest rate of autarky growth. The innovation rate and wage
inequality are the same in every country as in autarky.

Now, we allow for international capital mobility, while maintaining the assumption that
there are no international knowledge spillovers. The resulting economy is like the one
studied by Feenstra (1996) and Grossman and Helpman (1991, Chapter 9.3), except that

18With our new notation, θKcc replaces θK in this equation, as well as in that for the AA curve.
19See Section A4.2 of the Appendix for the proof of this statement.
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we have introduced firm and worker heterogeneity. We find effects of trade on growth that
are similar to the ones he described, but with additional implications for wage inequality.

First, note that the resource constraint that determines the relationship between the
marginal worker aRc in R&D and the growth rate of intermediates is the same as in au-
tarky; the RR curve again is given by (22). As for the AA curve, we show in the Ap-
pendix that the right-hand side is the same as in (23), but the left-hand side is replaced
by (g̃w − gwc)+ gMc + ρ, where g̃w ≡ maxj{gwj}. In the country with the fastest growth of
wages in the trade equilibrium, the left-hand side is the same as in autarky, which means
that its marginal worker and its innovation rate are the same as in autarky. For all other
countries, the AA curve with trade and capital mobility lies below that for autarky, which
means that these countries devote less labor to R&D than in autarky (aRc > a

autarky
Rc ) and

they invent new intermediates at a slower rate (gMc < g
autarky
Mc ). The fact that aRc > a

autarky
Rc

means that wage inequality narrows in each of these countries in the long run after the
opening of goods and asset trade.

Also, comparing the AA curve for the trade equilibrium and autarky, and noting that
aRc > a

autarky
Rc , it follows that (g̃w − gwc)+ gMc > gautarky

Mc . But, (30) continues to describe the
relationship between the growth of wages in country c, the growth of intermediates there,
and the growth of aggregate output. We conclude from this that gwc > gautarky

wc for all c
except the fastest-growing country, which experiences the same long-run growth of wages
as in autarky.20 Inasmuch as final output grows in the long run at the same rate as wages,
each of these countries also experiences faster output growth than in autarky. Finally,
consumption grows at the same rate in every country by (2), since capital flows equal-
ize interest rates. That rate is equal to the growth rate of output in the fastest growing
country and thus faster than the growth of consumption in autarky in all countries besides
that one. In short, the opportunity to import intermediates from countries that innovate
rapidly allows all other countries to share a high rate of consumption, wage, and output
growth even as they devote fewer resources themselves to R&D and so realize a more
equal distribution of wages. We summarize these findings in the following proposition.

PROPOSITION 7: Suppose that there are no international knowledge spillovers, that goods
are freely tradable, and that interest rates are equalized worldwide by perfect capital mobility.
Countries may differ in their research productivities, their manufacturing productivities, their
capacities to absorb local knowledge spillovers, and in their labor supplies. In the long run,
consumption, output, and wages grow faster with trade than in autarky in every country except
that with the fastest rate of autarky growth. The rate of innovation and wage inequality decline
in every country except that with the fastest rate of autarky growth.

We can also say how the addition of capital mobility affects long-run growth and wage
inequality in an open economy with no knowledge spillovers. Starting from a steady-state
equilibrium with free trade in goods but no capital mobility, the opening of global asset
markets speeds the growth of consumption in all countries other than that which enjoys
the fastest growth, while slowing their growth of wages and output. Meanwhile, the capital
flows narrow the wage distribution in all countries besides the fastest growing one.21

20First note that aggregate output grows in the long run at the growth rate of output in the fastest growing
country, which in turn is equal to the growth rate of wages in that country; that is, gX̄ = g̃w . Therefore, we
have (gX̄ − gwc) + gMc = (g̃w − gwc) + gMc > g

autarky
Mc . But (30) implies gX̄ = σgwc − gMc , so (σ − 1)gwc =

(g̃w − gwc)+ gMc > gautarky
Mc = (σ − 1)gautarky

wc , or gwc > g
autarky
wc .

21The fact that innovation is the same as in autarky when there is no capital mobility but slower than in
autarky with capital mobility implies that opening capital markets shifts labor out of R&D in all of these
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5. CROSS-COUNTRY COMPARISONS AND COMPARATIVE STATICS

In the last section, we examined how the opening of trade affects the long-run growth
of wages, output, and consumption and long-run wage inequality in the various countries
of a multi-nation world. We studied the effects of trade on growth and inequality with and
without international spillovers of knowledge and with and without international capital
mobility. In this section, we explore how growth rates and wage inequality compare across
countries in a trading equilibrium, as well as how parameter or policy changes in one
country affect growth and inequality in its trading partners. We focus only on our baseline
case, with partial or complete knowledge spillovers, because this case seems the most
empirically relevant. As we noted in Section 4.1, product market integration equalizes
long-run interest rates when there are knowledge spillovers, even if financial capital is
completely immobile. Therefore, the same analysis applies when comparing steady states
no matter whether financial claims are internationally tradable or not.

5.1. Differences in Manufacturing Productivity

Suppose now that countries differ only in their manufacturing productivities, as param-
eterized by θMc . For the moment, assume they are equal in size (Nc =N for all c), equal
in research productivity (θRc = θR for all c), and benefit symmetrically from complete
international knowledge spillovers (θKjc = θK for all j and c). In these circumstances, a
balanced-growth path with gMc = gM requires κc = κ and aRc = aR for all c, per equations
(28) and (29). It follows that not only do the long-run growth rates converge internation-
ally, but so too do the sizes and compositions of the research sectors. Then, matching
between technologies and production workers in manufacturing and between research
projects and researchers in R&D is the same in all countries. Consequently, the structure
of relative wages is the same in all countries. The differences in manufacturing productiv-
ity levels generate cross-country heterogeneity only in wage levels. We summarize in the
following proposition.

PROPOSITION 8: Suppose that goods are tradable and countries differ only in manufactur-
ing productivities. Then all countries grow at the same rate in a balanced-growth equilibrium
and all have the same wage inequality in the long run.

It is also clear that, in these circumstances, the long-run value of κ is independent of
any θMc , in which case (28) and (29) imply that changes in manufacturing productivities
do not affect the long-run growth rate or relative wages in any country.22 Moreover, κc
would be independent of θMc (albeit not necessarily common across countries) if countries
were of different sizes, had different research productivities, or had different capacities
to generate or absorb international R&D spillovers. The parameters θMc do, of course,
affect income levels and consumer welfare.23

countries. The rematching of workers and firms generates a tighter distribution of wages. The decline in the
innovation rate implies a decline in the growth of wages and output, per (30). Meanwhile, the equalization of
world interest rates allows consumption in all countries to grow at the faster rate experienced by the fastest
growing country.

22With θKjc = θK for all j and c, (26) yields Kc = θK
∑C

j=1Mj for all c, and thus κc = θK(
∑C

j=1Mj)/Mc for
all c. Then (29) and the fact established above that aRc = aR for all c imply that κc = κ = θKC . Clearly, κ is
independent of any θMc .

23In our working paper, Grossman and Helpman (2016), where we allowed for trade frictions either in the
form of iceberg trading costs or ad valorem tariffs, we found convergence in growth rates in wage inequality
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5.2. Differences in Innovation Capacity and in Ability to Create and Absorb
Knowledge Spillovers

Now suppose that countries differ in size (Nc), in their research productivity (θRc), and
in their numbers of active research projects (Rc = KRc/f ). Moreover, there may be dif-
ferences in their abilities to absorb R&D spillovers from abroad and in their abilities to
convert research experience (their own and foreign) into usable knowledge that facili-
tates subsequent innovation. Such differences are reflected in the matrix ΘK = {θKjc} of
spillover parameters that determines knowledge capital in country c, according to (26).
Finally, as in Section 5.1, they may operate with different manufacturing productivities,
θMc . In all of these cases, (28) and (29) imply

gMc

ρ+ gMc = σ − 1
γ

∫ amax

aRc

λR(a;aRc)
λR(aRc;aRc) dH(a)∫ aRc

amin

λ(a;aRc)
λ(aRc;aRc) dH(a)

for all c� (31)

with the right-hand side a decreasing function of aRc (as we show in Appendix A5.3).
It is clear from (31) that, since all countries converge on the same long-run growth rate

of varieties, they must also have the same ability cutoff level aRc = aR. Then, all share a
common long-run relative wage profile. It is interesting to note that international integra-
tion generates a convergence in income inequality around the globe, whereas differences
in innovation capacity give rise to different degrees of inequality in autarky.

Although relative wages are the same in all countries, wage levels are not equalized
internationally. We show in Appendix A5.2, for example, that if knowledge spillovers are
complete (θKjc = θKc for all c), the relative wages of workers of any common ability level
in countries i and j hinges on a comparison of innovation capacities per capita in these
countries, that is, on θKiθRi(Ri/Ni)

1−γ versus θKjθRj(Rj/Nj)
1−γ . The greater is a coun-

try’s ability to convert cumulative experience in R&D into usable knowledge, θKi, or the
greater is the productivity of its workers in R&D, θRi, or the larger is its endowment of
research capital relative to its labor force, Rj/Nj , the greater is its wage level.

Next, observe that with aRc = aR for all c, (28) implies that ζc ≡ κcN
γ
c R

1−γ
c θRc takes a

common value across all countries, that is, ζc = ζ for all c. Substituting ζ into (26), we
have

ζμc =
C∑
j=1

γjcμj�

where μc ≡Mc/
∑

j Mj is the share of country c in the total number of varieties of inter-
mediate goods in the world economy and γjc ≡ θKjcNγ

c R
1−γ
c θRc is a measure of innovation

capacity in a setting in which knowledge spillovers are not complete. We recognize ζ as
being a characteristic root of the matrix Γ = {γjc}, with associated characteristic vector
μ = {μc}. Moreover, by the assumption that θKjc > 0 for all j and c, all elements of Γ are
strictly positive. Then the Perron–Frobenius theorem implies that all elements of μ can

even with differences in trade frictions, and that changes in the size of any trade barrier do not affect growth
or inequality in any country in the long run.
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be positive (as they must be) only if ζ is the largest characteristic root of Γ . Finally, the
envelope theorem implies that ζ must be increasing in every element γjc of Γ .24

We have thus established that an increase in any spillover parameter θKjc , in any country
size Nc , in any R&D productivity parameter θRc , or in any country’s measure of projects
Rc , shifts upward the RR curve and the AA curve for every country, and the former by
more (at the initial aR) than the latter. The result is an increase in the common rate of
long-run growth and an increase in wage inequality in every country.25

We record our findings in the following proposition.

PROPOSITION 9: Suppose that goods are freely tradable. Then all countries grow at the
same rate in a balanced-growth equilibrium and all have the same wage inequality in the
long run. An increase in any spillover parameter θKc , in any country size Nc , in any R&D
productivity parameter θRc , or in any country’s measure of research projects Rc leads to faster
growth and greater wage inequality in every country.

5.3. Differences in R&D Subsidies

Now we reintroduce R&D subsidies. As in Section 3.3, the subsidy applies to the pur-
chase of R&D services by manufacturing firms, so that the private cost of a product design
and its associated technology draw becomes (1 − sc)pRc in country c. The subsidies are
financed by a proportional tax on wages or on research equipment.

Suppose that international knowledge spillovers are complete and that countries are
similar in all ways except in their R&D subsidies and in the proportional wage taxes used
to finance these subsidies.26 When Nc =N , Rc =R, and θRc = θR for all c and when long-
run growth rates converge to gM , (28) and (29) imply

(1 − sc)ρ+ gM
gM

= γ

σ − 1
1

λ(aRc;aRc)

∫ aRc

amin

λ(a;aRc)dH(a)∫ amax

aRc

λR(a;aRc)dH(a)


We show in the Appendix that the right-hand side of this equation is increasing in aRc .
Therefore, if si > sj , aRi < aRj ; that is, the country with the larger R&D subsidy devotes
more of its labor force to research activities. This does not generate faster long-run growth
in i than in j, but it does spell a more unequal long-run wage distribution there.

24Multiplying the characteristic equation by μc and summing over all c yields

ζ =

C∑
c=1

C∑
j=1

γjcμjμc

C∑
c=1

(μc)
2



The largest characteristic root is found by maximizing the right-hand side with respect to {μc}. By the envelope
theorem, the largest ζ is an increasing function of every γjc .

25Again, the same results apply with (possibly heterogeneous) trade frictions of any sizes; see Grossman and
Helpman (2016).

26It is relatively easy to verify that the implications of differences in research support would be the same as
we describe here, even if we allowed for cross-country differences in innovation capacity. However, we assume
that these features are common in order to simplify the exposition.
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Although wage profiles do not converge in the presence of (differential) R&D subsi-
dies, such policies do affect growth and inequality throughout the world. To examine these
spillover effects of innovation policy, we treat (28) and (29) as a system of C+1 equations
that determines the C cutoff ability levels and the common growth rate, gM . We prove in
Appendix A5.3 that an increase in an arbitrary subsidy rate si leads to an expansion of the
research sectors in all countries. In other words, daRj/dsi < 0 for all i� j ∈ {1�    �C}. It
follows that an increase in a single subsidy rate contributes not only to faster innovation
throughout the world economy, but also to a spreading of the long-run wage distribution
everywhere. We summarize our findings in the following proposition.

PROPOSITION 10: Suppose that goods are tradable, that international knowledge spillovers
are complete, and that countries differ only in their R&D subsidy rates. Comparing any two
countries, the long-run wage distribution is more unequal in the one with the greater subsidy
rate. An increase in any subsidy rate raises the common long-run growth rate and generates a
spread in the distribution of wages in every country.

The main lessons from this section are twofold. First, national conditions that create
differential incentives for research versus manufacturing generate long-run differences
in wage distributions, whereas conditions that affect a country’s ability to contribute to or
draw on the world’s stock of knowledge capital lead to a convergence in wage distributions
but with cross-country differences in wage levels. Second, technological conditions or gov-
ernment policies that cause an expansion of the research sector in one country typically
have spillover effects abroad. In particular, when the incentives for R&D rise somewhere,
the induced expansion in knowledge capital generates a positive growth spillover for other
countries but also a tendency for wage inequality to rise worldwide.

6. RELATIONSHIP TO SOME EARLIER LITERATURE

In our model, inequality is driven both by the selection of individuals into idea-using
and idea-producing activities and by the matching of employees with enterprises in each
of those activities. Ideas are generated by research labs that invent new intermediate in-
puts. They are used by firms that produce the differentiated products. Inequality in the
economy reflects the difference in average compensation in the two activities (between-
sector inequality) and the wage distribution among individuals that are employed in a
given activity (within-sector inequality).

Roy (1951) discussed the selection of heterogeneous workers into different economic
activities. In his model, individuals have multiple attributes that generate comparative
advantages across sectors (e.g., hunting versus fishing). The distribution of attributes in
the population guides the sorting of workers to sectors, which in turn dictates the equilib-
rium wage distribution. Neal and Rosen (2000) reviewed the literature in labor economics
that addresses the role of sorting in shaping wage inequality. They also reviewed the role
of matching in shaping wage inequality, including idiosyncratic learning that takes place
for particular worker-job matches. Ohnsorge and Trefler (2007) used a version of the
Roy model to study trade structure and the impact of trade on wage inequality. In their
model, each worker has two attributes that determine a worker’s comparative advantage
in sector-specific tasks. Given product prices, workers sort into sectors in which the values
of the tasks they carry out are largest, because these values determine their compensa-
tion. Costinot and Vogel (2010) also studied the connection between trade, sorting, and
inequality, in a more general setting. All of these studies are static in nature and do not
speak to the relationship between growth and inequality.
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Several recent studies have developed models of long-run growth driven by the accumu-
lation of knowledge. In some of these articles, such as Lucas and Moll (2014), knowledge
accumulation is driven by random meetings and imitation. Alvarez, Buera, and Lucas
(2013) and Perla, Tonetti, and Waugh (2015) explored the relationship between trade
and growth in models with idea flows. Closer to our concern, however, is the work by
Luttmer (2015) that features knowledge accumulation resulting from individual discovery
(through random shocks) and deliberate learning from others. In this work, individuals
differ in their abilities to learn and they choose to become either workers or managers.
The more knowledgeable individuals sort into the managerial occupation while the less
knowledgeable individuals opt to become workers. In addition to overseeing manufactur-
ing, a manager can choose to transfer her knowledge to one other individual per period
by engaging in teaching. As a result, individuals can enhance their knowledge via learn-
ing. But a student must choose her teacher, paying a tuition in the process. That is, the
model combines sorting into two occupations and matching of students with teachers. This
mechanism leads to long-term growth and a distribution of income that has a long tail.
The model assumes a closed economy and does not explore the implications of changes
in the growth environment, or of globalization, for the distribution of income.

Some models of directed technical change also bear a relationship to our work.
Acemoğlu (2003) developed a quality-ladders growth model in which there are sector-
specific intermediate inputs. In one sector inputs are produced by high-skilled workers, in
the other sector by low-skilled workers. Innovators can target intermediate inputs in one
sector or the other, and success raises the quality of an input by one rung on its quality
ladder. Intermediates are not traded internationally and only one country, say the skill-
rich country, invests in product upgrading. Under some (plausible) parameter restrictions,
international trade leads the skill-rich country to bias its technical change toward the skill-
intensive sector (the sector that uses skilled workers). As a result, trade accelerates growth
and raises the skill premium, thereby increasing wage inequality. Acemoğlu provided a
link between growth and inequality, but only for two groups of workers, with workers
that are homogeneous within each skill group. Acemoğlu, Gancia, and Zilibotti (2015)
studied another mechanism that links trade, growth, and inequality. In their two-country
model, there are also two sectors, one in which high-skill workers produce intermediate
inputs and another in which low-skill workers do so. One country, West, is endowed with
both low-skill and high-skill workers, while the other has only low-skill workers. In this
model, growth is driven by the expansion of the range of intermediate inputs available to
producers. Inventors target their efforts either toward blueprints for low-skill intensive
intermediates or toward blueprints for high-skill intensive intermediates. In the central
case, the production of low-skill intermediate inputs can be offshored to the country that
has only low-skill workers, but this entails a fixed cost. The authors showed that a decline
in the fixed cost of offshoring accelerates growth. Technical change is skill-biased when
the initial offshoring costs are low, but biased toward low-skill intensive goods when off-
shoring costs are high. Moreover, when the elasticity of substitution in production is large
relative to the elasticity of substitution in demand for the two final goods, lower offshoring
costs raise the skill-premium in West, leading to more wage inequality. Accordingly, this
paper also links trade to growth and inequality, whereby inequality is reflected in the dif-
ferential compensation of two homogeneous groups of workers. So far as we know, our
paper is the first to focus simultaneously on within-sector and between-sector inequality
in a setting with endogenous growth and the potential for trade.
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7. CONCLUDING REMARKS

In this paper, we have focused on one mechanism that links income distribution to long-
run growth. The mechanism operates via sorting and matching in the labor market. We
posit that the most able individuals in any economy specialize in creating ideas and that
innovation is the engine of growth. Among those that conduct research, the most able are
relatively more proficient at performing the most promising research projects. Among
those that use ideas rather than create them, the most able are relatively more proficient
at using the most sophisticated technologies. In each case, the complementarity between
worker ability and firm productivity dictates positive assortative matching. In the long run,
the size of what we call the research sector determines not only the pace of innovation,
but also the composition of the two sectors and the matches that take place.

Our model highlights an important mechanism in a simple economic environment. We
have abstracted from diversity in manufacturing industries, from team production activ-
ities that involve multiple individuals in both research and manufacturing, from capital
inputs that may be complementary to certain worker or inventor types, and from a host
of market frictions that can impede job placement and financing for innovation. In this
setting, faster growth often goes hand in hand with greater wage inequality. In response to
events that encourage faster growth, the research sector expands by drawing the most able
workers from the manufacturing sector, who then become the least able researchers. The
expansion of the research sector at the extensive margin generates a re-matching between
researchers and research projects that brings the relatively greatest benefit to those with
greatest ability. Meanwhile, the contraction of the manufacturing sector generates re-
matching between production workers and technologies that also favors relatively most
those in this sector with greatest ability. The complementarity between ability and tech-
nologies implies an increase in wage inequality. This effect is strengthened by the fact that
those with most ability have comparative advantage in the activity that underlies growth.

By allowing for international trade and international knowledge spillovers, we intro-
duced links between inequality measures in different countries. We find that within-
country income inequality is exacerbated by the knowledge sharing, because the knowl-
edge spillovers make innovation more productive and so create incentives for expansion
of the idea-generating portion of economies worldwide. As the research sector expands
in every country, so too does the relative pay for the most able individuals (who engage
in innovation) as well as for the more able individuals among those that sort to each sec-
tor. The more able researchers benefit relatively more from the improved matching with
research projects, while the most able workers in manufacturing benefit relatively more
from the improved matching with technologies.

To better understand how international integration affects growth and inequality, we
also study economies without international knowledge spillovers in which R&D produc-
tivity in every country reflects only prior local experience. With trade in intermediate
goods but no international borrowing or lending, the long-run allocation of resources is
the same in every country as in autarky, and so too are the innovation rate and all relative
wages. However, all but the country with the greatest capacity for innovation enjoy faster
growth in output, income, and wages with trade than without, thanks to the productiv-
ity gains that come from importing foreign varieties. When we allow for capital mobility
in a world with goods trade but no knowledge spillovers, competition with innovators in
the faster-growing country displaces investment in R&D in the others. This movement of
resources from R&D to manufacturing generates a more equal distribution of wages in
all countries except the one with the fastest innovation rate. Meanwhile, long-run growth
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of consumption accelerates in all of these countries thanks to the equalization of world
interest rates.

Our treatment of the open economy also allows us to study the links between conditions
and policies in one country and growth and distributional outcomes in its trade partners.
For example, in the presence of partial or complete international knowledge spillovers, we
find that an R&D subsidy in one country accelerates growth in all countries and increases
within-country income inequality throughout the globe. While previous work on endoge-
nous growth emphasized cross-country dependence in growth rates (e.g., Grossman and
Helpman (1991)), our model also features cross-country dependence in wage inequal-
ity. Moreover, while long-run growth rates converge, cross-country differences in wage
distributions can persist even along a balanced-growth path.

Numerous possible extensions of our model come to mind. Additional elements of in-
terdependence would arise if production functions involved multiple factors of produc-
tion (or teams of individuals) and if sectors differed in their relative factor intensities. We
also suspect that investment in ideas has more dimensions of uncertainty than just the
productivity of the resulting technology, and that the prospects for success in innovation
and the range of reachable technologies depend on the abilities of the individuals who
generate the new ideas. Imperfect information about worker characteristics and frictions
in labor markets undoubtedly impede the smooth, assortative matching that features in
our model. Similarly, asymmetric information about research ideas and financing con-
straints impede investment in innovation and bias technological outcomes. All of these
extensions would be interesting.

We view our contribution in this paper not as a final word on the link between growth
and inequality, but as an exploration of a core mechanism that will play a role in richer
economic environments. The empirical importance of this mechanism remains to be set-
tled, although at this stage it is not obvious how to do so in light of the limited availability
of historical data and the endogeneity of the variables of interest. Yet we are convinced
that a better understanding of the relationship between growth and inequality can be ob-
tained by studying economies in which both are endogenously determined.

APPENDIX

A2.5. Uniqueness and Single Crossing of the Matching Function

In Section 2.5, we stated that the solution to the pair of differential equations (12) and
(16) that satisfies the boundary conditions (17) is unique, and later that the matching
functions of two solutions to (12) and (16) that apply for different boundary conditions
can intersect at most once. Here, we prove these statements by adapting Lemma 2 in the
appendix of Grossman, Helpman, and Kircher (2017) to the present circumstances.

We begin with the latter claim. As in Grossman, Helpman, and Kircher (2017), let
[m

κ
(ϕ)�w

κ
(a)] and [m�(ϕ)�w�(a)] be solutions to the differential equations (12) and

(16), each for different boundary conditions,

m(ϕmin)= az�min and m(ϕmax)= az�max� z = κ�� (32)

Let the solutions intersect for some ϕ = ϕ0 and a = a0. Without loss of generality, sup-
pose that m′

�(ϕ0) > m
′
κ
(ϕ0). We will now show that m�(ϕ) > mκ

(ϕ) for all ϕ > ϕ0 and
m�(ϕ) <mκ

(ϕ) for all ϕ<ϕ0 in the overlapping set of (ϕ�a).
To see this, suppose to the contrary that there exists a ϕ1 > ϕ0 such that m�(ϕ1) ≤

m
κ
(ϕ1). Then differentiability of mz(·), z = κ��, implies that there exists a ϕ2 with
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ϕ2 > ϕ0 such that m�(ϕ2)=m
κ
(ϕ2), m�(ϕ) > mκ

(ϕ) for all ϕ ∈ (ϕ0�ϕ2) and m′
�(ϕ2) <

m′
κ
(ϕ2). This also implies that m−1

� (a) < m
−1
κ
(a) for all a ∈ (m�(ϕ0)�m�(ϕ2)), where

m−1
z (·) is the inverse of mz(·). But then (16) implies that w�[m�(ϕ0)]<wκ

[m�(ϕ0)] and
w�[m�(ϕ2)]>wκ

[m�(ϕ2)], and therefore

lnw
κ

[
m�(ϕ2)

]− lnw
κ

[
m�(ϕ0)

]
< lnw�

[
m�(ϕ2)

]− lnw�
[
m�(ϕ0)

]


On the other hand, (12) implies that

lnwz
[
m�(ϕ2)

]− lnwz
[
m�(ϕ0)

]= ∫ m�(ϕ2)

m�(ϕ0)

ψa
[
m−1
z (a)�a

]
ψ
[
m−1
z (a)�a

] da� z = κ��

Together with the previous inequality, this gives
∫ m�(ϕ2)

m�(ϕ0)

ψa
[
m−1

κ
(a)�a

]
ψ
[
m−1

κ
(a)�a

] da < ∫ m�(ϕ2)

m�(ϕ0)

ψa
[
m−1
� (a)�a

]
ψ
[
m−1
� (a)�a

] da
Note, however, that the strict log supermodularity of ψ(·) and m−1

� (a) < m
−1
κ
(a) for all

a ∈ (m�(ϕ0)�m�(ϕ2)) imply the reverse inequality, which establishes a contradiction. It
follows that m�(ϕ) > mκ

(ϕ) for all ϕ > ϕ0. A similar argument shows that m�(ϕ) <
m

κ
(ϕ) for all ϕ<ϕ0.

The fact that the matching functions for different boundary conditions can cross at
most once immediately implies the uniqueness of the solution to (12) and (16) for a given
set of boundary conditions, m(ϕmin)= amin and m(ϕmax)= aR. If there were two different
solutions for these boundary conditions, the resulting matching functions would have to
intersect at least twice, which is not possible.

A2.6. The RR Curve and the AA Curve

We derive now the equation for the RR curve and establish that it is downward sloping.
In steady state,

gM = θKR
∫ qmax

qmin

ψR
[
q�mR(q)

]

R
[
q�mR(q)

]γ
dGR(q)�

where 
R[q�mR(q)] is employment for a project of quality q. From footnote 7, we have


R
[
q�mR(q)

]= [γpRMψR
[
q�mR(q)

]
wR(a)

] 1
1−γ
�

and therefore

gM = θ
1

1−γ
K (γpRM)

γ
1−γ R

∫ qmax

qmin

ψR
[
q�mR(q)

] 1
1−γ wR

[
mR(q)

]− γ
1−γ dGR(q)

Next, substituting (18) with q= qmin into this equation yields

gM = N

γpRM

∫ amax

aR

wR(a)dH(a) (33)

This is a version of the RR curve.
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From (16) and (21), we obtain

pRM = 1
γθK

⎧⎪⎪⎨
⎪⎪⎩

N

∫ amax

aR

wR(a)dH(a)

R

∫ qmax

qmin

ψR
[
z�mR(z)

] 1
1−γ wR

[
mR(z)

]− γ
1−γ dGR(z)

⎫⎪⎪⎬
⎪⎪⎭

1−γ

= w(aR;aR)
γθK

⎧⎪⎪⎨
⎪⎪⎩

N

∫ amax

aR

λR(a;aR)dH(a)

R

∫ qmax

qmin

ψR
[
q�mR(q)

] 1
1−γ λR

[
mR(q;aR);aR

]− γ
1−γ dGR(q)

⎫⎪⎪⎬
⎪⎪⎭

1−γ

�

and therefore

pRM = w(aR;aR)
γθK

(
N

R

)1−γ 1
Φ(aR)

� (34)

where

Φ(aR)≡

⎧⎪⎪⎨
⎪⎪⎩

∫ qmax

qmin

ψR
[
q�mR(q;aR)

] 1
1−γ λR

[
mR(q;aR);aR

]− γ
1−γ dGR(q)∫ amax

aR

λR(a;aR)dH(a)

⎫⎪⎪⎬
⎪⎪⎭

1−γ

 (35)

Substituting this expression into (33) yields the modified RR curve,

gM = θKNγR1−γΦ(aR)
∫ amax

aR

λR(a;aR)dH(a) (36)

We now prove the following.

LEMMA 5: The function Φ(aR) is increasing while the product Φ(aR)
∫ amax

aR
λR(a;

aR)dH(a) is decreasing in aR. Therefore, the RR curve slopes downward.

First, note that, in view of (13),

logλR(a;aR)=
∫ a

aR

ψRa
[
m−1
R (z;aR)� z

]
γψR

[
m−1
R (z;aR)� z

] dz for a > aR

and therefore

−λRaR(a;aR)
λR(a;aR) = ψRa(qmin� aR)

γψR(qmin� aR)
−
∫ a

aR

∂

∂aR

{
ψRa
[
m−1
R (z;aR)� z

]
γψR

[
m−1
R (z;aR)� z

]}dz
The derivative under the integral on the right-hand side of this equation is negative, be-
cause an increase in aR worsens each worker’s match (see Figure 2), that is, m−1

R (z;aR) is
declining in aR and ψRa(q� z)/ψR(q� z) is increasing in q due to Assumption 2. Together
with equation (13) and Assumption 3, this implies

−λRaR(a;aR)
λR(a;aR) >

ψRa(qmin� aR)

γψR(qmin� aR)
>
ψa(ϕ�aR)

ψ(ϕ�aR)
> 0 for all ϕ and all a > aR
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From (12) we obtain

logλ(a;aR)=
∫ a

amin

ψa
[
m−1(z;aR)� z

]
ψ
[
m−1(z;aR)� z

] dz for a < aR

and therefore

λa(a;aR)
λ(a;aR) = ψa

[
m−1(a;aR)�a

]
ψ
[
m−1(a;aR)�a

] > 0 for all a < aR

Thus, we have the following lemma.

LEMMA 6:

−λRaR(a;aR)
λR(a;aR) >

λa(aR;aR)
λ(aR;aR) = ψa(ϕmax� aR)

ψ(ϕmax� aR)
for all a > aR

Next, consider the definition of Φ(aR) in (35); it can be expressed as

logΦ(aR)= (1 − γ) log
{∫ qmax

qmin

ψR
[
q�mR(q;aR)

] 1
1−γ λR

[
mR(q;aR);aR

]− γ
1−γ dGR(q)

}

− (1 − γ) log
{∫ amax

aR

λR(a;aR)dH(a)
}


Differentiating this equation yields

Φ′(aR)
Φ(aR)

= −γ
∫ qmax

qmin

ωG(q�aR)
λRaR

[
mR(q;aR);aR

]
λR
[
mR(q;aR);aR

] dq
− (1 − γ)

∫ amax

aR

ωH(a�aR)
λRaR(a;aR)
λR(a;aR) da

+ (1 − γ)λR(aR;aR)H ′(aR)∫ amax

aR

λR(a;aR)dH(a)
�

(37)

where

ωG(q�aR)= ψR
[
q�mR(q;aR)

] 1
1−γ λR

[
mR(q;aR);aR

]− γ
1−γ G′

R(q)∫ qmax

qmin

ψR
[
q�mR(q;aR)

] 1
1−γ λR

[
mR(q;aR);aR

]− γ
1−γ dGR(q)

and

ωH(a�aR)= λR(a;aR)H ′(a)∫ amax

aR

λR(a;aR)dH(a)

are weights that satisfy∫ qmax

qmin

ωG(q�aR)dq=
∫ amax

aR

ωH(a�aR)da= 1
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Lemma 6 implies

−λRaR
[
mR(q;aR);aR

]
λR
[
mR(q;aR);aR

] >
λa(aR;aR)
λ(aR;aR) for all q�

−λRaR(a;aR)
λR(a;aR) >

λa(aR;aR)
λ(aR;aR) for all a > aR�

and since the last term in (37) is positive, we have the following:

LEMMA 7:
Φ′(aR)
Φ(aR)

>
λa(aR;aR)
λ(aR;aR) > 0

The lemma establishes that Φ(aR) is an increasing function.
Although, as shown above, Φ(aR) is an increasing function and

∫ amax

aR
λR(a;aR)dH(a)

is a decreasing function of aR, we now show that their product is decreasing in aR, and
therefore the RR curve slopes downward.27 To see this, first note that da = m′

R(q)dq
together with (19) implies, via a change of variables, that

∫ qmax

qmin

ωG(q�aR)
λRaR

[
mR(q;aR);aR

]
λR
[
mR(q;aR);aR

] dq=
∫ amax

aR

ωH(a�aR)
λRaR(a;aR)
λR(a;aR) da�

and therefore (37) can be rewritten as

Φ′(aR)
Φ(aR)

= −
∫ amax

aR

ωH(a�aR)
λRaR(a;aR)
λR(a;aR) da+ (1 − γ)λR(aR;aR)H ′(aR)∫ amax

aR

λR(a;aR)dH(a)


Using this expression, we obtain

d

daR
log
[
Φ(aR)

∫ amax

aR

λR(a;aR)dH(a)
]

= − γλR(aR;aR)H ′(aR)∫ amax

aR

λR(a;aR)dH(a)
< 0

That is, we have the following lemma.

LEMMA 8: Φ(aR)
∫ amax

aR
λR(a;aR)dH(a) is declining in aR.

Next, we derive the equation for the AA curve and establish that the curve is upward
sloping. Equations (8) and (11) yield

pR = σ−σ(σ − 1)(σ−1)X

∫ ϕmax

ϕmin

{
wM
[
m(ϕ)

]
ψ
[
ϕ�m(ϕ)

]}1−σ
dG(ϕ)

ρ+ gM � (38)

27We are indebted to Elisa Rubbo for this argument.
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while (15) yields

MX

(
σ

σ − 1

)−σ ∫ ϕmax

ϕmin

{
wM
[
m(ϕ)

]
ψ
[
ϕ�m(ϕ)

]}1−σ
dG(ϕ)=N

∫ aR

amin

wM(a)dH(a) (39)

Therefore,

ρ+ gM = 1
σ − 1

N

pRM

∫ aR

amin

wM(a)dH(a)

This is a version of the AA curve. Using (21) and (34), this can be expressed as

ρ+ gM = γ

σ − 1
θKN

γR1−γΦ(aR)
∫ aR

amin

λ(a;aR)
λ(aR;aR) dH(a)�

which is theAA curve in the text (see (23)). We now show thatΦ(aR)
∫ b
amin

λ(a;b)
λ(aR;b) dH(a) is

an increasing function of both aR and b, for b→ aR, and therefore the AA curve slopes
upward.

From (12), we obtain

log
[
λ(a;b)
λ(aR;b)

]
= −

∫ aR

a

ψa
[
m−1(z;b)� z]

ψ
[
m−1(z;b)� z] dz for a < aR

Due to Assumption 2, the right-hand side of this equation is rising in b, because an in-
crease in b reduces the quality of matches for manufacturing workers (see Figure 2), that
is, m−1(z;b) is declining in b. Therefore, Φ(aR)

∫ b
amin

λ(a;b)
λ(aR;b) dH(a) is rising in b. In ad-

dition, Lemma 7 implies that Φ(aR)
∫ b
amin

λ(a;b)
λ(aR;b) dH(a) is rising in aR for b→ aR, which

establishes that the AA curve slopes upward.

A4.1. International Knowledge Spillovers

In this section, we derive equilibrium relationships that hold in open economies with
international knowledge spillovers. From equation (25), which equates the minimum unit
cost of production of final output in country c to pX = 1, we obtain

xc(ω)= pc(ω)−σX̄� (40)

where X̄ =∑j Xj . The profit-maximizing price of a firm with productivity ϕ in country c
is therefore

pc(ϕ)=
(

σ

σ − 1

)
wc
[
mc(ϕ)

]
θMcψ

[
ϕ�mc(ϕ)

]  (41)

This price generates an operating profit of

πc(ϕ)= σ−σ(σ − 1)(σ−1)X̄

{
wc
[
mc(ϕ)

]
θMcψ

[
ϕ�mc(ϕ)

]}1−σ
� (42)

where mc(ϕ) is the matching function in manufacturing in country c.
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Following the analysis of the innovation sector, with international knowledge spillovers
the profit function of a project of quality q in country c is (whereKc replaces θKM in (9)):

πRc(q)= (1 − γ)γ γ
1−γ
{
pRcKcθRcψR

[
q�mRc(q)

]
wc
[
mRc(q)

]−γ} 1
1−γ 

Free-entry by entrepreneurs implies

rcf = (1 − γ)γ γ
1−γ (pRcKcθRc)

1
1−γ
∫ qmax

qmin

ψR
[
q�mRc(q)

] 1
1−γ wc

[
mRc(q)

]− γ
1−γ dGR(q)� (43)

which determines rc .
A manufacturing firm payspRc�t at time t to purchase the R&D services needed to intro-

duce a variety of the intermediate good at time t. If it draws a manufacturing technology
ϕ, it will earn a stream of profits πcτ(ϕ) for all τ ≥ t. We have derived the expression for
operating profits and recorded it in (42). Assuming free-entry of manufacturing firms, this
profit function implies

pRc�t =
∫ ∞

t

e− ∫ τt ιc�b db
∫ ϕmax

ϕmin

πc�τ(ϕ)dG(ϕ)dτ�

which yields the familiar no-arbitrage condition

ṗRc�t

pRc�t
= −

∫ ϕmax

ϕmin

πc�t(ϕ)dG(ϕ)dτ

pRc�t
+ ιc�t 

Using the profit function (42) and the consumption growth equation (2), and dropping
the time index t, we obtain

ṗRc

pRc
= −σ

−σ(σ − 1)(σ−1)X̄

pRc

∫ ϕmax

ϕmin

{
wc
[
mc(ϕ)

]
θMcψ

[
ϕ�mc(ϕ)

]}1−σ
dG(ϕ)dτ+ Ċc

Cc
+ ρ� (44)

where Cj =Njcj is aggregate consumption in country j.
The differential equations for wages in manufacturing and R&D, (12) and (13), do not

change. The labor-market clearing condition (15) implies

McX̄

(
σ

σ − 1

)−σ ∫ ϕ

ϕmin

{
wc
[
mc(φ)

]
θMcψ

[
φ�mc(φ)

]}1−σ
dG(φ)=Nc

∫ m(ϕ)

amin

wMc(a)dH(a)� (45)

which, when differentiated, yields

m′
c(ϕ)= McX̄

Nc

(
σ

σ − 1

)−σ wMc
[
mc(ϕ)

]−σ
{
θMcψ

[
ϕ�mc(ϕ)

]}1−σ
G′(ϕ)

H ′[mc(ϕ)
] for all ϕ ∈ [ϕmin�ϕmax]

This differential equation together with the differential equation for manufacturing wages
and the boundary conditions uniquely determine the matching function in manufacturing,
which depends on aRc but not on McX̄/Nc nor θMc . In other words, mc(ϕ)=m(ϕ;aRc).
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Similarly, (18) becomes

Rc

∫ qmax

q

wRc
[
mRc(z)

]{γpRcKcθRcψR
[
z�mRc(z)

]
wRc
[
mRc(z)

] } 1
1−γ
dGR(z)

=Nc

∫ amax

mRc(q)

wRc(a)dH(a)�

(46)

and differentiating yields

m′
Rc(q)= Rc

Nc

{
γpRcKcθRcψR

[
q�mRc(q)

]
wRc
[
mRc(q)

] } 1
1−γ G′

R(q)

H ′[mRc(q)
] for all q ∈ [qmin� qmax]

This differential equation together with the differential equation of wages in the inno-
vation sector and the boundary conditions uniquely determine the matching function in
the innovation sector, which depends on aRc but not on Rc/Nc nor pRcKcθRc . That is,
mRc(q)=mR(q;aRc).

Dynamics

The growth in varieties reflects the aggregate output of the research sector and there-
fore

Ṁc =KcRcθRc

∫ qmax

qmin

ψR
[
q�mR(q;aRc)

]

R
[
q�mR(q;aRc)

]γ
dGR(q)

= κcMcRcθRc

∫ qmax

qmin

ψR
[
q�mR(q;aRc)

]

R
[
q�mR(q;aRc)

]γ
dGR(q)�

where κc =Kc/Mc . However,


R
[
q�mR(q;aRc)

]= [γpRcKcθRcψR
[
q�mR(q;aRc)

]
wRc(a;aRc)

] 1
1−γ
�

wherewRc(a;aRc) is the wage function in the innovation sector in country c, and therefore

gMc = κc(θRc) 1
1−γ (γpRcKc)

γ
1−γ Rc

×
∫ qmax

qmin

ψR
[
q�mR(q;aRc)

] 1
1−γ wRc

[
mR(q;aRc);aRc

]− γ
1−γ dGR(q)

Next, substituting (46) with q= qmin into this equation yields

gMc = κcNc

γpRcKc

∫ amax

aRc

wRc(a;aRc)dH(a) (47)
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From (46) and (21), we obtain

pRcKc = 1
γθRc

⎧⎪⎪⎨
⎪⎪⎩

Nc

∫ amax

aRc

wRc(a)dH(a)

Rc

∫ qmax

qmin

ψR
[
q�mR(q;aRc)

] 1
1−γ wRc

[
mR(q;aRc);aRc

]− γ
1−γ dGR(q)

⎫⎪⎪⎬
⎪⎪⎭

1−γ

= wc(aRc;aRc)
γθRc

×

⎧⎪⎪⎨
⎪⎪⎩

Nc

∫ amax

aRc

λR(a;aRc)dH(a)

Rc

∫ qmax

qmin

ψR
[
q�mR(q;aRc)

] 1
1−γ λR

[
mR(q;aRc);aRc

]− γ
1−γ dGR(q)

⎫⎪⎪⎬
⎪⎪⎭

1−γ

�

and therefore

pRcKc = wc(aRc;aRc)
γθRc

(
Nc

Rc

)1−γ 1
Φ(aRc)

� (48)

where

Φ(aRc)≡

⎧⎪⎪⎨
⎪⎪⎩

∫ qmax

qmin

ψR
[
q�mR(q;aRc)

] 1
1−γ λR

[
mR(q;aRc);aRc

]− γ
1−γ dGR(q)∫ amax

aRc

λR(a;aRc)dH(a)

⎫⎪⎪⎬
⎪⎪⎭

1−γ



Note that the function Φ(aRc) is common to all countries and that it is the same function
we defined for the closed economy. Now, however, it must be evaluated at the cutoff aRc
in country c, which trades with the other countries. Substituting this expression into (47)
yields

gMc = κcθRcNγ
c R

1−γ
c Φ(aRc)

∫ amax

aRc

λR(a;aRc)dH(a) (49)

Equation (28), which must hold at every moment in time, traces out a temporary trade-
off between aRc and gMc . While Φ(aRc) is an increasing function, the right-hand side
of (49) is decreasing in aRc (see Section A2.6 above). It follows that aRc uniquely de-
termines gMc through (49), and since Kc is a state variable, it also uniquely determines
pRc/wc(aRc;aRc) given Kc via (48).

The labor-market clearing condition in manufacturing (45) implies

McX̄

wMc(amin;aRc)σθ1−σ
Mc

(
σ

σ − 1

)−σ ∫ ϕmax

ϕmin

{
λ
[
m(ϕ;aRc);aRc

]
ψ
[
ϕ�m(ϕ;aRc)

] }1−σ
dG(ϕ)

=Nc

∫ aRc

amin

λ(a;aRc)dH(a)�
(50)
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and the no-arbitrage condition (44) can be expressed as

ṗRc

pRc
= −

σ−σ(σ − 1)(σ−1)wMc(amin;aRc)1−σX̄
∫ ϕmax

ϕmin

{
λ
[
m(ϕ;aRc);aRc

]
ψ
[
ϕ�m(ϕ;aRc)

] }1−σ
dG(ϕ)

pRcθ
1−σ
Mc

+ Ċc

Cc
+ ρ

(51)

Substituting (48) and (50) into (51) then yields

Ċc

Cc
− ṗRc

pRc
+ ρ=

γκcθRcN
γ
c R

1−γ
c Φ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
(σ − 1)λR(aRc;aRc)  (52)

This equation must be satisfied at every moment in time.
The equilibrium conditions for open economies that we have derived so far must be

satisfied independently of whether capital flows internationally or not. We next examine
a world economy with no international capital flows.

No International Capital Flows

In the absence of international capital flows, there is trade balance at every moment
in time, which means that (27) is satisfied at each point in time. On a balanced-growth
path, the rate of growth of Mc is the same in every country and equal to gM . Therefore,
Kc also grows at the rate gM and κc is constant. From (48), pRcKc grows at the same rate
as wages, and therefore pRcṀc also grows at the rate gwc . In other words, on a balanced-
growth path, the left-hand side of (27) grows at the rate gwc and

ṗRc

pRc
= gwc − gM for all c (53)

The first term on the right-hand side of (27) also grows at the rate gwc and so does the
second term. The latter follows from (43) and the fact that pRcKc grows at the rate gwc .
Using the profit equation (42), the rate of growth of the third terms is gM + gX̄ − (σ −
1)gwc . However, the labor-market clearing condition (50) implies that gM + gX̄ = σgwc .
Therefore, the growth rate of the third term also is gwc . Evidently, balanced trade implies
that the rate of growth of consumption equals the rate of growth of wages

Ċc

Cc
= gwc for all c

Substituting this result together with (53) into (52) then yields

ρ+ gMc = γκcθRc

σ − 1
Nγ
c R

1−γ
c Φ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
λ(aRc;aRc) � (54)

which is the open economy AA curve.
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A4.2. No International Knowledge Spillovers

The analysis in Section A4.1 up to and including equation (52) does not change when
knowledge stocks are fully national, except that in this case Kc = θKcMc and therefore
κc = θKc , where θKc = θKcc is the efficiency with which country c converts its own R&D
experience into usable knowledge. Under these circumstances, the RR curve, described
by equation (49), becomes

gMc = θKcθRcNγ
c R

1−γ
c Φ(aRc)

∫ amax

aRc

λR(a;aRc)dH(a)� (55)

which is the same as in autarky. The no-arbitrage condition (52) now becomes

Ċc

Cc
− ṗRc

pRc
+ ρ=

γθKcθRcN
γ
c R

1−γ
c Φ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
(σ − 1)λR(aRc;aRc)  (56)

No International Capital Flows

As in Section A4.1, trade must be balanced (27) in the absence of international capital
flows. Following a similar analysis as there, (27) implies that

ṗRc

pRc
= gwc − gMc for all c

and

Ċc

Cc
= gwc for all c

Note that, in this case, the innovation rates on a balanced growth path, gMc , are not nec-
essarily the same in every country. Substituting these equations into (56) yields the AA
curve,

gMc + ρ=
γθKcθRcN

γ
c R

1−γ
c Φ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
(σ − 1)λR(aRc;aRc) � (57)

which is the same as in autarky.

Free International Capital Flows

With international borrowing and lending, trade need not be balanced at every moment
in time. But capital mobility equalizes the interest rate worldwide; that is, ιc = ι for all c.
This implies, via (2), that consumption grows at the same rate in every country, that is,
gCc = gC . Moreover, (48) implies

ṗRc

pRc
= gwc − gMc

on a balanced-growth path. Substituting these results into (56) yields

gC − gwc + gMc + ρ= γθKcθRc

σ − 1
Nγ
c R

1−γ
c Φ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
λ(aRc;aRc)  (58)
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Next, note from (25) and (41) that

p1−σ
X = 1 =

(
σ

σ − 1

)1−σ∑
j

Mj

[
wMj(amin;aRj)(θMj)−1

]1−σ

×
∫ ϕmax

ϕmin

{
λ
[
m(ϕ;aRc);aRc

]
ψ
[
ϕ�m(ϕ;aRc)

] }1−σ
dG(ϕ)

(59)

Substituting (50) into (59) yields

X̄ = σ

σ − 1

∑
j

NjwMj(amin;aRj)
∫ aRj

amin

λ(a;aRj)dH(a) (60)

Since, in equilibrium, X̄ = ∑j Xj = ∑j Cj and every Cj grows at the same rate gC , it
follows that X̄ grows at the rate gC . Therefore, (60) implies that gC is a weighted average
of the gwj ’s,

gC = gX̄ = ḡw ≡
∑
j

ωjgwj� (61)

where

ωc =
NcwMc(amin;aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
∑
j

NjwMj(amin;aRj)
∫ aRj

amin

λ(a;aRj)dH(a)


Substituting this result into (58) then yields

(ḡw − gwc)+ gMc + ρ= γθKcθRc

σ − 1
Nγ
c R

1−γ
c Φ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
λ(aRc;aRc)  (62)

In addition, the labor-market clearing condition (50) implies

gMc + gX̄ = σgwc� (63)

which is equation (30) in the main text. It follows from this equation that the growth rate
of wages is higher in countries with faster rates of innovation.

If there were no differences in the growth rates of wages, then (62) would be the same
as the AA curve in the closed economy, in which case the growth rate gMc would be the
same as in autarky in every country. Inasmuch as gwc (and therefore gMc) does vary across
countries, (61) implies

gC = gX̄ = ḡw = max
c
gwc ≡ g̃w� (64)

because the weight ωj converges to 1 for the fastest growing country. In this case, (62)
has gMc + ρ on the left-hand side for the country with the fastest rate of innovation, so
this country retains its autarky rate of innovation. For every other country, we have (g̃w −
gwc)+gMc+ρ > gMc+ρ, implying that itsAA curve is lower than in autarky and therefore
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these countries have slower innovation rates gMc than in autarky and higher cutoff ability
levels, aRc . Moreover, gMi > gMj if and only if gwi > gwj .

It follows that in country c with θKcθRcNγ
c R

1−γ
c < maxj{θKjθRjNγ

j R
1−γ
j }, the innovation

rate is slower and wage inequality is less than in autarky. In other words, the country
with the highest innovation capacity has the fastest innovation rate and the fastest growth
rate of wages in the long run, equal to its autarky rates of innovation and wage growth.
In all other countries, the rate of innovation is slower than in autarky. Nevertheless,
in these countries, income and consumption grow faster than in autarky. Consumption
grows faster, because it grows at the rate of consumption growth in the country with the
fastest growth of wages.

Note that atrade
Rc > a

autarky
Rc for any c that is not the fastest growing country. Therefore,

using gC = ḡw from (64), (62) implies

(
gtrade
C − gtrade

wc

)+ gtrade
Mc > g

autarky
Mc �

or, using (63),

(σ − 1)gtrade
wc > g

autarky
Mc 

However, gautarky
Mc = (σ−1)gautarky

wc and therefore gtrade
wc > gautarky

wc . In other words, despite the
slower rate of innovation in these countries, their wages and income grow faster than in
autarky. Also note that we have described a case in which the opening of trade reduces
wage inequality while accelerating the growth of income and consumption.

A5.2. Cross-Country Wage Levels With Differences in Innovation Capacity

Here we consider the cross-country differences in wage levels that result from asymme-
tries in innovation capacity. We assume equal R&D subsidy rates and complete interna-
tional knowledge spillovers; that is, sj = s and θKjc = θKc for all j. Note that this allows
for international differences in capacities to convert knowledge capital into new varieties,
as captured by θKc . We also allow for differences in country size, Nc , in active research
projects Rc (which is proportional to the country’s research capital) and for differences in
research productivity, θRc .

We have seen in Section 5.2 that, under these circumstances, the cutoff ability levels
aRc are the same in all countries, and therefore so are relative wages of workers with
different ability levels. We represent the wage schedule in country c by wc(a) = ωcw(a)
and refer to ωc as the wage level in country c. Moreover, (28) implies that, in this case,
κcθRcN

γ
c R

1−γ
c = ζ for all countries and therefore ζMc = θRcN

γ
c R

1−γ
c θKc

∑
j Mj . It follows

that

Mi

Mj

= θRiN
γ
i R

1−γ
i θKi

θRjN
γ
j R

1−γ
j θKj



Using this result together with (39), which holds in every open economy with X replaced
by X̄ , we have (

ωi

ωj

)σ
= Mi/Ni

Mj/Nj

=
(
θRiN

γ
i R

1−γ
i θKi

)
/Ni(

θRjN
γ
j R

1−γ
j θKj

)
/Nj
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It follows that wages are higher in country i than country j if and only if (θRiN
γ
i R

1−γ
i θKi)/

Ni > (θRjN
γ
j R

1−γ
j θKj)/Nj , that is, if and only if country i has a higher innovation capacity

per capita.

A5.3. Spillover Effects of National R&D Subsidies

In this section, we examine the effects of changing an R&D subsidy in one country
on growth and inequality in that country and in all trading partners. We suppose that
international knowledge spillovers are complete and that countries are similar in all ways
except in their R&D subsidies and in the proportional wage taxes used to finance these
subsidies. That is, we assume θKcj = θK and θRc = θR for all c and j, and Nc = N and
Rc =R for all c. These assumptions focus attention on variations in R&D subsidies.

The equations for the RR and AA curves, (28) and (29), can be expressed in this case
as

gM = κcθRNγR1−γΦ(aRc)
∫ amax

aRc

λR(a;aRc)dH(a)� (65)

(1 − sc)(ρ+ gM)= γ

σ − 1
κcθRN

γR1−γΦ(aRc)

∫ aRc

amin

λ(a;aRc)dH(a)
λ(aRc;aRc) � (66)

where gM is the same in all countries in the steady state. Dividing (66) by (65) yields

(1 − sc)ρ+ gM
gM

Ω(aRc)=Λ(aRc)� (67)

where

Ω(aRc)≡Φ(aRc)
∫ amax

aRc

λR(a;aRc)dH(a)

is a decreasing function, as shown above (recall that RR slopes downward), and

Λ(aRc)≡ γ

σ − 1

∫ aRc

amin

λ(a;aRc)dH(a)
λ(aRc;aRc) Φ(aRc)

is an increasing function, as shown above (recall that AA slopes upward). It follows
from this equation that countries with higher R&D subsidies have lower cutoffs aRc
and employ more workers in R&D. Moreover, multiplying (65) by Mc , recalling that
κc = θK(∑C

j=1Mj)/Mc , and summing up, we obtain

gM = θKθRNγR1−γ
C∑
j=1

Ω(aRj)
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Substituting this equation into (67) then yields

(1 − sc)
ρ+ θKθRNγR1−γ

C∑
j=1

Ω(aRj)

θKθRN
γR1−γ

C∑
j=1

Ω(aRj)

Ω(aRc)=Λ(aRc) (68)

There are C equations like (68), one for each country, and together they allow us to solve
the ability cutoffs, aRc .

Now, proportionately differentiate this system of equations and write the (matrix) equa-
tion for the proportional changes as

Asas = bs�

where

as =

⎛
⎜⎜⎜⎜⎜⎝

âR1

âR2

·
·
·
âRC

⎞
⎟⎟⎟⎟⎟⎠ � bs =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

̂(1 − s1)
̂(1 − s2)

·
·
·

̂(1 − sC)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
�

and a “hat”over a variable represents a proportional rate of change; that is, âRc =
daRc/aRc and ̂(1 − sc)= d(1 − sc)/(1 − sc).

We note that the matrix As has positive diagonal elements and negative off-diagonal
elements. In particular, in row j, the diagonal element is εΛj + (1 −ηj)εΩj , where εΛj > 0
is the elasticity of Λ(·) evaluated at aRj , εΩj > 0 is minus the elasticity of Ω(·) evaluated
at aRj , and

ηj =

⎡
⎢⎢⎢⎢⎢⎣

ρ

ρ+ θKθRNγR1−γ
C∑
i=1

Ω(aRi)

⎤
⎥⎥⎥⎥⎥⎦

Ω(aRj)
C∑
i=1

Ω(aRi)

< 1

For j �= c, the off-diagonal element in column j is −ηjεΩj < 0.
Inasmuch as As has only negative off-diagonal elements, we recognize that it is a Z-

matrix. Moreover, there exists a diagonal matrix Ds such that AsDs is diagonally dominant
in its rows. To see this, consider the diagonal matrix Ds that has a diagonal entry in row
j given by 1/εΩj . Then the diagonal element in row c and column c of AsDs is given by
εΛc/εΩc + (1 − ηc) and the off-diagonal element in row c and column j is given by −ηj .
Summing the entries in any row c gives εΛc/εΩc + 1 −∑C

j=1ηj > 0, where the inequality
follows from the fact that

∑C

j=1ηj < 1.
Having established that As is a Z-matrix and there exists a diagonal matrix Ds such that

AsDs is diagonally dominant in its rows, it follows that As is an M-matrix (see Johnson
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(1982)). Then its inverse, A−1
s , has only positive elements. We conclude that an increase in

any subsidy rate (i.e., a reduction in any 1−sc) reduces every cutoff point aRj , j = 1�    �C.
Since more individuals are hired as researchers in every country, every country grows
faster and experiences greater income inequality as a consequence of an increase in any
subsidy rate.
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