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IDENTIFICATION AND INFERENCE IN NONLINEAR
DIFFERENCE-IN-DIFFERENCES MODELS

BY SUSAN ATHEY AND GUIDO W. IMBENS!'

This paper develops a generalization of the widely used difference-in-differences
method for evaluating the effects of policy changes. We propose a model that allows
the control and treatment groups to have different average benefits from the treat-
ment. The assumptions of the proposed model are invariant to the scaling of the out-
come. We provide conditions under which the model is nonparametrically identified
and propose an estimator that can be applied using either repeated cross section or
panel data. Our approach provides an estimate of the entire counterfactual distribution
of outcomes that would have been experienced by the treatment group in the absence
of the treatment and likewise for the untreated group in the presence of the treatment.
Thus, it enables the evaluation of policy interventions according to criteria such as a
mean-variance trade-off. We also propose methods for inference, showing that our
estimator for the average treatment effect is root-N consistent and asymptotically nor-
mal. We consider extensions to allow for covariates, discrete dependent variables, and
multiple groups and time periods.

KEYWORDS: Difference-in-differences, identification, nonlinear models, heteroge-
nous treatment effects, nonparametric estimation.

1. INTRODUCTION

DIFFERENCE-IN-DIFFERENCES (DID) methods for estimating the effect of pol-
icy interventions have become very popular in economics.? These methods are
used in problems with multiple subpopulations—some subject to a policy inter-
vention or treatment and others not—and outcomes that are measured in each
group before and after the policy intervention (although not necessarily for
the same individuals).> To account for time trends unrelated to the interven-

"We are grateful to Alberto Abadie, Joseph Altonji, Don Andrews, Joshua Angrist, David
Card, Esther Duflo, Austan Goolsbee, Jinyong Hahn, Caroline Hoxby, Rosa Matzkin, Costas
Meghir, Jim Poterba, Scott Stern, Petra Todd, Edward Vytlacil, seminar audiences at the Univer-
sity of Arizona, UC Berkeley, the University of Chicago, University of Miami, Monash Univer-
sity, Harvard/MIT, Northwestern University, UCLA, USC, Yale University, Stanford University,
the San Francisco Federal Reserve Bank, the Texas Econometrics conference, SITE, NBER, and
AEA 2003 winter meetings, the 2003 Joint Statistical Meetings, and, especially, Jack Porter for
helpful discussions. We are indebted to Bruce Meyer, who generously provided us with his data.
Four anonymous referees and a co-editor provided insightful comments. Richard Crump, Derek
Gurney, Lu Han, Khartik Kalyanaram, Peyron Law, Matthew Osborne, Leonardo Rezende, and
Paul Riskind provided skillful research assistance. Financial support for this research was gener-
ously provided through NSF grants SES-9983820 and SES-0351500 (Athey), SBR-9818644, and
SES 0136789 (Imbens).

’In other social sciences such methods are also widely used, often under other labels such as the
“untreated control group design with independent pretest and posttest samples” (e.g., Shadish,
Cook, and Campbell (2002)).

SExamples include the evaluation of labor market programs (Ashenfelter and Card (1985),
Blundell, Costa Dias, Meghir, and Van Reenen (2001)), civil rights (Heckman and Payner (1989),
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tion, the change experienced by the group subject to the intervention (referred
to as the treatment group) is adjusted by the change experienced by the group
not subject to treatment (the control group). Several recent surveys describe
other applications and give an overview of the methodology, including Meyer
(1995), Angrist and Krueger (2000), and Blundell and MaCurdy (2000).

This paper analyzes nonparametric identification, estimation, and inference
for the average effect of the treatment for settings where repeated cross sec-
tions of individuals are observed in a treatment group and a control group,
before and after the treatment. Our approach differs from the standard DID
approach in several ways. We allow the effects of both time and the treatment
to differ systematically across individuals,® as when inequality in the returns to
skill increases over time or when new medical technology differentially ben-
efits sicker patients. We propose an estimator for the entire counterfactual
distribution of effects of the treatment on the treatment group as well as the
distribution of effects of the treatment on the control group, where the two dis-
tributions may differ from each other in arbitrary ways. We accommodate the
possibility—but do not assume—that the treatment group adopted the policy
because it expected greater benefits than the control group. (Besley and Case
(2000) discuss this possibility as a concern for standard DID models.) In con-
trast, standard DID methods give little guidance about what the effect of a
policy intervention would be in the (counterfactual) event that it were applied
to the control group except in the extreme case where the effect of the policy
is constant across individuals.

We develop our approach in several steps. First, we develop a new model
that relates outcomes to an individual’s group, time, and unobservable charac-
teristics.” The standard DID model is a special case of our model, which we call
the changes-in-changes model. In the standard model, groups and time periods
are treated symmetrically: for a particular scaling of the outcomes, the mean
of individual outcomes in the absence of the treatment is additive in group and

Donohue, Heckman, and Todd (2002)), the inflow of immigrants (Card (1990)), the minimum
wage (Card and Krueger (1993)), health insurance (Gruber and Madrian (1994)), 401(k) re-
tirement plans (Poterba, Venti, and Wise (1995)), worker’s compensation (Meyer, Viscusi, and
Durbin (1995)), tax reform (Eissa and Liebman (1996), Blundell, Duncan, and Meghir (1998)),
911 systems (Athey and Stern (2002)), school construction (Duflo (2001)), information disclo-
sure (Jin and Leslie (2003)), World War II internment camps (Chin (2005)), and speed limits
(Ashenfelter and Greenstone (2004)). Time variation is sometimes replaced by another type of
variation, as in Borenstein’s (1991) study of airline pricing.

*Treatment effect heterogeneity has been a focus of the general evaluation literature, e.g.,
Heckman and Robb (1985), Manski (1990), Imbens and Angrist (1994), Dehejia (1997), Lechner
(1999), Abadie, Angrist, and Imbens (2002), and Chernozhukov and Hansen (2005), although it
has received less attention in difference-in-differences settings.

>The proposed model is related to models of wage determination proposed in the literature
on wage decomposition where changes in the wage distribution are decomposed into changes
in returns to (unobserved) skills and changes in relative skill distributions (Juhn, Murphy, and
Pierce (1991), Altonji and Blank (2000)).



DIFFERENCE-IN-DIFFERENCES MODELS 433

time indicators.® In contrast, in our model, time periods and groups are treated
asymmetrically. The defining feature of a time period is that in the absence of
the treatment, within a period the outcomes for all individuals are determined
by a single, monotone “production function” that maps individual-specific un-
observables to outcomes. The defining feature of a group is that the distrib-
ution of individual unobservable characteristics is the same within a group in
both time periods, even though the characteristics of any particular agent can
change over time. Groups can differ in arbitrary ways in the distribution of the
unobserved individual characteristic and, in particular, the treatment group
might have more individuals who experience a high return to the treatment.

Second, we provide conditions under which the proposed model is identified
nonparametrically and we develop a novel estimation strategy based on the
identification result. We use the entire “before” and “after” outcome distribu-
tions in the control group to nonparametrically estimate the change over time
that occurred in the control group. Assuming that the distribution of outcomes
in the treatment group would have experienced the same change in the absence
of the intervention, we estimate the counterfactual distribution for the treat-
ment group in the second period. We compare this counterfactual distribution
to the actual second-period distribution for the treatment group. Thus, we can
estimate—without changing the assumptions underlying the estimators—the
effect of the intervention on any feature of the distribution. We use a similar
approach to estimate the effect of the treatment on the control group.

A third contribution is to develop the asymptotic properties of our estima-
tor. Estimating the average and quantile treatment effects involves estimating
the inverse of an empirical distribution function with observations from one
group—period and applying that function to observations from a second group-
period (and averaging this transformation for the average treatment effect).
We establish root-N consistency and asymptotic normality of the estimator for
the average treatment effect and quantile treatment effects. We extend the
analysis to incorporate covariates.

In a fourth contribution, we extend the model to allow for discrete outcomes.
With discrete outcomes, the standard DID model can lead to predictions out-
side the allowable range. These concerns have led researchers to consider
nonlinear transformations of an additive single index. However, the economic
justification for the additivity assumptions required for DID may be tenuous in
such cases. Because we do not make functional form assumptions, this problem
does not arise using our approach. However, without additional assumptions,
the counterfactual distribution of outcomes may not be identified when out-
comes are discrete. We provide bounds (in the spirit of Manski (1990, 1995))

®We use the term “standard DID model” to refer to a model that assumes that outcomes are
additive in a time effect, a group effect, and an unobservable that is independent of the time and
group (e.g., Meyer (1995), Angrist and Krueger (2000), and Blundell and MaCurdy (2000)). The
scale-dependent additivity assumptions of this model have been criticized as unduly restrictive
from an economic perspective (e.g., Heckman (1996)).



434 S. ATHEY AND G. W. IMBENS

on the counterfactual distribution and show that the bounds collapse as the
outcomes become “more continuous.” We then discuss two alternative ap-
proaches for restoring point identification. The first alternative relies on an
additional assumption about the unobservables. It leads to an estimator that
differs from the standard DID estimator even for the simple binary response
model without covariates. The second alternative is based on covariates that
are independent of the unobservable. Such covariates can tighten the bounds
or even restore point identification.

Fifth, we consider an alternative approach to constructing the counterfac-
tual distribution of outcomes in the absence of treatment—the “quantile DID”
(QDID) approach. In the QDID approach we compute the counterfactual dis-
tribution by adding the change over time at the gth quantile of the control
group to the gth quantile of the first-period treatment group. Meyer, Viscusi,
and Durbin (1995) and Poterba, Venti, and Wise (1995) apply this approach
to specific quantiles. We propose a nonlinear model for outcomes that justifies
the quantile DID approach for every quantile simultaneously and thus vali-
dates construction of the entire counterfactual distribution. The standard DID
model is a special case of this model. Despite the intuitive appeal of the quan-
tile DID approach, we show that the underlying model has several unattractive
features.

Sixth, we provide extensions to settings with multiple groups and multiple
time periods.

Finally, in the supplementary material to this article, available on the Econo-
metrica website (Athey and Imbens (2006)), we apply the methods developed
in this paper to study the effects of disability insurance on injury durations us-
ing data previously analyzed by Meyer, Viscusi, and Durbin (1995). This appli-
cation shows that the approach used to estimate the effects of a policy change
can lead to results that differ from the standard DID results in terms of magni-
tude and significance. Thus, the restrictive assumptions required for standard
DID methods can have significant policy implications. We also present simula-
tions that illustrate the small sample properties of the estimators and highlight
the potential importance of accounting for the discrete nature of the data.

Some of the results developed in this paper can also be applied outside of the
DID setting. For example, our estimator for the average treatment effect for
the treated is closely related to an estimator proposed by Juhn, Murphy, and
Pierce (1991) and Altonji and Blank (2000) to decompose the Black—-White
wage differential into changes in the returns to skills and changes in the relative
skill distribution.” As we discuss below, our asymptotic results apply to the
Altonji-Blank estimator and, furthermore, our results for discrete data extend
their model.

Within the literature on treatment effects, the results in this paper are most
closely related to the literature concerning panel data. In contrast, our ap-

’See also the work by Fortin and Lemieux (1999) on the gender gap in wage distributions.
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proach is tailored to the case of repeated cross sections. A few recent papers
analyze the theory of DID models, but their focus differs from ours. Abadie
(2005) and Blundell, Costa Dias, Meghir, and Van Reenen (2001) discuss ad-
justing for exogenous covariates using propensity score methods. Donald and
Lang (2001) and Bertrand, Duflo, and Mullainathan (2004) address problems
with standard methods for computing standard errors in DID models; their so-
lutions require multiple groups and periods, and rely heavily on linearity and
additivity.

Finally, we note that our approach to nonparametric identification relies
heavily on an assumption that in each time period, the “production function”
is monotone in an unobservable. Following Matzkin (1999, 2003), Altonji and
Matzkin (1997, 2005), and Imbens and Newey (2001), a growing literature ex-
ploits monotonicity in the analysis of nonparametric identification of nonsepa-
rable models; we discuss this literature in more detail below.

2. GENERALIZING THE STANDARD DID MODEL

The standard model for the DID design is as follows. Individual i belongs
to a group G; € {0, 1} (where group 1 is the treatment group) and is observed
in time period 7; € {0, 1}. For i = 1,..., N, a random sample from the pop-
ulation, individual i’s group identity and time period can be treated as ran-
dom variables. Letting the outcome be Y;, the observed data are the triple
(Y:, G;, T;).® Using the potential outcome notation advocated in the treatment
effect literature by Rubin (1974, 1978), let Y¥ denote the outcome for indi-
vidual 7 if that individual does not receive the treatment, and let Y/ be the
outcome for the same individual if he or she does receive the treatment. Thus,
if I; is an indicator for the treatment, the realized (observed) outcome for in-
dividual i is

K=KN‘(1"L‘)+L"Y,~1-

In the two-group-two-period setting we consider, I, = G; - T.
In the standard DID model, the outcome for individual i in the absence of
the intervention satisfies

(H YV=a+B-T+v Gi+e.

The second coefficient, B, represents the time effect. The third coefficient, vy,
represents a group-specific time-invariant effect.” The third term, &;, repre-
sents unobservable characteristics of the individual. This term is assumed to be

8In Sections 4 and 5 and we discuss cases with exogenous covariates.

°In some settings, it is more appropriate to generalize the model to allow for a time-invariant
individual-specific fixed effect vy;, potentially correlated with G,. See, e.g., Angrist and Krueger
(2000). This generalization of the standard model does not affect the standard DID estimand and
it will be subsumed as a special case of the model we propose. See Section 3.4 for more discussion
of panel data.
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independent of the group indicator and have the same distribution over time,
ie., & L (G;, T)), and is normalized to have mean zero. The standard DID es-
timand is

(2) PP =[EYIG,=1,T =1]-E[YIG =1,T =0]]
— [E[Yi|G; =0, T;=1] - E[Y;|G; =0, T, =0]].

In other words, the population average difference over time in the control
group (G; = 0) is subtracted from the population average difference over time
in the treatment group (G; = 1) to remove biases associated with a common
time trend unrelated to the intervention.

Note that the full independence assumption ¢; L (G;, T;) (e.g., Blundell and
MaCurdy (2000)) is stronger than necessary for 7P to give the average treat-
ment effect. One can generalize this framework and allow for general forms of
heteroskedasticity by group or time by relaxing the assumption to only mean in-
dependence (e.g., Abadie (2005)) or zero correlation between ¢; and (G, T;).
Our proposed model will nest the DID model with independence (which for
further reference will be labeled the standard DID model), but not the DID
model with mean independence."

The interpretation of the standard DID estimand depends on assumptions
about how outcomes are generated in the presence of the intervention. It is
often assumed that the treatment effect is constant across individuals, so that
Y! — YV = 7. Combining this restriction with the standard DID model for the
outcome without intervention leads to a model for the realized outcome:

Yi=a+B-Ti+y Gi+7-Iite.

More generally, the effect of the intervention might differ across individuals.
Then the standard DID estimand gives the average effect of the intervention
on the treatment group.

We propose to generalize the standard model in several ways. First, we as-
sume that in the absence of the intervention, the outcomes satisfy

(3) Y =hU,T),

with A(u, t) increasing in u. The random variable U; represents the unobserv-
able characteristics of individual i, and (3) incorporates the idea that the out-
come of an individual with U; = u will be the same in a given time period,

0The DID model with mean independence assumes that, for a given scaling of the outcome,
changes across subpopulations in the mean of Y; have a structural interpretation and as such are
used to predict the counterfactual outcome for the second-period treatment group in the absence
of the treatment. In contrast, all differences across subpopulations in the other moments of the
distribution of Y; are ignored when making predictions. In the model we propose, all changes
in the distribution of Y; across subpopulations are given a structural interpretation and used for
inference. Neither our model nor the DID model with mean independence imposes any testable
restrictions on the data.
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irrespective of the group membership. The distribution of U is allowed to vary
across groups, but not over time within groups, so that U; L T;|G;. The stan-
dard DID model in (1) embodies three additional assumptions, namely

(4) (additivity) U,=a+7v-G;+& with &1(G;,T),
(5) (single index model) A(u,t) =¢(u+6-t)

for a strictly increasing function ¢(-), and
(6) (identity transformation) ¢ (-) is the identity function.

Thus the proposed model nests the standard DID as a special case. The mean-
independence DID model is not nested; rather, the latter model requires that
changes over time in moments of the outcomes other than the mean are not
relevant for predicting the mean of Y. Note also that in contrast to the stan-
dard DID model, our assumptions do not depend on the scaling of the out-
come, for example, whether outcomes are measured in levels or logarithms.!!

A natural extension of the standard DID model might have been to main-
tain assumptions (4) and (5) but relax (6), to allow ¢(-) to be an unknown
function.!? Doing so would maintain an additive single index structure within
an unknown transformation, so that

(7) YN=¢a+y-Gi+6-T +&).

However, this specification still imposes substantive restrictions, for example,
ruling out some models with mean and variance shifts both across groups and
over time."

In the proposed model, the treatment group’s distribution of unobservables
may be different from that of the control group in arbitrary ways. In the ab-
sence of treatment, a/l differences between the two groups can be attributed
to differences in the conditional distribution of U given G. The model fur-
ther requires that the changes over time in the distribution of each group’s
outcome (in the absence of treatment) arise from the fact that i (u, 0) differs
from h(u, 1), that is, the effect of the unobservable on outcomes changes over
time. Like the standard model, our approach does not rely on tracking individ-
uals over time; although the distribution of U, is assumed not to change over

"To be precise, we say that a model is invariant to the scaling of the outcome if, given the
validity of the model for Y, the same assumptions remain valid for any strictly monotone trans-
formation of the outcome.

12 Ashenfelter and Greenstone (2004) consider models where ¢ (-) is a Box—Cox transforma-
tion with unknown parameter.

For example, suppose that Y =a+8,-T;+ (y- G;+ &) - (1 + 8, - T;). In the second period
there is a shift in the mean as well as an unrelated shift in the variance, meaning the model is
incompatible with (7).
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time within groups, we do not make any assumptions about whether a particu-
lar individual has the same realization U; in each period. Thus, the estimators
we derive for our model will be the same whether we observe a panel of in-
dividuals over time or a repeated cross section. We discuss alternative models
for panel data in more detail in Section 3.4.

Just as in the standard DID approach, if we wish to estimate only the effect
of the intervention on the treatment group, no assumptions are required about
how the intervention affects outcomes. To analyze the counterfactual effect of
the intervention on the control group, we assume that in the presence of the
intervention,

Y! = h(U,, T))

for some function A’(u, t) that is increasing in u. That is, the effect of the
treatment at a given time is the same for individuals with the same U; = u, ir-
respective of the group. No further assumptions are required on the functional
form of /', so the treatment effect, equal to A (u, 1) — h(u, 1) for individuals
with unobserved component u, can differ across individuals. Because the dis-
tribution of the unobserved component U can vary across groups, the average
return to the policy intervention can vary across groups as well.

3. IDENTIFICATION IN MODELS WITH CONTINUOUS OUTCOMES
3.1. The Changes-in-Changes Model

This section considers identification of the changes-in-changes (CIC) model.
We modify the notation by dropping the subscript i and treating (Y, G, T, U)
as a vector of random variables. To ease the notational burden, we introduce
the shorthand

Yg”,’»‘iYNleg,T=t, Y;IiYIleg,th,
YuiYIG=g.T=1, UAUG=g,

where < is shorthand for “is distributed as.” The corresponding conditional
distribution functions are Fy~ ,, Fyr ., Fy,, and Fy ¢, with supports Y’g",, Yg,,
Y,,, and U,, respectively.

We analyze sets of assumptions that identify the distribution of the coun-
terfactual second-period outcome for the treatment group, that is, sets of as-
sumptions that allow us to express the distribution Fy~ j;; in terms of the joint
distribution of the observables (Y, G, T). In practice, these results allow us to
express Fyv j; in terms of the three estimable conditional outcome distribu-
tions in the other three subpopulations not subject to the intervention, Fy g,
Fy 1, and Fy . Consider first a model of outcomes in the absence of the inter-
vention.
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ASSUMPTION 3.1—Model: The outcome of an individual in the absence of
intervention satisfies the relationship YN = h(U, T).

The next set of assumptions restricts 4 and the joint distribution of
U,G,T).

ASSUMPTION 3.2—Strict Monotonicity: The production function h(u,t),
where h:U x {0, 1} = R, is strictly increasing in u for t € {0, 1}.

ASSUMPTION 3.3—Time Invariance Within Groups: We have U L T|G.
ASSUMPTION 3.4—Support: We have U, C U,.

Assumptions 3.1-3.3 comprise the CIC model; we will invoke Assump-
tion 3.4 selectively for some of the identification results as needed. When
the outcomes are continuous, the assumptions of the CIC model (Assump-
tions 3.1-3.3) do not restrict the data and thus the model is not testable.

Assumption 3.1 requires that outcomes do not depend directly on the group
indicator and further that all relevant unobservables can be captured in a sin-
gle index, U. The assumption of a single index can be restrictive. If A(u, t) is
nonlinear, this assumption rules out, for example, the presence of classical
measurement error on the outcome. Assumption 3.2 requires that higher un-
observables correspond to strictly higher outcomes. Such monotonicity arises
naturally when the unobservable is interpreted as an individual characteristic
such as health or ability. Within a single time period, monotonicity is simply a
normalization, but requiring monotonicity in both periods places restrictions
on the way the production function changes over time. Strict monotonicity is
automatically satisfied in additively separable models, but it allows for a rich
set of nonadditive structures that arise naturally in economic models. The dis-
tinction between strict and weak monotonicity is innocuous in models where
the outcomes Y,, are continuous.'* However, in models where there are mass
points in the distribution of Yg’f , strict monotonicity is unnecessarily restric-

tive.’ In Section 4, we focus specifically on discrete outcomes and relax this
assumption; the results in this section are intended primarily for models with
continuous outcomes.

Assumption 3.3 requires that the population of agents within a given group
does not change over time. This strong assumption is at the heart of both the
DID and CIC approaches. It requires that any differences between the groups
be stable, so that estimating the trend on one group can assist in eliminating the

“To see this, observe that if Yy, is continuous and 4 is nondecreasing in u, Y, and U, must be
one-to-one, and so U, is continuous as well. However, then /# must be strictly increasing in u.

5Whereas Y, = h(Ug, 1), strict monotonicity of 4 implies that each mass point of Y, corre-
sponds to a mass point of equal size in the distribution of Y.
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trend in the other group. Under this assumption, any change in the variance of
outcomes over time within a group will be attributed to changes over time in
the production function. In contrast, the standard DID model with full inde-
pendence rules out such changes and the DID model with mean independence
ignores such changes. Assumption 3.4 implies that Y, € Yy and Y}, € Y,; we
relax this assumption in a corollary of the identification theorem.

Our analysis makes heavy use of inverse distribution functions. We will use
the convention that, for g € [0, 1] and for a random variable Y with compact
support Y,

(8) F;'(g)=inf{y e Y: Fy(y) > g}.

This implies that the inverse distribution functions are continuous from the
left and, for all g € [0, 1], we have Fy(F;'(q)) > g with equality at all y € Y for
continuous Y and at discontinuity points of F}'(g) for discrete Y. In addition,
Fy'(Fy(y)) <y, again with equality at all y € Y for continuous or discrete Y,
but not necessarily if Y is mixed.

Identification for the CIC model is established in the following theorem.

THEOREM 3.1—Identification of the CIC Model: Suppose that Assump-
tions 3.1-3.4 hold, and that U is either continuous or discrete. Then the distri-
bution of Y1 is identified and

) Fyv 11(y) =FY,10(F;,})0(FY,01(Y)))~

PROOF: By Assumption 3.2, h(u,t) is invertible in u; denote this inverse
by A7'(y; t). Consider the distribution Fyv ,,:

(10) Fyv o(y) =Pr(h(U,1) <y|G=g,T=1)
=Pr(U<h'(y;0)IG=¢,T=1)
=PrU<h'(y:0IG=g)
=Pr(U, < h™'(y; ) = Fy (W™ (y; 1)).

The preceding equation is central to the proof and will be applied to all four
combinations (g, ¢). First, letting (g, ) = (0, 0) and substituting y = A(u, 0),

Fyo0(h(u,0)) = Fyo(h™" (h(u, 0); 0)) = Fyo(u).
Then applying Fy;,, to each side, we have, for all u € Uj,'®

(11)  h(u,0)=Fyy(Fyo(u)).

16Note that the support restriction is important here, because for u ¢ Uy, it is not necessarily
true that F;Y}}O(Fy'oo(h(u, 0))) = h(u,0).
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Second, applying (10) with (g, t) = (0, 1), using the fact that 2~'(y; 1) € U, for
all y € Y, and applying the transformation Fy; (-) to both sides,

(12) Fa,lo(FY,m()’)) =h"'(y; 1)
for all y € Yy;. Combining (11) and (12) yields, for all y € Y,
(13) h(h™'(y:1),0) = Fy o (Fya(y)).

Note that h(h~'(y; 1), 0) is the period 0 outcome for an individual with the
realization of u that corresponds to outcome y in group 0 and period 1. Equa-
tion (13) shows that this outcome can be determined from the observable dis-
tributions.

Third, apply (10) with (g, t) = (1, 0) and substitute y = A(u, 0) to get

(14) Fy0(h(u,0)) = Fy i (u).

Combining (13) and (14), and substituting into (10) with (g, 1) = (1, 1), we
obtain, for all y € Yy,

Fyn 11(y) = Fy (k7' (y: 1))
= Fy1o(h(h7'(3; 1),0)) = Fy10(Fy 40 (Fro1(»)))-

By Assumption 3.4 (U; € Uy), it follows that Y} C Y. Thus, the di-
rectly estimable distributions Fy 19, Fyg, and Fy determine Fy~ j; for all
yeYN. Q.E.D.

Under the assumptions of the CIC model, we can interpret the identification
result using a transformation

(15)  k9C(y) =Fy o (Fya))-

This transformation gives the second-period outcome for an individual with an
unobserved component u such that A(u,0) = y. Then the distribution of Y}
is equal to the distribution of k“"“(Yyq). This transformation suggests that the
average treatment effect can be written as

(16)  t9C=E[Y], - YN1=E[Y],] - E[k“(Yip)]
=E[Y]1 - E[Fy b, (Fyo(Yi)],

and an estimator for this effect can be constructed using empirical distributions
and sample averages.

The transformation k' is illustrated in Figure 1. Start with a value of y,
with associated quantile ¢ in the distribution of Y, as illustrated in the bottom
panel of Figure 1. Then find the quantile for the same value of y in the distrib-
ution of Y, Fy.00(y) = ¢q'. Next, compute the change in y according to k'€ by
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Group 0 Distributions

Q Q"

Cumulative Distribution Function

3 15 0 Yy 15 i 3
Values of Y H :

Group 1 Distributions

Cumulative Distribution Function

-3 15 0 Y s 3
Values of Y

FIGURE 1.—Illustration of transformations.
finding the value for y at that quantile ¢’ in the distribution of Yy, to get
AYC=F;1(q) — Fy0(qd) = Fy b (Froo(y) — ¥,

as illustrated in the top panel of Figure 1. Finally, compute a counterfactual



DIFFERENCE-IN-DIFFERENCES MODELS 443

value of Y} equal to y + A, so that
Ky =y + AT = Fyfy (Froo()-

In contrast, for the standard DID model, the equivalent transformation is
kP®P(y) =y + E[ Yy ] — E[Yoo].

Consider now the role of the support restriction, Assumption 3.4. Without
it, we can only estimate the distribution function of Y}} on Y,,. Outside that
range, we have no information about the distribution of Y}.

COROLLARY 3.1—Identification of the CIC Model Without Support Restric-
tions: Suppose that Assumptions 3.1-3.3 hold, and that U is either continuous or
discrete. Then we can identify the distribution of Y} on Yy,. For y € Yy;, Fyn 4, is
given by (9). Outside of Y, the distribution of Y} is not identified.

To see how this result could be used, suppose that Assumption 3.4 does not
hold and U is not a subset of U,. Suppose also that Yy, = [Xo " Yool so there are

no holes in the support of Y. Define
(17) g=min Fy 4(y), g=maxFy ().
= ye¥y yeYoo

Then, for any g € lg, g1, we can calculate the effect of the treatment on quan-
tile g of the distribution of Fy ;, according to

(18) 7 =Fyi (@ = Fyn (@ =F,! (@ = Fy oy (Froo(Fy ()
Thus, even without the support Assumption 3.4, for all quantiles of Y7, that lie
in this range, it is possible to deduce the effect of the treatment. Furthermore,
for any bounded function g(y), it will be possible to put bounds on E[g(Y/,) —
g(Y ], following the approach of Manski (1990, 1995). When g is the identity
function and the supports are bounded, this approach yields bounds on the
average treatment effect.

The standard DID approach requires no support assumption to identify the
average treatment effect. Corollary 3.1 highlights the fact that the standard
DID model identifies the average treatment effect only through extrapolation:
because the average time trend is assumed to be the same in both groups, we
can apply the time trend estimated on the control group to all individuals in the
initial period treatment group, even those who experience outcomes outside
the support of the initial period control group.

Also, observe that our analysis extends naturally to the case with covari-
ates X ; we simply require all assumptions to hold conditional on X. Then The-
orem 3.1 extends to establish identification of Y|\ | X for realizations of X that
are in the support of X|G =g, T =t for each of (g, t) € {{0, 0}, {0, 1}, {1, 0}}.
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Of course, there is no requirement about how the distribution of X varies
across subpopulations; thus, we can relax somewhat our assumption that pop-
ulation characteristics are stable over time within a group if all relevant factors
that change over time are observable.

The CIC model treats groups and time periods asymmetrically. Of course,
there is nothing intrinsic about the labels of period and group. In some ap-
plications, it might make more sense to reverse the roles of the two, yielding
what we refer to as the reverse CIC (CIC-r) model. For example, CIC-r applies
in a setting where, in each period, each member of a population is randomly
assigned to one of two groups and these groups have different “production
technologies.” The production technology does not change over time in the ab-
sence of the intervention; however, the composition of the population changes
over time (e.g., the underlying health of 60-year-old males participating in a
medical study changes year by year), so that the distribution of U varies with
time but not across groups. To uncover the average effect of the new technol-
ogy, we need to estimate the counterfactual distribution in the second-period
treatment group, which combines the treatment group production function
with the second-period distribution of unobservables. When the distribution
of outcomes is continuous, neither the CIC nor the CIC-r model has testable
restrictions and so the two models cannot be distinguished. However, these
approaches yield different estimates. Thus, it will be important in practice to
justify the role of each dimension.

3.2. The Counterfactual Effect of the Policy for the Untreated Group

Until now, we have specified only a model for an individual’s outcome in
the absence of the intervention. No model for the outcome in the presence of
the intervention is required to draw inferences about the effect of the policy
change on the treatment group, that is, the effect of “the treatment on the
treated” (e.g., Heckman and Robb (1985)); we simply need to compare the
actual distribution of outcomes in the treated group with the counterfactual
distribution inferred through the model for the outcomes in the absence of the
treatment. However, more assumptions are required to analyze the effect of
the treatment on the control group.

We augment the basic CIC model with an assumption about the treated out-
comes. It seems natural to specify that these outcomes follow a model anal-
ogous to that for untreated outcomes, so that Y/ = h'(U, T). In words, at
a given point in time, the effect of the treatment is the same across groups
for individuals with the same value of the unobservable. However, outcomes
can differ across individuals with different unobservables, and no further func-
tional form assumptions are imposed on the incremental returns to treatment,
h'(u, t) = h(u,t)."

'7Although we require monotonicity of 4(u, t) and A’ (u, t) in u, we do not require that the
value of the unobserved component is identical in both regimes, merely that the distribution
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At first, it might appear that finding the counterfactual distribution of Y,
could be qualitatively different than finding the counterfactual distribution
of Y}, because three out of four subpopulations did not experience the treat-
ment. However, it turns out that the two problems are symmetric. Whereas
YOII = hI(U(), 1) and YQO = I’Z(U(), O),

19) YA R (' (Vi1 0, 1).

To infer the distribution of Y}, it therefore suffices to represent the transfor-
mation k(y) = h/(h~'(y;0), 1) in terms of estimable functions. To do so, note
that because the distribution of U; does not change with time, for y € Yy,

(20)  Foi, (Fyao() =h'(h"(y;0), 1).

This is just the transformation k“(y) with the roles of group 0 and group 1 re-
versed. Following this logic, to compute the counterfactual distribution of Yy,
we simply apply the approach outlined in Section 3.1, but replace G with
1 — G."® Theorem 3.2 summarizes this concept:

THEOREM 3.2—Identification of the Counterfactual Effect of the Policy in
the CIC Model: Suppose that Assumptions 3.1-3.3 hold, and that U is either
continuous or discrete. In addition, suppose that Y' = h! (U, T), where h'(u, t)
is strictly increasing in u. Then the distribution function of Y|, is identified on Y!,
and is given by

(21) Fyip(y)= FY,oo(Fiio(Fyl,u()’)))
forall y e Y. If Uy C Uy, then Y}, C Y!,, and Fy:1 , is identified everywhere.

PROOF: The proof is analogous to those of Theorem 3.1 and Corollary 3.1.
Using (20), for y € supp[Y/,],

Fylo(Fyrn() = h(h"7(y; 1), 0).

remains the same (that is, U L T|G). For example, letting U and U’ denote the unobserved
components in the two regimes, we could have a fixed effect type error structure with UY = e+
and U! = & + v/, where the &; is a common component (fixed effect), and the v and v! are
idiosyncratic errors with the same distribution in both regimes.

181t might also be interesting to consider the effect that the treatment would have had in the
first period. Our assumption that A’ (u, r) can vary with ¢ implies that Y, and Y}, are not iden-
tified, because no information is available about A’ (u, 0). Only if we make a much stronger as-
sumption, such as A’ (u, 0) = h’(u, 1) for all u, can we identify the distribution of Yg”o, but such an
assumption would imply that Y < Y/, and Y}, L Y/}, a fairly restrictive assumption. Comparably
strong assumptions are required to infer the effect of the treatment on the control group in the
CIC-r model, because the roles of group and time are reversed in that model.
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Using this and (19), for y € supp[Y/,],

Pr(hl(h_l(Yoo; 0),1) < y) = PT(Yoo = F;,llo(FYI,n(}’)))
= FY,oo(F;‘lm(Fyl,n(}’)))-

The statement about supports follows from the definition of the model.
Q.E.D.

Notice that in this model, not only can the policy change take place in a group
with different distributional characteristics (e.g., “good” or “bad” groups tend
to adopt the policy), but, furthermore, the expected benefit of the policy may
vary across groups. Because i/ (u, t) — h(u, t) varies with u, if Fy , is different
from Fy ,, then the expected incremental benefit to the policy differs.!” For
example, suppose that E[A/(U, 1) — h(U, 1)|G = 1] > E[h" (U, 1) — h(U, 1)|
G = 0]. Then, if the costs of adopting the policy are the same for each group,
we would expect that if policies are chosen optimally, the policy would be more
likely to be adopted in group 1. Using the method suggested by Theorem 3.2,
it is possible to compare the average effect of the policy in group 1 with the
counterfactual estimate of the effect of the policy in group 0 and to assess
whether the group with the highest average benefits is indeed the one that
adopted the policy. It is also possible to describe the range of adoption costs
and distributions over unobservables for which the treatment would be cost-
effective.

In the remainder of the paper, we focus on identification and estimation of
the distribution of Y||. However, the results that follow extend in a natural
way to Yj; simply exchange the labels of the groups 0 and 1 to calculate the
negative of the treatment effect for group 0.

3.3. The Quantile DID Model

A third possible approach, distinct from the DID and CIC models, applies
DID to each quantile rather than to the mean. We refer to this approach
as the quantile DID approach (QDID). Some of the DID literature has fol-
lowed this approach for specific quantiles, although it has not been studied
as a method for obtaining the entire counterfactual distribution. For example,
Poterba, Venti, and Wise (1995) and Meyer, Viscusi, and Durbin (1995) start
from (1) and assume that the median of YV conditional on T and G is equal

9For example, suppose that the incremental returns to the intervention, 4’ (u, 1) — k(u, 1), are
increasing in u, so that the policy is more effective for high-u individuals. If Fy; ; (1) < Fy o(u) for
all u (i.e., first-order stochastic dominance), then expected returns to adopting the intervention
are higher in group 1.
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toa+ B-T + v - G. Applying this approach to each quantile g, with the coef-
ficients ay, B4, and vy, indexed by the quantile, we obtain the transformation

kK®P(yy=y+ F;}n(FY,lo(y)) — Fy oo (Fy0())

with Fyn 1;(y) = Pr(k?'°(Y}y) < y). As illustrated in Figure 1, for a fixed y,
we determine the quantile g for y in the distribution of Yy, g = Fy10(y).
The difference over time in the control group at that quantile, A?P™® =
F;}n((I) - F{%,O(q), is added to y to get the counterfactual value, so that
kPP (y) = y + ACP™P T this method, instead of comparing individuals across
groups according to their outcomes and across time according to their quan-
tiles, as in the CIC model, we compare individuals across both groups and time
according to their quantile.

When outcomes are continuous, one can justify the QDID estimand using
the model for the outcomes in the absence of the intervention,

(22)  YN=hU,G, T)=h%U,G)+h"(U,T),

in combination with the assumptions (i) A(u, g, t) is strictly increasing in u
and (ii)) U L (G, T). It is straightforward to see that the standard DID model
is a special case of QDID.? Under the assumptions of the QDID model, the
counterfactual distribution of Y}y is equal to that of k?P™(Y);). Details of the
identification proof as well as an analysis of discrete-outcome case are in Athey
and Imbens (2002) (hereafter Al).

Although the estimate of the counterfactual distribution under the QDID
model differs from that under the DID model, under continuity the means
of the two counterfactual distributions are identical: E[kPP(Yy)] =
E[k®P™P(Y}4)]. The QDID model has several disadvantages relative to the CIC
model: (i) additive separability of A(u, g, t) is difficult to justify, in particu-
lar because it implies that the assumptions are not invariant to the scaling
of y; (ii) the underlying distribution of unobservables must be identical in all
subpopulations, eliminating an important potential source of intrinsic hetero-
geneity; (iii) the QDID model places some restrictions on the data.”!

3.4. Panel Data versus Repeated Cross Sections

The discussion so far has avoided distinguishing between panel data and
repeated cross sections. The presence of panel data creates some additional

2 As with the CIC model, the assumptions of this model are unduly restrictive if outcomes are
discrete. The discrete version of QDID allows A(u, g, t) to be weakly increasing in u; the main
substantive restriction implied by the QDID model is that the model should not predict outcomes
out of bounds. For details on this case, see Athey and Imbens (2002).

2'Without any restrictions on the distributions of Yy, Yy;, and Yy, the transformation kQP™®
is not necessarily monotone, as it should be under the assumptions of the QDID model; thus, the
model is testable (see Al for details).
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possibilities. To discuss these issues it is convenient to modify the notation.
For individual i, let Y;, be the outcome in period ¢ for 1 =0, 1. We allow the
unobserved component U, to vary with time:

Kltv = h(Uih t)'

The monotonicity assumption is the same as before: A(u, t) must be increas-
ing in u. We do not place any restrictions on the correlation between Uy,
and U;;, but we modify Assumption 3.3 to require that, conditional on G,,
the marginal distribution of Uy, is equal to the marginal distribution of U;.

Formally, U,-OIG,~i U.1|G;. Note that the CIC model (like the standard DID
model) does not require that individuals maintain their rank over time, that
is, it does not require U, = U;;. Although Uy = Uy, is an interesting special
case, in many contexts, perfect correlation over time is not reasonable.”? Al-
ternatively, one may have a fixed effect specification U;, = ¢; + vy, with ¢; a
time-invariant individual-specific unobserved component (fixed effect) and v;,
an idiosyncratic error term with the same distribution in both periods.

The estimators proposed in this paper therefore apply to the panel setting as
well as the cross-section setting. However, in panel settings there are additional
methods available, including those developed for semiparametric models with
fixed effects by Honore (1992), Kyriazidou (1997), and Altonji and Matzkin
(1997, 2005). Another possibility in panel settings is to use the assumption
of unconfoundedness or “selection on observables” (Rosenbaum and Rubin
(1983), Barnow, Cain, and Goldberger (1980), Heckman and Robb (1985),
Hirano, Imbens, and Ridder (2003)). Under such an assumption, individuals
in the treatment group with an initial period outcome equal to y are matched
to individuals in the control group with an identical first-period outcome, and
their second-period outcomes are compared. Formally, let Fy v, (:|-) be the
conditional distribution function of Yy, given Yqy,. Then, for the “selection on
observables” model,

Fyn 11(y) = E[FY01|Y00())|YIO)],

which is in general different from the counterfactual distribution for the CIC
model where Fy~ 11(y) = Fy1o(F ;7100(F v.01(¥))). The two models are equivalent
if and only if Uy = U;, that is, if in the population there is perfect rank corre-
lation between the first- and second-period unobserved components.

3.5. Application to Wage Decompositions

So far the focus has been on estimating the effect of interventions in settings
with repeated cross sections and panels. A distinct but related problem arises

21f an individual gains experience or just age over time, her unobserved skill or health is likely
to change.
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in the literature on wage decompositions. In a typical example, researchers
compare wage distributions for two groups, e.g., men and women or Whites
and Blacks, at two points in time. Juhn, Murphy, and Pierce (1991) and Altonji
and Blank (2000) decompose changes in Black~White wage differentials, after
taking out differences in observed characteristics, into two effects: (i) the effect
due to changes over time in the distribution of unobserved skills among Blacks
and (ii) the effect due to common changes over time in the market price of
unobserved skills.

In their survey of studies of race and gender in the labor market, Alton;ji
and Blank (2000) formalize a suggestion by Juhn, Murphy, and Pierce (1991)
to generalize the standard parametric, additive model for this problem to a
nonparametric one, using the following assumptions: (i) the distribution of
White skills does not change over time, whereas the distribution of Black skills
can change in arbitrary ways; (ii) there is a single, strictly increasing func-
tion that maps skills to wages in each period—the market equilibrium pric-
ing function. This pricing function can change over time, but is the same for
both groups within a time period. Under the Altonji-Blank model, if we let
Whites be group W and Blacks be group B, and let Y be the observed wage,
then E[Yp] — E[F;L,I(Fy,wo( Ypo))] is interpreted as the part of the change
in Blacks’ average wages due to the change over time in unobserved Black
skills. Interestingly, this expression is the same as the expression we derived
for 7°I°, even though the interpretation is different: in our case, the distribu-
tion of unobserved components remains the same over time and the difference
is interpreted as the effect of an intervention.

Note that to apply an analog of our estimator of the effect of the treatment
on the control group in the wage decomposition setting, we would require
additional structure to specify what it would mean for Whites to experience
“the same” change over time in their skill distribution that Blacks did, because
the initial skill distributions are different. More generally, the precise relation-
ship between estimands depends on the primitive assumptions for each model,
because the CIC, CIC-r, and QDID models all lead to distinct estimands. The
appropriateness of the assumptions of the underlying structural models must
be justified in each application.

The asymptotic theory we provide for the CIC estimator can directly be ap-
plied to the wage decomposition problem as well. In addition, as we show be-
low, the model, estimator, and asymptotic theory must be modified when data
are discrete. Discrete wage data are common, because they arise if wages are
measured in intervals or if there are mass points (such as the minimum wage,
round numbers, or union wages) in the observed wage distribution.

3.6. Relationship to Econometric Literature that Exploits Monotonicity

In our approach to nonparametric identification, monotonicity of the pro-
duction function plays a central role. Here, we build on Matzkin (1999, 2003),
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who initiated a line of research that investigated the role of monotonicity in a
wide range of models with an analysis of the case with exogenous regressors.
In subsequent work (e.g., Das (2001, 2004), Imbens and Newey (2001), and
Chesher (2003)), monotonicity of the relationship between the endogenous
regressor and the unobserved component plays a crucial role in settings with
endogenous regressors. In all these cases, as in the current paper, monotonic-
ity in unobserved components implies a direct one-to-one link between the
structural function and the distribution of the unobservables, a link that can
be exploited in various ways. Most of these papers require strict monotonicity,
typically ruling out settings with discrete endogenous regressors. An excep-
tion is Imbens and Angrist (1994), who used a weak monotonicity assumption
and obtained results in the binary endogenous variable case for the subpopu-
lation of compliers. One reason few results are available for binary or discrete
data is that typically (as in this paper) discrete data in combination with weak
monotonicity lead to loss of point identification of the usual estimands, e.g.,
population average effects. In the current paper, we show below that, although
point identification is lost, one can still identify bounds on the population aver-
age effect of the intervention in the DID setting or regain point identification
through additional assumptions.

Consider more specifically the relationship of our paper with the recent in-
novative work of Altonji and Matzkin (1997, 2005) (henceforth AM). In both
our study and in AM, there is a central role for analyzing subpopulations that
have the same distribution of unobservables. In our work, we argue that a
defining feature of a group in a DID setting should be that the distribution of
unobservables is the same in the group in different time periods. Altonji and
Matzkin focus on subsets of the support of a vector of covariates Z, where,
conditional on Z being in such a particular subset, the unobservables are in-
dependent of Z. In one example, Z incorporates an individual’s history of ex-
periences; permutations of that history should not affect the distribution of
unobservables. So, an individual who completed first training program A and
then program B would have the same unobservables as an individual who com-
pleted program B and then A. In a cross-sectional application, if in a given
family, one sibling was a high-school graduate and the other a college gradu-
ate, both siblings would have the same unobservables. In both our study and
in AM, within a subpopulation (induced by covariates) with a common distrib-
ution of unobservables, after normalizing the distribution of unobservables to
be uniform, it is possible to identify a strictly increasing production function as
the inverse of the distribution of outcomes conditional on the covariate. Altonji
and Matzkin focus on estimation and inference for the production function it-
self, and for this they use an approach based on kernel methods. In contrast,
we are interested in estimating the average difference of the production func-
tion for different subpopulations. We establish uniform convergence of our im-
plicit estimator of the production function, so as to obtain root-n consistency
of our estimator of the average treatment effect for the treated and control
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groups as well as for treatment effects at a given quantile. We use the em-
pirical distribution function, which does not require the choice of smoothing
parameters, as an estimator of the distribution function of outcomes in each
subpopulation. Furthermore, our approach generalizes naturally to the case
with discrete outcomes (as we argue, a commonly encountered case) and our
continuous-outcome estimator of the average treatment effect can be inter-
preted as a bound on the average treatment effect when outcomes are discrete.
Thus, the researcher need not make an a priori choice about whether to use
the discrete or the continuous model, because we provide bounds that collapse
when outcomes are continuous.

4. IDENTIFICATION IN MODELS WITH DISCRETE OUTCOMES

In this section we consider the case with discrete outcomes. To simplify some
of the subsequent arguments we assume that Yy, takes on only a finite number
of values.

ASSUMPTION 4.1: The random variable Yy is discrete with a finite number of
outcomes: Yoo = {Ag, ..., AL}

With discrete outcomes, the baseline CIC model as defined by Assump-
tions 3.1-3.3 is extremely restrictive. We therefore weaken Assumption 3.2 by
allowing for weak rather than strict monotonicity. We show that this model is
not point identified without additional assumptions and we calculate bounds
on the counterfactual distribution. We also propose two approaches to tighten
the bounds or even restore point identification: the first uses an additional as-
sumption on the conditional distribution of unobservables and the second is
based on the presence of exogenous covariates.”

4.1. Bounds in the Discrete CIC Model

The standard DID model implicitly imputes the average outcome in the
second period for the treated subpopulation in the absence of the treatment
with E[YY] = E[Y10] + (E[Y0:] — E[Y(]). With binary data, the imputed av-
erage for the second-period treatment group outcome is not guaranteed to
lie in the interval [0, 1]. For example, suppose E[Y}o] = 0.5, E[Yy] = 0.8, and
E[Yy1] =0.2. In the control group, the probability of success decreases from 0.8
to 0.2. However, it is impossible that a similar percentage point decrease could

BHowever, there are other possible approaches for tightening the bounds. For example, one
may wish to consider alternative restrictions on how the distribution of the unobserved compo-
nents varies across groups, including stochastic dominance relationships or parametric functional
forms. Alternatively, one may wish to put more structure on (the changes over time in) the pro-
duction functions or restrict the treatment effect as a function of the unobserved component.
We leave these possibilities for future work.
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have occurred in the treated group in the absence of the treatment, because
the implied probability of success would be less than zero.?* The CIC model is
also not very attractive, because it severely restricts the joint distribution of the
observables.?

We therefore weaken the strict monotonicity condition as follows:

ASSUMPTION 4.2—Weak Monotonicity: The function h(u, t) is nondecreas-
ingin u.

We also assume continuity of U, and U;:

ASSUMPTION 4.3—Continuity of Uy and U,: The variables Uy and U, are
continuously distributed.

The monotonicity assumption allows, for example, a latent index model
hU,T)= ﬂ{ﬁ(U, T) > 0}, for some h strictly increasing in U. With weak in-
stead of strict monotonicity, we no longer obtain point identification. Instead,
we can derive bounds on the average effect of the treatment in the spirit of
Manski (1990, 1995). To build intuition, consider again an example with bi-
nary outcomes, Y,, = {0, 1} for all g, . Without loss of generality we assume
Uy ~U[0,1]. Let u(t) = sup{u: h(u, t) = 0} so that

(23)  E[YN]=Pr(U, > u"(1)).

In particular, E[Y] = Pr(U, > u°(1)). All information regarding the distribu-
tion of U, is contained in the equality E[Y}o] = Pr(U, > u°(0)). Suppose that
E[Yy] > E[Yy], implying u°(1) < u°(0). Then there are two extreme cases for
the conditional distribution of U, given U, < u°(0). First, all of the mass might
be concentrated in the interval [1°(1), ©°(0)]. In that case, Pr(U; > u’(1)) = 1.
Second, there might be no mass between u°(1) and u°(0), in which case
Pr(U, > u’(1)) = Pr(U, > u’(0)) = E[Y)o]. Together, these two cases imply
E[Y]]] € [E[Y0], 1]. Analogous arguments imply IE[Y{‘]’ 1€ [0, E[Y0]] when
E[Yo] < E[Yy]. When E[Yy;] = E[Yy], we conclude that the production func-
tion does not change over time and neither does the probability of success

**One approach that has been used to deal with this problem (Blundell, Costa Dias, Meghir,
and Van Reenen (2001)) is to specify an additive latent index model

KIﬂ{a+BT:+ﬂGI+711+€,EO}

Given a distributional assumption on ¢; (e.g., logistic), one can estimate the parameters of the la-
tent index model and derive the implied estimated average effect for the second-period treatment
group.

SFor example, with binary outcomes, strict monotonicity of 4 (u, ¢) in u implies that U is binary
with #(0, 1) =0and A(l,¢) =1, and thus Pr(Y = U|T =¢t) =1 or Pr(Y = U) = 1. Independence
of U and T then implies independence of Y and 7', which is very restrictive.
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change over time within a group, implying E[Y}]] = E[Y},]. Whereas the aver-
age treatment effect is defined as 7 = E[Y/,] — E[Y}}], it follows that

[E[Y]] - 1,E[Y],] - E[Yyl], ifE[Yn]>E[Ynl,
TE ]E[YIII] - ]E[Yl()], if E[Yo] = E[Yel,
[E[Ylll] — E[Yy0], E[Ylll]], if E[Yo] < E[Yool.

In this binary example the sign of the treatment effect is determined if and
only if the observed time trends in the treatment and control groups move in
opposite directions or if there is no time trend in the control group.

Now consider the general finite discrete case. Our definition of the inverse
distribution function F;'(q) = inf{y € Y|Fy(y) > g} implies Fy(Fy'(q)) > q.
It is useful to have an alternative inverse distribution function. Define

(24)  Fy"(q) =sup{y e YU {—o0}: Fy(y) <ql,

where we use the convention Fy(—o0) = 0. Define Q = {q € [0, 1]
dy € Ys.t. Fy(y) = q}. For g € Q, the two definitions of inverse distribution
functions agree so that F\™"(q) = F;'(q) and F;'(Fy(y)) = FS " (Fy(y)) = y.
For g ¢ Q, Fy'"(q) < F;'(q) and Fy(Fy "(q)) < g, so that, for all q € [0, 1],
we have Fy " (q) < Fy'(¢) and Fy(Fy " (¢)) < g < Fy(Fy'(q)).

THEOREM 4.1—Bounds in the Discrete CIC Model: Suppose that Assump-
tions 3.1,3.3,3.4,4.2, and 4.3 hold. Then

F}Lfll\al’ll(y) = FYN,ll(y) = F;/J}I\’B,H(y)s

where, for y < infYo, Fi% | () = F)% |,(y) =0, for y > sup Yo, F}E,'?,’“(y) =
FUB (y)=1,and fory € Yy,

YN 11
(25) Fb%,n(y) = Fy,w(F;jolo)(Fy,m o), F,‘}}?’n(y) = FY,lo(F;}m(FY,m ).
These bounds are tight.

PROOF: By assumption, U; € U,. Without loss of generality we can normal-
ize U, to be uniform on [0, 1].% Then for y € Yy,

Fy o (y) =Pr(h(Up, t) < y) =sup{u:h(u,t) =y}.

%To see that there is no loss of generality, observe that, given that U is continuous, Fy (1) =
Pr(FE’IO(Ug) < u), where U; is uniform on [0, 1]. Then h(u, t) = h(Flj,‘O(u), t) is nondecreasing
in u because h is, and the distribution of Y;, is unchanged. Whereas U; € Uy, the distribution of
Y1, is unchanged as well when we replace U; with U} = Fy, (U)).
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Using the normalization on U, we can express Fy~ ;;(y) as

(26) Fyv 1:(») =Pr(Y) <y) =Pr(h(U,, 1) <y)

1t —

= Pr(U, <sup{u:h(u,t) = y}) = Pr(U; < Fy~ o,().
Using this and Fy(F"(q)) < g < Fy(F;'(q)),

(27) FY,10(F)(1,~010)(FY,01()’))) =Pr(U, < FY,OO(F;,_og(FY,OI(y))))
< Pr(Ui < Fyoa(y)) = Fyvy 11(y),
(28) FY,m(F;,Bo(FY,m(Y))) = Pr(Ul < FY,OO(F;,Bo(FY,Ol(Y))))
> Pr(U; < Fyoa(y)) = Fyn 1 (y),

which shows the validity of the bounds.
Next we show that the bounds are tight. We first construct a triple (Fy o(u),
F%(u), h(u, 1)) that is consistent with the distributions of Yy, Y, and Y,

and that leads to F LE( y) as the distribution function for Y}y. The choices are

~U[0, 1], FbBl(”) Fy10(Fyo (1)), and h(u,t) = Fy},(u). The choice is
con51stent with Fy,(y):

Pr(Yy < y) =Pr(h(Uy, t) < y) =Pr(F,," (Uy) < y)
=Pr(Uy < Fyn(y)) = Fyo(y),

where we rely on properties of inverse distribution functions stated in Lem-
ma A.l in the Appendix and proved in the supplement to this article. It is also
consistent with Fy 14(y). First,

Pr(Yy <y) =Pr(h(Uy, 1) <y) =Pr(F;},(U)) < y)
=Pr(U; < Fyn(y))

=F (Fyro(y) = Fy10(Fy o (Froo(»)).

At y = A; € Yy we have Fi/()o)(FYOO(y)) =y, so that Fy, 10(Fy00 (Fyo(y))) =
Fyo(y). If Ay <y < Ay, then Fy o0 (Fy 00(y)) = A; and, because Yy C Yy, it
follows that Fy’l()(y) = Fy’l()()\]) so that agaln Fy,l()(FY,_OlO (Fy,gg(y))) = Fyyw(y).
Finally, this choices leads to the distribution function for Y}}:

Fyn 1(y)
=Pr(h(Uy, 1) <y) =Pr(Fy 4, (Uy) < y) =Pr(U; < Fyp(y)
—F 1(FY01(}’))—FY10(F (FY01()’))) N.“(Y)-

This shows that FLE

) is a tight lower bound on Fy~ 1;(y)
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The argument that the upper bound is tight is more complicated. The diffi-
culty is that we would like to choose the compound distribution function (c.d.f.)
of U to be F}(u) = Fy 10(F~'(u)). However, this is not a distribution function
in the discrete case, because it is not right continuous. However, we can approx-
imate the upper bound FY¢ . (y) arbitrarily closely by choosing U, ~ U[0, 1],

YN 11
h(u, t) = Fy3,(u), and F35(u) close to Fy,io(F~!(w)). QE.D.
The proof of Theorem 4.1 is illustrated in Figure 2. The top left panel of the
figure summarizes a hypothetical data set for an example with four possible
outcomes, {Ag, Ay, Az, A3}. The top right panel of the figure illustrates the pro-
duction function in each period, as inferred from the group 0 data (when U is
normalized to be uniform), where u*(¢) is the value of u at which A(u, t) jumps
up to A,. In the bottom right panel, the diamonds represent the points of the
distribution of U, that can be inferred from the distribution of Y}o. The distri-
bution of U, is not identified elsewhere. This panel illustrates the infimum and
supremum of the probability distributions that pass through the given points;

Data To pin down u,(¢), jump points of
- - , =F (=1
A F)'_{m P)'.u/ }')'_r// A h(u.'tl note F)'O/O‘\_kl F[/'g(u (f)) " (t)
3
N | 1| 2 | 3 :
A r=- h(u,1)
A 4 6 5 h(u,0) |
M -
A, 7 8 9 :
i
As 1 1 1 A 1
0 i

T r —eb‘ ‘\

Values of Fy; (u)

1 Fy () 4 ,_e._:;*””@/”inferred from

1 normalized to - 1 o Fy 10»)

<4 Uniform [0,1] - 90O

T 1 g 1

0 e+ e e e e B e S
—-= Upper bound Lower bound

Conditional independence assumption

FIGURE 2.—Bounds and the conditional independence assumption in the discrete model.
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these are bounds on Fy,. The circles indicate the highest and lowest possible
values of F vy (y) =Fy, (u*(¢)) for the support points; we will discuss the dotted
line in the next section.

Note that if we simply ignore the fact that the outcome is discrete and
use the continuous CIC estimator (9) to construct Fy~ ;;, we will obtain the
upper bound F'¢ from Theorem 4.1. If we calculate E[Y}]] directly from
the distribution F 3,13"11,27 we will thus obtain the lower bound for the estimate
of E[Y;\], which in turn yields the upper bound for the average treatment ef-
fect, E[Y] ] - E[Y]].

The bounds are still valid under a weaker support condition. Instead of re-
quiring that U; € U, (Assumption 3.4), it is sufficient that {inf U,, supU,} € U,
which allows for the possibility of values in the support of the first-period
treated distribution that are not in the support of the first-period control dis-

tribution, as long as these are not the boundary values.

4.2. Point Identification in the Discrete CIC Model Through the Conditional
Independence Assumption

In combination with the previous assumptions, the following assumption re-
stores point identification in the discrete CIC model.

ASSUMPTION 4.4—Conditional Independence: We have U L G|Y, T.

In the continuous CIC model, the level of outcomes can be compared across
groups, and the quantile of outcomes can be compared over time. The role
of Assumption 4.4 is to preserve that idea in the discrete model. In other
words, to infer what would have happened to a treated unit in the first pe-
riod with outcome y, we look at units in the first-period control group with
the same outcome y. Using weak monotonicity, we can derive the distribution
of their second-period outcomes (even if not their exact values as in the con-
tinuous case) and we use that to derive the counterfactual distribution for the
second period treated in the absence of the intervention. Note that the strict
monotonicity assumption (Assumption 3.2) implies Assumptions 4.2 and 4.4.%

To provide some intuition for the consequences of Assumption 4.4 for identi-
fication, we initially focus on the binary case. Without loss of generality normal-
ize Uy ~ U[0, 1] and recall the definition of u°(¢) = sup{u € [0, 1]: h(u, t) =0},

27 With continuous data, k'°(Y},) has the distribution given in (9), and so (16) can be used
to calculate the average treatment effect. As we show subsequently, with discrete data, k<'C(Y);)
has distribution equal to F;§ || rather than F{/} | , and so an estimate based directly on (9) yields
a different answer than one based on (16).

BIf h(u, t) is strictly increasing in u, then one can write U = h~(T, Y), so that, conditional
on T and Y, the random variable U is degenerate and hence independent of G.
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so that 1 — E[Y]]] = Pr(U, < u’(t)). Then we have, for u < u'(1),

Pr(U; <u|U; <u’(2)) =Pr(U; <ulU, <u’(1), T=0,Y =0)
=Pr(Up <ulUy <u’(1), T=0,Y =0)

u
= P U < U < 0 t - .

1(Uo < ulUp < u' (1)) D0
Using the preceding expression together with an analogous expression for
Pr(U, > u| U, > u’(1)) it is possible to derive the counterfactual E[Y7)]:

E[Yy]
E[Yo] ——E[Y}]
E[Yn]

=E[Yy]+ E[Yo] ——(E[Y10] — E[Yo0])

if E[Yy;] < E[Yyol,

1-E[Yy]
1 EYa B[ (1 -E[Yy])
E[Yo]

1—
=E[Yy]+ W[YOO](E[YIO] —E[Yw])

if E[Yy] > E[Yol.

E[YN]=]

Notice that this formula always yields a prediction for E[Y,}] between 0 and 1.
When the time trend in the control group is negative, the counterfactual is
the probability of successes in the treatment group initial period, adjusted by
the proportional change over time in the probability of success in the control
group. When the time trend is positive, the counterfactual probability of failure
is the probability of failure in the treatment group in the initial period adjusted
by the proportional change over time in the probability of failure in the control
group.

The following theorem generalizes this discussion to more than two out-
comes.

THEOREM 4.2—Identification of the Discrete CIC Model: Suppose that As-
sumptions 3.1, 3.3, 3.4, and 4.1-4.4 hold. Suppose that the range of h is a discrete
set {Aq, ..., AL}). Then the distribution of Y} is identified and is given by

(29) ?SIE(}’) Fy,lo(F(y,—olg)(FY,01()’)))
+ (Fy.10(Fy.00(Fro1(»))) — Fy.10(Fy00 (Fro1(y))))

Fyo(y) — FYOO(F(yglo)(Fym(y)))
Fyoo(Fyog(Fym(y))) - Fyoo(Fizolo)(Fym()’)))
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if FY,OO(F;,})O(FY,M()’))) - FY,OO(F;/TOI())(FY,Ul(y))) > 0; otherwise, FYDAC/IICI y) =
Fy10(Fy o0 (Fyoi(y)).

PROOF: We consider only the case with Fyo(Fyo0(Fyo(y) —

Fyopo(F ‘onlo’ (Fy;(y))) > 0, because the other case is trivial. Without loss of
generality we assume that U, ~ U[0, 1]. The proof exploits the fact that, for all
u € [0, 1] such that u = Fy y(y) for some y € Yy, we can directly infer the value
of Fy1(u) as Fy,19(Fy (1)) (o Fy.10(Fy o (u)), which is the same for such val-
ues of u). The first step is to decompose the distribution function of Y}, using
the fact that FY,OO(F)(/__UI()) (Fyot(y))) < Fyn(y) < Fywp (F;,})o(FY,Ol y))):

Fyv 1(y) =Pr(Y} <y)=Pr(h(U,, 1) < y) =Pr(U; < Fyn(y))
= Pr(Uy < Fyoo(Fyw (Froi(»)))
+Pr(Us < FroaO)|Fya(Fyo (Fro(9))
= Uy < Frn(Fy oo (Fyon () Pr(Fy.oo(Fy g (Fran(9))))
< Ur = Fran(Fyp0(Fra ().

Then we deal with the first term and the two factors in the second term sepa-
rately. First,

Pr(Uy < Fyoo(Fy g (Froi(9)))) = Fy.10(Fy o (Fro ().
Next,
Pr(Fy,00(Fy0 (Fro1(y)) < Uy < Fy(Fy00(Fra(»)))
= Fy.10(F7h0(Froi())) = Fr.ao(Fyo0 (Fyo(»))-
Finally, using the conditional independence,
Pr(Uy < Fro )| Froo(Fyo (Fro(3))) < U < Froo(Fy o (Fr.oi(9))))
=Pr(U; < Fyoa(0)|A(Uy, 0) = Fy 4 (Fy,01(»)))
=Pr(Uy < Fyo()Ih(Uy, 0) = Fy bo(Fya (1))

_ Fyo1(y) — Fyo(Fy0(Fyo(»)))
Fy.o(Fy to(Fy01(9)) = Fy.o(Fy o) (Fyo ()

Putting the three components together gives the desired result. Q.E.D.

The proof of Theorem 4.2 is illustrated in Figure 2. The dotted line in the
bottom right panel illustrates the counterfactual distribution F;;, based on the
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conditional independence assumption. Given that U, is uniform, the condi-
tional independence assumption requires the distribution of U;|Y = A, to be
uniform for each /, and the point estimate of Fy~ ;;(y) lies midway between
the bounds of Theorem 4.1.

The average treatment effect, 7°°C, can be calculated using the distribu-
tion (29).

4.3. Point Identification in the Discrete CIC Model Through Covariates

In this subsection, we show that introducing observable covariates (X) can
tighten the bounds on Fyw~ ;; and, with sufficient variation, can even restore
point identification in the discrete-choice model without Assumption 4.4. The
covariates are assumed to be independent of U conditional on the group, and
the distribution of the covariates can vary with group and time.” Let X be the
support of X, with X,, the support of X|G = g, T = t. We assume that these
supports are compact.

Let us modify the CIC model for the case of discrete outcomes with covari-
ates.

ASSUMPTION 4.5—Discrete Model with Covariates: The outcome of an indi-
vidual in the absence of intervention satisfies the relationship

YN =h(U, T, X).

ASSUMPTION 4.6—Weak Monotonicity: The function h(u,t, x) is nonde-
creasing in u and continuous in x for t =0, 1 and for all x € X.

ASSUMPTION 4.7—Covariate Independence: We have U L X|G.

We refer to the model defined by Assumptions 4.5-4.7, together with time
invariance (Assumption 3.3), as the discrete CIC model with covariates. Note
that Assumption 4.7 allows the distribution of X to vary with group and time.

To see how variation in X aids in identification, suppose that the range of &
is the discrete set {A, ..., A;} and define

uk(t, x) =sup{u' :h(u', t, x) < ().

Recall that Fy 10x(-|x) reveals the value of Fy () at all values u € {1°(¢, x),
..., ul (¢, x)}, but nowhere else, as illustrated in Figure 2. Variation in X allows
us to learn the value of Fy ;(u) for more values of u.

PThe assumption that U L X|G is very strong. It should be carefully justified in applica-
tions using standards similar to those applied to justify instrumental variables. The analog of an
“exclusion restriction” here is that X is excluded from Fug(-). Although the covariates can be
time-varying, such variation can make the conditional independence of U even more restrictive.
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More formally, define the functions K:Y x X — Y U {—0co}, L:Y x X —
X0, £:Y x X — Yo, and L:Y x X — X by

(30) (K(y; x), L(y; x)) = arg sup Fyon(y'x),
(', x")e(YogU{—oo}) xXpg :
Fy 00(y'1x") <Fy g1 (y]x)

(31 (K(;x), L(y;x)) =arg inf Fyoo(y'|x).

(¥, x")eYgoxXgp :
Fy 00(Y'1x")=Fy 01 (ylx)

If either of these is set-valued, take any element from the set of solu-
tions. Because of the continuity in x and the finiteness of Y it follows that

Fyo0(K(y: 0)IL(y: X)) < Fyon(y1x) and Fyp0(K(y; )| L(y: 0)) > Fy(y]x).
The following result places bounds on the counterfactual distribution of Y}}.

THEOREM 4.3—Bounds in the Discrete CIC Model with Covariates: Sup-
pose that Assumptions 3.3, 3.4, 4.3, and 4.5-4.7 hold. Suppose that Xy, = Xy, for
t € {0, 1}. Then we can place the following bounds on the distribution of Y1:

F{:%ylux(ylx) = FY|X,10(,I§(y; x)lé(y7 x))7
F2R L xO010) = Fyicao (K )1£(y; x)).

PROOF: Without loss of generality we normalize U, ~ [0, 1]. By continuity
of U, we can express Fy~ 1,(y) as

(32)  Fyvax(yl0) =Pr(Yy) < y|IX = x) =Pr(h(Uy, £,x) < y)
= Pr(U; <sup{u:h(u,t,x)=y})
= Pr(U < Fyn gyx (y|¥)).

Thus, using (30) and (32),

Fy 1ox (&()’2 )| L(y; x))

Pr(U; < Fyo0x (K(y: )IL(y: x)))
Pr(Uy < Fyonx (%)) = Fyn x (y1%),
Pr(U; < Fyoox (K(y; 0)IL(y; x)))
Pr(U; < Fyox(y|x)) = Fy~y 1 (y]X).

IA

Fy 10x (f(y; X)IL(y; X))

v

Q.E.D.

When there is no variation in X, the bounds are equivalent to those given in
Theorem 4.1. When there is sufficient variation in X, the bounds collapse and
point identification can be restored.
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THEOREM 4.4—Point Identification of the Discrete CIC Model with Co-
variates: Suppose that Assumptions 3.3, 3.4, 4.3, and 4.5-4.7 hold. Suppose that
Xo: = Xy, for t € {0, 1}. Define
(33) Si(y)={u:3x e Xy s.t. u= Fy g x(y|x)}.

Assume that, forall y € Yo, S;(y) €
is identified.

So(y). Then the distribution of YN |X

yeYoo

PROOF: Normalize U, ~ U[0, 1]. For each x € Xy, and each y € Y, let
(¥ (y; x), x(y; x)) be an element of the set of pairs (), x") € {Yq, Xoo} that
satisfy Fygox (V' |x') = Fyox(y|x). Whereas S;(y) Uyeym So(y), there exist
such a y" and x'. Then

FYNlX,ll(y|x) = FU,1(FY,01|X(y|x)) =FU,1(FY,00|X(l//(y2 )| x(y; x)))
= Fyix 10y (y; X)) x(y; x)). Q.E.D.

5. INFERENCE

In this section we consider inference for the continuous and discrete CIC
models.

5.1. Inference in the Continuous CIC Model

To guarantee that ¢ = E[Y]] — E[Y]]] is equal to E[Y;] —
IE[F;}OI(FY,OO(YIO))], we maintain Assumptions 3.1-3.4 in this subsection. Al-
ternatively, we could simply redefine the parameter of interest as E[Y}] —
E[Fy. 101 (Fy,00(Y10))1, because those assumptions are not directly used in the
analysis of inference. We make the following assumptions regarding the sam-
pling process.

ASSUMPTION 5.1—Data Generating Process:

(i) Conditionalon T; =t and G; =g, Y, is a random draw from the subpop-
ulation with G; = g during period t.

(ii) Forallt,ge€{0,1}, ag =Pr(T;=t,G;=g) > 0.

(iii) The four random variables Y,, are continuous with densities fy ,(y) that
are continuously differentiable, bounded from above by ?gt, and bounded from
below by ]_Cg‘ > 0 with support Y, = [th, '}78[].

(IV) We have Ym - Yog.
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We have four random samples, one from each group—period. Let the obser-
vations from group g and time period ¢ be denoted by Y, ; fori=1,..., N,,.
We use the empirical distribution as an estimator for the distribution function:

Nt

- 1
G4 Fra =+ D 1Y, <)
8 =1

As an estimator for the inverse of the distribution function, we use
(35  Fyl(@=inflyeYy:Fru(y)>q),
so that Fy,(0) = Y, As an estimator of T9C = E[Yy] — E[Fy 4 (Fyo0(Yio)l,

W€ use

Ny Ny

(36) 74IC = N ; Yii— No ;Fy,bl(FY,oo(Ylo,i))-

To present results on the large sample approximations to the sampling dis-
tribution of this estimator, we need a couple of additional definitions. First,
define

1
fY.()l(F;Z})I(FY,OO(Z))) '
p(y) =E[P(y, Y1),

1
38 4=
B8 D= Frm()

x (1{Fy.01(y) < Froo(2)} = Fyn(2)),
q(y) =E[Q(y, Yi0)],
(39) ry) = F;,IOI(FY.OO(}’)) - E[F;}n (Fy,oo(Ym))],
(40) s(y) =y —E[Yul,

(37) P(y,z) = (I{y <z} = Fy.n(2)),

with corresponding variances V7 = E[p(Yy)?]l, V¢ = E[q(Yy)?*], V' =
E[r(Y10)%], and V¢ = E[s(Y},)?], respectively.

THEOREM 5.1—Consistency and Asymptotic Normality: Suppose Assump-

tion 5.1 holds. Then (i) 7€ — 7€ = O, (N~12) and (ii) +/N (1€ — 791 —L A7(0),
VP /ooy +Vi/ag + V" /ayw+V:/an).
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See Appendix A for the proof.
An initial step in the proof is to linearize the estimator by showing that

Noy

Noo
. 1
T=T+—N E P(Yoo,i)+ E q(Yor:)
00—y

Nio Ny

1 1
—E:Y,» — 3 s(Yus N2,
+N10 r( 10,)-|-N11 2 (Y11, + 0,( )

The variance of the CIC §tima£9r can_be eq_gal to the variance of the stan-
dard DID estimator 7P™® =Y, — Yy — (Y, — Y ) in some special cases, such
as when the following conditions hold: (i) Assumption 5.1, (ii) Yy £ Y10, and

(iii) for some a e Rand for g =0, 1, Yg{‘é L Y;{ +a. More generally, the variance
of 7¢I€ can be larger or smaller than the variance of P10, %

To estimate the asymptotic variance V7 /ag + V7/ag + V" /oy + V*/ay,
we replace expectations with sample averages, using empirical distribution
functions and their inverses for distribution functions and their inverses,
and using any uniformly consistent nonparametric estimator for the den-
sity functions.®' Specifically, given estimators for the conditional densities,
we first estimate P(y, z), Q(y, 2), r(y), and s(y) by substituting these esti-
mators for fy,(y), Fy(y), and FY (@), and sample averages for expecta-
tions. We then estimate p(y) and q(y) by p(y) = ZN‘OP(y, Y10.:)/Nyp and
q(y) = ZN‘O Q(y, Y10.:)/ Ny, respectively. Finally, we estimate V7, V4, 17,

¥To see this, suppose that Yoo has mean zero, unit variance, and compact support, and that
Yoo L Ym. Now suppose that YN ~ 0 - Yy for some o > 0, and thus Y;l’ has mean zero and vari-
ance o? for each g. The assumptlons of the both the CIC model and the mean-independence
DID model are satisfied, and the probability limits of #P'° and #°'C are identical and equal
to E[Yy;] — E[Yi0] — [E[Y01] — E[Yool]l. If Ngo and Ny, are much larger than Ny, and Ny, the
variance of the standard DID estimator is essentially equal to Var(Y);) 4+ Var(Y},). The vari-
ance of the CIC estimator is in this case approximately equal to Var(Yj;) 4+ Var(k(Yy)) =
Var(Y;;) + 0% - Var(Y),). Hence with o2 < 1, the CIC estimator is more efficient, and with o2 > 1,
the standard DID estimator is more efficient.

3'For example, to ensure that the estimator is uniformly consistent, including at the boundary
points, let f’g, be the midpoint of the support, ?g, =Yy = Vo) /2. Then we can use the estimator
for fy g (y):

o= (Fya(y+N"12) = Fy g ()/N5, ify < ¥V,
Y, gt — A ~ ~
¢ (FY,gt(y) - FY.gt(y - N_I/B))/N_l/3v lfy > Yg1~

Other estimators for fAy,g,( y) can be used as long as they are uniformly consistent, including at
the boundary of the support.
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and V; as
) 1 Noo , R 1 Noj ,
V9= —— D Y, i) Vi=— g Y, i)
Nm; P(Yo0) N ;q( )

Nig N

~ 1 ~ 1
V= ~ Y, ; 2, V= —— A Y ; 2,
Nio ;r( 10,i) Ny ;S( 1)

and estimate a,, by &, =Y . 1{G, =g, T; = t}/N.

THEOREM 5.2—Consistent Estimation of the Variance: Suppose Assump-
tion 5.1 holds. Then ay, L ag for all g,t, yvrlyr velye prhypr
s b V'S, and, therefore,

I}p/&oo + I>"/5101 + Vr/&lo + I7S/(3111
L5 VP Jagg + VO ag + V' Jarg + V fay.

See Appendix A for the proof.
For the quantile case we estimate 7' as

f-gIC = ﬁ;’lll(q) — ﬁ;lm (Fy,oo(ﬁ;,llo(q)))’

To establish its asymptotic properties, it is useful to define the quantile ana-
log of the functions p(-), q(-), r(-), and s(-), denoted by p,(-), q,(-), r,(-),
and s,(-):

1

P FranFyn@))

X (Jl{y < F;fm(q)} - FY.OO(F{lm((]))),

1

) =y FroaFy @)

X (L{Fy.o1(y) < Fyoo(Fyho(@)} = Fyao(Fy (@),
() = — _ fY,OUEf;leo(Q)) _

Jro1(Fy. g (Fy.00(Fy 10(@))) fra0(Fy 10(q))

x (1{Fy.0(y) < q} - q),

s,(¥) == (Ly = Fyii(@)) - a),

fY,n(F;,lu((I))
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with corresponding variances V = E[p,(Yw)?1, V= Elg,(Yo)?], v, =
E(r,(Y1)*], and V.= Els,(Y11)*].

THEOREM 5.3—Consistency and Asymptotic Normality of Quantile CIC Es-
timator: Suppose Assumption 5.1(i)~(iii) hold. Then, defining q and g as in (17),

forall g € (¢, 9):

(i) '?qCIC LN e

q b

(ii) VN(F9C — 78 L N0, V2 fagg + Vi fator + V] Jarg + VE fauy).

See the supplement (Athey and Imbens (2006)) for the proof.

The variance of the quantile estimators can be estimated analogously to that
for the estimator of the average treatment effect.

We may also wish to test the null hypothesis that the treatment has no effect
by comparing the distributions of the second-period outcome for the treatment
group with and without the treatment—that is, Fys j;(y) and Fyw~ j;(y)—or
test for first- or second-order stochastic dominance relationships (e.g., Abadie
(2002)). One approach for testing the equality hypothesis is to estimate 7'
for a number of quantiles and jointly test their equality. For example, one may
wish to estimate the three quartiles or the nine deciles and test whether they
are identical in the distributions of Y/, and Y}}. In AL we provide details about
carrying out such a test, showing that a X test can be used. More generally,
it may be possible to construct a Kolmogorov—Smirnov or Cramer—Von Mises
test on the entire distribution. Such tests could be used to test the assumptions
that underlie the model if more than two time periods are available.

With discrete covariates, one can estimate the average treatment effect for
each value of the covariates by applying the estimator discussed in Theorem 5.1
and taking the average over the distribution of the covariates. When the co-
variates take on many values, this procedure may be infeasible and one may
wish to smooth over different values of the covariates. One approach is to es-
timate the distribution of each Y, nonparametrically conditional on covari-
ates X (using kernel regression or series estimation) and then again average
the average treatment effect at each X over the appropriate distribution of the
covariates.

As an alternative, consider a more parametric approach to adjusting for co-
variates. Suppose

h(u,t,x)=h(u,t) +x'B8 and h'(u,t,x)=h"(u,t)+x'B

with U independent of (T, X) given G.*? In this model the effect of the in-

32 A natural extension would consider a model of the form A(u, t) + m(x); the function m
could be estimated using nonparametric regression techniques, such as series expansion or kernel
regression. Alternatively, one could allow the coefficients 8 to depend on the group and/or time.
The latter extension would be straightforward given the results in AL
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tervention does not vary with X (although it still varies by unobserved differ-
ences between units). The average treatment effect is given by 7€ = E[Y},] —

E[F 7. 01(FY w(Y10))], where Y, ; =Y, — .B. To derive an estimator for
CIC

gl i
, we proceed as follows. First, 8 can be estimated consistently using linear
regression of outcomes on X and the four group—time dummy variables (with-
out an intercept). We can then apply the CIC estimator to the residuals from an
ordinary least squares regression with the effects of the dummy variables added
back in. To be precise, define D= ((1-T)(1-G), T(1-G),1-T)G, TG)'.
In the first stage, we estimate the regression

Yi=D6+ X8 +e.
Then construct the residuals with the group-time effects left in:
V=Y, - X|B=D5+5.

Finally, apply the CIC estimator to the empirical distributions of the aug-

mented residuals Y;. In Al we show that this covariance- -adjusted estimator of
7¢€ is consistent and asymptotically normal, and we calculate the asymptotic
variance.

5.2. Inference in the Discrete CIC Model

In this subsection we discuss inference for the discrete CIC model. If one
is willing to make the conditional independence assumption, Assumption 4.4,
the model is a fully parametric model and inference becomes standard using
likelihood methods. We therefore focus on the discrete case without Assump-
tion 4.4. We maintain Assumptions 3.1, 3.3, 3.4, and 4.2 (as in the continuous
case, these assumptions are used only for the interpretation of the bounds
g and typ, and they are not used directly in the analysis of inference).
We make one additional assumption.

ASSUMPTION 5.2—Absence of Ties: We have that Y is a finite set and, for all
¥,y ey,

Fyo1(y) # Fyo(y).

If, for example, Y = {0, 1}, this assumption requires Pr(Yy = 0) #
Pr(Yy = 0) and Pr(Yy = 0), Pr(Yy = 0) € (0,1). When ties of this sort are
not ruled out, the bounds on the distribution function do not converge to their
theoretical values as the sample size increases.™

33 An analogous situation arises in estimating the median of a binary random variable Z with
Pr(Z =1) = p. If p # 1/2, the sample median will converge to the true median (equal to
1{p > 1/2}), but if p = 1/2, then in large samples the estimated median will be equal to 1 with
probability 1/2 and equal to 0 with probability 1/2.
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Define

(41) Fyo(y) =Pr(Yep <),
42) k) =Fyy(Eye(), and k(y)=Fyy (Fro()
with estimated counterparts

Noo

A 1
F =— 1{ Yo R
(43) Fyo(y) Noo ; {Yoo: <y}

@) ko) =FL Eyw(), and k() =Frb (Fyo).

The functions k(y) and k( y) can be interpreted as the bounds on the transfor-

mation k(y) defined for the continuous case in (15). Note that k( = kCIC( »).
In the Appendix (Lemma A.12), we show that the c.d.f. of k(Yy) is FU¢ . and

YN 11
the c.d.f. of k(Yy) is FYN 11+ The bounds on 7 are then

g =E[Y1] - E[E(YIO)] and 71y =E[Y1] - E[k(Y10)],

with the corresponding estimators

Ni Ny

1 1
Tlp= — Y k(Y10 d
TLB Ni Z 11, Nwz (Y10,)) an

Nio

Tup = Ni Z Yii— ‘[\%— ZE(Ylo,i)-
i=1

n4 10 2

THEOREM 5.4 —Asymptotic Distribution for Bounds: Suppose Assump-
tions 5.1(i), (ii), (iv) and 5.2 hold. Then

VN (s = 1) = N (0, V* feryy + ¥ fatro)
and
VN (315 — Ti8) L N0,V /an +—I7r/alo),
where V' = Var(k(Y1,)) and V = Var(k(Yi)).
See Appendix A for the proof.
The asymptotic distribution for the bounds can then be used to construct

confidence intervals for the parameters of interest, following the work of
Imbens and Manski (2004).
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Note the difference between the asymptotic variances for the bounds and the
variance for the continuous CIC estimator. In the discrete case, the estimation
error for the transformations k() and k(-) does not affect the variance of the
estimates for the lower and upper bounds. This is because the estimators for

k() and k(-) converge to their probability limits faster than VN

5.3. Inference with Panel Data

In this section we modify the results to allow for panel data instead of re-
peated cross sections. Consider first the continuous case. We make the follow-
ing assumptions regarding the sampling process. Let (Y, Y;;) denote the pair
of first- and second-period outcomes for unit i.

ASSUMPTION 5.3—Data Generating Process:
(i) Conditional on G; = g, the pair (Y, Yu) is a random draw from the sub-
population with G; = g.
(ii) Forge{0,1}, a, =Pr(G;,=g) > 0.
(iii) The four random variables Y, are continuous with densities bounded and
bounded away from zero with support Y, that is a compact subset of R.

We now have two random samples, one from each group, with sample sizes
Ny and Ny, respectively, and N = Ny + N;. (In terms of the previous notation,
No = Ny = Ny, and N, = Ny, = Ny;.) For each individual we observe Y}, and
Y.1. Although we can still linearize the estimator as 7 =7+ Y_ p(Yo.)/Noo +
S q(Yor.)/No+ > r(Yi0.)/Ni+Y_s(Yii)/Nii+0,(N"'?), the four terms in
this linearization are no longer independent. The following theorem formalizes
the changes in the asymptotic distribution.

THEOREM 5.5—Consistency and Asymptotic Normality: Suppose Assump-
tion 5.3 holds. Then:

(i) e (e LN 7CIC.
(ll) \/N(’?'CIC - TCIC) —d>N(O, V”/a()-i- Vq/aO-I—CP"/ao-i- V’/a1 + V'V/Cl’l +
C”/ay), where VP V1 V' and V* are as before, and
CPM=E[p(Yu)- -q(Yo)] and
C” =E[r(Yy) - s(Y1)] = Covar(k(Yy), Yi1).

See the supplement (Athey and Imbens (2006)) for the proof.

3 Again a similar situation arises when estimating the median of a discrete distribution. Sup-
pose Z is binary with Pr(Z = 1) = p. The median is m = 1{p > 1/2} and the estimator is
m=1{Fz(0) <1/2}.If p #1/2, then VN (11 — m) — 0.
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The variances V7, V4, 1’7, and V'* can be estimated as before. For C?? and C”*
we use the estimators

Ny

N
- 1 <. R A 1 N n
Chi = ﬁo ; P(Yoo,i) : CI(Ym,i) and C"= N‘ Zr(YIO,i) -S(Yi,0)-

L

THEOREM 5.6—Consistent Estimation of the Variance with Panel Data:
Suppose Assumption 5.3 holds and Yy C Yo. Then V7P AN ve, v BN Va,

v Ly, vs Lsys, Cra L cra and Cr s C.
Now consider the discrete model with panel data.

THEOREM 5.7—Asymptotic Distribution for Bounds: Suppose Assumptions
5.2 and 5.3(i) and (ii) hold. Then

VN (#us = Tus) —d>N(0, Vejay+V Jay +C" Jay)
and
VN (%5 — 7ip) —d>N(O, V2 /ay +7’/a10 +Ers/al),

where V' = Var(k(Yy)), V= Var(E(Ylo)), C"” = Covar(k(Y1), Y11), and
6’5 = Covar(k(Ym), Yu).

See the supplement (Athey and Imbens (2006)) for the proof.

6. MULTIPLE GROUPS AND MULTIPLE TIME PERIODS: IDENTIFICATION,
ESTIMATION, AND TESTING

So far we have focused on the simplest setting for DID methods, namely the
two-group and two time-period case (from hereon, the 2 x 2 case). In many ap-
plications, however, researchers have data from multiple groups and multiple
time periods with different groups receiving the treatment at different times. In
this section we discuss the extension of our proposed methods to these cases.*
We provide large sample results based on a fixed number of groups and time
periods. We generalize the assumptions of the CIC model by applying them to
all pairs of groups and pairs of time periods. An important feature of the gen-
eralized model is that the estimands of interest, e.g., the average effect of the

3To avoid repetition, we focus in this section mainly on the average effects of the intervention
for the continuous case for the group that received the treatment in the case of repeated cross
sections. We can deal with quantile effects, discrete outcomes, effects for the control group, and
panel data by generalizing the 2 x 2 case in an analogous way.
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treatment, will differ by group and time period. One reason is that an intrinsic
property of our model is that the production function A(u, t) is not restricted
as a function of time. Hence even holding the group (the distribution of the
unobserved component U) fixed and even if the production function under
treatment A’ (u, t) does not vary over time, the average effect of the treatment
may vary by time period. Similarly, because the groups differ in their distribu-
tion of unobservables, they will differ in the average or quantile effects of the
intervention.* Initially we therefore focus on estimation of the average treat-
ment effects separately by group and time period.

To estimate the average effect of the intervention for group g in time pe-
riod ¢, we require a control group g’ and a baseline time period ' < ¢ such
that the control group g’ is not exposed to the treatment in either of the time
periods ¢ and ¢, and the treatment group g is not exposed to the treatment in
the initial time period ¢'. Under the assumptions of the CIC model, any pair
(g', t') that satisfies these conditions will estimate the same average treatment
effect. More efficient estimators can be obtained by combining estimators from
different control groups and baseline time periods.

The different control groups and different baseline time periods can also
be used to test the maintained assumptions of the CIC model. For example,
such tests can be used to assess the presence of additive group—period ef-
fects. The presence of multiple groups and/or multiple time periods has pre-
viously been exploited to construct confidence intervals that are robust to the
presence of additive random group—period effects (e.g., Bertrand, Duflo, and
Mullainathan (2004), Donald and Lang (2001)). Those results rely critically on
the linearity of the estimators to ensure that the presence of such effects does
not introduce any bias. As a result, in the current setting the presence of ad-
ditive group-period effects would in general lead to bias. Moreover, outside
of fully parametric models with distributional assumptions, inference in such
settings requires large numbers of groups and/or periods even in the linear
case.

6.1. Identification in the Multiple Group and Multiple Time-Period Case

As before, let G and 7 be the set of group and time indices, where now
G={1,2,...,Ngtand T = {1, 2, ..., Nr}. Let Z be the set of pairs (¢, g) such
that units in period ¢ and group g receive the treatment, with the cardinality
of this set equal to N;.*” For unit i the group indicator is G; € G and the time
indicator is 7; € 7. Let I; be a binary indicator for the treatment received, so
that I, =1 if (T}, G;) € 7. We assume that no group receives the treatment in
the initial period: (1, g) ¢ Z. In addition, we assume that after receiving the

36This issue of differential effects by group arose already in the discussion of the average effect
of the treatment on the treated versus the average effect of the treatment on the control group.
YIn the 2 x 2 case, G ={0,1}, 7 ={0,1},and T = {(1, 1)} with Ny = 1.
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treatment, a group continues receiving the treatment in all remaining periods,
sothatift,t4+1€e7 and (t,g) € Z, then (t+1, g) € Z. Let Fy 4 ,(y) be the dis-
tribution function of the outcome in group g and time period ¢, and let a, , be
the population proportions of each subsample, for g € G and t € 7. As before,
YV = h(U, t) is the production function in the absence of the intervention.

For each “target” pair (g, t) € Z, define the average effect of the interven-
tion:

Tor =ElY,, = Y} 1=E[Y, 1 -E[hU,0|G =gl

This average treatment effect potentially differs by target group—period (g, ¢)
because we restrict neither the distribution of Y’ by group and time nor the
production function A(u, t) beyond monotonicity in the unobserved compo-
nent.

In the 2 x 2 case there was a single control group and a single baseline time
period. Here 7¢'C can be estimated in a number of different ways, using a range
of control groups and baseline time periods. Formally, we can use any control
group go # g in time period £, < ¢ as long as (g, %), (80, 1), (g, ) ¢ Z. It is
useful to introduce a separate notation for these objects. For each (g, t), which
defines the target group g and time period ¢, and for each control group and
baseline time period (g, #), define

Kgo.g.19.t = E[ng'] [F}:ivo t(Fygo to( & ’0))]‘

As before, the identification question concerns conditions under which
E[F;! et (Frgo.o(Ye )1 = E[Y,)], implying xy, . = 75 . Here we present
a generalization of Theorem 3 1 For ease of exp051t10n we strengthen the
support assumption, although this can be relaxed as in the 2 x 2 case.

ASSUMPTION 6.1—Support in the Multiple Group and Multiple Time-Period
Case: The support of U|G = g, denoted by U,, is the same forall g € .

THEOREM 6.1—Identification in the Multiple Group and Multiple Time-
Period Case: Suppose Assumptions 3.1-3.3 and 6.1 hold. Then for any (g, t;)
with (g1, t) € L such that there is a pair (g, ) that satisfies (go, t), (8o, t1),
(g1, to) ¢ I, the distribution of Ygf:' 1 i identified and, for any such (go, t),

(45) FyN,gl,tl (Y) = FY,gl,IO (F}zlgo’fo(FY,go,ll ()’)))'

The proof of Theorem 6.1 is similar to that of Theorem 3.1 and is omitted.
The implication of this theorem is that for all control groups and base-

line time periods (go, %) that satisfy the conditions in Theorem 6.1, we have

CIC _
Tgl,rl = Kgg.g1.00.11+
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6.2. Inference in the Multiple Group and Multiple Time-Period Case

The focus of this section is estimation of and inference for T?C As a first
step, we consider inference for k.., - FOr each quadruple (go, g1, to, t;), we
can estimate the corresponding kg, o, 1., S

N N
81:1 81:1y
1

(46) 'A(govglvfo,fl = N ngl»i - ]—\]—_ Z F}j,}go.tl (wagoato(Yglytoyi))'
4

L i=1 1lo i=1

By Theorem 6.1, if 1, < 1), (g1, 1) € Z, and (go, &), (8o, t1), (g1, ) ¢ Z, it fol-
lows that kg, 751 . Hence we have potentially many consistent estima-

0.t = gl 4
tors for each 7. Here we first analyze the properties of each &g,q 4, as an

estimator for KgO £1t0.117 and then consider combining the different estimators
into a single estimator 7, , for 7 ,.

For inference concerning kg, o, 1.,,» W€ €xploit the asymptotic linearity of the
estimators Ky, o, 1., - 10 do so it is useful to index the previously defined func-
tions p(-), q(-), r(-), and s(-) by groups and time periods. First, define®

R R Py go,:<Fy,g0.t0(z>>> =2t Fra(@)
1
ngo,n Fygo,:1 (FY,go,IO(Z)))
X (L{Fy g4 (9) < Fr.g0.0(2)} = Fy ,,(2)),
Peo.giton V) = ElPgy g110.0 (Vs Yei.10)]5
Ago.51.10.0 () = El[Qg 1,100, (Vs Y0015

rgo,gl,t(),fl (Y) = Yg[) f (FY 80> 10()’)) [F;Tgo t (FY,go,to(Ygl,tO))]a

ng,gl,to,ll (Ya zZ)=

and

Sgo,g],lo,t] (y) = y - E[Ygl,tl]'

Also define the four averages

1 Ngo.1o
Ap —_ .
Mego.g1.0.861 = N § : pgo‘gxalo»tl(ygo,fo‘t)’
8000 oy
Ngg.q

1
~q — .
Heg.g1.10.81 = N E : qgo,gl’fovfl(Ygon)’
80541

i=]

3 Although we index the function sy ¢, 4., () by 8o, &1, %, and #, only to make it comparable
to the others, it does not actually depend on group or time.
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Nepig

~r _ )
”‘go,gl,to,g] - N § : r&'ngl,t(]x’l(YglvtO,l)’
L

Ngy.ny

1
~s _
"'Lgo,gl,to,gl Z Sg0.81.10:11 (Ygx tl,l)

81 o

Define the normalized variances of the i’s:
P ~P
Vé’o g:toh — NB’Ov’O ’ Var(lu’go,glyto,m )5
q — ndg
Vgo 8uslo:t1 — NgO’tl ’ Var('u“go,glvto,gx )
r _ . ~r
V;o,gl-lo,ll - Ngl”O Var(ugo,gn,io»gl)’

s _ . As
Vgo,gl,to,tl _Ngl"l Var("'bgo,ghfo,gl)'

Finally, define
K =K +ab + @l +an +
s0-81.t0:01 = Kgo.gnton T Mogogr.to.81 T Mgo.g1.t0.81 Mg(],gl,l(Jsgl I"‘go.gwo,gl'

LEMMA 6.1—Asymptotic Linearity: Suppose Assumptions 5.1 and 6.1 hold.
Then Ry, g, .1, IS asymptotically linear: Kg, o\ 10 1 = Kggog1.10,6 + 0p(N7V3).

The proof of Lemma 6.1 follows directly from that of Theorem 5.1.

The implication of this lemma is that the normalized asymptotic variance

~.CIC CIC 1 3
of Ky %, 1.1, 18 €qual to the normalized variance of k. ., , which is equal to
Vp Vq Vr Vs
80 81,10711 80,81>%0:11 80-81-10,41 80.81-10,11
N - Var(kg) g,.1,1,) = + + .
Xeo.t9 Xgo,1y Aerit Qg1

In addition to the variance, we also need the normalized large sample covari-
ance between K, g, 4., and kg ¢« «. There are 25 cases (including the case
with go =g, 81 =8, b =1, and tl = t|, where the covariance is equal to the
variance). For example, if g, = g;, 81 = &}, fo = t), and #, # ¢, then the normal-
ized covariance is

CIC ~CIC
N- COV(Kgo 81:10s11? Kgf,,gﬁyf(),t})

_ cIc ~CIC
=N- COV(Kgo 81,101 Kgo,guto,ti)

=N- E[ﬁgﬂ’gl”(’”l ) go 81,%0:1 J+N- ]E[l’l’go 81,1051 ”’go 81,101 1.
The details of the full set of 25 cases are given in Appendix B.

Let J be the set of quadruples (g, g1, %, t1) such that (g, %), (g, t1),
(g1, %) ¢ Z and (g1, 1) € Z, and let N, be the cardinality of this set. Stack
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all kg, ¢ .14, Such that (go, g1, %, 4) € J into the N ;-dimensional vector & ;;
similarly stack the k, ,, ., into the N ;-dimensional vector k. Let V; be the

asymptotic covariance matrix of /N - & ;.
THEOREM 6.2: Suppose Assumptions 5.1 and 6.1 hold. Then
VN — ky) =5 N0, V).

For the proof, see Appendix A.

Next, we wish to combine the different estimates of Ti‘f. To do so efficiently,
we need to estimate the covariance matrix of the estimators Ky, g, 4> V-
As shown in Appendix A, all the covariance terms involve expectations of prod-
ucts of the functions Pgo.e1.101 (}’), 9s0.21.10.11 (y)’ Teo.81.10:11 ()’), and Sg0.81.0-11 (Y),
evaluated over the distribution of Y, ,. These expectations can be estimated
by averaging over the sample. Let the resulting estimator for V; be denoted

by V. The following lemma, implied by Theorem 5.2, states its consistency.

LEMMA 6.2: Suppose Assumption 5.1 holds. Then V, —> V.

It is important to note that the covariance matrix V; is not necessarily of full
rank.* In that case we denote the (Moore-Penrose) generalized inverse of the
matrix V; by V5.

We wish to combine the estimators for kg, ¢, 1, into estimators for 7{’C. Let

751€ denote the vector of length N7 that consists of all TCIC stacked. In addition,

let A denote the N, x N; matrix of 0-1 indicators such that k; = A4 - 7§'€
under the assumptions of Theorem 6.1. Specifically, under the assumptions of
Theorem 6.1, if the jth element of k; is equal to the ith element of 7$¢, then
(i, j)th element of A4 is equal to 1. Then we estimate 75'C as

ACIC (AV( )A) (AV )C[C)

*To see how this may arise, consider a simple example with four groups (G = {1, 2,3, 4}) and
two time periods (7 = {1, 2}). Suppose only the last two groups (groups 3 and 4) receive the
treatment in the second period, so that (3, 2), (4, 2) € Z and all other combinations of (g, ¢) ¢ Z.
There are two treatment effects—r§y and (¥ —and four comparisons that estimate these two
treatment effects—, 312 and k31 2, which are both equal to 757, and ki 4,12 and k4,1 2, which
are both equal to TCIC Suppose also that Fy , ,(y) = yforall g, t. In that case, simple calculations
show E[pg" 81,10, ()’)] - E[q&u 81,0911 M= Teo.81, 10,1y = Sgo.g1,t0:11 M=y~ 1/2 so that & Ki312=
Ysz—Yﬂ-le—Yn,Ksz—Yu—Ym—le—Y11,K2312—Y32—Y31-Yzz—Yzl,and
koa12=Ya,— Yi1 — Yo, — Ya,. Then Ky4a2— K23,12 — Kia1,2 + K13,1,2 = 0, which shows that
the covariance matrix of the four estimators is asymptotically singular. In general, the covariance
matrix will have full rank, but we need to allow for special cases such as these.
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THEOREM 6.3: Suppose Assumptions 3.1-3.3, 5.1, and 6.1 hold. Then
VN - (755 — 7816 L N(0, (AVEY A)).

PROOF: A linear combination of a jointly normal random vector is nor-
mally distributed. The mean and variance then follow directly from those
for k. QE.D.

In some cases we may wish to combine these estimates further. For exam-
ple, suppose we may wish to estimate a single effect for a particular group,
combining estimates for all periods in which this group was exposed to the in-
tervention. Alternatively, we may be interested in estimating a single effect for
each time period, combining all estimates from groups exposed to the interven-
tion during that period. We may even wish to combine estimates for different
groups and periods into a single average estimate of the effect of the interven-
tion. In general, we can consider estimands of the form 7$'¢ = A'7SIC, where
A is an N; x L matrix of weights with each column adding up to 1. If we are
interested in a single average, L = 1; more generally, we may be interested in a
vector of effects, e.g., one for each group or each time period. The weights may
be choosen to reflect relative sample sizes or to depend on the variances of the
7¢1€. The natural estimator for 75'C is 7' = A'75I€. For fixed A it satisfies

\/_ ("CIC CIC)_d>N(O, A,(A/V}-)A)—IA)-

As an example, suppose one wishes to estimate a single average effect, so
A'is an Nz vector and (with some abuse of notation) 74'“ =3 .z Ag.: - TCIC.
One natural choice is to weight by the sample sizes of the group—tlme penods
SO Agi = Ngi/ D 4 ner Ng.i- Alternatively, one can weight using the variances,
leading to A = (¢ A,V A)~'v A’V A. This latter choice is particularly ap-
propriate under the (strong) assumption that the treatment effect does not
vary by group or time period, although the above large sample results do not
require this assumption.

6.3. Testing

In addition to combining the vector of estimators to obtain a more efficient
estimator for 7, we can also use it to test the assumptions of the CIC model.
Under the maintained assumptions all estimates of the form kg ,, .., Will esti-
mate 7{'¢ . If the model is misspecified, the separate estimators may converge
to dlfferent limiting values. We can implement this test as follows.

THEOREM 6.4: Suppose that Assumptions 3.1-3.3, 5.1, and 6.1 hold. Then

N-(ky—A- 7SV (ky — A- 799 -5 X2(rank(V,) — No).
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PROOF: By joint normality of k; and the definition of 79I€, it follows that
k; — A - 7$€ is jointly normal with mean zero and covariance matrix with
rank(V;) — NI Q.E.D.

This test will have power against a number of violations of the assump-
tions. In particular, it will have power against violations of the assumption
that the unobserved component is independent of the time period condi-
tional on the group or U L T|G. One form such violations could take is
through additive random group-time effects. In additive linear DID models
such random group-time effects do not introduce bias, although, for infer-
ence, the researcher relies either on distributional assumptions or on asymp-
totics based on large numbers of groups or time periods (e.g., Bertrand, Duflo,
and Mullainathan (2004), Donald and Lang (2001)). In the current setting,
the presence of such effects can introduce bias because of the nonadditivity
and nonlinearity of A(u, t). There appears to be no simple adjustment to re-
move this bias. Fortunately, the presence of such effects is testable using The-
orem 6.4.

We may wish to further test equality of 7{'C for different g and 7. Such tests
can be based on the same approach as used in Theorem 6.4. As an example,
consider testing the null hypothesis that 7{'¢ = 7 for all (g, ¢) € 7. In that

case, we first estimate 7€ as 7€ = A7IC w1th A=AV A) WAV A
Then the test statistic is N - (7€ — ACIC ) ALV )A(ACIC 7€ 1), In large

samples, N - (791€ — 79IC .y 47 V77 4(751€ — 7CC . ) 4 X¥*(N; — 1) under
the null hypothesis of TCfC _ it for all groups and time periods.

7. CONCLUSION

In this paper, we develop a new approach to difference-in-differences mod-
els that highlights the role of changes in entire distribution functions over time.
Using our methods, it is possible to evaluate a range of economic questions
suggested by policy analysis, such as questions about mean-variance trade-offs
or which parts of the distribution benefit most from a policy, while maintaining
a single, internally consistent economic model of outcomes.

The model we focus on, the changes-in-changes model, has several advan-
tages. It is considerably more general than the standard DID model. Its as-
sumptions are invariant to monotone transformations of the outcome. It allows
the distribution of unobservables to vary across groups in arbitrary ways. For
example, it allows for the possibility that the distribution of outcomes in the
absence of the policy intervention would change over time in both mean and
variance. Our method could evaluate the effects of a policy on the mean and
variance of the treatment group’s distribution relative to the underlying time
trend in these moments.

A number of issues concerning DID methods have been debated in the liter-
ature. One common concern (e.g., Besley and Case (2000)) is that the effects
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identified by DID may not have a causal interpretation if the policy change
occurred in a jurisdiction that derives unusual benefits from the policy change.
That is, the treatment group may differ from the control group in the effects of
the treatment, not just in terms of the distribution of outcomes in the absence
of the treatment. Our approach allows for both of these types of differences
across groups because we allow the effect of the treatment to vary by unob-
servable characteristics whose distribution may vary across groups. As long as
there are no differences across groups in the underlying treatment and non-
treatment “production functions” that map unobservables to outcomes at a
point in time, our approach can provide consistent estimates of the effect of
the policy on both the treatment and the control group.

In the supplement for this paper (Athey and Imbens (2006)), we present an
application to the problem of disability insurance (Meyer, Viscusi, and Dubin
(1995)) that illustrates that our approach to estimate the effects of a policy
change can lead to results that differ from those obtained through the standard
DID approach in magnitude and significance. Thus, the restrictive assumptions
required for standard DID methods can have significant policy implications.
Even when one applies the more general classes of models proposed in this
paper, however, it will be important to justify such assumptions carefully.
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APPENDIX A: PROOFS

Before presenting a proof of Theorem 5.1, we give a couple of preliminary
results. These results will be used in the construction of an asymptotically lin-
ear representation of 7°'°, following the general structure of such proofs for
asymptotic normality of semiparametric estimators in Newey (1994). The tech-
nical issues involve checking that the asymptotic linearization of F Yol (Fy(2))
is uniform in z at the appropriate rate, because 7°C involves the average
(1/N1) >, ﬁ;}n(ﬁy,oo(yw,i)). This in turn will hinge on an asymptotically lin-
ear representation of F;é,(q) that is uniform in g € [0, 1] at the appropriate
rate (Lemma A.6). The key result uses a result by Stute (1982), restated here
as Lemma A .4, that bounds the supremum of the difference in empirical dis-
tribution functions evaluated at points close together. In the Appendix, the ab-
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breviations TI and MVT will be used as shorthand for the triangle inequality
and the mean value theorem, respectively.

Because N, /N — ay, with a,, positive, any term that is O,(N g‘,‘s) is also
O,(N~?); similarly, terms that are 0,(N,”) are 0,(N~?). In the following dis-
cussion for notational convenience we drop the subscript g¢ when the results
are valid for Y,, for all (g, 1) € {(0,0), (0, 1), (1, 0)}.

Recall that as an estimator for the distribution function, we use the empirical
distribution function

R 1 &
Fy(y) =5 1Y <y)
i=1

N

1
R+ S en - R

i=1
and as an estimator of its inverse, we use
(A1) F(@) =Yng =inflye Y:Fy(y) 2 q)
for g € [0, 1], where Y|4, is the kth order statistic of Y;, ..., Yy and [a] is the

smallest integer greater than or equal to a, so that F;'(0) = y. Note that

(A2)  q<Fy(F;'(@)<q+1/N,
with Fy(ﬁ;l(q)) =q if g = j/N for some integer j € {0, 1, ..., N}. Also

y- i:nIlaXN(Ym -Yi) < ﬁ;l(ﬁY(Y)) <Yy

where Yo, = ¥ with ﬁ;l(ﬁy(y)) =y at all sample values Y7, ..., Yy.

LEMMA A.l: Let U=[u,u),let Y= [y, ¥ with —o0 < U, U, Y,y <00, and let
8(-):Y — U be a nondecreasing, right continuous function with its inverse defined
as

g ' (w)y=inflye Y:g(y) > u}.

Then:
(i) ForallueU, g(g7'(u)) > u.
(ii) ForallyeY, g7 '(g(y)) <y.
(iii) ForallyeY, g(g ' (g(y))) =g(y).
(iv) ForallueU, g7'(g(g™"(w))) = g7 " (u).
(v) We have {(u,y)lu € U,y € Y,u < g»)} = {(u,»)lu € U,y €Y,
g ' (u) <y}



DIFFERENCE-IN-DIFFERENCES MODELS 479

See the supplement (Athey and Imbens (2006)) for the proof. Note that this
lemma applies to the case where g(y) is an (estimated) cumulative distribution
function and g~'(u) is the inverse distribution function defined in (A.1).

Next we state a general result regarding the uniform convergence of the em-
pirical distribution function.

LEMMA A.2: Forany 6 <1/2,

supN? - [Fy(y) — Fy(»)] 3 0.

yeY

PROOF: Billingsley (1968) and Shorack and Wellner (1986) show that with
X1, Xa, ... independent and identically distributed, and uniform on [0, 1],

supy., N'/?- |Fy(x)—x| = O,(1). Hence for all § < 1/2, we have sup,_,_, N°-

|I:“ v (x) — x| £0. Consider the one-to-one transformation from X to Y,
Y = F;'(X), so that the distribution function for Y is Fy(y). Then

supN® - |Fy(y) — Fy(y)| = sup N° - |Fy(F7'(x)) — Fy(F;'(x))|

yeY 0<x<1

= sup N°-|Fy(x) — x| 30,

O<x<l1

because
Fx(x)=(1/N)Y_1{Fy(Y;) < x}
= (1/N) ) _1{Y; < F;'(x)} = Fy (F;'(x)). QE.D.

Next, we show that the inverse of the empirical distribution converges at the
same rate:

LEMMA A.3: Forany 6 <1/2,

sup N° - [F;'(q) — F;'(q)| 5 0.

q€(0,1]

Before proving Lemma A.3 we prove some other results.

Next we state a result concerning uniform convergence of the difference be-
tween the difference of the empirical distribution function and its population
counterpart and the same difference at a nearby point. The following lemma is
for uniform distributions on [0, 1].

LEMMA A.4—Stute (1982): Let

w(a) = sup N1/2~]ﬁy(y+x)—l:“y(x)

=y=1L,U=x=a,V=

— (Fy(y+x) = Fy(»)|-
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Suppose that (i) ay — 0, (ii) N - ay — oo, (iii) log(1/ay)/loglog N — oo, and
(iv) log(1/ay)/(N - ay) — 0. Then

w(ay)

fm ————
N—co  f2aylog(1/ay)

For the proof, see Stute (1982, Theorem 0.2) or Shorack and Wellner (1986,
Chapter 14.2, Theorem 1).

Using the same argument as in Lemma A.2, one can show that the rate at
which w (a) converges to zero as a function of a does not change if one relaxes
the uniform distribution assumption to allow for a distribution with compact
support and continuous density bounded and bounded away from zero. Here
we state this in a slightly different way.

=1 wp.l.

LEMMA A.5—Uniform Convergence: Suppose Assumption 5.1 holds. Then,
for0<n <3/4and 6 > max(2n — 1, n/2),

sup N |Fy(y+x) — Fy(y) = (Fy(y + %) = Fy(»))]

yeY,x<N=8 x+yeY

0.

The proof is given in the supplement.
Next we state a result regarding asymptotic linearity of quantile estimators
and we provide a rate on the error of this approximation.

LEMMA A.6: Forall0 <n <5/7,

p

sup N7- |, (q) — Fy' (@) + (Fy(F;y\ (@) — q)| 2> 0.

1
qel0,1] fr(Fy'(q)
The proof is given in the supplement.

PROOF OF LEMMA A.3: By the TI,

sup N° - |F;'(¢) ~ F;'(@)]

gel0,1]

(A3) < sup N°- |F;'(q) — Fy' (@) + (Fy(Fy' (@) —q){

q¢€l0,1]

1
fr(Fy'(q)

(A.4) + sup N°-

q<[0,1]

(Fy(Fy () — q))-

1
fr(Fy'(@)
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By Lemma A.6, (A.3) converges to zero. Next, consider (A.4):

(Fy(Fy' (@) — q)

sup N°

1
w0 | fr(FrN(g)

1 A
< - sup N°- |Fy(F;'(q)) — Fy(F;' ()]

J qe[0,1]

1 ~
< 7 supN° - |Fy(y) — Fy(y)l,

J yeY
which converges to zero by Lemma A.2. Q.E.D.

Using the definitions for p(-), P(-,-), q(-), Q(-, -), r(-), and s(-) given in Sec-
tion 5.1, define the following averages, which will be useful for the asymptotic
linear representation of 7<¢:

Noo Noo Nyp

. 1
Mp:N—OOZp(YOO’i)’ N()g NIOZZP(YOOHYIOJ)a

i=1 i=1 j=1

Noy No1 Ny

i=1 i=1 j=1

LEMMA A.7: Suppose Assumption 5.1 holds. Then
ar — fLP = Op(N‘l/z) and 7 — ﬁQ — Op(N_l/z).

PROOF: Given af is a two-sample V -statistic, define Py(y) = E[P(y, Yi9)]
and P,(y) = E[P(Yy, y)]. Standard theory for V/-statistics implies that, under
the smoothness and support conditions implied by Assumption 5.1,

Nio

1
A= — ZP«YOO,) + Z&(Ym,) +0,(N"12),

Because P;(y) = p(y) and P,(y) = 0, the result follows. The argument for i€ is
analogous. Q.E.D.

LEMMA A.8 —Consistency and Asymptotic Linearity: Suppose Assump-
tion 5.1 holds. Then
Nip

No Zﬁ;})l(ﬁY,OO(YIO,i)) - E[Fy b (Fyo(Y1))]
10 =
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and
Nio

1 g 2 Iy 0 Ar
No ZF;,})I(FY,OO(YIO,:‘)) —E[Fy o, (Fyo(Y)] — A7 — 4% — i
10 i—1
=0,(N'?).
PROOF Because ﬁyoo(z) converges to Fy(z) uniformly in z and be-

cause FY 0(q) converges to Fy g (q) uniformly in g, it follows that
ym(FYoo(Z)) converges to FYO](FYOO(Z)) uniformly in z. Hence (1/Njg) x

va‘f FYOI(FYOO(YN,)) converges to (1/Ny) ZN“’ FYOI(FYOO(YIO,)), which by

Assumption 5.1 and the law of large numbers converges to E[F; ¢ v.01(Fyr,00(Y10))],
which proves the first statement.
To prove the second statements, we will show that (A.5)-(A.7),

1 doo,
N2 (N_IO ;FY,}n(FY,oo(Ym,i))
E[F5 4 (Fyo0(Y)] — af — a? - ,&’)
1 Qo
(AS) =NZ. N_ ZF;,})I(FY’OO(YIOJ))
10 4=
1 .
-V gF;,zl(Fy,OO(Ym,i)) - m)
Nip
(A.6) +NV2. ( ZFym(FY w(Yi0.))
1 NlO
TNo ZF)?}n(FY,oo(Yw,i)) - ﬂp)
10 “=
Nig
(A7) +N2 ( ZFym(FYoo(Yloz))
E[Fy 5 (Fy0(Y10))] — ﬁf),
are 0,(1). First, (A.7) is equal to zero. Next, because i” = i” + 0,(N~"?) and

4= p2+o0,(N-Y%),itis sufficient to show that (A.5) and (A.6) with 4?7 and 9
replaced by 4 and 4 are 0,(1).
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First, consider (A.5). By the TI,

1 Nig R R 1 Nio R
Nu ZF;,}H(FY,OO(Ym,i)) N gF)ZBl(FY,OO(Ylo,i)) -n?

i=1

N1/2

Nio Nio

1 PPN 1 oA
(A.8) <N'? 7\/’_1; ;Fy}n (Fy,00(Y10,) — N_IO ;Fy}n(FY,OO(YlO,i))

1 1 N Nom 1

Nio No ‘3 =1 fY,01(F;,}n(ﬁy,oo(ylo,i)))

x (1{Fy,n(Yor;) < Fyoo(Yio.)} — ﬁY,OO(YIO,i))|

1 1 Nio Not 1

(A9) + NV - 2
Ny Ny PR fyyol(F;}n(Fy,oo(Yw,i)))

x (1{Fy,0(Yor,) < Fyoo(Yi0.)} — ﬁy,oo(Ym,i)) - a°

Equation (A.8) can be bounded by

N
1 10 R R R
NUZ—AE; Z Fy 5 (Fr00(Y10,)) = Fy gy (Fro0(Y0,1))
i=1
1 1
Not = fron(Fy (Froo(Yio,)))
x (1{Fy,n(Yor,;) < Fyoo(Yio.)} — ﬁY,OO(YIO,i))'
< N"sup|F7h (q) — Fyh(q)
q
1 & 1
+ ) —————(UHFru(Yo,) <q}—
Noi ; fY,Ol(ijn(Q))( rotin) =4 q)
= N"2sup|Fy 1, (@) — Fyfy (@)
q

1

+ ——————(Fra(Fy (@) —
FrEo gy FraFrn(@) = q)

b
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which is 0,(1) by Lemma A.6. Next, consider (A.9):

Nl/zi 1 Nig Npi 1

Nig Noy = -1 fY,OI(F)j}n(ﬁ)’,oo(ylo,i)))

X (1{Fy01(Yor) < Fyo0(Yio.)} = Fro0(Yip,))

Nio No

1 1 Z 1
Nig Ny ) fY,Ol(F;,})l(FY,OO(YIO,i)))

i=1

x (1{Fy,n(Yor,;) < Fyo0(Y10,)} — Fy.00(Y10.0))

vl Ly !

Nio fY,m(F;}n(ﬁy,oo(Ym,i)))
X (FY,Ol (F}:}n(ﬁY,OO(YlO,i))) - ﬁY,OO(YIO,i))

Nio

1 1
Nio & frn(Fy g (Fyo0(Y10,)))

X (ﬁy,m (Fy o (Froo(Y10.))) — Fyo0(Y10.0)) |-

By the TI, this can be bounded by

Nio

1 1
(A10) NV?|— -
N = fro(Fy g (Fyo(Y,)))

X (ﬁy,m (F;})] (FY,OO(YIO,i))) - ﬁY,OO(Ylo.i))

Nio

1 1
Ny 3 fY,Ol(F}j}n(FY,OO(YIOJ)))

X (ﬁy,m (Fy o1 (Fy.00(Y10.0)) = Fr0(Y10,1))

N
(All) +N1/2 L 10 1

Nio i=1 fY.Ol(F;jn(ﬁY,oo(Ylo,i)))
X (FA‘Y,Ol(F)z%)l(FY,OO(YIO,i))) — Fyo0(Y10.))
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Nio

1 1
Ny ) fy,01(F;})1(FY,00(Y10,1)))

x (Fron(Fy (Froo(Yi0.))) = Frao(Yio) |-
Equation (A.10) can be bounded by

1\]1/2S p

: Suplﬁy,m (F;,}n (FY,OO(Y))) - ﬁY,oo(y)

1
fYOl(Fym(CI)) y
- (ﬁy,m (Fy 01 (Froo()) = Frao(»)|

<NYV*.C. SUP|FY,01(F;,})1(FY,00(Y))) —Fy,m( v (Froo(y))
y

— (Fyou(Fy 5 (Fro0(»))) = Froo)|-

To see that this is 0,(1), we apply Lemma A.5. Take 6 =1/3 and n =1/2.

Then ﬁY,()()( y) — Fyo(y) = 0,(N~?), and thus the conditions for Lemma A.5
are satisfied and so (A.11) is 0,(1). Equation (A.11) can be bounded by

1 1
fro(Fy, 01(FY 00(Y10,))) fY,Ol(Fﬁ}n(FY,oo(Ylo,i)))

x N4 SupiFy,m (F)zOl(FY,OO(YIO,i))) - FY,OO(YIO,i)|'
q

N1/4

Both factors are 0,(1), so (A.11) is 0,(1).

Second, consider (A.6):
Nio Nio
NV — ZFY o (Fyo0(Y0,0)) — ZFY b (Froo(Yi0,)) — i°

Nio
1 1

—Z< Y01(FYOO(y)) ym(FY,oo(Ylo,i))

10,4

— N1/2

1
B fY,Ol(F}Z}n(FY,OO(Ylo,i)))

1 &
X —Z L{Yo0,; < Yio,i} _FYOO(YIOI))>|

j=1
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SN sup|F vin Froo() = Fyy (Fron(y))
1 1 Mw
 Fro(Fyh (Froo()) Noo ;(“YW <yl = Fra®)
= N'sup |yl (Frao(7) = Fr by (Fran(y)

pa— F"‘ _F .
FronFy P ) ”’0(”)‘

Expanding F ;‘101(13},00( y)) around Fy o (y) implies that this can be bounded by

Ify.on
froo(y)® dy

which is 0,(1) by Lemma A.2.
Finally, the third term (A.7) is equal to zero. Q.E.D.

N2 sup

(y)| - sup lﬁY‘oo()’) - FY,OO(YNZ,
y

LEMMA A.9—Asymptotic Normality: Suppose Assumption 5.1 holds. Then

1 N A
\/]—V—(‘N“ ZF;}n(Fy,oo(Yw,i)) - ]E[F;%M(FY,OO(Y[()))])
10 “=

| 200 7S B
—>N(0 — 4+ —+ )

Qoo 4] [251))

PROOF: Because of Lemma A.8, it is sufficient to show that

VNP + 9+ @) =5 N0, V" Jagy + VI oy + V' ).

Conditional on N,,, all three components 4”, 17, and 4" are sample averages of
independent and identically distributed random variables. Given the assump-
tions on the distributions of Yy, all the moments of these functions exist, and,
therefore, central limit theorems apply and the result follows directly. Q.E.D.

PROOF OF THEOREM 5.1: Apply Lemmas A.8 and A.9, which give us
the asymptotic distribution of Zﬁ;’},l(ﬁy,oo(Yw,-)) /Ny. We are interested in
the large sample behavior of Y Yy;;/Niy — Zﬁ;,gl(ﬁy,go(Ym,-))/Nm. Whereas
Y Yii/Ny = ¥ is asymptotically independent of Zﬁ;jn(ﬁy,oo(Ylo,»)) /N0,
this just leads to the extra variance term V};/a;. Q.E.D.

Before proving Theorem 5.2, we state two preliminary lemmas. Proofs are
provided in the supplement.



DIFFERENCE-IN-DIFFERENCES MODELS 487

LEMMA A.10: Suppose that for hl,;zl:Yl — R, and hz,fzzzYz — R,
SUP,.y, 1M (Y) = B =0, sup,y, 1h2(y) = ha(¥)| =0, sup .y, Il (1)] <
hy < 00, and SUP,cy, |A2(Y)| < hy < 00. Then

sup a1 (y) o (y2) — By (1) ha(y)| —> 0.

1€Y1, 2€Y,

LEMMA A.11: Suppose that for hy, izl Y. > Y, R and h,:Y, —> R,
SUP,cy, A (y) — hi(P)] 25 0and SUp,cy, [ha(y) — ha()] BN 0, and suppose that
ha(y) is continuously differentiable with its derivative bounded in absolute value
by h, < co. Then

(A12)  sup|hy(hy(1)) — ha(hi(y))] 2> 0.

yeY;

PROOF OF THEOREM 5.2: Let f =inf,,, fy (), f =sup,,, fre(y), and
[ = sup,, (fra/oN)(y). Also let C, = sup, . pGw o) C; =
sup, o 40015 Y10), and C, = sup, 7 (Yio)- By Assumption 5.1, i >0, f < o0,
f' < o0,and C,, C,, C, < 00,

It suffices to show &, BN a, forall g,t=0,1, and pr L, Ve, | L PN Vi,
prt, V7, and | 4IRS 7 Consistency of a,, and s is immediate. Next con-
sider consistency of V7. The proof is broken up into three steps: the first step
is to prove uniform consistency of fy’()()( y), the second step is to prove uniform
consistency of P( Yoo, Y10) in both its arguments, and the third step is to prove
consistency of pr given uniform consistency of P( Yoos Y10)-

For uniform consistency of fy,oo(y), first note that, for all 0 < § < 1/2, we
have, by Lemmas A.2 and A.3,

sup N, - |Fy g (y) — Fyg(y)| —>0 and
yeYgr

sup N°, - |FyL (@) — F7L (@) —>0.

qel0,1]

Now consider first the case with y < Y,:

Sup | fy o) = frope )|
y<Yg
Fya(y+ NP = Fya(y)

= sup ST

y< f’g;

fY,gt()’)
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o [ Fra AN — By () Fra+ N7) = Fra(y)
= Su}? N*1/3 - N~1/3

Y<TYgr

FY,gt(y + N41/3) - FY,gt(y)

i 4 N-13 ~fra®
= | Fra N — FygG+ N7 Fra() = Fra()
= y<£[ N-1/3 N-1/3

|

Iy
fY gt

<2N'sup |Fy y(y) — Fyo(y)| + N~ sup

ye¥gr yeYqr

(y)i

p
— 0,

where y is some value in the support Y,,. The same argument shows that
sup,. y,, | free (V) = frieOI LN 0, which, combined with the earlier part, shows

that sup,.y, |fy.e(¥) = fr.e(y)| == 0.

The second step is to show uniform consistency of P(yoo, Y10). By bound-
edness of the derivative of Fy(,(q), and uniform convergence of Fy 0 ()
and Fy.oo(y), Lemma A.11 implies uniform convergence of FY‘Ol(Fy,OO(y))

to Fy o, (Fy0(y)). This in turn, combined with uniform convergence of fy 0 (y)
and another application of Lemma A.11, implies uniform convergence of

Fro(Fy by (Fro(no)) to fro(Fyb (Fyo(y))). Because fy(y) is bounded
away from zero, this implies uniform convergence of 1/ fy’()l (ﬁ Y. {n(ﬁ v.o0(V10)))
to 1/fy.01(Fy o1 (Fy.o0(¥10))). Finally, using Lemma A.10 then gives uniform con-
vergence of 13( Yoo, Y10) to P(yoo, y10), completing the second step of the proof.

The third step is to show consistency of yr given uniform convergence
of f’(yoo, Y10). For any ¢ > 0, let n = min(\/e—/Z, g/(4C,)) (where, as defined
before, C, = sup, , P(y, z)). Then for N large enough so that sup,. . l13( Yoos
y10) — P(Yoo, Yi0)| < m, it follows that

Nio 1 Nio
Sup| - ZP(YOO, Yi,) — ZP(YO(); Yio,)
Yoo Nio =1
Nio

<sup — }: 1P, Yio) — PO, Yio)l <7

Yoo 10
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and thus, using A2 — B> = (A — B)>+2B(A - B),

1 Ny . 2 1 Nio 2
—_— P(yoo, Yo - — Py, Yo ;
o [Nw ; (Yoo 10,;):| |:N10 ; (Yoo 10,1)]

sup

<n*+2C,n<e.

Hence

Noo Nio

2
1 1
N—mz[Nm S B(¥ m}

1 Noo 1 Nio 2
__]V—ZI:N ZP(YOOUYIO;)]
00 10

Thus it remains to prove that

Noo Nio

2
1 1
Ve — — P(Yy:, Yoo, ~250.
Nwz[Nwz o >]

By boundedness of P(yq, y10), it follows that (1/Ny) ZN N P(y, Yio,;) —E[P(y,
Yi0)1=(1/Ny) ZN“’ P(y, Yw,;) — p(y) 250 uniformly in y. Hence,

Ny

Noo 2
1 1
P(Yy:, Yoo, _— Yoo)?
2 [Nlo\;(w >] Zp(m)—»o

Finally, by the law of large numbers, Zfi"f p(Yo0.i)?*/Nop — V7 250, implying
consistency of ¥, Consistency of V4 and V" follows the same pattern of first

establishing uniform consistency of Q( Yo1, Y10) and 7(y), respectively, followed
by using the law of large numbers. The proofs are therefore omitted. Q.E.D.

Next we establish an alternative representation of the bounds on the distrib-
ution function, as well as an analytic representation of bounds on the average
treatment effect.

LEMMA A.12—Bounds on the Average Treatment Effect: Suppose Assump-
tions 3.1, 3.3,3.4,4.2, 4.3, and 5.2 hold. Suppose that the support of Y is a finite
set. Then: _

(i) FI,?E 1 () =Pr(k(Yy) <y) and FJ} | (y) =Pr(k(Yy) < y).

YN 11
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(ii) The average treatment effect, T, satisfies
[ [Y 1] [ Y()](FYOO(Ylo))] E[Ylll] - ]E[F;}n(ﬂy,oo(ylo))]]-

PROOF: Let Yo = {A1,..., AL} and Yo = {1, ..., yu} be the supports of
Yo and Yy, respectively.* By Assumption 3.4 the supports of Y, and Y}y are
subsets of these.

Fix y. Let I(y) = max{/{ = 1,...,L : k(A;) < y}. Consider two cases:
(1) I(y) <L and (ii) I(y) = L. Start w1th case (i). Then, k(A;y)41) > y. Also,
since k(y) is nondecreasing in y,

F;Izjz?,u()’) =Pr(k(Yio) <y) =Pr(Yio < Ayyy) = Frao(Aiy))-

Define y(y) = k()\,(y)) and y'(y) = k(A1) so that y(y) <y < ¥(y).
Also define for j € {1,...,L}, q; = Fy,(A;) and note that by definition

of Fyyp» Fyg(A) = q] I Deﬁne p(y) = Fyn(y). Because y > k(X)) =
F;jn(ﬁ v.o0(Aiyy)) (the inequality follows from the definition of [(y); the
equality follows from the definition of k(y)), applying the nondecreasing
function Fy(-) to both sides of the inequality yields p(y) = Fya(y) >
Fy,(n(F;})1 (Fy0(Aiy))). By the definition of the inverse distribution func-
tion, Fy(Fy;'(q)) > g, so that p(y) > Fyo0(Xiy) = quy)-1- Because [(y) < L,
Assumption 5.2 rules out equality of Fy g (y,) and Fyg(A;) and, therefore
P(Y) > Quy-1- Also, Fyy (p(y) = Fy o, (Fym(y)) <y < ¥'(y) and, substitut-
ing in definitions, y'(y) = Fy,(Fy 0 (A1) = Fy01(quy). Putting the latter
two conclusions together, we conclude that Fy{,(p(y)) < Fyt,(quy,), which
implies p(y) < g, Whereas we have now established g;,)_1 < p(y) < gy, it
follows by the definition of the inverse function that F ;}]O( p(y)) = Ay, Hence,

F)I,JIA?()’) = Fy 10(Fy.o(Fyo1(»)))
= Fyao(Fyin(P(Y)) = Frao(Aig) = FRR(y).

This proves the first part of the lemma for the upper bound for case (i).

In case (ii), k(A.) < y, implying that FyN 1) =Pr(k(Yy) <y)=Pr(Yy
Ar) = 1. Applying the same argument as before, one can show that p(y)
Fyo(y) = Fyg(AL), implying Fy(p(y)) = A, and, hence, FYR u
Fyn(Ar)=1= F$,‘3 1.

The result for the lower bound follows the same pattern and is omitted here.
The second part of the lemma follows because we have established that k(Y))
has distribution FUB . (.) and k(Y},) has distribution F)L,% 1) QO.E.D.

YN 11

I TA

“These supports can be the same.
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Before proving Theorem 5.4 we need a preliminary result.
LEMMA A13: For all 1 =1,...,L, ¥N(k(A) - k(o)) 250 and VN x
k(X)) = k(M) = 0.

PROOF: Define v = minl,m:min(!,m)<L |F00()\1) - FOI(Am)L By Assumption 52
and the finite support assumption, v > 0. By uniform convergence of the em-
pirical distribution function, there is for all ¢ > 0 an N, , such thatfor N > N,
we have

Pr(sup 'ﬁY,OO(Y) — Fyoo(Y)| > V/3) < e/4,
y

PT(SUP |ﬁY,01(y) - Fyoa(y)| > V/3) <e/d
y

and
Pr(sup |FY00(y) FyooO)I> V/3) <e/4,

Pr(suplem(y) —FEy o> v/3) <e/4.

Now consider the case where

(A13)  sup|Fyn(y) — Fyo()| <v/3,
y
sup 1Fyo1(y) = Fyo(0)] < v/3,
Sup leoo(y) FyoI<v/3, and

SUPIFYOI(y) FyoOI=<v/3.

By the above argument the probability of (A.13) is larger than 1 — ¢ for
N > N.,. Hence, it can be made arbitrarily close to 1 by choosing N large
enough.

Let A,, = F5, 5 (goo.)- By Assumption 5.2, it follows that Fy,g;(An—1) < qoo,; =
Fy (A1) < Fyo(An), with Fy o1 (An) — qoos > v and qoo,s — Fy,01(Am-1) > v by
the definition of v. Conditional on (A.13), we therefore have Fy,m()\,,,_l) <
Fy00(A1) < Fy01(An). This implies Fy o (Fy,00(A1)) = Ay = Fy 5 (Fy,00(A;)), and

thus k()t,) = k(\;). Hence, for any 1, ¢ > 0, for N > N, ,, we have

Pr(|VN(k(A) — k(A))| > m) < 1= Pr(|VN(k(A) — k()| =0)
<l1—-(1-¢)=g¢,
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which can be choosen arbitrarily small. The same argument applies to
VNk(A) = k(A))), so it is therefore omitted. Q.E.D.

PROOF OF THEOREM 5.4: We prove only the first assertion; the second fol-
lows the same argument. Consider

1 Ny
UB UB ’—auN“ ; 11, 1
1 Mo
- - > (k(Yi0,) —E[k(Y1)]
VaNy g( 10 1o )
1 Ny
= -y (Y —E[Yu))
Va Ny ,Z‘:‘ ! 1
1 Nio
- ) (k(Y10.) — E[k(Y10)]
VayNy ;( 10 10 )
1 Mo .
+ ) (k(Yi) — k(Y)).
VaNy ; 10 10
By the central limit theorem, and independence of ¥y, and k(Y),), we have
1 M 1 Nio
VCI]]N“ §( 11, [ 11]) m ;(—( 10,) [__( 10)])
—d—>N(O, L )
o Qo

Hence all we need to prove is that (1/+/a1oNy ) - ZN“’(E(YIOJ) —k(Yy)) 50.

i=1
This expression can be bounded in absolute value by v/N - max_; .., [k(A;) —
k(A))|. Because +/N - |k(A) — k(A)] converges to zero for each / by Lem-
ma A.13, this converges to zero. Q.E.D.

PROOF OF THEOREM 6.2: The result in Corollary 6.1 implies that it is suf-
ficient to show that /N (k 7 —Kzg) —d>N (0, V). To show joint normality, we
need to show that any arbitrary linear combinations of terms of the form the
VN - (Rgy g1.10.1 — Keo.1.0.q) ar€ normally distributed. This follows from the as-
ymptotic normality and independence of the 4f ,, i ,, g » and i ,, combined
with their independence across groups and time periods. Q.E.D.
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APPENDIX B: COVARIANCES OF v/N#&y, ,

»i050

Here we list, for all combinations of (go, g1, %, 1) and (g;, &, %, t;), the
covariance of v/Nig g 4 and v/Nig o ¢« Note that ; > £, and 1, > f.
To avoid duplication, we also consider only the cases with g; > gy and g} > g;.

L g = g(/)’ g§1=8p =1 and f = h: C=N- E[(ﬂgo,gl,to,tl)z] + N -
E[(p‘go 81:10 11) ] +N- E[(ﬁ’;o 815t '1)2] +N- ]E[(ilzo 81>, f1)2]

2.80=28) 81 =8 hh=1y, and t #;: C =N - Elfg 4 0.4 Yes) -
I'Lgo 81510, tI(YgU tﬁ)]/agﬂ fo +N- E[/’Lgo 81,1011 'Mgo 81,10, 11]

3. 8o = go’ 81 = gl’ l 76 t()’ and L= t C=N- E[ﬁgo,gl,to,tl : /j“go,gl,té,tl] +
N- E[ﬁ’i’o,gh'ﬂ,ﬁ ’ ﬁ“;o,guté.tx]'

4. 80=8) &1=8ph#lh h#t,and =1 C=N- E[V‘go gutost
/‘ng g1, t’] +N- E[“go 81:10,11 .ﬁgogl i, tl]

5.80=8» 81 =8»th#t t#t,and ty=1: C=N-E[a} o 00"

go g1 t()] +N- ]E[/J“go RN lJ‘go 811y fo]

6. 8o = goa 81 7é gl’ ly= tO’ and h= ti: C=N- E[ﬂgovgbto,'l ’ ﬁgg,g’l,to,tl] +
N - ]E[’*A"Zoaglyfo,tl 'ﬁgo,g’l,to,q]‘

7. 8o = g67 &1 # g,p = t(l)’ and f; # ti: C=N- E[ﬁ'govgwo-n ﬁ’ 1

8. 8o= gé)a g1 # gll’ hh# t(,)> and t; = t;: C=N- E[ﬁ’go,gwoytl I:Lgo 8 to t1]

9. 8o = g(/]’ 81 75 gll? Iy # t(,)’ 5} ?é ti’ and t(,) = h: C=N- IE[I‘LgO’gl”U”l '
Ij‘:o gt t1]

10. go=gp &1 # 8, h# t, t#t,and fy=1: C=N-E[L] o 00
"Lgo 81ty to]

11. go# 8 81 =8 =1 and nh =1: C=N-E[a} .
N- Em’;o,gwo,'l ’ ﬁ';{,,ghto,tl]'

12. go#8p &1 =8nhh=1fpandh #t: C=N-E[f; .

13. 8o 7‘& g(/)’ 81= g;’ l # té’ and h= ti: C=N- E[ﬁZO,glv’O’II I'Lgo 1.ty ?1]

14. g0 # 8y 81 =81 o #lpy h # 1, and r=1: C=N-E[g; .
”'gg 81,15 '1]

15. g0 # 8, 81 =8 h#ly h #1, and fy=1: C=N-E[a]
/'Lg{, 81,1y to]

16. g0 # 8, &1 # 81> & =8, =1, and h =1: C=N-E[i
I'Lgl 815105 tl] +N Em’éo g0, ﬁ’gl,gl f0, fn]

17. 8o # 8 81 #81- 8 =8 =1y, and t, #1;:  C=N-E[a] .
Frg, g0, )

18. 8o # 86, & # g,l’ g6 =8, b # t()’ and # = ti: C=N- E[ﬂzo,gl
A

Mglfgl»t()’tl

80,871510:1}

I+

nr
Joot "u’gfpgwoyfx
M 'I"AL;{) ngtost[]'
Jdosty
ooty
Jot
ooty

sl0,11 ’
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19. go # g(l): &1 F & g6 =g,Lh# t(/)’ h# ti? and fy="t: C= N'E[ﬁ’Zo»gl,loaﬂ ’
A p
'U‘gxxgiytwi]'

20. g0o# 80, 81 F# 88 =8 h# I h #l,andfy=1: C=N-E[g; . .-
~Aq
1.

ILgl gl [(] fo

21 g0 # 8, &1 # 81 8o =81 =1, and =10 C=N-Elig,g 0 -
”“g(j wnnl TN El g, 61000 p“go s

22 g0 # 80 8178 & =8, th=t,and hF#t: C=N-Elfig 00 -
’u’g(, 80+10511 ]
A,23. 8o 7’é gé’ 81 ?1-' glla 8o = g,p ) ?é f(/], and h= ti: C=N- E[ﬁgoyglyfnil ’

p‘ga 801, tl]'

24, g()?ég()’gl#gvgo gl’toséto’tl#tl’andt =10 C=N- E[/J‘gogwon'
Mg()g() 1t ]

~ ,25‘ gU # gé, 81 #gll’ o= g;’ L # t(l)’ h # ti’ and = t{: C= N'E[ﬂgo,gx»toytl ’

Mg()'gu"(J*'O]'

26. g0 # 8y &1 78 & # g and g # g1 C=0.
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