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Abstract

This paper is about efficient estimation and consistent tests of conditional moment restrictions.
We use unconditional moment restrictions based on splines or other approximating functions for
this purpose. Empirical likelihood estimation is particularly appropriate for this setting, because
of its relatively low bias with many moment conditions. We give conditions so that efficiency
of estimators and consistency of tests is achieved as the number of restrictions grows with the
sample size. We also give results for generalized empirical likelihood, generalized method of
moments, and nonlinear instrumental variable estimators.
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1. Introduction

Models with conditional moment restrictions are important in econometrics. These
models arise in many econometric settings, including rational expectations, panel data,
and instrumental variable settings. This paper is about efficient estimation of parameters
of these models and consistent tests of their restrictions. We construct these estimators
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and tests using general approximating functions, such as splines, to form unconditional
moments that grow in number and variety with the sample size.

Empirical likelihood (EL) (Owen, 1988; Qin and Lawless, 1994; Imbens, 1997)
is particularly interesting in our setting where there may be many moments used in
estimation. As shown by Newey and Smith (2002), higher order asymptotic bias of
these estimators is smaller than GMM with many moments, which should lead to bet-
ter asymptotic approximations to finite sample distributions, and bias-corrected EL is
higher-order efficient among bias-corrected estimators. Thus, in cases where bias is a
concern, such as models with endogeneity and covariance models for panel data, EL has
good theoretical properties. Here we give explicit limits on the growth rate for the num-
ber of moments for asymptotic efficiency of the estimator and for conditional moment
tests to be asymptotically normal. In particular, for B-splines where the density of the
conditioning variables is bounded and bounded away from zero we find that K3/n — 0
suffices to obtain asymptotic efficiency of EL and K*/n — 0 to obtain asymptotic
normality of the EL overidentification test statistic, where K is the number of approxi-
mating functions used in estimation. We also give analogous results for generalizations
of empirical likelihood that include the continuous updating estimator of Hansen et al.
(1996) and the exponential tilting estimator of Imbens et al. (1998) and Kitamura and
Stutzer (1997).

Other estimators may also be useful in imposing many moment conditions. The
two-step generalized method of moments (GMM) (Hansen, 1982) estimator is com-
putationally simpler than the EL estimator and is widely used. Also, the GMM overi-
dentification test statistic provides a simple test of the conditional moment restrictions.
We show that under slightly weaker conditions than for EL, K?/n — 0 suffices for
efficiency of the estimator and K3/n — 0 for asymptotic normality of the overidentifi-
cation test statistic, with regression splines. Nonlinear instrumental variables estimation
(IV) (Amemiya, 1974, 1977) is also useful. It is efficient under the auxiliary assump-
tion of homoskedasticity, and is known to have better small sample properties than
GMM in some settings (e.g. see Arellano and Bond, 1991 for dynamic panel data).
In the homoskedastic case this estimator requires the weakest regularity conditions for
efficiency. The marginal distribution of the conditioning variables is not restricted; it
can even be discrete. The estimator will be efficient if K%/n — 0.

The asymptotic theory for EL is new. These results provide theory for a conditional
version of empirical likelihood that is based on many unconditional moment restrictions.
This approach is complementary to that of LeBlanc and Crowley (1995) and Kitamura
et al. (2001). Both approaches produce an efficient estimator and a consistent empirical
likelihood test of conditional moment restrictions. Our approach is computationally
simpler, producing a smaller dimensional likelihood, but does not lead to an estimator
of the conditional distribution of the data.

The testing theory is also new, although it is related to previous work. Bierens
(1982) and Newey (1985) suggested testing conditional moment restrictions by many
unconditional ones and de Jong and Bierens (1994) and Hong and White (1995) de-
veloped asymptotic theory for such tests. We provide a result that is more general
than existing ones in several respects. It applies to models where there are endogenous
right-hand side variables. It also has weaker rate restrictions than some in the literature,
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e.g. only requiring that K3/n — 0 for splines rather than K3/n — 0 as in Hong and
White (1995). Also, the conditional moment test statistics have an interesting form. In
addition to including the GMM overidentification statistic, they include the empirical
log-likelihood ratio, and others. Each of these will have the same asymptotic distribu-
tion under the null hypothesis, and be consistent against violations of the conditional
moment restrictions, although they may have very different finite sample distributions.

The asymptotic theory for IV and GMM estimators is closely related to previous
results. Newey (1990) and Newey and Chipty (2000) give asymptotic efficiency results
for linearized versions of IV and GMM, respectively, under exactly the same rate
conditions we have. Our contribution is to obtain these results for the fully iterated
IV and GMM estimators. One nice feature of these results is that they only use the
minimal identification condition from the conditional moment restrictions. Theoretically
speaking, these results “close the loop” by showing that for IV and GMM we get a
\/n-consistent estimator (which previously had just been assumed for initial estimators)
under minimal conditions. Also, the asymptotic results for EL are based in part on those
for IV and GMM. These results have been included in the body of the paper, rather
than the appendix, because we thought they might be of some independent interest.

There is other previous work on asymptotic efficiency of linearized GMM. Newey
(1993) and Hahn (1997) put much stronger restrictions on the growth of K but weaken
the restrictions on the distribution of the instruments. Koenker and Machado (1999)
give general results for a linear model and give primitive conditions for Fourier series.
We obtain efficiency and consistent asymptotic variance estimation under K%/n — 0
rather than K3/n — 0. The consistency result for IV is similar to that of Newey and
Powell (1989). The GMM consistency result under growing numbers of moments is
new.

Section 2 of the paper will set up the model we consider and briefly discuss the
virtues of different types of approximating functions for use in forming the moment
conditions. Also, regularity conditions for the approximating functions are discussed.
Section 3 describes empirical likelihood estimation and inference. Section 4 briefly re-
views IV and GMM. Section 5 gives consistency, asymptotic normality, and asymptotic
efficiency results for all of the estimators. Section 6 gives limiting distribution results
for tests of conditional moment restrictions. All the proofs are given in the appendix.

2. Moment restrictions

The environment we consider is one where there is a vector of conditional moment
restrictions depending on unknown parameters. To describe this setting let z denote
a single observation, f a p x 1 vector of parameters, and p(z,f) a J x 1 vector of
functions, that often can be thought of as residuals. We specify that there is a subvector
x of z, acting as conditioning variables, and a value of the parameters [y that satisfy

E[p(z, Bo)lx] =0, (2.1)

where E[.] denotes expectation taken with respect to the distribution of z.
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It is well known that a conditional moment restriction is equivalent to a count-
able number of unconditional moment restrictions, under certain circumstances, see
especially Bierens (1982) and Chamberlain (1987). We briefly discuss the complete-
ness conditions for this equivalence in our setting. For each positive integer K let
7 (x)=(q1x(x),...,qxx(x)) be a K x 1 vector of approximating functions. We impose
the following fundamental condition on the sequence ¢X(x) and the distribution of x:

Assumption 1. For all K, E[¢®(x)'¢X(x)] is finite, and for any a(x) with E[a(x)?] < oo
there are K x 1 vectors yx such that as K — oo,

E[{a(x) — ¢"(x)'7x}*] — 0. (2.2)

Lemma 2.1. Suppose that Assumption 1 is satisfied and E[p(z, o) p(z, Bo)] is finite.
If Eq. (2.1) is satisfied then E[p(z, o) ® ¢¥X(x)] =0 for all K. Furthermore, if Eq.
(2.1) is not satisfied then E[p(z, fo) ® ¢%(x)] # 0 for all K large enough.

The consequence of this result is that the conditional moment restriction is equivalent
to a sequence of unconditional moment restrictions. Consequently, an efficient estimator
under the conditional moment restrictions can be constructed from the sequence of
unconditional restrictions. By letting K grow with the sample size all of the information
in the conditional moment restrictions is eventually accounted for. Also, a consistent
test of the conditional moment restrictions can be constructed from a sequence of tests
of unconditional ones. If the conditional moment restriction is not satisfied then neither
are the unconditional ones for K large enough, so the test detects all violations of the
conditional moment restrictions as K grows. This result is an extension of Chamberlain
(1987) and de Jong and Bierens (1994) to the case where gix(x) can depend on K.

The specific role of Assumption 1 in the efficiency of the estimator is to ensure that
linear combinations of ¢X(x) can approximate certain functions of x. From Chamberlain
(1987) we know that an estimator obtained as the solution to

> Baip( ) =0, B(x)=E[dp(z. fo)/oPx) {ELp(z. fo)p(z. fo)'[x]} .
i=1

achieves the semiparametric efficiency bound. Newey (1993) showed that the asymp-
totic variance of the optimal GMM estimator based on the moment function p(z, f) ®
g (x) corresponds to a minimum mean-square error approximation of B(x)p(z, fo) by
linear combinations of p(z, fo) ® ¢¥(x). Thus, if Assumption 1 is satisfied linear com-
binations of ¢X(x) can approximate each component of B(x), so that as K grows the
asymptotic variance of the GMM estimator approaches the semiparametric efficiency
bound.

If the spanning condition of Assumption 1 is not satisfied, the estimators we con-
sider will still be asymptotically normal, but they will generally not be asymptotically
efficient. Instead their asymptotic variance will be the same as a GMM estimator where
B(x)p(z, fo) is replaced by its best mean-square error approximation by linear com-
binations of p(z, o) ® ¢%(x). This situation could arise, for example, if only certain
components (or linear combinations) of x were used in forming the instruments. To
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avoid further complications we will not explicitly allow for this possibility in the re-
sults, though it would be straightforward to do so. We would find asymptotic normality
of this estimator under the same conditions given here and could characterize the effi-
ciency of the estimator.

There are many possible choices of gx(x), including splines, power series, and
Fourier series. Although each will be allowed for in at least some of our conditions, in
several ways splines are the most attractive of these. Unlike power and Fourier series,
spline approximations are not severely affected by singularities (e.g. discontinuities) in
the function being approximated. Like power series, splines have faster approximation
rates for smoother functions (up to the order of the spline), i.e. for functions where
more derivatives exist. In addition, in our results they allow for restrictions on the
growth of K with the sample size that are as weak as Fourier series, without the
periodicity of Fourier series. As discussed in Gallant and Souza (1991) and Hong
and White (1995), avoiding periodicity by using additional approximating functions or
transforming x to be strictly inside their domain leads to very strong restrictions on
the rate of growth of K.

For splines gix(x) will consist of functions such that linear combinations are piece-
wise polynomials with join points referred to as knots. To describe splines consider
first the scalar x case. Let s be a positive scalar giving the order of the spline. The most
common specification is s=3. Let ¢,...,tx_,_1 denote knots and let &(x)=1(x > 0)x,
where 1(4) denotes the indicator function for the event 4. Then a vector of spline
approximating functions is given by

)=, x5 Ex— 1), .. & —tk—s—1)"). (2.3)

Some of our regularity conditions will require that the knots #; be placed in the support
of x. In practice this is done by placing them within the range of the observed data.
Although the theory does not allow explicitly for knots chosen in this data-based way,
it can be shown that the results are unaffected by such a use of the data. The growth
rate conditions will also require that the knots be evenly spaced, although other kinds
of knot spacings would also give the same results, as long as the ratio of the smallest
distance between knots to the largest distance is bounded away from zero. Further,
possible multicollinearity can be mitigated by using nonsingular linear transformations
of the spline functions known as B-splines, e.g. see Schumaker (1981).

When x is multivariate, spline approximating functions can be formed from products
of univariate splines for individual components of x. These functions can either be
taken from Eq. (2.3) or can be B-splines.

Except for 1V, all the results will depend on a normalization for the second moment
matrix of the approximating functions, as specified in the following condition. Let X
denote the support of x;.

Assumption 2. For each K there is a constant scalar {(K) and matrix B such that
G5 (x) = BpX(x) for all x€X, sup,.y [[¢* )| < {(K), E[GX(x)§*(x)'] has smallest
eigenvalue bounded away from zero uniformly in x, and VK < {(K).
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This assumption is a normalization like that adopted by Newey (1997). The bound
{(K) is meant to be explicit, and plays a crucial role in the theory for EL, GMM,
and the overidentification test statistics. For example, asymptotic efficiency of EL is
obtained under the condition that {(K)?*K?/n — 0. Thus, explicit formulae for {(K)
will be required to obtain explicit limits on the growth rate of K that are sufficient
for efficiency. The need for these conditions comes from the need for explicit rates
of convergence in probability for estimates of the second moment matrix of g(z, fy)
combined with a need to bound it away from singularity. Only for IV will Assumption
2 not be needed.

Explicit formula for {(K) are available in a number of different cases. For splines,
when x is continuously distributed with rectangular support and density bounded away
from zero on its support, ¢X(x) can be a vector of products of B-splines multiplied
by VK. As shown by Stone (1985), Burman and Chen (1989), and Newey (1997)
Assumption 2 is then satisfied for {(K) = CvK and a constant C. Under the same
conditions on x Newey (1988a) and Andrews (1991) showed that for power series this
condition is satisfied for gX(x) equal to products of polynomials that are orthonormal
with respect the uniform distribution, with {(K)=CK for another constant C. Andrews
(1991) also showed that {(K)= Cv/K for Fourier series.

It is possible to weaken the conditions on the distribution of x at the expense of
much larger bounds on {(K). As shown in Newey (1988b), if the density of x is
bounded away from zero over some open ball, and not necessarily the whole support,
then for power series the smallest eigenvalue of E[¢X(x)¢X(x)'] is bounded below by
K=K/C for some constant C. Then GX(K) = K ¢X(x) will satisfy Assumption 2
with {(K) = KX for some constant C. Also, when Fourier series are combined with
power series, or the Fourier series have restricted domain, the smallest eigenvalue of
E[¢%(x)¢®(x)'] is bounded below by CX as shown by Gallant and Souza (1991), so
that Assumption 2 will be satisfied with {(K)= CX. Implied restrictions on the rate of
growth of K with n implied by each of these conditions are outlined in the conclusion.

For the density bounded away from zero, among the approximations we consider,
the smallest bound {(K) is obtained for splines. Consequently, splines will require the
weakest restrictions on the growth rate of the number of terms. Furthermore, splines
are well known to have good approximation properties. These features of splines mean
they have the nicest theoretical properties.

3. Empirical likelihood and generalizations

One approach to empirical likelihood with conditional moment restrictions is to use
approximating functions to make the conditional moment restrictions approximately be
satisfied in the sample. This approach is complementary to smoothing the empirical
likelihood to obtain a conditional distribution estimator, as in Kitamura et al. (2001).
Only one maximization is required for our approach rather than the » maximizations
when smoothing the empirical likelihood. On the other hand, we only estimate the
marginal distribution of a single observation z, rather than the conditional distribution
given x, so we lose some of the richness of the smoothing approach. Our approach does
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suffice for the purposes of efficiently estimating f§ and testing the conditional moment
restrictions consistently. Also, the conditional moment restrictions will be approximately
satisfied in the sample, in a sense discussed below.

The basic idea is to use empirical likelihood as in Qin and Lawless (1994) and
Imbens (1997) with unconditional moment restrictions of the form E[p(z, fo)®¢" (x)]=
0, where ¢%(x) is a vector of approximating functions as discussed in the last section.
The EL estimator of  and of the distribution of a single observations z is obtained as
the solution to

max Zlnn, s.t. Zn,p(z,,/?)@q (x;)=0, inizl. (3.1)
i=1

; >0,/3€B
i=1

The distribution of z; is estimated by Pr(z =z;) = 7;. The positivity constraints will be
satisfied whenever the unit simplex has a nonempty intersection with the null space of
the matrix [g1(B),...,g.(B)], for gi(B) = p(zi, B) ® ¢ (x;). The theory will guarantee
that such a nonempty intersection exists with probability approaching one when the
conditional moment restrictions are satisfied. In practice, positivity may be a problem
when the moment restrictions are severely violated in the data.

For this estimator the conditional moment restrictions will be approximately satisfied,
in the sense that functions of x; are approximately orthogonal to the residuals in the
sample. To describe this property, let a(x) denote some function of x;. Consider an
approximation of a(x) by a linear combination ¢%(x)’y of the approximating functions.
Then by the constraints in Eq. (3.1) and the Cauchy—Schwartz inequality, it follows
that for p; = p(z:, B).

> Fia(xi)p;
i=1

an [a(xi) — g (xl) ] Pi

; 12 ¢, 1/2
< {Z ﬁi[a(xi)qK(xi)/V]z} {Zﬁi”ﬁiz} .
i=1

The approximation error > »_, #;[a(x;) — g% (x;)'y]* will be small, and hence the sam-
ple expectation y_»_, #;a(x;)p; close to zero, by virtue of the approximation properties
of g% (x)'y. The sample expectation Y ., #;a(x;)p; will even be uniformly small over
classes of functions that can be uniformly approximated by a linear combination of
g% (x). For example, for univariate x and splines it is known that such a uniform ap-
proximation holds over the class of all functions with uniformly bounded derivatives.
Thus, the conditional moment condition is approximately satisfied for empirical likeli-
hood, in the sense that functions of x are approximately uncorrelated with the residual.

The maximization problem in Eq. (3.1) is high dimensional. This computational
burden can be avoided by solving a corresponding dual saddle point problem given by

B = argmin max Zln [1—Vg(B)l, #i=1/{n[1+ }t/g,‘(ﬁ)]},

pes IEAP) S
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where % is a set of possible values for f§ and A(B) = {VgP)y<1, i=1,...,n}.
As discussed in Qin and Lawless (1994), the estimators obtained from this problem
are the same as those obtained from the original one.

The constraint 4 € fln(/i) bounds the argument of the log function to be within its
domain. This constraint has a linear inequality form and requires that A be an element
of the intersection of n open half spaces for each f3. In practice, although it is not too
difficult to impose this constraint, it is often possible to just ignore it. Ignoring it will
only lead to problems when the moment conditions are far from being satisfied in the
data. Indeed, in the theory we show that at 4 it will not be binding with probability
approaching one, when the conditional moment restrictions hold. By continuity, we
would then expect that the constraint is also not binding for small variation around the
optimum with small misspecification.

For inference purposes, it is useful to have a consistent estimator of the asymptotic
variance of \/n (B — Bo). We consider here the estimator of Qin and Lawless (1994).
Let g;=p(z;, ﬁ YR4¢X(x;) and gp =0p(z;, ﬁ)/&ﬁ@qK(x,) An estimator of the asymptotic
variance like that of Qin and Lawless (1994) is

A Al A A A - A A A - A A A
P=(GQG), (=) widu. Q=) #did
i=1 i=1

Of course, one could also use sample averages where 7; is replaced by 1/n. The es-
timator with 7; will have the theoretical property that it is an efficient semiparametric
estimator of the asymptotic variance of\/ﬁ(ﬁ — o) under the conditional moment re-
strictions, as discussed in Brown and Newey (1998).

Another interesting inference issue is testing of the conditional moment restrictions
of Eq. (2.1). Indeed, in some applications such a test may be the primary goal, as
motivated by a test of some econometric model. We can form such a test from the
empirical log-likelihood ratio of Owen (1988). Let

T=2 [nln(l/n) - In#
i=1

=23 " In(1 - Z'g:(B)).
i=1

This statistic is the difference of the log-likelihood for the empirical distribution, which
places probability 1/n on each observation, and the restricted distribution with 7;. For

fixed K, the statistic 7 i>)(2(JK — p) (Qin and Lawless, 1994). As a result of Theorem
2.1 and K growing with the sample size, it will provide a consistent test of the moment
restrictions. Any case where E[p(z, #)|x] # 0 for all  should be detected by finding
E[p(z, ) ® ¢¥(x)] # 0 for large enough K. In the theory we will show that when
normalized this test statistic is asymptotically normal.

The empirical likelihood approach to conditional moment restrictions can be general-
ized. Let s(v) be a concave function with domain 7" that is an open interval containing
0. We normalize this function so that s;=s,=—1, where s,;(v)=s(v)/dv’ and s;=s,(0).
The estimator is given by

f = argmin  sup Zsu a(B). Fi=s1 CaBn/ > s 9By,
j=1

pe#  jeAp) i
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where A(f) = {2:Xgi(B)e", i=1,...,n}. An estimator of the asymptotic variance
can be formed as for EL, with the 7; given here replacing the EL 7; in the formula.

This generalized empirical likelihood (GEL) estimator includes EL as a special case,
where s(v) = In(1 — v). It also includes the exponential tilting estimator of Imbens
et al. (1998) and Kitamura and Stutzer (1997), where s(v) = —exp(v). As shown by
Newey and Smith (2002), it includes the continuous updating estimator of Hansen
et al. (1996), for s(v) = —(1 + v)?/2.

Each of these estimators will be asymptotically equivalent to the empirical likeli-
hood estimator. Thus, each will be asymptotically efficient with conditional moment
restrictions, and their asymptotic variance can be estimated as for empirical likelihood.
As shown by Newey and Smith (2002), there is some theoretical preference for the
empirical likelihood estimator based on its first-order bias that (unlike the others) does
not grow with K, and based on its higher-order efficiency after bias correction. An
exception is the case where p(z;, o) has zero third conditional moments, where all
have the same first-order bias. For this symmetric case Donald et al. (2002) have
derived the higher-order mean-square error of these estimators, and find that compar-
ison between them depends on conditional kurtosis of p(z;, ) given x;, and that the
continuous updating estimator has smaller mean-square error than a bias corrected
GMM estimator. Of course, the small sample behavior of these estimators may be
different than their asymptotic approximations.

For each of these estimators there is a corresponding test of conditional moment
restrictions based on their objective function. It takes the form

=2 {mA Zs(ﬂ gi($)) - nsm)}

as in Smith (1997). For empirical likelihood, where s(v) = In(1 — v), this statistic is
the empirical log-likelihood ratio. For s(v) quadratic, it is equal to the GMM overi-
dentification statistic where g(f) =", gi(f)/n, Q) =>"1_, 9:(B)g:(B) /n,

T = ng(By QB 9(h).
This statistic is like that of Hansen (1982), where the efficient estimator [} is used

in the middle matrix in the test statistic. For the exponential tilting estimator where
s(v) = —exp(v) the statistic is

T= 2{n— min Zexp() gl(ﬁ))}

A€ A(B)

These statistics are mutually asymptotically equivalent. The distribution of each can be
approximated by y*(JK — p), even as K grows with n, at the rates we specify.

4. GMM and IV

The GMM and IV estimators are alternatives to EL that are simpler to compute and
are of long standing interest in econometrics. Also, the low bias of EL surely has some
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cost in terms of variance, so that GMM or IV may be preferred in some settings. For
these reasons we briefly discuss these estimators here.
GMM and IV are obtained as the minimum to a quadratic form,

f = argmin §(B) W §(P),
ﬁGB

where W is a positive semi-definite matrix. For GMM the matrix W is
W=p,
where ,[; is some preliminary estimator of fy (such as IV). For IV the matrix W is

n
W=3"ed, A=) ")) /n.

i=1
where X is a positive definite matrix and 4~ is any generalized inverse of A4 (i.e.
satisfies A4~ A = A). The IV weighting matrix will not lead to an efficient estimator
in general, but will in the homoskedastic case where X(x) = E[p(z;, fo)p(zi, o) |x]
is constant and ¥ is a consistent estimator of ¥ = X(x). In at least some settings
the IV estimator has better finite sample properties than GMM, e.g. see Arellano and
Bond (1991).

For IV the generalized inverse is important because it allows for perfect
multicollinearity among the approximating functions, even asymptotically. This is one
of the attractive features of the estimation theory for IV that differs from the theory
for GMM and EL. For IV it is possible to avoid conditions for guaranteeing positive
definiteness of the second moment matrix of the approximating functions in large sam-
ples. Consequently, no restrictions need be put on the marginal distribution of x.

For GMM and IV the asymptotic variance of /n( ﬁ — Po) can be estimated by

V=(G'Wey,  G=ag(p)ap.
Also, the matrix W can be updated and the corresponding asymptotic variance estimator
be constructed. For GMM this variance estimator would replace W with Q(f)~". For
IV W is replaced by 2~'®@A4~ where 2:2?21 0(zi, P)p(zi, ) /n. For IV these variance
estimators will only be consistent under homoskedasticity.

For GMM and IV the test of conditional moment restrictions is the overidentifying
test statistic. This test statistic is

T =ng(BY Wg(p).
As for the asymptotic variance estimator, /' can be replaced by an update. For GMM,
this test is similar to the GEL test in the quadratic s(v) case. For IV the matrix W is
only appropriate under homoskedasticity, so that the asymptotic distribution approxima-
tion will only be correct under this assumption. These test statistics will be discussed
in more detail in Section 6.

5. Large sample properties of the estimators

We proceed by giving conditions for consistency, asymptotic normality, and asymp-
totic efficiency of IV, GMM, and generalized EL. We follow this outline because the
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conditions tend to increase in strength as we consider each of these estimators in turn.
We begin with the following condition for consistency.

Assumption 3. The data are i.i.d. and (a) fy is unique value of f in # satisfying
E[p(z, B)Ix] = 0; (b) # is compact; (c) E[supscy |lp(z, B)||*|x] is bounded; (d) there
is d(z) and o > 0 such that for all §, €%, ||p(z ) — p(z B)|| < )| — p||* and
E[6(2)?] < oo.

This condition imposes the minimal identification condition, that fy is the unique
value where the conditional moment restrictions are satisfied. In particular, the existence
of a known K such that the unconditional moment restrictions E[p(z, ) ® ¢X(x)] =0
serve to identify fy is not required. We are able to use this weak assumption because
K is growing with n, and so f will be identified by Lemma 2.1. This hypothesis also
imposes a bounded second conditional moment and Lipschitz condition, that is used to
apply the uniform convergence result of Newey (1991).

With these conditions in place we obtain the following consistency result:

Theorem 5.1. If Assumptions 1 and 3 are satisfied, PIREST: positive definite, K —
00, and K/n — 0 then the 1V estimator satisfies f=po.

The only rate condition imposed here is the minimal one K/n — 0, that is needed for
the variance of series estimators to vanish in large samples. This result is a parametric
version of Theorem 5.1 of Newey and Powell (1989) for the vector p(z, §) case.

An additional condition is needed for asymptotic normality. Let ps(z, f)=0p(z, f)/0B,

D()C) = E[pl;(Z, ﬁ0)|x]a and pjﬂﬂ(z9 ﬁ) = azpj(zs ﬁ)/aﬁaﬁ/» (] = lzaJ)

Assumption 4. (a) fo€int(#); (b) p(z,f) is twice continuously differentiable in a
neighborhood A" of fo, E[supsc - [lpp(z, B)IIP|x] and E[||p;ps(z, fo)||?|x] are bounded,
(j=1,...,J); (¢) E[D(x)' D(x)] is nonsingular.

These are quite standard regularity conditions. Part (c¢) is a local identification con-
dition that is essential for asymptotic normality. The other conditions are familiar
smoothness conditions, although the assumption of twice differentiability of the resid-
ual vector is stronger than is usually assumed. This assumption is useful in showing
\/n-consistency when the number of moments is growing with the sample size.

Our IV asymptotic normality result is the following:

Theorem 5.2. If Assumptions 1, 3, and 4 are satisfied, 3Ly zis positive definite,
K — oo, and K?/n — 0 then the IV estimator satisfies \/ﬁ(/? — ﬁo)iN(O, V) for

V = (E[D(x)'Z~'D(x)]) " E[D(x) 2~ 2(x) 2~ DOo))(E[D(x)' ' D(x)]) .
Also, if 2(x)=2 then V2V = (E[D(x)Y2~'D(x)])~".

The slower rate of growth for K here as compared with the consistency result is
essential when there is endogeneity. As shown in Donald and Newey (2001), there is
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a bias term for \/ﬁ(ﬁ — Po) that is of order K/+/n, that must converge to zero for the
asymptotic distribution to be centered at zero. This condition for asymptotic normality
of IV is the same as in Newey (1990) for a one-step estimator. This result adds to
the previous literature by giving conditions for asymptotic normality of IV under the
weakest possible identification condition, that the conditional moment restrictions are
uniquely satisfied at the truth. Also, it shows efficiency of IV under homoskedasticity
for the fully iterated estimator, while the results of Newey (1990) only apply to a
one-step estimator.

Neither of these results requires Assumption 2. This is one of the virtues of the theory
for IV, that no conditions need be imposed on the marginal distribution of x. For GMM,
the theory here requires the stronger conditions of Assumption 2. Indeed, we can show
consistency under conditions like those of IV, with the addition of Assumption 2 and
the following condition:

Assumption 5. (a) XZ(x) = E[p(z, fo)p(z, fo) |x] has smallest eigenvalue bounded away
from zero; (b) for a neighborhood A" of fo, E[supse || o(z, B)||*x] is bounded, and
for all B A", [|p(z. B) — p(z, fo)ll < 8()I|B — foll and E[5(z)2x] is bounded.

This condition is useful in obtaining a convergence rate for the sample second mo-
ment matrix Q(f) and for guaranteeing that it is bounded away from singularity.

Theorem 5.3. If Assumptions 1-3 and 5 are satisfied, f = Po + Op(1/v/n), K — o0,
and {(K)*K/n — O then the GMM estimator satisfies ﬁiﬂo.

As previously discussed, {(K) < Cv/K for splines and {(K) < CK for power series,
so that K?/n — 0 suffices for splines and K3/n — 0 for power series. These conditions
are stronger than for I'V. It is difficult to weaken them because they are used to control
the singularity of the second moment matrix Q(ﬁ). This seems to be the first result
showing consistency of the two-step GMM estimator when the number of moment
restrictions grow with the sample size. Previous results, such as those of Newey (1993)
and Hahn (1997) only apply to a one-step estimator.

Asymptotic normality and asymptotic efficiency of the GMM estimator holds under
the additional condition of Assumption 4.

Theorem 5.4. If Assumptions 1-5 are satisfied, K — oo, f = o + Op(1/y/n), and
UK)’K/n — O then the GMM estimator satisfies

V(B — Po) SN, V), VYV = (EBID(x)Z(x) "' D))"

This result gives conditions for the GMM estimator to attain the semiparametric
asymptotic variance bound V. This seems to be the first asymptotic normality result
for the fully iterated two-step nonlinear GMM estimator with growing numbers of
moments. Newey (1993) and Hahn (1997) only consider linearization around an initial
asymptotically normal estimator and Koenker and Machado (1999) linear models with
stronger restrictions on the growth rate of K.
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The following condition is useful for generalized empirical likelihood:

Assumption 6. (a) s(v) is twice continuously differentiable with Lipschitz second deriva-
tive in a neighborhood of 0; (b) there is y > 2 with E[sup,c, [|p(zi, B)]"] < oo and
UK )?K/n' =2 — 0.

Part (b) of this assumption imposes a slightly stronger restriction on the growth rate
of K than the condition {(K)?K/n — 0 used in GMM estimation, that is less strong
the more moments of p(z;, f) there are.

With these conditions we obtain the following consistency result:

Theorem 5.5. If Assumptions 1-3, 5, and 6 are satisfied and K — oo then the GEL
estimator satisfies [}gﬁo.

The restrictions on the growth rate of K may be stronger than are needed. Indeed,
as shown in Newey and Smith (2002), the bias of the empirical likelihood estimator
should be of smaller order for large K than that of the two-step GMM estimator.
Consequently even K2/n — 0 may not be needed for /n-consistency. We leave the
pursuit of a weaker bound on the growth rate of K to future research.

We also have the following asymptotic normality result:

Theorem 5.6. If Assumptions 1-6 are satisfied, K — oo, and {(K)*K*/n — 0, then
the GEL estimator satisfies

V(B = ) SN, V), VBV, ¥ =(EDEYZ(x) D))

This result gives conditions for generalized EL estimators to attain Chamberlain’s
(1987) semiparametric efficiency bound. As previously discussed, {(K) < CVK for
splines and {(K) < CK for power series, so that the rate conditions correspond to
K3/n — 0 for splines and K*/n — 0 for power series. These seem to be the first
results of any kind on the asymptotic properties of GEL estimators when the number
of moment restrictions can grow with the sample size.

6. Consistent conditional moment tests

We consider tests based on GEL, GMM, and IV. The GEL test has the form given
above,

TeL =2 { max > s(Z/gi()) - nS(O)} :

redh) =

The GMM test statistic is

Towm = ng(BY QB §(B),
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where f§ is some \/n-consistent estimator. The IV test has the form

Trv =ng(BY(E~" @ A)dB). A=Y ¢ x)g" () /n,
i=1
where X is a consistent estimator of Var(p(z:, fo)). Unlike GEL and GMM, the distri-
bution results we give for this test statistic will require homoskedasticity.
The relationship of these tests with some in the literature is clarified by some special
cases of the IV test. Consider the case where J =1, so

Trv =gy a~"g(p)/%.
This test statistic can be interpreted as (62/2)nR?, where R? is the constant unadjusted

r-squared from a regression of p(z;, ﬁ ) on ¢X(x;) and 62:2?:1 p(zi, /§ )?/n. For instance,
consider the case where for large enough K

p(zi, B) = yi — [S¢" (x)]' B,

and S is a selection matrix that picks out the same variables for each K. In other
words, p(z,f) is a residual for a linear regression where the right-hand side variables
are included in ¢X(x). Also, suppose that > is the sum of squared residuals from a
regression of y; on ¢¥(x;) divided by n — K. Then T is K — p times the F-statistic
for the null hypothesis that all but the regressors Sg¥(x;) have zero coefficients. This
statistic was previously considered in Eubank and Spiegelman (1990) and Hong and
White (1995). We obtain the asymptotic distribution of this statistic under weaker
conditions on the growth rate of K than previously given in some cases. Our results
also generalize previous results by allowing for endogeneity in right-hand side variables
in testing conditional moment restrictions.

For fixed K the asymptotic distribution of all of the statistics is known to be y*(JK —
p), under the null hypothesis that the conditional moment restrictions are satisfied. Here
we show that this approximation will continue to hold as K grows with the sample
size. For this purpose we use the asymptotic normal approximation to the chi-square
for large degrees of freedom. From the fact that a random variable Y,, ~ y?(m) has the
same distribution as the sum of m i.i.d. random variables with mean 1 and variance 2,
the central limit theorem gives

2(JK — p) — (JK —
2 p)—( p)iN(o,l),
v2(JK — p)
as K — oco. We will give conditions for
T—(JK—p)a

—N(0, 1). 6.1
Ve o

It follows from these two results that for g, , the 1—a quantile of the y*(m) distribution,

T — (JK — p) L Gusk—p — (JK — p)) oy

V20K —p) = J20UK — p)

Pr(T > qux—,)=Pr <
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Thus, Eq. (6.1) will imply that the *(JK — p) approximation to the distribution of 7
will be asymptotically correct even with K growing.

One could also use directly the asymptotic normality result of Eq. (6.1), choosing a
rejection region of the form

T — (JK — p) -
V2(JK = p) o

where z;_, is the 1 —o quantile of the standard normal distribution. Either this rejection
region or the one 7' > qs.k—p have asymptotic level o. We have a preference for the
chi-squared approximation because it is correct for fixed K, and because the asymptotic
normality approximation does not depend on the value of p used in Eq. (6.1) or on
the estimator used in forming the test, as we show below. A formal justification of
this preference would depend on the use of higher order asymptotic approximations,
which we reserve to future work.

Before showing asymptotic normality of the statistics we first present two preliminary
results. These results are of interest because they apply more generally, to other moment
restriction settings as well as those considered here. Also, they help to highlight the
differences between the testing theory given here and that already in the literature. For
each of them, let g(z;, f) be some m x 1 vector of functions, that is not necessarily of
the Kronecker product form we have considered here. Let

9By =" gCiB)/n,

i=1

Q =E[g(zi, fo)g(zi, f0)']. G =E[dg(z, fo)/Ip).

Also, let ﬁ and Q denote estimators of Po and Q respectively (that need not be GEL,
GMM, or 1V). The first result is:

Lemma 6.1. If E[g(zi, f0)] =0, v/n(f — fo)=0p(1), |2 — Q|| =0,(1/y/m), the smallest
eigenvalue of Q is bounded away from zero, g(z, ) is differentiable in a neighborhood
of Bo. 104(B)/2p — GI|=+0 for any  with ||p — poll < |5~ poll, G'Q7'G is bounded,
and m — oo then for any constant a

ng(BY @' 9(B) — ng(poy'2~'9(Po) v ,
\/2(m —a) .

Although this result is similar to a combination of Lemmas 4 and 5 of de Jong and
Bierens (1994), it is different in some useful ways. Since g‘(ﬁ)’ Q! é(ﬁ) is invariant to
nonsingular linear transformations of g(z;, ffy), the restriction that the smallest eigen-
value of Q is bounded away from zero is a normalization, e.g. that can be obtained
by replacing ¢(z, f) by @ 2g(z, ). This normalization loads all of the rate and size
restrictions onto the condition ||Q — Q|| = op(1/4/m). This normalization actually leads
to weaker rate conditions than can be obtained in other ways, in some cases. In
addition, this result is stated with general conditions, allowing it to be applied to
any GMM overidentifying tests where the number of moment restrictions is growing
with the sample size.

(6.2)



70 S.G. Donald et al. | Journal of Econometrics 117 (2003) 55-93

The only condition that this result imposes on the estimated parameters is that they
are \/n-consistent. Thus, the limiting distribution of the quadratic form ngA(/?)’ Q! g}(ﬁ)
will be invariant to the choice of estimator. This occurs because the growth of the
number of moment restrictions m overwhelms the effect of the estimated parameters.
In addition the condition on convergence of the moment Jacobian is generally weaker
than the one on convergence of Q, while boundedness of G’'Q'G is easily seen to
hold quite generally. Note that (G'Q~'G)~! is the asymptotic variance matrix of the
optimal GMM estimator, which will generally be bounded below by the semiparametric
efficiency bound, for whatever model the moments come from, so that G'Q~'G is
bounded above. Thus, boundedness of G'Q2~'G above is satisfied in great generality.

The next result is essentially Theorem 1 of de Jong and Bierens (1994 ), for a general
GMM setting:

Lemma 6.2. If E[¢(z;, f0)] =0, m — oo, and E[{g(z;, fo) Q"' g(zi, fo)}*1/(mr/n) — 0,
then for any constant a,

ng(Po)'Q~'g(Po) — (m — a)

\/2(m —a)

These basic results lead directly to the asymptotic distribution results for the GEL,
GMM, and IV test statistics. Indeed, most of the conditions of Lemmas 6.1 and 6.2
were shown in the course of deriving the asymptotic normality results of Section 5.
We give the limiting distribution result for the GMM and IV statistics in the next
theorem.

4N(0, 1). (6.3)

Theorem 6.3. If Assumptions 1-4 are satisfied K — oo, = Bo + O,(1/y/n), and
LK)K?/n — 0 then

Tomm — (JK — p) 4

N0, 1).
V2(JK — p) @1

If in addition ¥ =3 + Oy(1/y/n) and Var(p(z, fo)|x) is constant then

(Trv — Tomm) »
—_———~ —0.

\/2(JK — p)

This result is new in providing an asymptotic distribution result for the GMM (and
IV) overidentification test statistics of conditional moment restrictions. These results
allow for endogeneity of the variables, which is important in many settings. Also, the
rate conditions are weaker than several in the literature. For Fourier series and splines
UK)’K?*/n — 0 is equivalent to K3/n — 0. This is the same rate given for Fourier
series in de Jong and Bierens (1994) and Hong and White (1995), but is better than
the K°/n — 0 for splines given in Hong and White (1995). Also, for multivariate
power series it suffices that K*/n — 0. This condition is new, power series having not
been considered before, except with a Gaussian disturbance in Eubank and Spiegelman
(1990).
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Table 1

Rate restrictions; density of x bounded positive

ik (x) EL GMM v EL Test GMM Test
Splines K3/n—0 K2%/n—0 K2%/n—0 K*n—0 K3/n—0
Power series K*n —0 K3/n—0 K%/n— 0 K3/n—0 K*n—0
Fourier series K3/n—0 K2%/n—0 K2%/n — 0. K*n—0 K3/n—0

2]V does not require density of x bounded positive.

We can state a corresponding result for the generalized empirical likelihood statistic
7 ceL- We will allow any /n-consistent estimator ﬁ to be used in forming the test.

Theorem 6.4. If Assumptions 1-6 are satisfied, K — oo, ﬁz Po + Op(1/y/n), and
UK PK3n— 0 then (Teer — Towm)//2(JK — p)=0.

This gives a new asymptotic distribution result for empirical likelihood and its gen-
eralizations. The rate conditions here are stronger than for the GMM and IV tests, but
still weaker than the spline results of Hong and White (1995).

A full analysis of the power properties of these tests is beyond the scope of this
paper. Here we just note that GMM tests of overidentifying restrictions should perform
similarly to other tests. The following general result provides an illustration. Here
let B, denote the limit of B under misspecification, Q, = E[g(z;, f.)9(zi, f.)'], and

Ga = E[ag(zi’ ﬁa)/aﬁ]

Lemma 6.5. If S8, HQ — Qa||ﬁ>0, the smallest eigenvalue of Q, is bounded away
from zero, ¢(z,f) is d{ﬁ‘erentiable in a neighborhood of Bas 104(P)/0 — G, H£>0

for any B with |f — Ball <|If = Bull, G.Q;'G, is bounded, m — oo, m/n — 0,
Elg(zi, Ba)] 2, 'Elg(zi, Ba)] — A then for any constant a

<f) ng(ByQ'g(h) —(m—a) » W
n \/2(m—a)
This result implies that the statistic that is asymptotically normal under the null

hypothesis grows at rate n/y/m under the alternative. This is the same rate of growth
obtained by de Jong and Bierens (1994) and Hong and White (1995).

7. Conclusion

We have derived limits on the rate of growth for the number of moment restrictions
that lead to asymptotic efficiency of GMM and GEL. We summarize primitive condi-
tions for these results in Table 1, under the condition that the density of x is bounded
away from zero (except for IV).
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It is possible to weaken the condition that the density of x is bounded away from
zero, at the expense of stronger restrictions on the growth of K. As shown in Newey
(1988D), if the density is bounded away from zero over some interval, not the whole
support, then for power series the smallest eigenvalue of E[¢X(x)gX(x)'] is bounded
below by K=K /C for some constant C. Then ¢5(K)=K€gX(x) will satisfy Assump-
tion 2 with {(K) =KX for some constant C. The resulting rate restriction for power
series is

Power series; density bounded positive on subset of support :
K In(K)/In(n) — 0.

This condition shows a trade-off between the strength of the assumptions on the dis-
tribution of x and the restrictions on the growth rate for K. Here the density is only
required to be bounded away from zero over an arbitrarily small interval, but a very
strong restriction is imposed on the growth rate for number of terms.

Strong restrictions on the growth rate of K are also needed for Assumption 2 when
Fourier series are modified by also including power series and/or restricting the domain
of the power series. As discussed in Gallant and Souza (1991), the smallest eigenvalue
goes to zero very quickly for such series, when the density of x is bounded away from
zero on its support. For the case where the density is bounded away from zero on its
support we have

Fourier flexible form : K/In(n) — 0.

It would be useful to know how to choose K in practice. The rate results we have
presented are useful preliminaries for the development of sample based methods for
choosing K. Donald et al. (2002) give criteria that can be used for choosing the number
of moment restrictions.

Appendix A. Proofs

Throughout appendix, C will denote a generic positive constant that may be different
in different uses. Also, with probability approaching one will be abbreviated as w.p.a.l,
positive semi-definite as p.s.d., positive definite as p.d., Amin(4) and Amax(4), and 42
will denote the minimum and maximum eigenvalues, and square root, respectively,
of a symmetric matrix 4. Let ). denote E:':l. Also, let CS, M, and T refer to the
Cauchy—Schwartz, Markov, and triangle inequalities, respectively.

Proof of Lemma 2.1. The first conclusion follows by iterated expectations. To show
the second conclusion, p = p(z, By) and I'x be such that E[||E[p|x] — I'xg®(x)||*] — 0.
It then follows that E[¢X(x) I} p] = E[¢" (x)' T4 E[p|x]] — E[||E[p|x]||*] > 0, implying
that E[p ® ¢%(x)] # 0 for all K large enough. [J

The following is a version of the standard consistency result that will be useful in
the proofs:
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Lemma A.1. Suppose that (1) R(f) has a unique minimum at [y € B; (ii) B is com-
pact; (iii) R(B) is continuous; and (iv) supyey |R(B) — R(B)|->0. Then for any [ € B,
if R(B)> R(Po) then - fo.

Proof. By (iv) and the triangle inequality, R(ﬁ)LR(ﬁo). Also, for any open set A"
containing fo, by (i)—(iii) infgep\ +R(B) > R(Po), so that f&€ A" w.p.al [J

Lemma A.2. If Assumption 2 is satisfied then it can be assumed without loss of
generality that g8 (x;) = ¢X(x;) and that E[¢% (x;))g" (x;)'] = Ix.

Proof. All of the estimators are invariant to a nonsingular linear transformation of
g% (x). In particular, the estimator is the same with ¢8(x) as with ¢%(x), giving the
first conclusion. Now, let B=E[¢X(x;)gX (x;)'] and §X(x)=B~"2¢%(x). By the smallest
eigenvalue of B bounded below, the largest eigenvalue of B~! is bounded above. Then

17% () ll=/¢* (xYB~'¢* (x) < Cllg" (x)|| < CL(K). Furthermore, E[F" (x1)7" (x;)'1=1Ik

holds, giving the conclusion. [

The next result is helpful to introduce some notation. Let g; = g% (x;).

Lemma A.3. If Assumption 1 is satisfied, (i) [?L[}; (i) a;(p) = a(z;, f) and b,(p) =
b(zi, B) are r x 1 vectors of functions that are continuous at [ with probability
one and there is a neighborhood N of B such that E[supge s llai(B)I*] < oo and
Efsupge ¢ [6:(B7] < oo, Elllai(B)|I*|x] and E[||bi(p)|IP|x] are bounded; (iii) U; =
U(x;) is r x r p.d matrix that is bounded and has smallest eigenvalue bounded
away from zero; (iv) K — oo, and K/n — 0, then

> a(B) ® 4 (Z Ui ® 6]#]2) Zbi([}) ® qi/n—E[E[a:(B) |x]U; ' Elbi(B)]xi1]

Proof. Let F; = Uil/2 be a symmetric square root of U;, P;=F;®¢q., P=[P},...,P.]',
AP =F ' ai(B), AB)=[41(BY,... . Au(B)T, A=AB), A=AB), Bi(B)=F;'bi(p),
B(B)=[Bi(B),....Bu(B)], B=B(p), and B=B(f}). Note that }_, U; ® qiq; = P'P,
and that

Z“f(ﬁ)/ ®q) (Z Ui ® mﬁ) beﬁ) ®q=A 0B,

O=P/P'P)P.
It follows by Lemma 4.3 of Newey and McFadden (1994), with a(z, 0) there equal to
A(Za ﬁ) = [b(Z: ﬁ) - b(Z, ﬁ)]lU(x)_l[b(Za ﬁ) - b(Z, ﬂ)]ﬂ and by Q idemPOtent that
def 5 5 5
(B—BYQ(B —B)/n < ||B — B|*/n

1yt
<> Az B)nBE[A(z B)] = 0.
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Also, the same result holds 7 4 defined in the analogous way. For X = (x1,...,x,), let

ai=a;i(p), a; =E[a;|x;], and note that J@E[A|X]:(d’1F1,...,d;Fn)’. Note that by i.i.d.

observations,

E[(4 — A)(A — A)|X] = diag(F; ' Var(a,|x\)F; ..., F;y War(a,|x,)F, ') < CL
By iterated expectations and tr(Q) < CK, so for T, (4 — 1) 04 — A)/n,

E[74] = E[tr(QE[(4 — A)(4 — AY|X10))/n < CE[tr(Q)]/n < CK/n — 0.

Then 7,250 by M. Also, the same result holds for 75 defined in the analogous way.
By Assumption 1 there exists I'y such that E[||Ufldi — I'kqil|*] — 0. Then for Jx =
vee(Ty), by M,

14 = Pic|P/n =" |F; " a: — (F; @ ¢))ik ||’/
=Y IEIPIU a — (@ g)ik |/
=Y NIFEIPNU G = Trgil*n < CY U7 — Tkgil)* /n0.

It follows by QP = P and I — Q idempotent that
7,4 (1 - 0)A/n = (A - Pjx Y (I — Q) — Pix)/n < ||4 — Pig|]*/nD0,

with the same result holding for the analogous term 7.
Next, note that by CS,

Ty=A—-AYQUA—-A)=A—-A+A—AYQA—-A+4—A)
<STu+Ti+20/ TN/ T4 20.

Also, by M, /Ilfi/n = Op(1). The analogous results also hold for B replacing 4. Then
by the CS and T,

1A' 0B/n — A'B/n| = (4 — AYOB — B) + (4 — 1) 0B

+A'0(B—B)—4'(1 - 0)B|/n

<\/T7A\/TB+\/T7A\/1;F/H+\/IH_/” TB+\/E Tp20.
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Noting that A/E/n =,a@U; "b;/n, the conclusion follows by Khintchine’s law of
large numbers. [J

Lemma A.4. If Assumption 1 is satisfied, ¢ and Y; are r x 1 random vectors with
Ele]x;] =0, E[||&|*]x]1 < C, and E[||Y:||*|x;] < C, U= U(x;) is a r x r p.d. matrix
that is bounded and has smallest eigenvalue bounded away from zero, K — oo, and
K?/n — 0 then

ZY/@’CI; (Z(]z'@fliql/) Zsi®qz-/ffZE[lei]’U,"lsi/\/ﬁgo-

Proof. Let F; and P be as specified in the proof of Lemma A.3, 4; :Fi_lY,-, 4=

E[4,|x)=F"E[Y;|x;], A=(4},...,4"), A=(4},...,A.Y, B/=F'¢;, and B=(B),...,B.).
Then, similarly to Lemma A.3, by E[b;]x;] =0,

Y Yieg (Z Ui® %%”) Y e @qi/Vn—Y Eix1U a/vn

= A'OB/\/n — A'B/\/n= (4 — A) OB/\/n — A (I — Q)B/\/n.

It follows as in the proof of Lemma A.3 that (4 —4)'Q(4 — A)=0,(K) and B'OB =
Op(K) so that

(4 — AY OB/\/n| < \/(4 — Ay O(A — A)\/B OB/v/n = Op(K/v/n) - 0.
Also, as in Lemma A.3, E[4' (I — 0)4]/n — 0, so by iterated expectations
E[|4'(1 — 0)B/v/n|*] = E[A'(I — Q)E[BB'[x|(I — 0)A)/n
< CE[A'(I — 0)4)/n — 0.

the conclusion then follows M and T. [

For the statement of the next result, let
R(BY=g(BY1E7" @ A1),
R(B) = E[E[p(z. B)|x] 2~ "E[p(z. B)lx]]. (A1)

Lemma A.5. If Assumptions | and 3 are satisfied, > Ly s positive definite, K —
oo, and K/n — 0, then R(f) has a unique minimum at fy, R(f) is continuous on B

and supe [R(B) — R(B)| 0.
Proof. By X p.d., for any f # f3, it follows by E[p(z, )|x] # O that
R(B) = CE[E[p(z, B)x]'Elp(z, p)|x]1>0 = R(o).
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To show continuity of R(f), note that by X~ p.d. and CS,
IR(B) — R(B)| < E[E[p(z, B) — p(z, PX) =7 "Elp(z, B) — p(z, B)Ix]]
< CE[[[E[p(z, B) — p(z B)XIIP] < CE[l|p(z B) — p(z B)|I*]
< CE[0(=)’1]|B — BII*.

By Corollary 2.2 of Newey (1991) it suffices to show that (i) Ig’(ﬂ)gR(ﬁ) for each
f in B and (ii) that there is D =Op(1) with |[R(f) — R(p)| < D| — B||*. To show (i),
apply Lemma A.1 with a(z, f) = a(z) = p;(z, ) and b(z, ) = b(z) = pi(z, f), with p
fixed, to obtain, for p; = (p;(z1, B),...,pj(zu B)) and p;i = E[p;(zi, p)|xi],

0 Qpi/n > E[fji ).

Then by the continuous mapping theorem, >~ 2 =1 and

J J
RBY=" " ENup;0pi/m) Y (27 1)iElpjipi] = R().
Jok=1 Jok=1

To show (ii), let ij(B) = (pj(z1, p),-..,pj(zn, ) and p; = pj(ﬁ). Note that by
Assumption 3 and M, D; =[S, 8(z;)%/n]"* = Op(1). Also,

) 12
171 = pyll v/ = Z(ﬁﬁ—pmz/n] < Dallf - Bl
i=1

Furthermore, for any fixed f§ € B, note that by M and Assumption 3, D=[ Sy p(zi B/
n]"? = 0y(1). Then

sup | p;(B)I/v/n < sup [lp;(B) = pi(B)Il/~/n+ D
peB BeB
< Dssup || — B||* + D < CDs + D = Op(1).
peB
Then by the T and CS, and by O idempotent, for Dy = max; |(f,_1)jk\ =0,(1)

J
IR(B) — R < Ds > 19105k — p;Opil/n

Jok=1
J
<Dz Y 13 — p))Ok| + 1p;0(pk — pi)l)/n
Jok=1
<D~ BII". D=Dx272Ds[CDs + D] = Op(1),
giving (ii). O
Proof of Theorem 5.1. By Lemma A.5 and compactness of B, all the hypotheses of

Theorem 2.1 of Newey and McFadden (1994) are satisfied, the conclusion of which
gives the result. [
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Proof of Theorem 5.2. By f, € int(B) and Theorem 2.1, ﬁ € int(B) w.p.a.l. Therefore,
w.p.a.1 the first order conditions are satisfied, i.e.

OR(P)/op = 104(B)/aBY W g(f) = 0.
By a mean-value expansion in f, there is f§ on the line joining ﬁ and fo such that
[*R(B)/0BOB'1(S — Bo) + OR(Bo)/2p = 0. (A2)
By the chain rule 0*R(B)/0Bop’ = [0G(B)/0B) W[0G(B)/0B] + F, where F is the p x

p matrix with rth column [0%§(B)/0pdp.1W §(B). Note also that by Assumption 3,
E[||p(z, Bo)||*|x] is bounded, p(z, B) is continuous at fy, and

sup [|p(z, )|I> < C [sup||p(z. B) — p(z Bo)II* + |z fo)lI>
peB BeB

< CLOE) + [lpz fo) 171

Then by Assumptions 1, 3, and 4 the hypotheses of Lemma A.3 are satisfied for
B=B, B=Po, a(z, ) = *pj(z, B)/0B.0Bs, and b(z, B) = p(z, f). Then by Lemma A.3
a(BY Ob(f)/n 2> 0. 1t then follows by >~ - ¥~ and the continuous mapping theorem
that 72 0. Similarly the hypotheses of Lemma A.3 are satisfied for ﬁ =B, ﬁ: Po,
a(z, B) = 0pj(=, B)/2B, and b(z, B) = Opi(z, B)/0B;, so by Lemma A3 a(BY Ob(f)/n =
E[D;(x)Dss(x)]. It then follows by ¥~' % ¥~! and the continuous mapping theorem
that [0G(3)/0p) W[2g(F)/0p] = E[D(x) X~ D(x)], so that

PR(B)Jopop’ X E[D(x) 2" D(x)]. (A.3)

Next, for each r, (r=1,..., p), let Y;; = 0p;(z;, P0)/0Pr, eik = pi(zi, Po), and U; = 1.
Then the hypotheses of Lemma A.4 are satisfied, so that for ¥; =(Yy;,...,Y,;),

Y/ Qex/v/n =" Djr(x)pi(zis fo)//n + 0p(1).

It follows from f};l = Op(1) that,

VIOR(Bo)/ OB = Z3 (Y] Qar/Vm) = Z3N S DY/ v/n + op(1).
Jik Jik i

Also, the Slutzky Lemma and consistency of f,j*kl give

Z Z~Jfkl ZDj,(xi)sik/\/ﬁ = Z Zﬁcl ZDjr(xi)sik/ﬁ +0p(1)
ok i ik i

— ZD,.(xi)’Zflp(Zia Bo)/v/n+ op(1)
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where D,(x) is the rth column of D(x). Note also that D(x;) is bounded, so that
Zi=D(x;)Y X~ p(z:, fo) has finite second moment, and that it has mean zero by iterated
expectations. Therefore, by the Lindbergh—Levy central limit and Slutzky theorems,

VnoR(Bo)/OB =D DY Z plzir fo)/v/n + 0p(1)
i=1

N0, E[D(x) 27 2(x) 2~ ' D(x)]). (A.4)

The remainder of the asymptotic normality proof follows from Egs. (A.2)—(A.4) by
standard arguments. Consistency of the asymptotic variance estimator follows similarly

to the proof of dG(B)/oB' Wag(p)/op > E[D(x) Z~'D(x)] given above, with f} replacing
p. O

For the purposes of the next several results, let § be some p x 1 random vector
(not necessarily equal to the estimators we have considered), §; = ¢:(f), ¢; = g:(So),
Zi = Z()Cl'), and

Q= Z gigi/n, Q= Z gigi/n, Q= Z 2 ®@qiqi/n, Q= E[gig;].

Lemma A.6. If Assumption 2 and 5(b) are satisfied and ﬁ: Po+Op(t,) with 7, — 0
then

12 — 2| = 0p(w.K), 112 — 2| = Op({K)V/K/n),

12 — Q|| = O(UK)/K/n).
If Assumption 5(a) is also satisfied then 1/C < Amin(2) < Amax(2) < C, and if ©,K +
C(_K)\/K/n — 0 then w.p.al, 1/C < Apin(Q) < Anax(Q) < C, 1/C < Anin(Q2) < Aimax
@) <cC.

Proof. By Lemma A.2, E[||¢;||*] < CUK)*E[||¢:]|*] = CUK)*K. For §; = d(z;), pi =
p(zi, Bo), and p; = p(zi, f) we have ||p; — pil| < 8il|f— Pol| for each i=1,...,n w.p.a.l.
Also, note that M; =02 +26;(z;)||p;|| has E[M;|x;] bounded by CS, so that E[M,||¢:||*]=
E[E[M;|x:]||¢:||*] < CE[]|¢:]|*] < CK. Then by the T, CS, and M, w.p.a.1

12— Q) <D 14i6; — pipilllaill*/n
< D Ulpi = el + 2016 = pilllpalDllgil P/

< CJIB = Boll Y Millgill*/n = Op(x,E[Mi]|g:]*]) = Op(x.K),
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giving the first conclusion. Also,
2

E[|Q - Q"1 =E

| Z (pip; — Zi) @ qiqi/n

= rE[(pip} — 2:)* ® {qiq}*/n]
< rE[||pi||*p:ip} ® |il1q:q)/n]
= E[E[]lp[I*pilllg:[*1/n < CUK)Kn,

so the second conclusion follows by M. The third conclusion follows by M and
2

E[|Q- Q|1 =E < rE[2} ® {qiq/}*1/n

D Zi®qigi/n—Q

< CE[llg:||*)/n = CLK)’K/n.
For the fourth conclusion, note that C~'I; < X; < CI,, so that
C™'Ix = C7'Elly ® qi9;] < @ < CE[l ® g,q;] = CI.
Hence, C~! < Anin(Q) < Amax(Q) < C. Also, note that if 7,K + C(K)\/I% — 0 then
|2 — Q|| 20 and ||Q — Q|| 20 by the first two conclusions, so ||Q — Q|| >0 by M.

Then, by |A(4) — A(B)| < ||[4 — B||, where A(4) denotes the minimum or maximum
eigenvalue, it follows that

Mmin(é) - j~min('Q)| L 0, Mmax(é) - j~max('Q)| & 0>

giving the fourth conclusion. The other conclusions follow similarly. [J
Let pg(z, B) = dp(z, B)/0B, D(x) = E[pp(z, fo)|x], D; = D(x;), and
G=> ppip) @ qi/n,G=>_ D; @ qi/n,G=E[D; @ ;).
i i

Lemma A.7. If Assumptions 2 and 5(b) are satisfied and ﬁ:ﬁo+0p(r,7) with t, — 0
then

|G — G| = Op(taVK + VK/n), |G — G| =O0y(\/K/n).

Proof. Let pg = pp(z;, fo), 0; = 6(z;), and G= > Pp(zis fo) ® qi/n. Then by Lemma
A2,
2

E[|G - G|’1=E H > (ppi — Di) @ qifn

= trE[(ppi — D;‘Y(P/}i - D) qi||2/n]
< E[E[|| pgil* %1l g:]1*1/n < CK/n.
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Then |G — G|| = O,(\/K/n) by M. Also, by the T, CS, and M, w.p.a.1
1G =Gl <D llppi B) = ppill lgill/m < 1B = Boll Y_ dillaill/n

= Op(t,E[E[&:]x:1|¢:[|1) = Op(tu{EL]|¢:]|*1}/*) = Op(1, VK).

The first conclusion follows by T. The second conclusion follows by M and D;
bounded,
2

E[|G-G|*]=E HZDi ®qi/n—G|| | <E[IDillllgil*)/n

< CE[l|gi[l*)n = CK/n. O

Lemma A.8. If Assumption 2, 4, and 5 are satisfied and ﬁ:ﬁo + Op(1,) with ©,K +
{(K)\/K/n— 0 then

1G'Q1(Q — Q)| = Op(z,VK + L(K)//n).

Proof. By Lemma A.3, with U(x)=2(x), a(z, p) equal to the rth column of D(x), and
b(z, B) equal to the sth column of D(x), it follows that to obtain G'Q~'G > E[D(x)
>(x)"'D(x)] and (hence) G'@~'G=0,(1). Let H;=G Q=" (I;®q;). Then by CI, < X;,

> N HilPn=tr (ZHiHi’/n) < Ci(G'Q7'G)=0,(1).

Next, let M; = 67 + 25;||p;| and R, = > Mi||Hillllgill/n. Let X = (x1,...,x,). It is well
1

known that if E[R,|X] = Op(o,) for some o, then R, = Op(oy). By CS and M

12 12
E[R,|X]1 < C Y |Hillllgill/n < C (Z |H,-||2/n> (Z Iq,-||2/n>

1

= Op({Elllgi[I’1}"*) = Op(VEK),
so that R, = O,(K"/?). Therefore, by T and CS,
e A s . R .
IG' Q71 (Q — D) < D HNIpip} — pirilllgill/n < || — Boll Ry = Op(zu V).

It also follows similarly to the proof of Lemma A.5 that

e
E[|G'Q7(Q - Q)|P1X] < Y _Elllpi|I*]lIEi |l g: |1 /m?

< CLUK) n] Y ||Hi|*/n = Op(L(K Y /n),

so that [|G'@~1(Q — Q)| = O,({(K)/+/n). The conclusion follows by T. [
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Lemma A.9. If Assumptions 2 and 3 are satisfied and X(x) is bounded then ||g(fo)||=

Op(/K/n).
Proof. By Lemma A.2,

E[||g(Bo)II*1 = EL||pil|*l|¢:]1*1/n = Eltr(Z:)|1g:||*1/n < CE[||gil|*1/n = CK/n,

so the conclusion follows by M. [J
We now prove the GMM results. Here let Q= Q(,E).

Proof of Theorem 5.3. Let § = §(f) and § = §(Bo). By Assumption 5 and f = f +
Op(1/4/n) all of the hypotheses of Lemma A.6 are satisfied for p=p and 1,=1//n. Let
W=Q"". Then by Lemma A.6, Zmax(W )=/ min(2) ™" < C and Jumin(W )=/max(Q)~' = C
w.p.a.l. Also, define W =1, ® A~. It follows from Lemma A.6 for the special case
where X; = I; (and hence W = Q) that /(W) < C w.p.a.l. Then by Lemma A.9
and the definition of f§, w.p.a.l

GWG<ClgIP <CdWwg<Cigwg< Clgl? =O0p(K/n) 0.

Now, note that §'W 3§ = R(f) as in Eq. (A.1), for ¥ =1,. Then, by Lemma A.5 all of
the conditions of Lemma A.l are satisfied, and its conclusion gives the result. [

Proof of Theorem 5.4. Let S()=4g(B) Q2 '4(B)/2. By consistency of ﬁ, it follows by
the first-order conditions and a mean-value expansion that w.p.a.l,

[0*S(B)/0BoB 1S — Po) + dS(Bo)/0p =0, (A.5)

where f denotes a mean value and, by the chain rule, 62S()/0pdp’ = G oG +F,
for G = 04(p)/0p and F the p X p matrix with rth column [02G(B)/0pop. IR G(B).
Note that by Assumptions 4 and 5, E[D(x) 2(x)~'D(x)] = CE[D(x)'D(x)], so that
V ={E[D(x)'Z(x)" 'D(x)]} " exists. Now successively apply Lemma A.3 with = f,
p=P. a(z.B)=0dp(z. p)/0B.. b(z.B) = dp(z. B)/0Ps, and U(x) = X(x), for r,s=1,....J,
to obtain G O~'G Y1, Also, by Lemma A.6, imax(ffl): imin(é)’l < C wp.a.l.
Thus, for B=Q"'G,
|1B|]? = tr(B'B) < Cor(G'G~'G) = 0y(1).
Also, by Lemma A.6 Anax(Q7!) < C w.p.a.l, so by Lemma A.6, T, and CS
IG'Q'G -G QG| = |B{@- @+ (@ - 0)a (G- DB

< |IBIP(12 - Qll + €l - Q) ~ 0.

GO 'GEy. (A.6)
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With analogous arguments, e.g. applying Lemma A.1 with a(z, B) = 0*p(z, B)/0P0p,
and b(z, f) = p(z, B), gives F L£,0. It then follows by the triangle inequality that
PS(p)jopop v (A7)
Next, consider dS(f)/df= GO 14(Bo), where G=02G(o)/0p. For G= > i Di®gi/n,
it follows by Lemma A.7 with f=f and 7,=0 that |G — G| =o0,(+/K/n). By Lemmas
A.6 and A9, wpa.l |Q 17| < C||g| = Op(\/K/n).
YN /= 1= ~ = = 1. A = Ao
I(G'e™ = G'a il < (16 - Gl +1G'@" @~ DIhlI2'g]

= Op([VK + L(K)I/v/m)Op(v/K/n) = 0y(1//n).

Furthermore, by Lemma A.4, with Y¥; equal to D(x;), & = p;, and U; = X(x;),
GG =Y D) 2 pifn = 0p(1/V/m).
i

By the Lindbergh-Levy central limit theorem, >, D(x;) Z(x;)~" pi/\/ﬁgN(O, =,
so it follows by the triangle inequality and the Slutzky theorem that
VndS(Bo)/oB = N(O, 7).

The first conclusion follows by Eq. (A.7) and the Slutzky and continuous mapping
theorems in the usual way. Also, consistency of V' follows exactly as in the proof of
Eq. (A6). O

The following results are useful for the proofs for GEL. Let S(f, i):Z s(X gi(B))/n.

Lemma A.10. If Assumption 6 is satisfied then for any 6, = o(n~""{(K)™") and
Ay ={A 1 ||A]| < dn} we have maxpey ca,i<n|A 9i(B) 2,0 and w.p.a.1 A, C A(p) for
all pe 3.

Proof. For b; = supsc, ||p(zi, B)]|, it follows by M that max;<, 6; = Op(nl/"*’), )

2 a:(B)| < 8,0K b L
ﬁeﬂ%ﬁ’i,,—gJ gi(B)| < 6,L( )I}Ig i —0,

giving the first conclusion. Also, by the first conclusion, w.p.a.l A g;(f)€ 7" for all
pe# and A€ A, giving the second conclusion. [

Lemma A.11. If Assumptions 2, 5, and 6 are satisfied, f= ﬂo—i—Op(‘c,,) 7,K — 0, and
||J(ﬂ)|| = Op(\/K/n) then SUP, ¢ i) S(ﬁ 2) < 8o + Op(K/n), = argmax;eA(ﬁ)S(ﬁ A)
exists w.p.a.1, and || 1| = Op(\/K/n).

Proof. Choose 8, =o(n~"7{(K)~") and \/K/n=o0(3,), which is possible by {(K)*K/

n'=27 — 0. Then for A, as in the statement of Lemma A.10, it follows by the
conclusmn of Lemma A.10 that S(ﬂ A) is twice continuously differentiable on 4,,
w.p.a.l. Then 1= argmax;c ;. S(ﬁ A) exists w.p.a.l. Let §; = g,(ﬂ) and § = g(ﬁ) By
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assumption we have ||g|| = Op(1/K/n). Also, by Assumption 6(b) {(K)\/K/n — 0,
so by Lemma A.6, Amin(>_; §ig;/n) = C w.p.a.l. Furthermore, by Lemma A.10 and

Assumption 6(a), for any / on the line joining 4 and 0, w.p.a.1 maxignsz():’gNi) <-C.
By a Taylor expansion around A =0 with Lagrange remainder, w.p.a.l.

= $(B,0)<SB, ) =s0— LG+ 7

ZsZ(ﬂl’gi)gig;/n] 22

< so + 141131l Ci( gigi/ >i<m+MWﬁ—CZW

Then subtracting So— c|x ||2 from both sides and dividing by ||)t|| we obtain ClIAl < |4l
=0,(y/K/n), so that w.p.a. 1|4 < d,, ie. A€ znt(A ). It
then follows that 0S(f, A)/ﬁ/l 0. Also, since 4, C A(f), we also have 1 A(fy). By
concavity of S(ﬂ A) and convexity of A(B) it then follows that S(ﬁ l) = max; . i g
S (ﬁ,A), giving the second and third conclusions with .= J. The last inequality of the
above equation then gives S(f,4) < so + ||4]|[|d] — C|IZ]|> = s0 + Op(K/n). [

Lemma A.12. If Amumptlom 2, 5, and 6 are satisfied and KUK /n — O then for
any 6, =o(n~ ' C(K) Y, A, =1{2: |4 <6} [36@ and J. € A, it is the case that

Jmax(— Zi:l 52()~ gl)gigi/n) <Cwpal

Proof. Let g; :g,»(/}) and ﬁ[:p(zi,/}) By Lemma A.10 and Assumption 6(a), w.p.a.l
max;<, — 52(7 G)) < C, so that — S sa(2 g,)g,g,/n C> ", Gigi/n w.p. al Also,
for b; = supyc 4 llp(zi, )II, by CS, pip; < Cbh?1;, so that w.p.a.l >0, gigl/ < CQ,
Q=" (I; @ qiq,)b}/n. Then similarly to the proof of Lemma A.6 it follows that
|2 — E[Q]]| % 0. Since

E[Q] = E[b}(I; ® q:q})] = E[E[b? [x)(I; ® q:q})] < Clx,

it follows similarly to the proof of Lemma A.6 that An.(Q) < C, implying Q < Clx
w.p.a.l. The conclusion then follows by the inequalities previously shown in this
proof. [

Lemma A.13. If Assumptions 2, 3, 5, and 6 are satisfied then for any ):G/Al([}) it is
the case that w.p.a.l,

S(B,7) < sup S(B.2) < s0 + Op(K/n).
IEA)

Proof. The first inequality is obvious. Also, by Lemma A.9 the hypotheses of Lemma

A.11 are satisfied for ﬁ Po, so that sup}eA(ﬁ )S(ﬁo, /) < 5o + Op(K/n). Then by the

definition of ﬂ we have SUD; i) S(ﬁ,)) < SUPAGA(ﬁO)S(ﬁoJ), giving the second in-
equality. [J
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Lemma A.14. If Assumptions 2, 3, 5, and 6 are satisfied then ||ﬁ(ﬁ)\| = O, (\/K/n).

Proof. Let gA:gA(ﬁ) and choose d, = o(n~7{(K)™"), \/K/n=0(5,), and A, as in the
statement of Lemma A.10. Let 2 = —4,4/|/d||, so that i_/é = —3,/|g|l. Then A€ A,, so
by an expansion and Lemma A.12,

S\'(ﬁ,/{) =S50 — i ;:

252(1 gl)gtgl/n‘| )/2

- C||211? = so + 844 — CS2. (A.8)

Subtracting s¢ from both sides of this equation and applying Lemma A.13 gives d,]|d||—

C&2 < Oy(K/n). Also, by the choice of d,, K/(nd,) = \/K/n(\/K/n/5,) = o(r/K/n) =
0(9,). Subtracting and dividing by J, gives

”gAH < OP(K/(n‘Sn)) +Co, = Op(én)

]

Now, for any ¢, — 0 consider J= —&,g. Then =0p(0,), so that € A,, and hence
/€ A(f) wp.a.l. It follows by the second equality above that for n large enough,

S/ D 7 PN e A A
SB,2) =50 — 1§ — C||A|* = s0 + |g]|*(en — Ce2) > 50 + [|d]]*e/2,

where the last inequality follows by &, — 0, and hence (&, — Ce2) > ¢,/2 for n
large enough. Then by Lemma A.13, and subtracting sy from both sides we have
lg]*en = Op(K/n). Since &, is any sequence converging to zero, it follows that ||§||* =
Op(K/m). O

Proof of Theorem 5.5. Define W =1,  A~. As in the proof of Theorem 5.3 we have
Amax(W) < C w.p.a.l. Then by Lemma A.14,
§'W§ < C|g|* = Op(K/n) 0.

Now, note that §'W g = R(f) as in Eq. (A.1), for £ =1;. Then, by Lemma A.5 all of
the conditions of Lemma A.l are satisfied, and its conclusion gives the result. [

Lemma A.15. If Assumptions 1—4 and 6 are satisfied then ﬁ: Po + Op(\/@).
Proof. By Theorem 5.5 /3 — ﬁo By an expansmn J=g+ G(ﬁ Bo) for G=04(p)/op
and f the mean-value. Let W =1,  A~! and R(B) = §(B)Y W4(p).

R(B) = R(Bo) + 25 WG (B — Po) + (B — Bo) G WG(S — po).
By T and CS, for D =[(f — fo)G'WG(B — o)1 and F = [R(B) + R(po)'",

D* < F? + R(Bo)'*D < F* + FD < F? 4+ 2FD.

Subtracting 2FD from and adding F? to both sides, and then taking square roots gives
|ID—F| <V2E. By T, |D—F| > D—F, so that D < (v/2+1)F =CF. By Lemma A.6,
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)vmaX(W) < C, so W < CIx w.p.a.l. Then by Lemmas A.9 and A.14 and T, F? =
Op(K/n). Also, by Lemma A.3, G' W& 2 E[D(xYD(x)] which is nonsingular, so that
D? = C||p — Bol* w.p.a.l. Thus,
ClIB = Bol* < D* < CEF* = Op(K/n). O

Lemma A.16. If Assumptions 2, 5 and 6 are satisfied and ||%|| = Op(1,), then
Q== sul4 §)digi/n and G = =3, 5,(Z §:)0gi(B)/0f/n satisfy

19 — Q|| = Oy(t, U(KIVK), |G~ G| =O0p(t,VK).
Furthermore, if 7,0(K)WVK — 0 then 1/C < )Vmin(Q) < }umax(f!) <Cwp.al.

Proof. By Lemma A.6, /mu(Q) < C w.pa.l. For b; = supye [|p(z:, )|, by T, CS
and M,

- A ~/A ~ A~
12— 0 < ¢ SN p gl < Vi m\/zb?||q,~||4/n

< |40 ({EIEB] [x:1[1g:]|*“1}?) = Op (1, {(K VK.

Also, changing to b; = supgc - [|pp(zi, )|,

. A o NP
16— 6l < ¢S 1 dibladm < Qﬂvzb%nwm

< |2|0p({ELELBZ X1l g: (11} 2) = Op(1,VK).

The last conclusion follows from Lemma A.6 and [|Q — Q|| 20, as in the proof of
Lemma A.6. [

Lemma A.17. If Assumptions 2, 5 and 6 are satisfied and ||i|| = Op(t,) then ||(_;/f_2’1
(2 = Q)| = Op(wl(K)).

Proof. For H; = H; = G'Q~ (I, ® q;), let R, = 3, ||H;||6%]|gi||*/n. As in the proof
of Lemma A.8 we have Y, ||H;||*/n = Op(1). Then E[R,|X] < CUK)? > H|)*n =
O,(L(K)?), so that R, = O,({(K)?). Then by T and CS,

-/ = - A n
16" (@ — D)l < D IIHilll2' 61l lgill/m

12
< Vel (Siraiarn) <o o



86 S.G. Donald et al. | Journal of Econometrics 117 (2003) 55-93

Proof of Theorem 5.6. By Lemmas A.14 and A.15 the hypotheses of Lemma A.11 are

satisfied with f = f8 and 1, = \/K/n, so that 4 exists wpal and ||/1|| Op(v/K/n).
By Assumption 6 there is 6, such that &, = o(n~/7{(K)~") and \/K/n = 0(5,). Then

Je Ay={A: ||A]| < ,}, so by Lemma A.10 max; <, MdgAi\ L,0. Also, by consistency of f
it will be an element of int(B) w.p.a.l. It follows that w.p.a.l §(ﬁ,i)=2i s(A'g:(B))/n
is twice continuously differentiable in a neighborhood of (ﬁ,i). Also, by Lemma A.6
with 7, = \/@, w.p.a.l Q= >-%, gigi/n is nonsingular, and by continuity of s,(v),
sz(i/gﬁ) < — C for each i, so that 0*S(B, 1)/0)0)! = > sz(i/gA[)g*igAﬁ/n is nonsingular
w.p.a.l. Then by the first-order condition 65‘([?,}:)/52 =0 and the implicitAfunction
theorem (e.g. Theorem 9.28 of Rudin, 1976), for all § in a neighborhood of f there is
/1([3) such that 0S(p, A(/)’ ))/04=0 and )L(ﬁ) is continuously differentiable in . By con-
cavity of S(f, 1) we have S(f, /I(ﬁ)) max A(ﬁ)S(ﬁ A). Then the first-order conditions

for ﬂ and the envelope theorem give
A ~ A A A VAN
0= aS(B. A(B))/oBl,_s = S(B. Dyjap = G'i =,
n " . R .
=n"! 251(1 gi)ogi(B)/op.
i=1
Expanding the first-order condition for /. around 2 =0 gives

0=—g-Gi=0, 0=-5(dndd|n.

By Lemma A.16 with 1, =+/K/n, Jmin(2) = C w.p.a.1. Solving for 2, plugging in the
first-order condition for B, and multiplying by 5,(0)/s1(0)

Ga g
Expanding § around f, gives, for a mean value f and G = d§($)/dp,
GO G- P +G O 'g=0.

It follows similarly to the proof of Theorem 5.4 that Ga'¢gLr-, Also, it follows
from Lemmas A.8, A.17 and T that |G'Q~1(Q — Q)| = 0p(\/K/n) and GO g =
Glfflg_ + op(nfl/z). As in the proof of Theorem 5.4 it follows that \/ﬁélﬁ’lgji
N(0,”~1). The remainder of the asymptotic normality result follows by standard
arguments.

Next, consider the consistency of the variance estimator. Replacing s>(v) with s1(v)
in  in Lemma A.16 and using also Lemmas A.6 and A.7, with 1, = 1/K/n we have

19 — Q|| = 0,(UK)VEK?/n) 0,
IG — G|l = Op(v/K?/n) 5 0.
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It then follows as in the proof of Theorem 5.4 that Go Gy, Furthermore, by

s1(0) = —1 an expansion gives

1+ Zsl(}tlfi)/n

Z 5202 4)giA I

<C <IIiIIZ ||g3~||/n>
< Op(VK/m)U(K) Z_ sup llp(zi, B)|/n = Op(v/K/nl(K )) 0.

Then by T,

Al A

GO 'G-G0'G

1+n/zs1(i’g,->

Then the conclusion follows by G'Q~'G — V! and T. [

%

- _G0'G LG G- 6o

Proof of Lemma 6.1. Let §=g(fy) and § = é(ﬁ). By a mean value expansion

G=g+GB—po), G=024§(B)/ap.

Note that |Anin(2) — Amin(2)] < |2 — Q|| >0, 30 Amin(Q) = C w.p.a.1, and hence,

127G - Q)| = (G- GYQ Q7 'Q7A(G - G))

<Cwr((G-GYQ NG —-G)) <C|G-G|*>o.

(A.9)

It follows similarly that w.p.a.1, @~ 1(Q — Q)| < C||Q — Q|| 2 0. Note also that by

G'Q~'G bounded,
1271G|> =n(G'Q7 Q7 'Q 126Gy < i(G'Q7'G) < C.
It then follows by T and CS that
276 - e7'G| < |Q7'(G - @)+ Q- 2)e G|
<ClG - G| + 2 - elle~a| >o.
It also follows by T that HQ’lGH = O,(1). Also, note that for g; = g(z;, fo),

E[§'Q7'g] = Elg;Q" ' gi)/n = E[1(Q™ ' g:g)]/n = tr(L)/n = m/n.
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Then by M, [|Q7'|]> < C\/§ Q1§ = O,(\/m/n). Therefore, by T and CS
16’075 - c'e7'g| = |G’ (@ - @'l +IG - Gye~4|
< (G2 - e+ G - clhle4l
= [0p(1)op(1) + 0p(1)]Op(v/m/n) = o(1/m/n).
Also,
E[||G’'Q7'§|*1 = E[t(G'Q7 'G5 Q7' G)] = t(G'Q™'G)/n < C/n,
so by M, ||G'Q7'|| = Oy(1/v/n) = 0y(y/m/n). Then by T,
1G' Q7" gl = op(v/m/n).
Also, it follows by T and CS that,
IG'Q7'G - c'e G| < (IF'Q7 Y| + |27 'GIDIG - G

+|Ga e - e||e ol

so that G'Q~'G = Op(1). Therefore, by substituting in Eq. (A.9), we have

<208 = Bo)G' Q73] + (B — oY G' @' G(B — Bo)lIn//2(m — p)
= [0p(1/v/m)op(v/m/n) + Op(1/m)ln//2(m — p)
= op(v/m/n)n/\/2(m — p) = 0.
Furthermore, we have similarly to Eq. (A.10) that

g’ Q~'g — ng' Q7'gl/\/2(m — p)
=|ng (@7 = @7"gl/\/2(m — p)
<[ngQ (2 - 2)Q7'g| + ng Q7' (Q - Q' (Q - @) g|/\/2(m — p)
<n|Q7'GIP(IQ - || + C||Q - QI*)/\/2(m — p)
=nOy(m/n)op(1/v/m)//2(m — p) 0.

The conclusion then follows by T. [J
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Proof of Lemma 6.2. Let 7 = [n§' Q™ 'g — (m — a)]/\/2(m — a), and note that

m 2
T=T\T,+ T3+ T, T, = T, = S0y,
112 + 13 + 1y, 1 m_a 2 E N zm % 9

iji<j

Ty = (Zgﬁﬁlgi/nm>/m, Ty =a/\/2(m — a).

Note that 7) — 1 and Ty — 0. Also, E[73] =0 and Var(T3) < E[(¢/Q"'9:)*1/(2n(m —
a)) — 0, s0 by M, T3 2, 0. Therefore, by the Slutzky Theorem it suffices to show that

T, iN(O, 1). To do this we show that the hypotheses of Lemma 2 of Hall (1984), as
cited by de Jong and Bierens (1994), are satisfied. Let H,(u, v)=+/2/(n2m)g(u, fo) Q!
g(v, Bo) and

Gn(ua U) = E[Hn(zl 5 U)Hn(zl 5 u)]

2 2
= ——-g(u, o) Q" 'E[9:19112 "9, Bo) = \/;H,,(u,v).

Note that E[H,(z1,22)|z1] = \/2/(n*m)g(z1, o) @ 'E[g2] = 0 and that
E[H,(21,22)"] = 2E[¢1 Q' 92052 ' 911/ (n*m)
= 2E[¢, Q7' 9:1/(W*m) = 2/n’.
It follows by the Cauchy—Schwartz inequality that
nE[Hy(21,22) V{E[HA(21,22)"]}? = 4n~ m2El(¢1Q ' 92)*1/(4/n*)
<n 'mE[91Q7 191 (9527 92)°]
< {El(¢1Q'91)°1/(my/n)}* — 0.
Also,
E[G,(21, 2"V {E[H,(21,22)*]}? = [2/(n*m))/E[H,(z1,22)°]
=1/m — 0.

Therefore, the conclusion follows from the conclusion of Lemma 2 of Hall (1984). [

Proof of Theorem 6.3. To prove the first conclusion, let Q in Lemma 6.1 equal f)([} ).
By Lemma A.6 and {(K)’K?/n — 0, we have Amin(2) > C and

19 — @l = Op([K>/3/n + LK K/V/mI/K M) = Op(1/v/m), (A.10)

for m=JK. Also, it follows by Lemma A.7 that ||0g(8)/0f — G| >0 for any f =+
O,(1/4/n). 1t also follows as in the proof of Theorem 5.4 that G’Q~'G is bounded.
Thus, all of the hypotheses of Lemma 6.1 are satisfied. Furthermore, note that

E[{g/Q '9:}*1 < CE[||g:[|*] < CE[||p(z:, Bo)II*llg:]|*] < CE[||¢:]|*] < CUK K.
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Therefore, it follows that the hypotheses of Lemma 6.2 are satisfied, so that the first
conclusion follows by Lemmas 6.1 and 6.2. To show the second conclusion, let Q=
S ®A. 1t follows similarly to Lemma A.6 that under homoskedasticity Eq. (A.10) is
also satisfied here. The rest of the hypotheses of Lemma 6.1 then hold as before, so
the second conclusion follows by the conclusion of Lemma 6.1. [

Proof of Theorem 6.4. Note that for § = gA(/? ) and g = g(fo),
g = gl < llpGi B) = p(is o)l llgill/n

12 12
< (Zé?/n) (Zlqillz/n> 1B = Boll = Op(v/K/n).

It then follows by the triangle inequality and Lemma A.6 that ||j||=0Op(/K/n). Then by
Lemma A.14 we have ||/ =0,(+/K/n). It then follows as in the proof of Theorem 5.6

A
that 4 ¢ /],,(B) w.p.a.1. Therefore, the first-order conditions for /. are satisfied w.p.a.l.
Expanding around 4 =0 then gives

0=0S(B. /o= 12 §:)diln = 51(0)g + 52(0)2/,

i=1
G =" (7 §:)/52(0)1did /.
i=1

It follows as in Lemma A.6 that Anin(2) > C w.p.a.1, so inverting gives
A= ~[51(0)/52(0))Q 4.

Furthermore, expanding §(/§,}t) around 4 =0 and plugging in gives
Tor = ~2n[2(0)/s1(0) {s1(0)§' 1 + 52(0)d 372}

=nd' (207" — Q7'QQ g,
where Q=Y [sz().:/gAi)/S2(0)]g“igA§/n and / lies on the line joining 4 and 0.
i=1
Now, note that (2Q~! — Q’IQQ’I)*I =020 - 0271?, so all of the conditions of
Lemma 6.1 will be satisfied if it can be shown that [|Q(2Q —Q)~'Q — Q|| =0,(1/VK).
By Lemmas A.6 with t, = 1/y/n and (A.16) with 1, = \/K/n we have
12 — Q|| = Op(UK)IWVEK?/n/VK) = 0p(1/VEK), |2 = Q| = 0p(1/VK).

It follows that for B =2Q — @ we have ||B — Q|| 20, so that Anu(B~') < C w.p.a.l.
Then we have

198710 — QB~'Q|| < (@ - 2)B'(Q - Q)| +2|QB~'(2 - Q)|

< C(|2 — QI + (12 — Q||) = 0p(1/VK).
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We also have, by An.(2) < C,

QB2 — || = |2B~'(2 - B)|| < [|2B7'(2 - B)| = 0p(1/VK). O

Proof of Lemma 6.5. Note that for § = g(f),

ﬁ) ngQ'g—(m-a) _ o, [m 1
=N§Q '4g+T, T1=,——— — —,
( " ﬁ(m—a) 19 g 2 1 2m —a) \@

=T (ma) — 0.
n

Therefore it suffices to show that gA’Q_lgAiA. Let goi = 9(zis fa)s G=_; Gai/n, and
da = E[gis]. Note that Var(g;) < €2, so that

E[(§ — 92)' Q27" (§ — 9)] < El(§ — ga)' Var(ga) ™" (§ — 9a)] < Cm/n — 0.
Then by T and CS,

1795~ 9,27 94l < 1§ — 90)27'(F — 90)| +2(942,1(F — 90)]

< op(1) +21/9,07 9\ (G — 927G 90,

Thus, by ¢,Q;'ga — 4, we have §'Q; ' =0y(1). Also, =g+ G(f — f,). Note that
(B—Ba) G, Gu(p — Ba) >0 and

G — 92§ —8) — (B~ Ba) G2 Gu(B — Bo)l
<|(B = Ba)(G = G) 2 (G = Gu)(B — Ba)l
+2/(f = B G2, (G — G)(B — Ba)l
<G = GalPlIB = Ball®

20/ (B — By Gl GulB — B)IG — Gl — Ball 20,
Therefore, (§ — §)'2,'(§ — §) = Op(1). It now follows that

19'Q,'4— 793l < (G- 3)2, ' (§— )| +2172,'(§— 9|

<op()+2y/707' 3/ G - dyes' @ - 9 >0,
so that §'Q; g = Op(1). We then have
§'(Q7" =2, Hjl < 16'2, (2 - Q)2 g + 192, (Q - 2)Q 7 (Q - @) |
<1921 61PU12 = Qall + C[12 — Q).

It then follows by the triangle inequality that qo'g L4 O
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