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Abstract

We propose new semiparametric estimators for parameters that depend on the deriva-
tives (up to any finite order) of unknown conditional expectations and densities. We consider
two cases. In the first we average over all (conditioning) variables in the conditional ex-
pectation or density. In the second case we average over a strict subset of the conditioning
variables. The unknown conditional expectations and densities are estimated by a first step
kernel estimator. The kernel estimator has a boundary correction that makes it uniformly
consistent if the distribution of the covariates has bounded support. The partial and full
mean estimators therefore do not require trimming (asymptotic or fixed) as in the estimators
developed by Newey (1994) and Powell, Stock, and Stoker (1989) and in many applications
to specific settings. We provide a general formula for the influence function and the asymp-
totic variance for both full and partial averaging. We also specify a general set of regularity
conditions that contains a new restriction on the kernel function to avoid bias in the case
that the parameter depends on the derivatives of the conditional expectation or density.
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1 Introduction

In this paper we consider estimation and inference for partial and full means. These estimands
were introduced in the econometric literature by Newey (1994). We focus on estimands that are
weighted averages of smooth functions of (derivatives of)) of regression functions. The regression
functions are not known and must be estimated nonparametrically. The averaging can be over
the full set of regressors (the full mean case), or over a subset of the regressors (the partial
mean case). This setting covers many semiparametric models that have been considered in the
literature. Examples for the full mean case include average treatment effects in the treatment
effect literature, and the partial linear model developed by Robinson (1988), and in the partial
mean case the dose-response function studied by Imbens (2000). Examples of full average
derivatives include the density weighted average derivative introduced by Powell, Stock and
Stoker (1989), and the unweighted average derivative analyzed by Hérdle and Stoker (1989).

Newey (1994) considers estimation and inference for partial and full means and analyzes the
properties of estimators where in the first step the regression function is estimated using kernel
methods. In order to ensure uniform convergence he uses a fixed trimming procedure. We
develop a new boundary correction that ensures uniform convergence of the kernel estimator
over the entire support even if this support is compact with the density bounded away from
zero. The new estimator projects points close to the boundary to the internal region, defined as
the subset of the support not affected by boundary bias and then uses a Taylor series expansion
of the estimated density at an internal point to estimate the density at the point of interest.
We show that this modified kernel estimator can be used to estimate partial and full means,
in the case that the support of the covariates is compact. We derive the asymptotic properties
of the estimators. In general the estimators are asymptotically normal with no asymptotic
bias. In the case of the full mean the convergence rate is the regular parametric rate and the
estimator achieves the semiparametric efficiency bound. For this case the results show that
asymptotic properties are similar to those obtained for series or sieve estimates. For the partial
mean case the convergence rate is slower, depending on the number of covariates that are not
averaged over. In Section 2 we discuss generalized partial means and give some examples where
estimands of interest may have this form. In Section 3 we discuss the first stage in the estimation
procedure, the nonparametric estimation of the regression function. Here we introduce the new
boundary correction and derive its properties. In Section 4 we discuss inference for partial and
full means. We also report results from a small simulation study to investigate how reliable the
results from our proposed methods are for realistic settings (modelled on the lottery data set).
Section 6 concludes.

2 Generalized Full and Partial Means

We consider a parameter that can be expressed as the expected value of a nonlinear function of a
vector of conditional expectations of an M dimensional random vector Y given an L dimensional
covariate vector X. The covariates have a distribution that is absolutely continuous with respect
to the Lebesgue measure and that has a compact support X. Let g(x) denote the conditional
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expectation:
g(z) =E[Y|X = z]. (2.1)

In addition define the M + 1 dimensional vector of functions

h(x) > ( fx(x) >
h(z) = = . 2.2
&= )= (40 e 22)
Although g depends on the full vector X, the expectation is computed over the the distribution
of the L; dimensional subvector X;. The remaining Lo = L — L; components of X, Xo, are
evaluated at a function of X7, i.e. at Xo = #(X1) with ¢ : R/* — RL2 a known function. In
Newey’s (1994) partial mean parameter this is a constant function, i.e. o = #(X7). A limiting

case is that L1 = L, i.e. the expectation is over the full covariate vector. We now define the
Generalized Partial Mean (GPM) as the @ dimensional parameter vector

Ogpm = E [w(X1)'m (h (X1,¢(X1)))] (2.3)

with m : RM — R a known function that depends on X; only through ¢ and w a Q x P
matrix of known weight functions that depend on X;. If Ly = L we refer to this parameter as
the Generalized Full Mean (GFM),

Ogim = E [w(X)'m (h (X))] . (2.4)
The data are a random sample from the joint distribution of ¥, X: The estimators of 0}, and
Ogtm are

| N

2 e . / A . .

egpm = N Z;W(Xlz) m (QNIP,S (Xlza t(Xlz))) ) (2'5)
and

~ 1 N

Ogfm = i ;W(Xi)/m (gn1ps (X0))) s (2.6)

with gnrps(z) a nonparametric, kernel-type, estimator of g(x) that will be defined later.

INCLUDE EXAMPLES FROM PRESENTATIONS. WHAT ABOUT CAUSAL INTER-
PRETATION IN FULL AND PARTIAL CASE? E.G. WHY DO LONG REGRESSION IF
ONLY INTERESTED IN THE EFFECT OF A SINGLE COVARIATE? WHAT DO WE
MEAN BY 'CONTROLLING ON AVERAGE’? LINK WITH ASF IN NONSEPARABLE
MODELS.

Example 2.1 (FuLL MEAN: AVERAGE TREATMENT EFFECT AN AVERAGE TREATMENT EF-
FECT ON THE TREATED)
Suppose units in a population are characterized by two potential outcomes, Y (0) and Y (1),
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outcomes given a control and active treatment respectively. Interest is in the average difference
between these, 8 477 = E[Y (1) — Y(0)]. Suppose one is willing to assume that given some co-
variates X assignment to the treatment, denoted by W € {0, 1}, is independent of the potential
outcomes, or W L Y (0),Y(1)|X (unconfoundedness/selection-on-observables). This setting is
widely studied in the program evaluation literature. See for example Rosenbaum and Rubin
(1984), Hahn (1998), Heckman, Ichimura and Todd (1998), Hirano, Imbens and Ridder (2003).
Then

E[Y -W|X] E[Y-(1—W)|X]
EW|X]  E[1-W|X]

Oarr =E

This fits into the full mean form by setting

w(x) =1,
g1(x) E[W|X = «]

g(r)=| g2z) | = EYW|X = z] ;
gs(2) E[Y (1 - W)|X = 4]

and

m(g(x)) = ga(x)/91(x) — g3(x) /(1 = g1())-

Hahn (1998) suggests an efficient estimator for 6477 based on this representation but using
a series estimator for g(z). Another treatment effect parameter of interest is the Average
Treatment Effect on the Treated (ATET), E[Y (1) — Y(0)|W = 1]. Following Hirano, Imbens
and Ridder (2003), the efficient estimator if we know the ratio of the probability of selection
and the fraction in the population that is treated go(z), is obtained from

B EY -W|X] E[Y-(1-W)|X]
Oarer = E [QO(X) ( EW|X] E[1-W|X] >]

The estimator is again a full mean and the estimator is the same as that for the ATT with the
only difference that

w(z) = go(x)

which is assumed to be known. As noted by Hirano, Imbens, and Ridder, the efficient estimator
requires estimation of the (known) regression function in g.OJ

Example 2.2 (FuLL MEAN: ROBINSON PARTIAL LINEAR MODEL)
Robinson (1988) is interested in estimating 3 in the partial linear model for the scalar dependent
variable Y:

EY|X = 2,7 = 2] = Bz + k().
Under his assumptions  is equal to

8= (E[(X - E[X|2]) (X - E[X|2])]) " E[(X — E[X|Z]) (Y - E[Y|2])].
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All components of the matrix E [(X — E[X|Z]) (Y — E[Y|Z])] have the full mean form. In the
scalar X and Y case:

E[(X - E[X|Z]) (Y — E[Y|Z])]
—E[XY]-E[X-E[Y|Z] - E[E[X|Z] Y] + E[E[X|Z]  E[Y|Z]
= E[E[XY|Z]] - E[E[X]|Z] - E[Y]Z]].

This fits into the full mean setting by setting

w(z) =1,
g1(2) E[X|Z = 7]

9(z) = | g2(2) | = ElY|Z = 7] ;
95(2) E[X V|7 = 2]

and

m(g(z)) = g3(z) — g1(x) - ga().

Hence (3 can be written as a smooth function of full means. Robinson (1988) proposes a kernel
estimator for g(z), but uses trimming to get around boundary problems, requiring the choice
of a second bandwidth (in addition to the bandwidth for the regression function itself). O

Example 2.3 (PARTIAL MEAN: DOSE RESPONSE FUNCTION)
Imbens (2000), Hirano and Imbens (2003), and Flores (777?7) are interested in estimating the
dose response function for an assigned value w

where the researcher has available a random sample of (Y, W, X), with Y = Y (W), under the
assumption that

Y (w) L W|X.

If w is continuous we can estimate p(w) for fixed w in the partial mean set up by setting



Example 2.4 (PARTIAL MEAN: AGGREGATE REDISTRIBUTIONAL EFFECT)
Graham, Imbens and Ridder are interested in estimating the effect of assortive matching where
inputs are reallocated. Their estimand can be written as

0=E[g (X, Fy' (Fx(X)))].
We can estimate 6 in the partial mean set up by setting

t(x) = Fyy (Fx(2)),

O

3 Uniform Convergence of Kernel Estimators

In this section we study the problem of estimating g(z). We do this indirectly, first by nonpara-
metrically estimating the probability density function of X, fx(z), and then by estimating the
product of g(x) and fx(x), which we denote by h(z). The regression function itself will then be
estimated by the ratio h(x)/fx(x). The key is the development of an estimator for h(z) that
is uniformly consistent even if h(x) is bounded away from zero on the compact support of X.

3.1 Notation and Set Up

First we introduce some notation to deal with the case where X is an L-dimensional vector.
Let X denote an L vector of nonnegative integers, with |A| = ZIL=1 A, and Al = ]_[lL:1 Al For L
vectors of nonnegative integers A and p let g < A be equivalent to yy < A\ foralll=1,..., L,
and define

( 2 > - u!(/\/\i I 15[/”!(/\/1\[i w)! ﬁ( 25 > '

=1 =1

For L vectors A and x let 27 = ]_[lL:1 :L"l)‘l. As shorthand for partial derivatives we use ¢ (x):

9glA

For matrices we use the matrix norm

1A = /tr(A'A).

The norm that we use for functions g : X ¢ RY — R that are at least j times continuously
differentiable is the Sobolev norm

zeX, A<



Let K : RY — R denote the kernel function. We will assume that K (u) = 0 for v ¢ U with U
compact, and K (u) bounded. The standard Nadaraya-Watson (NW) kernel density estimator,
based on the bandwidth b, is:

Fx Z 7 ( > : (3.7)

For the bandwidth b define the internal region of the support X as

Xg:{mex

{:ﬁeRk z

2 }CX}:{$EX|{$—b'u|u6U}CX}. (3.8)

This is a compact subset of the interior of X that contains all points that are sufficiently far away
from the boundary that the standard kernel density estimator at those points is not affected by
any potential discontinuity in the density at the boundary. In the case with U = [—1,1]* and
X = ®le1 [x;, 7], we have Xg = ®le1 [2,4b,T;—b].} Next, we need to develop some notation for
Taylor series approximations. Define for a given, m—1 times differentiable function g : RY — R,
a point y € RY and an integer m, the m — 1-th order polynomial function ¢ : RX — R based on
the Taylor series expansion of order m — 1 of g(-) around y:

1Al
1o S L) e (39)

3=0 [A[=j

If the function g(z) is m times differentiable the remainder term in the Taylor series expansion
is

o) 1,900 ym) = 3 5o () - (e — )
[Al=m

with 7(z) intermediate between x and y. If the m-th order derivative is bounded, this remainder
term can be bounded by C - |z — y|™.

3.2 The Nearest Internal Point Estimator

It is well-known that kernel density estimators are biased if the support of the density that is
estimated is bounded. Because GPM and GFM estimates require first-stage density estimates,
their behavior is affected by this bias. In the literature two types of assumptions are made to
avoid this problem.

Newey (1994) shows that if the population probability density function and its derivatives
up to order j are zero on the boundary of the support, then

O heww(@) - 2 pe(a)
su — xTr) —
cex <y |90 TN o'

N —1/2
=0, <1n N1/2 (N : bfv“ﬂ) + b§V> :

'The set [—1,1]" is the set of L vectors with components that are between -1 and 1. The set @i, [x;, %] is
the set of L vectors with I-th component between z; and 7;.
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If the density is bounded from zero on its support, then the uniform bound holds on a compact
subset of the interior of the support. Alternatively one can assume that the support is un-
bounded. Andrews (1995) gives uniform bounds on the estimation error for this case. Neither
the Newey (1994) nor the Andrews (1995) results imply uniform convergence on the full support
if the support is compact and the density is bounded away from zero on the support. In fact,
in that case it is easy to see that the standard kernel density estimator is not even consistent
at the boundary. If X is scalar, the kernel density estimator converges to 1/2 times the value
of the density at the boundary.

Various modifications of the kernel density estimator have been proposed to deal with the
boundary bias. Here we discuss two of these, and we show that they do not lead to uniformly
consistent estimators of the density and its derivatives. To simplify the discussion we assume
that the support of the random variable is X = [0,1]. The first boundary modification is
sometimes referred to as reflection. It consists of adding artificial observations to the data
that are mirror images of the existing ones but are outside the support of the distribution.
So, for an observation X;, we add one observation on the other side of the lower boundary
zero, X! = 0 — (X; —0) = —X; and one observation on the other side of the upper boundary,
X!"=1+4(1-X;) =2 — X;. This leads to the estimator

- () o0 () ()

=1

L[R5 o (255 e ().

At the boundary it is as if the probability density function is extended by imputing the density

at values below the lower boundary point 0 as fx (0 —x) = fx (0 + z) for y > 0. This removes
the bias of the kernel density estimator at the boundary, so that we have uniform convergence
over the compact support. However, the kernel density estimator of the derivative of the density
now converges to zero at the boundary, and is not consistent for that derivative, so that we
cannot have uniform convergence of the derivatives. A second method to remove the boundary
bias is a jackknife approach (Gray and Schucany, 1972). It is based on two density estimates
that use two different bandwidth sequences by and ). It then uses a convex combination
of the two estimates to eliminate the first-order bias near the boundary. This cannot restore
convergence of the density estimator at the boundary (and hence uniform convergence over a
compact support) because at the boundary the probability limit of the estimated density is
equal to half times the actual density, irrespective of the bandwidth sequence used.

An estimator that removes the boundary bias should not only ensure uniform convergence
of the density estimator and its derivatives, but should also preserve the bias reduction that
higher-order kernels deliver. Although this feature of kernel density estimators may not always
be important in practice, it is needed to ensure that the bias of the GPM and GFM estimators
converges to 0 at an appropriate rate. A final requirement is that the proofs of the asymp-
totic properties of the GPM and GFM estimators should not be unduly complicated and that
no additional smoothing parameters should be involved. Note that the asymptotic trimming
arguments that could be used to deal with the boundary bias fail these tests.
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The new estimator, the Nearest Internal Point (NIP) estimator, is equal to the NW estimator
of the density and its derivatives on the internal region of X and to a Taylor series expansion
of the density and its derivatives on the boundary region. To define the estimator we introduce
the transformation r(x) indexed by the bandwidth. This transformation maps a point x € X
to a point in the internal region of X. If ry(z) # x, rp(x) is the point where the Taylor series
expansion is taken that replaces the usual kernel density estimator. The usual estimator is used
if rp(z) = x.

An obvious choice for ry() is the projection of z onto the set X!:

ry(z) = argmin, ey |z — yl.

Thus, for z € Xg , Tp(x) = x which implies that on the interior region this estimator coincides
with the kernel density estimator. If X = ®12:1[§l, 7] and U = [—1, 1], the projections are as
in Figure 2. Note that for « in the boundary region, moving b in one or both directions will
take us out of the support X. For z in the larger rectangles in the boundary set, there is a
direction where moving by b keeps us inside the support. The estimator does not use a Taylor
series approximation in these ”long” directions, but instead uses the kernel density estimator
and its derivatives, if derivatives of the density have to be estimated. The NIP estimator of
the A derivative on the boundary region based on this choice of the point of approximation, the
NIP estimator is based on a Taylor series expansion of the A derivative of fx at ry(z):

A B { t (:E, Lﬂfxww,rb(:n),m) ifreX

Xonip,m (%) = Oz (3.10)

0 elsewhere.

Note that in general the nearest interior point estimator of the derivative of the density is not
equal to the derivative of the nearest interior point estimator of the density, because the latter
depends on the A derivative of 7,(x) with respect to z. For that reason we use the notation [A]
to distinguish this estimator from the A\ derivative of the NIP estimator that is indicated by the
superscript (). Of course the equality f)[?7]nip7m(:n) = f)(? Elip,m(:n) holds on the internal region.
Moreover, if X = ®IL:1[£[, 7] and U = [~1, 1] we have for the I-th component of the point of
approximation

z+b ifaop<a;+0
ry(z); =< ifg; +0<x<7T—b
T —b elsewhere.

Note that the derivative of r,(x) is either 1 or 0, so that if the support is a hyper rectangle

FlAl

X,nip,m
It is essential to bound the distance between = and the point of approximation 74(x). To

(z) = f)(? Enp,m("n) for all x € X so that we have uniform convergence in Sobolev norm.

obtain the same bound on the bias as Newey (1994), we need the boundary area to be “small”,
in the sense that sup,ey |z—ry(2)] is of order O(b). I X = @/, [2;, T1], X} = @, [z, +b, T —b],
and 7p(z) is the projection of x on the internal set, then the condition is satisfied. An example
of a support X C R? that has a boundary that is not small is given in Figure 1. This figure
shows (part of ) a compact support with its internal region Xg . Because the support is bounded
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by the curve (1 — )%, we have that if ry(z) is the nearest point in the internal set

|ze — rp(me)| = V/2b+ b2 = O(VD).

Hence the shape of the support X matters.

3.3 Products of Regression and Density Functions

It is useful to look not only at the estimation of densities, but also of a more general class of
functions. Let Z be a random vector defined on the same probability space as X, and define

Let

be the A derivative. When we consider partial and full means, we will use a special case where
Z is of the form (1,Y”); and so h(x) will be h(z) = (h1(z), ho(z)") = (fx (), fx(z) - g(z)").
Partial and full means depend on h through g = hy/h1, but for notational ease we formulate and
derive the results without this structure. As we shall see later, the expressions for asymptotic
variances of estimators simplify, if the dependence is through hg/hq.

We consider two estimators for h(z). The first is based on the standard Nadaraya-Watson
kernel:

N
» 1 1 :L'—XZ'
i=1

with estimator for the A derivative equal to the derivative of the estimator:

X oAl . 1 1 T — X;
M) = Z— S E BN SR " OV Bl
hnw(:n) G h(:E) N — pLAA] Zi- K ( b > : (3'12)
The second estimator is based on the NIP density estimator :

t (:E, BNW,rb($),m> ifxeX

(3.13)
0 elsewhere.

Bnip,m(iﬂ) = {
As for the estimator of the A\ derivative of the density we estimate the A derivative of h by a

Taylor series expansion of the derivative. To emphasize the difference between this estimator
and the A derivative of the NIP estimator of A we use [A] and not (\).

~On )
A (2) = t (:E, hEV%V,Tb(iﬂ),m) ifxeX (3.14)
nip,m :
0 elsewhere.
As noted before we have BBLm(JE) = ftfﬁ‘;m(:n) if X is a hyper rectangle.
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3.4 Assumptions

THE ONLY CHANGE IN MAIN TEXT IS THAT I REPLACED THE ASSUMPTIONS, LEM-
MAS AND THEOREMS BY THOSE IN THE APPENDIX.

We make three sets of assumptions. The first deals with the joint distribution of (Z;, X;), the
second with the kernel, and the third with the bandwidth. The assumptions are stronger than
necessary for the first set of results, but are formulated in order to be useful in the subsquent
discussion of generalized partial means.

Assumption 1 (DISTRIBUTION)

(i) (Y1, X1), (Yo, X9), ..., are independent and identically distributed, and one of the components
of Z is identically equal to 1,

(ii) the support of X is X C RY, X = @[z, %], & < T for alll =1,..., L.

(1) sup,cx E[|Y|P|X = 2] < 0o for some p > 2.

(iv) g(x) = E[Y|X = z| is q times continuously differentiable on the interior of X with the q-th
derivative bounded,

(v) fx(x) is q times continuously differentiable on the interior of X with the q-th derivative
bounded.

Definition 3.1 DERIVATIVE ORDER OF A KERNEL A Kernel K : U — R is of derivative order
d if for all u in the boundary of the set U and all |N\| < d —1,

o
Assumption 2 (KERNEL)
(i) K : RV — R, with K (u) = [, K(w),
(ii) K(u) =0 foru ¢ U, with U = [1,1]%,
(iii) K is r times continuously differentiable, with the r-th derivative bounded on the interior
of U,
(iv) K is a kernel of order s, so that [; K(u)du =1 and [;u*K(u)du =0 for all X such that
0 <|A < s, for somes>1,
(v) K is a kernel of derivative order d.

We refer to such a kernel as a derivative kernel of order (s, d). Hence a derivative kernel is
a higher order kernel that deals with boundary terms that appear in the asymptotically linear
expressions for the GFAD and GPAD estimators. If d = 0 there is no restriction on the kernel
beyond the higher order.

Assumption 3 The bandwidth by = N=° for some & > 0.

We assume that U = [—1, 1]% for simplicity. Key is that it has bounded support and that
the kernel itself is bounded.
Define Z; = (1,Y})’.



3.5 Properties of Standard Kernel Estimators

The first set of results establishes the asymptotic properties of the usual Nadaraya-Watson (NW)
and the new Nearest Interior Point (NIP) density estimators. Results on uniform convergence
of the NW estimator are given in Newey (1994). The first lemma gives the uniform bias. This
result holds for a fixed bandwidth and hence we omit the subscript N on the bandwidth.

Lemma 3.1 (Bias, NEWEY, 1994)
Suppose Assumptions 1-2 hold, and ¢ > j + s, then:

My [ﬁnw(m)} - @h(m)

oz oz =0,

sup
zeX],|N<j

i.e. the Sobolev norm (of order j) of the bias of the kernel estimator is O(b®).

The proofs for the Lemmas and Theorems in the text are given in Appendix C. This Lemma
follows directly from Lemma B.2 in Newey (1994), with the one difference that we allow the
set Xg to expand with the bandwidth. We give the proof for completeness.

Lemma 3.2 (VARIANCE OF STANDARD KERNEL ESTIMATOR, NEWEY, 1994)
Suppose Assumptions 1-2 hold, ¢ > j, r > j + 1, and the bandwidth satisfies C{N~" < by <
CoN72, for some 0 < y2 < 711 < 21 2/p Then:

j+L+2°
1/2
_0 ( log N ) /
I 4 L+42j
N'bN J

This follows directly from Lemma B.1 in Newey (1994). We give the proof in the Appendix

sup
zeX, A<

IR I O r.
g (@) = a:cAE[hNW(:”)}

for completeness. Note that unlike the bias, the variance is not affected by the boundary
problem, and the Lemma is valid uniformly over X, not just over Xg . We index the bandwidth
in this Lemma by the sample size because the variance bound only applies if the bandwidth
sequence satisfies the conditions in Assumption.

3.6 Properties of Nearest Internal Point Estimator

THE ONLY CHANGE IN MAIN TEXT IS THAT I REPLACED THE ASSUMPTIONS, LEM-
MAS AND THEOREMS BY THOSE IN THE APPENDIX.

We use the NIP estimator with the order of the Taylor series expansion equal to s — 1 with
s the order of the kernel.

The next two lemmas establish the rate of uniform (on X) convergence of the NIP estimator
of the X derivatives of h up to order j. The NIP estimator of order s of A is

hg\/f\lps Z Z _'h(/\ﬂ (2))(z —ro(x))"

§0|H|J

[11]



Lemma 3.3 (B1as)
If Assumptions 1-2 hold, and ¢ > j+2s —1 and r > j+ s — 1, then for all |\| < j:

sup |E [B(A)

nip,s
zeX P

(2)] = AV (@)| = 0 ().

Note that the only difference with Lemma 3.1 is that we require s — 1 additional derivatives
of h.

Lemma 3.4 (VARIANCE)
Suppose Assumptions 1-8 hold and ¢ > j+ s — 1,7 > j + s, and the bandwidth rate § satisfies

1-2/p .
5 < m Then

1/2
2 (N) 2 (\) _ log N
sup |hyo () —E |:hnip,s($)” =0y (W)
N

Theorem 3.1 (UNIFORM CONVERGENCE)
If Assumptions 1-3 hold, and ¢ > |A\|+2s — 1, r > |\ + s — 1, then:

sup

1/2
A log N
Al () = (@) = 0, (g—> + by

zeX N'bfv—i—z')\'
If also
L+2|\+2
$>maX{L+2|A|,W},
and
1 . 1-2/p 1
§§<5<mm{L+mM+2QL+qM}’
then,
(4)
sup |E A ()] — i (2)] = o (N—1/2 )
] 10| =o ()
and (ii)

sup
zeX

b (2) = W (@) = 0, (N1/1).
Note that in the case that the support X is a hyperrectangle Lemmas 3.3, 3.4 and Theo-
rem A.1l imply the same upper bounds for the Sobolev norm, so that the results are directly
comparable to those in the previous section.
The results on ﬁniP’ s(x) will be used for estimation of partial means. In particular, we use the
fact that the results imply that under sufficient smoothness conditions the difference between

[12]



hmip.s(x) and h(z) disappears faster than N ~1/4

, and that the corresponding bias vanishes faster
than N~1/2, both uniformly over X. These are the well-known minimal rates of convergence of
first-stage nonparametric estimators indicated by Newey (1994). The following Lemma makes
this precise.

We can always choose the order of the kernel such that the interval for § is not empty. It
is obvious that a higher order kernel is needed. An advantage of the NIP estimator is that it
preserves the order of the usual kernel estimator. Note that if 3 < p < 4, we have

2
— < P
2s< <L—|—2

so that the required order of the kernel is less than the number of variables in X.

4 Large Sample Properties of Estimators for Generalized Full
and Partial Means and Average Derivatives

4.1 Assumptions

In this section we present the main results of the paper. For four cases, the full mean, the full
average derivative, the partial mean and the partial average derivative, we present results on
the large sample properties of the estimators. We also present some results for special cases,
most importantly for the case where the function m(h) depends only on (derivatives of) the
regression function g = ho/hy. In addition we present estimators for the large sample variances
of the four estimators.

Next we make an assumption on the smoothness of m(-) and the weight function w(-).
Because components of g are continuous functions on the compact set X, we can consider m
as a functional on the set C[X] of continuous (and hence bounded) functions on X. We need
to linearize this functional in an open neighborhood of the population value of g. Define this
neighborhood by B(g,e) = {¢' € C[X]|lg’ — g| < €} with & > 0. We also define G C R
by G = {¢'(z)|z € X,¢' € B(g,¢)}. We now give the assumption that ensures that we can
linearize m. In this assumption we consider m as a function of M real arguments, i.e. as
a function of ¢{(z),...,¢),(z) with z € X and ¢’ € B(g,¢). In applications ¢ is chosen to
ensure differentiability of m. An example is the weighting estimator in Example 2.1 where
we assume that gs(x) is bounded from 0 and 1 on X. We choose ¢ such that all ¢’ € B(g,¢)
have the same property. If an estimator § converges uniformly to g on X then in large samples
g+a(g—g) € B(g,e) forall 0 < a < 1.

Assumption 4 (SMOOTHNESS OF m AND w)

(i) The function m is t times continuously differentiable on Hy with its t-th derivative bounded
on this set, and

(ii) the function w is t times differentiable with bounded t-th derivative on Xy = ®le11 [z, 7],

and ng (2) is zero on the boundary of X;.




Assumption 5 (SMOOTHNESS OF t)

The function t is v times continuously differentiable on Xy with its v-th derivative bounded on
this set.

It should be noted that this assumption stronger than needed for consistency of the GFM
and GPM estimators. For consistency continuity of m on G suffices.

4.2 Full Means

Here we focus on estimation of the GFM
Oyt = E [w(X)'m (h (X))] .

The proposed estimator is

By — % S w(Xi)'m (s (52))

Define

¢gfm(y7 :E) = ¢gfm1 (y7 $) + ¢gfm2(ya $)7

where

¢gfm1(yv T) = (w($)/m(h($)) - egfm) (4.15)
and

0

Uina(y,2) = fx (@)(@) 5m(h(z))- ( :

) B A gm0 - (3 )] @)

Y

We will show that t)gm(y, ) is the influence function for the estimator égfm. The first term
in the influence function, ¥gsm1(y, ), is the contribution from the averaging of g(x) over the
sample, and the second, ¥gma(y, x), captures the uncertainty coming from the estimation of
9(z).

Theorem 4.1 (GENERALIZED FULL MEAN)
Suppose Assumptions 1—4 hold. Then

(i) (Consistency) If g >2s—1,r>s—1+L,p>3,0<d<1/L, then

p
Hgfm - Hgfm )

(ii) (Asymptotic Linearity) If, in addition to the conditions in (i), t > s, d > s—1, and

L <0 < mi 2_% !
-— min —_—
2s 2L +4" 2L [’

then

VR (Buin = B = = D (15, X0) + 0y(1).

(2

iM=

[14]



(iii) (Asymptotic Normality) Under the same conditions as in (ii),
\/N (égfm - 9gfm> i’ N (07 E [¢gfm(yvv X) ' ¢gfm(K X)/]) .

Next we present a result for the special case where m(:) depends on h(-) only through
the regression function ho(x)/hi(x). Then we can define a function n : G — RY such that

n(g(x)) = m(fx(x), g(x)- fx(z)) for all g(x). Define

Vghn,reg (Y, L) = W(Sﬂ)'a%,n(g(iﬂ)) (¥ —9(@)) + (w(@)n(g(x) —0) . (4.17)

Corollary 4.1 (GENERALIZED FULL MEAN OF REGRESSION FUNCTION)
Suppose Assumptions 1-4 hold with ¢ > 2s—1, r>s—1+L, p>3,0<d§ <1/L, t> s,
d>s—1, and

1<5< i 2_% L
-— min —_—
2s 2L +4" 2L [’

then (1)

A 1 &
\/N <9gfm — egfm> = \/—N ; ¢gfm,rog(Y;a Xz) + 0117(1)7
and (i)
\/N (égfm — egfm> i’ N (07 E [¢gfm,rog(x X)qﬁgfm,rog(yvv X)/]) :

Lemma 4.1 CONSISTENT ESTIMATOR FOR ASYMPTOTIC VARIANCE FOR FULL MEAN

4.3 Full Average Derivatives

Theorem 4.2 (GENERALIZED FULL AVERAGE DERIVATIVE)
Consider the estimator

I o[\
0= N Z w(Xi)m(hyp (X))
=1
of the GFM/GFAD
0 =E [w(X)m (W (X))]

with hk\,]IRs the NIP estimator of h!N, then

(i) (Consistency) If Assumptions 1 and 4 hold®, ¢ > || +2s—1,r > |\|+s—1+L, ,p >3,
and by = N9 with

0<d< 1
L+ 2|\

then

6 -2, 9.

2The function n need not be differentiable. Continuity on H) suffices.

[15]



(ii) (Asymptotic Linearity) If Assumptions 1-4 hold, ¢ > [N\ +2s—1,r > |A\|+s—1+ Lt >
N[+, p>3,d>max{\1,.... A} +s—1,all p <\, |u| <|A| =1, and

2-3 1
—<§ ; p
25 = <mm{2L—|—4maX{1,|/\|}’2L—|—4|/\|}

then the estimator is asymptotically linear with

VN(§ - 0) \/—Z< m(hf (X)) ~ E [w(X)m (b (x))])

1 N 2
+— (—1)l al) (Xi) Zim — ElalZ) (X) Zn] ) | + 0p(1)
R (S ) o
with Zin = 1,Z;0 =Y; and form=1,2
on
@) = Ix(@)la) ® (kg ().

(iii) (Asymptotic Normality) Under the same assumptions as in (ii),
VN0 - 60) <L N(0,V)
with

VzVar(w(X)n( W (x )) +3 S (- |“1|+|“2|E[ 1) (x)al"2)(x )var(Y|X)}

K1 <A K2 <A

2 2

3033 S el Cov (af), (XOE(Zn |X) | alith, (X)E(Zn, X))

K1 <A ke<Ami=1ma=1

£33 [0 (15100 ~ B [u0m (15100)]) (o (0B (2,1 3) ~ B [offh(6)2(2,1)])

Lemma 4.2 CONSISTENT ESTIMATOR FOR ASYMPTOTIC VARIANCE FOR FULL DERIVATIVES

4.4 Partial Mean

Recall the definitions of the generalized partial and full means:
5P = E [w(X1)'m (h (X1,1(X1)))],

and The corresponding estimators are

germ — —Z (X1:)'m ( nip,s (X145 (XM-))>,

[16]



Theorem 4.3 (GENERALIZED PARTIAL MEAN)
(i) Suppose Assumptions 1-5 hold with ¢ > 2s—1,r>s—1+L, p>3, and0< § < 1/L, then

gepm _P . ggpm

(ii) Suppose Assumptions 1-5 hold with v >2, A\=0,q>2s—1,r>s—1+L,t>s, p>4,
d>s—1, and

= < 0 < mi 2 % =
— min —
2s 2L +4’ 2L
then 68P™ g asymptotically linear with

\/Nb%/z (égpm _ ggpm> =

N 2
1 X0 — t(X; 0
b L2/2 /N Z Z (OZm Zl Zm/[[; K ('I,Ll, 2 b ( 1) a ( ) >du1
N m=1

=1 N

E [am(xl)zm/UlK@l,Xrbiji(XlH > ]>+op 1)

with Zin =1, Zio =Y;, and form =1, 2,

on
O (1, t(x1))

agm (1) = fx (21, H(21))w (1) (h(z1,t(21)))

(iii), under the same asssumptions as in (ii),

2 2
\/Nb]LVQ/2(égpm _ Qgpm) i) N (0, Z Z Vk,m)

k=1m=1
with
ot 2
Vien = | ttkm (21, t(21) ) ok (1) i (21) K (u1, ~—— . (w1)ur +ug | duy | dug fx (1, t(21))dr
X1 U2 Uy
with pgm () = E[ZkZn| X = ] for k,m=1,2.
Lemma 4.3 CONSISTENT ESTIMATOR FOR ASYMPTOTIC VARIANCE FOR PARTIAL MEAN

4.5 Partial Average Derivative

Theorem 4.4 (GENERALIZED PARTIAL MEAN AND AVERAGE DERIVATIVE)

Consider the estimator

(X (Al p (X1, t(Xi1)))

[17]



of the GFM/GFAD
) [W(X)n (hg” (X1, t(Xl))ﬂ

with hk\,]IRs the NIP estimator of h™) for an boundary set of width 2by that uses the trimmed
NW estimator, then

(i) Consistency. If Assumptions 1 and 4 hold®, ¢ > |\ +2s—1,r > |\+s—1+L, ,p>3,
and by = N9 with

1

0<d<—
L+2\

then
6 - 6,
(i) Asymptotic distribution. If Assumptions 1, 2 and 4 hold, then

a. if t(xz1) is twice continuously differentiable on X1, A=0,¢g>2s—1,r>s—1+ L,
t>s,p>4,d>s—1, and by = N9 with

1 2-4
—<§ i L
95 <mm{2L+4’2L}

then the estimator is asymptotically linear with

Xio — t(Xi1) 0
b L2/2\/_ Z Z (am zl zm/U K (ula bi + a—l'/lt(XZl) . ’LL1> du1

i=1 m=1 N

VNBR2(6-6) =

Xo —t(X 0
—E Ozm(Xl)Zm/ K | uq, 27(1) + /t(Xl) cu1 | dug —|—Op(1)
Uy bN alEl
with Zin = 1,Z;0=Y; and form=1,2
on
Ot (z)

Qe () = fx (2)w () (hY(2))

Hence

VNBR2(6 - 69) —5 N(0, V)

with
V= 2231 S ot meroneon) [ ([ 5 (i 2oy ) ) o)
m=1m'=1 1 2 1

with piymm () = B[ Zy Zp | X = x| for mym/ = 1,2

3The function n need not be differentiable. Continuity on H) suffices.
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b. If A >0 and t(z1) = xp2, and ¢ > |(A\|+2s—1,r > |A+s—1+L,;t > |\+s,p>4,
d>max{\,..., A} +s—1, and by = N9 with*

Lo 2—3 1

— min

2s 2L +4max{1, |\|} 2L + 4|)|
then the estimator is asymptotically linear with

\/NbNLz/2+|>\2|(é —6) =

. (k1) A) [ To2 — X2 (k1) Ag) T2 — X2
by L2/2\/_ Z ( Z pll Z ( Wy m (X (X)) Zim K ( > -k [a“llhm(Xl)Z K (

k1<A1 bN bN /
with Zin = 1,Z;0 =Y; and form=1,2

on

m(hgﬂ(iﬂ))

alim(l') = fX(:E)w(:E)

Hence

VNby P20 gy~ A0, V)

2 2
v=> Y /X pre (21, 1(20)) | Y0 (D)l ) | [N (el ()

k1< K1 <A1

. /U (K02 (u2))” dun (a1, 1)) ey

Lemma 4.4 CONSISTENT ESTIMATOR FOR ASYMPTOTIC VARIANCE FOR PARTIAL DERIVA-
TIVE

5 Applications

IN THIS SECTION WE SPECIALIZE THE GENERAL RESULT TO INTERESTING CASES:
FULL AND PARTIAL MEAN, FULL AVERAGE DERIVATIVES (WEIGHTED AND UN-
WEIGHTED), PARTTIAL AVERAGE DERIVATIVES (UNWEIGHTED?), FULL AND PAR-
TIAL CROSS DERIVATIVES, FULL AND PARTIAL SECOND DERIVATIVES. NOTHING
TO PROVE, BUT JUST THE INFLUENCE FUNCTIONS AND ASYMPTOTIC VARIANCE.

6 Conclusion

To be added

“These are the bounds on § if |A| < 2L which is usually true.

[19]
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Appendix A: Additional Lemmas and Theorems

Lemma A.1 Under the assumptions of Lemma 8.1 and in addition r > j, we have that for |\ < j, and z € X,

E[hw( )] 8“‘@[& (:1:)].

9™
Lemma A.2 Under the assumptions of Lemma 3.2, we have that for || < j
log N e
e ‘ N _ og
sup | (2)° = [h H < b%ﬂ]‘)

Here we introduce some additional notation to keep track of derivatives. We do this part only for scalar Y. For
a L-vector of nonnegative integers A, define h as the vector of NIP estimators of the derivatives of h up to
order \. Note that h = (h1 h2)’ with

hi=fx, h2=fx-g,
so that k1 : X — R and hs : X — R. Hence h!M is a 2A vector of derivatives of h; and he with A = H1L:1(1 + \i)
and the first A components the derivatives of h1, i.e. h[lk] and the second A components the derivatives of ha,
ie. h[zk]. For example, if A = (1,2), then A= (1+4+1)-(1+2) =6, and

p,s

hl (:E)
9 h1 ()
" ha(x)
hi"(z) = azlazz hl( )
hl( )
dwq 022 az hl( )
Also define the A x L matrix [\] with rows equal to the order of differentation in [)], so that for A = (1,2)’,
0 0
1 0
0 1
0 2
1 2
and |[A]| to be the A vector with the row sums, so that in the same example with A = (1,2)’,
0
1
=Dz = |
= L = 9 R
2
3

where ¢, is the L-vector with all elements equal to one. Note that for a scalar p, hl* contains all derivatives of
hi,h2 up to order u. Thus for A = (1,2), the vector of functions h M contains all derivatives up to order 3:

[21]



Finally * is the component by component multiplication of two vectors with the same number of components,
and |z|« is the vector of absolute values of the components of the vector x.

Theorem A.1 (UNIFORM CONVERGENCE)
If Assumptions 1-3 hold, and g > j+2s—1,r > j+s— 1+ L, then for all |\ < j:

low N 1/2
PV | _logN .
ilég by s (@) —h (x)‘ =0p <N ) b%Jﬁzj) + by

Note that this implies that if § < 1/(L + 2|A|), we have convergence of A (z) to h™ (z) uniform in .

nip,s

Lemma A.3 (ESTIMATION OF h(z))
Suppose that Assumptions 1-3 hold, with

. L+2j+42
L+2j, ————
s>max{ + 27, 2—d/p },
g>j+2s—1,
r>j+s—1,

and

L<5<min 1-2/p !
2s L12j+2' 20+ 45"

Then, for || < j,
(i)

sup|E [AQ).(@)] = A @)] = o (N712),

zeX
and (i)
sup lALI(jI))S (z) — B (:c)‘ =o0p (N71/4) .
zeX
The results in Lemmas 3.3, 3.4, A.3 and Theorem A.1 with j = |A| can now be read as results on a uniform

bound on the bias and variance of iALI[]Al]pS as an estimator of the vector of derivatives h*.

The next set of Lemmas A.4-A.11 do the groundwork for the proofs of Theorems 4.1-?7?. They provide the tools
for the analysis of the correction term that accounts for the effect of the estimation of g and/or its derivatives
on the asymptotic distribution of the Generalized Full Mean (GFM), the Generalized Full Average Derivative
(GFAD), the Generalized Partial Mean (GPM), and the Generalized Partial Average Derivative (GPAD). The
lemmas show that the properties of the GPM and GFM estimators follow from the properties of the NIP
estimator. Those lemmas that apply to both the full and partial mean cases are stated for partial means with
the understanding that they apply to full means as well.

The estimand of the GFM and GFAD is

9=E [W(X)/m (hW (X))] ,
and that of the GPM and GPAD is
9=E [W(Xl)/m (hW (Xl,t(Xl)))] .

Here R denotes the vector of derivatives of h up to A.

We then consider a number of special cases that are obtained by particular choices of A\, e.g. A = 0 or a unit
vector which corresponds to an average partial derivative.

Because components of R are continuous functions on the compact set X, we can consider m as a functional
on the set C[X] of continuous (and hence bounded) functions on X. We need to linearize this functional in an
open neighborhood of the population value of R, Denoting the sup norm on X by

I

‘E[A] — hm‘ = sup AR (z) — B (z)
0 zeX

[22]



we define this neighborhood by

B, ) = {h € o[ - | < e},
with & > 0. We also define Hy C R* by

Hy = {EW () ‘x € X, € B(hM e) }

The derivatives of the function n with respect to h*l are the partial derivative of n(h* (z)) with respect to the
argument K™ (z).

The proofs of the lemmas are for the case that m and w are scalar. The proofs for the case that these are vectors
are essentially the same, but with more complex notation.

In the sequel we assume that the support X = Hle[gl,fl]. For the definition of the NIP we take the interior
region as XébN, i.e. the series expansion is from points that are 2by from the boundary. When estimating
a (z) for x € XL, ~ We trim observations that are in X\X{ > 1-€. we do not use observations that are less than
by from the boundary. It should be emphasized that we do not exclude these observations when we average
nonparametric estimators over all or some of their arguments. This asymmetric use of observations allows us to
deal with the two types of boundary bias and the boundary variance problems that affect the behavior of the
estimators. It is possible to generalize the proofs to the case that the support is not a rectangle as long as the
boundary region shrinks at the right rate.

The lemmas that lead to the main theorem are organized as follows. Lemma A.4 gives conditions for the
linearization of the estimators with respect to the nonparametric estimator of R, The linearization remainder
is small if the conditions of Theorem 3.1 are met. Lemma A.5 considers the bias of the linearized estimator. As
noted, we have to deal with two types of boundary bias: the usual boundary bias of kernel estimators and the
boundary bias due to averaging of the nonparametric estimator over a bounded support. The remaining lemmas
deal with the variance of the estimator, i.e. the part due to sampling variation in the nonparametric estimator.
This done in a number of steps. In the Lemmas A.9 and A.10 the boundary variance problem appears for the
full and partial mean case, respectively.

Lemma A.4 (LINEARIZATION)
Suppose that Assumptions 1-4 hold, and ¢ > |\ +2s — 1, 7 > |A\| +s—1, and § < 1/(L +2|)|). Then®

\/——ﬁ:{ (Xa) ( (hNIPs(Xil,t(Xil))—m(h[)‘](Xﬂ,t(Xil)))

o A
) g (A (X (X)) (B (K (X)) = P (X, t(XuD)}

~ 2
-0, <\/N ‘hE@],P’S - hm‘ ) .

0

—w(X

Define for m = 1,2 the functions v, : Rt RA by

Vm(z1) = w(w1) m(h (21, t(21)),

onlY
and let v = (v} v4)" be a 2A vector of functions. By Assumption 4 (ii) v is bounded on X;. In the sequel we
consider derivatives of v,,. If u is an L vector of nonnegative integers, then the u derivative of v, exists if w
is |p| times differentiable, m is |p| times differentiable, and h is |A 4+ p| times differentiable. We also use the
notation v(z1) = (x7 t(z1)')".

The next lemma relates the bias of the GPM, GFM, GAFD, and GAPD estimators to that of the NIP estimator.
Remember that the interior region is taken as XébN and the set XgN is considered as the support. The NIP
estimator is for all x € X

W) p (@) ZZ h“*‘” 20 () (@ — 723 ()"

=0 |u| J

b (‘ilgé]IPs - h([)A]‘ ) indicates an expression that is of the same stochastic order as iLEyIPs —h
’ 0 ’ 0

[23]



with for x € XébN the trimmed NW estimator of AV

N
e = 1 I by x— X;
hivw (2) = — 7 > (X exi,)zK™ <TJ)
N j=1

The trimmed NW estimator has bias O (b%) on XébN so that Lemma 3.3 applies XébN as interior region and
Xt  as support. Note that the uniform bias on X of the NTP estimator is O ((2bx)?), because of the additional
extrapolation. In the sequel we will not use special notation for the trimmed NW estimator.

Lemma A.5 If Assumptions 1, 2, and 4 hold, and ¢ > |A\ +2s — 1, r > |A|+s—1, and t > 1, then

% éu(Xu)’ (IE [ﬁLﬁL,S(u(Xﬂ))] — W (u(xﬂ))) — OF").

The next lemma gives an alternative linear representation of the weighted partial mean of the vector of derivatives
of the Nadaraya-Watson kernel estimator - up to A using U-statistic theory. Note that this result is slightly
different for the partial and full mean cases. This lemma is used in the proof of a corresponding result for the
weighted partial mean of the NIP estimator of the vector of derivatives up to A\. The NW estimator is the
trimmed NW estimator.

Lemma A.6 Suppose Assumptions 2-4 hold, and r > |\|. Then:
;| X
— > v(Xa) (’ALE.AV]V(U(XH)) -k [EBV]V(U(XH))])
VN i—1

VN </x v(z1) (ﬁm(v(m)) - E[iLLA\,];(v(xl))]) fx, (961)dx1)
=0, (NfleL/Zle/Zf\)\\ I N’l/zbEL/Z’W) .

The next Lemma shows that the same result applies to the nip estimator, using a slightly stronger condition
on the degree of differentiability of the kernel. Remember that we use the trimmed NW estimator, but that we
average over the full support. Also the NIP estimator extrapolates from rgp, ().

Lemma A.7 Suppose that Assumptions 2-4 hold and that r > |\ + s — 1. Then:
| X
SIA e
75 2 VXY (R w(Xi0) — B [AG) .(w(Xa))] )

V([ vty (Whetoten) = B w)]) )i
=0, (NfleL/Zle/Zf\)\\ 4 N’l/zbgL/z’W) .

Lemma A.8 Suppose Assumption 2 holds, and that r > d and |\ < d — 1. Then for all v < A,

0 e _l0 if y7# A
/U“ K (“)d“*{ (—1) Al if v = A.

Notation We define the A vectors a1 (z1) = fx, (z1)vi(z1) and aa(z1) = fx, (x1)va(z1). Also a2 is the vector
of A derivatives of the components of a,, for m = 1,2. It will be convenient to refer to the components of a1
and a2 by the derivative that they refer to. Remember that v1 and v» are derivatives of the scalar function n
with respect the h[lk] (z) and h[;] (z), the A vectors of derivatives of h1 and h2 up to order A\. Hence we indicate
components of a1, az by the derivative h(“), e.g. a1 is the product of fx and the derivative of n with respect to
hg“). By Assumptions 1 and 4 these functions have the same properties as v1,v2. In particular by Assumptions
4 and 1 a1 and a2 are g times differentiable and the ¢-th derivative is bounded. The following lemma refers only
to the full mean case with Lo = 0.

The estimator of h*) is the NIP estimator that uses the trimmed NW estimator. The trimming in combination
with the derivative kernel deals with weights that become unbounded if the bandwidth goes to 0, a problem that
we refer to as the boundary variance problem.

[24]



Lemma A.9 (FuLL MEAN) Suppose that Assumptions 2-77 and 4 hold, then if r > |A|+s—1, ¢ > 2|A\| + s,
t>|A+sd=max{\,...,. L} +s—1

VN Z / (@) (A i o (@) = E [, . (@)]) dw—iNi RIS (a0 (X0) Zim — Bl (X) Zn))

i=1 \ k<A m=

-

_ O ( mm{l L/Z})

The results thus far establish the asymptotic properties of the GFM and GFAD estimators.
Next, we present the results for the partial mean case.

Lemma A.10 Suppose that Assumptions 2, 1 and 4 hold. If A = 0 then if t(x1) is twice continuously differen-
tiable on X1, the kernel is of derivative orderd>s—1,p>2,qg>s,t>s,andr >s—1

VN - by Lz/zz/ (1) (Fomnips (1, 121)) = E [ nips (1, 121))] )

Xio — t(X; o
L2/2\/_ Z Z <O‘m i1) Zim /Ul K <U17 Xio — t(Xu) + 8775()(1'1) : Ul) du

i=1 m=1 by 1
Xo — 1(X min
_E [am(Xl)Zm/ K <U17 2[)7(1) + 7 t(Xl) . Ul) d'l/,1:|) = Op (bN {LLI/Z}) .
Uy N )
If t(x1) = xo2 then for A > 0 with in addition to the listed assumptions a kernel of derivative order d >

s—14+max{A,..., Az}, p>2,¢>2|A+s,t>|N\+s, andr > s—1+ max{\1,...,\1z, }

VNV bt/ Z [ ) (R te) < B [ st

e ) IS

\nl\ Z ’(:11)\)1 ( Zl)ZimK(Az) To2 — Xi2 _E a’(:l&)hm(xl)me(Az) To2 — X2
k1 <A1 bN bN
_ O ( mm{l Ll/Z})

The final lemma establishes that the asymptotic distribution is normal for partial means and partial average
derivatives.

Lemma A.11 Suppose that Assumptions 2, 1 and 4 hold, and that t(x1) is continuously differentiable on Xi
and that p > 4 and NﬁlbgL2 — 0. Then

N2y Lal? Z <Z / Xi1)ZimK <u1, 88—;()(1.1)”1 I t(XlgiN—Xz) dus
[Z/U on(X1)2 (maa (o + L =22 de <L NO,V),

-y >/ ot @11 @) 1) @) [

Uz

2
</ K <U1, ;—t(m)m +U2) dm) duz fx (z1,t(v1))dr:
Uy 1

With fmm (2) = E[Zm Zp| X = 2] for m,m’ = 1,2. If in addition v > |X2| and q,t > |\i|
12122 [ N k1l (k1) (A2) Loz = Xio
WS (30 (S e ) ) Zunr (B2 e
i=1 m=1 k1 <A1

2

£ |3 | X (0l 00 | 2k (2222 ) vy

m=1 \k1<A1

[25]



with
v=y"% /X Lo (21, £(21)) ( > (—1):110(’({'111;2’“1(951)) ( > (—l)ﬁla’(:;l)g’m/(xl))

/ (K0 (uﬁ)z dus fx (w1, t(w1))dz,



7 Higher Order Kernels

Let u be scalar, and let K(u) be a symmetric kernel with p; = [ v/ K(u)du, po = 1, p; = 0 for j is odd. Then
we can construct a kernel of order s, as

K(w) =3y - - Klw),
j=0

where the «; ensure that [w’ - K(u)du=0for j=1,...,s— 1 and [ K (u)du = 1, leading to

-1

Mo M1 ... Hs—1 1

pr p2 .. s 0

o = . . . .
Ps—1  fbs . fi2s—2 0

We can choose K(u) = 1/2, for v € [—1,1], so that u; = 1/(j + 1) for j even, and (assuming s — 1 is even)

-1

1 o0 13 ... 1s 1
0 13 0 ... 0 0
s 0 s s+ 0
s 0 1/(s+2) ... 1/2s—1) 0

If we choose the Epanechnikov kernel as the basis, K(u) = (3/4)(1—u?) for —1 < u < 1, then u; = 3/((j+1)(j+3))
for j even and greater than 0, and p; = 0 for j odd. Then

1

1 0 1/5 e 3/(s(s +2)) g
0 1/5 0 0 0

o 1/5 0 3/35 o 3/((5+2)(s +4) 0
3(s(5+2) 0 3/((s+D(s+4) ... 3/(25—1)(2s+1) 0

According to Pagan and Ullah (1999) the optimal fourth order kernel is (note that the optimal second order
kernel is the Epanechnikov kernel):
15
K(u)= == (7T-u*—10-u*+3),
32
for —1 < u < 1. Let us consider three cases. In each case we look for the least restrictive conditions on the order
of the kernel first, then on the number of moments required for Z given X.

. L=1,s=3,p>2s/(s—L—-1)=6,sop=7,7=0,J=1,¢g=05,r

(1—2/p)/(2L +2) = 5/28, so 14/84 < § < 15/84.
2.L=2s=4,p>2s/(s—L—-1)=8s0op=9,7=0J=1,9g=7,r=3,1/8=1/(2s) < <
(1—2/p)/(2L +2) = 7/54, so 27/216 < § < 28/216.

3. L=3,s=5p>2s/(s—L—-1)=10,sop=11,j=0,J=1,g=9,r=4,1/10=1/(2s) < <
(1—2/p)/(2L + 2) = 9/88, s0 44/440 < § < 45/440.

2,1/6 = 1/(2s) < 6 <

[27]



Appendix B: Proofs of Additional Lemmas and Theorems

Proof of Lemma A.1
We have

E[iN@)] =E [ZbLiw KO <:c—bx)] _ /Xg(v) bLiW KO (222) e,

for g(v) = E[Z|X = v]. For all z,v € X we have by assumption 1,

‘g(v)K(A) (:cf;v) fx(v)‘ < C sup ‘K(A) (%)‘ = C'sup K(A)(u)‘ < o0

z,veX uelU

because by Assumption 2 the kernel K ) is bounded on U. Hence by dominated convergence we can interchange
differentiation and integration A times, so that

P () G
E [hnw (:c)] = oE [hnw(x)] .
d
Proof of Lemma A.2
The result follows directly from Lemma 3.2, if we can interchange the expectation and A derivative. This follows
from Lemma A.1. O
Proof of Theorem A.1l. By the triangle inequality,

sup [, (@) = ) (@)
rzeX
< sup[E [(3) ,(2)] = nV (@) (B.1)
rzeX !
+sup A () ~ B[R ()] | (B.2)

1/2
By Lemma 3.3 it follows that (B.1) is O (b°). By Lemma 3.4 it follows that (B.2) is O, <<%) )
Combining these two results implies the result in the Theorem. [
Note that this implies that if § < 1/(L + 2|\|), we have convergence of lALI(jI))S (z) to h™ (z) uniform in .
Proof of Lemma A.3. First consider (i¢). For the upper bound on the bias in (i) we use Lemma 3.3. If
q>j+sand r>j+4s— 1 this Lemma implies that the bias is O(byy) = O(N~°¢). If § > 1/(2s), then the bias
is 0p(N71/2).
Next, consider (i7). By the triangle inequality we have

)

nip,s

)

sup nip,s

(2) = B (@)] < sup
zeX

zeX

(2) — B [A3) ()] |+ sup [ [AQ)..(2)] — A (@)].

zeX

By the first part of this Lemma the last term is o(N~1/2) = 0,(N~/%). To deal with the first term on the
right hand side we use Theorem A.1. We simultaneously need to satisfy the condition on the bandwidth in this
Theorem, which requires

1-2/p

) [
SI12j+2

and ensure that the upper bound on the variance is of order N~1/4

1/2
0 <%> =o (7).
N - by
which requires that

5<#
2L +4j5°

, which requires that



Hence a sufficient condition for the variance is that

. 1-2/p 1
5 .
<mm{L+2j+2’2L+4j}

Thus both results hold if

L<5<min{ 1—2/p L }

2s L+2j+2 2L+4j

Finally, for all L, 5, p > 2, there are s, ¢, r and ¢ that satisfy these conditions. .
Proof of Lemma A.4: By Assumption 4 there is some M < oo such that
o B
e <
for all z € X and KN € B(h™N e). Then if iALEé]IP’s € B(h™ ¢) and P (z) intermediate between h!M(z) and

iLEyIP,s (z) we have for all z € X,

oo e, ) (B o, ) — B (xl,tm)))) \

{‘%m) (m(h%}fp,sm,t(m)) —m(h (z1, t(z1)) —
= % ‘W(xl)(hgé]lp,s(xlvt(xl)) —h (:c1,t(:c1))/78h[)\?8hp\]/ m(m(x17t(xl))(hgé]jp’s(xl7t(x1) _ (21, t(:cl)))‘

1 ~ 2 2
< 5 sup lw(@)|- M- [i 5, — |
xr1 €Xy 0

<G8, 1.

Hence if we denote

afen) = (o) (mR)p (on,101)) = (AP o, 62)) = 5 o, o) R 0) = Y 1)) )

we have that iLEyIP,s € B(h, ) implies

NZd

Therefore, for all n > 0 and all sequences an,

p< >n)<pr<

+Pr (AQ)p. ¢ B, 2))
(e E

+Pr (WQp, # B, 2))

§Pr<0-@-

anN

2
<c‘hN,Ps hm‘o.

>0

i/—zd i1) i/—zd i1) hEVIPsGB(h )) Pr(hNIPsGB(h ))

hNIPs hm‘ > 77‘ hEV]IPs e B(h™ )) Pr (hNIPs e B(h™ ))

2 .
=) > ) P (i, =) <),
The second term in the upper bound converges to 0, because by the assumptions of the lemma the NIP estimator

. 2
is uniformly convergent on X. Now if for some sequence an the sequence g ‘hgé]l P Ry .

is stochastically

bounded, then so is the sequence — \/— SN d(Xi1) so that

N
1 I 2
7 a0 =0, (VA ik, ~ )



Proof of Lemma A.5:

% éu(Xﬂ)’ (E [l (o(Xi))] = AP (u(xﬂ)))‘

viwr) (B [Al}. (v(@2)] = i (@) |

< sup [v(ay)] - sup [E AL (v(@0)] = B (0(@0))]

x1€Xy xr1 €Xy
< sup [p(an)|-sup [E [ ()] — b (@)
z1€X1 z€eX
= C-sup|E [ﬁ{g;s(x)] — pW (:c)‘ —0((2b)),
zeX

where the last equality follows from Lemma 3.3. O
Proof of Lemma A.6: Define

vl .N o (Xa) (W (0(X) — B [ (0(X0))])

U= 22: /X V(1) (A (0(@1)) = BN (0(21))]) Fx, (@1)das,

ﬁ: vm(Xia)' (EE]’“W(U(X“)) -E [EQ],nw(U(Xil))]) ;
and
U= [ wm(or) (B (v(1)) = Bl (0(1))]) £ o0)dn

Then the claim in the Lemma is

V-_U=0, (N’3/2b§L/2’L1/2’W T N—leL/Zf\M) 7
and since V=32 _ Vi, and U = 3.2 _ Un, it is sufficient to show that
Vin — Up = O, (N’3/2b§L/2’L1/2’W T N’lbgL/sz) 7

for m =1, 2.

Note that
1 < X, —x
W () = = ST (X5 € X ) Zmby" ™V K (22
m,nw(x) N Z j € Xy ) Zimby * b ,
o]

where the vector b&Li\ is the A vector with components equal to b&Lf‘“ | with 1 < A The A vector K™ has
as its components the derivatives of K up to order A.
Define

1 z; — vz
an,m(Ti1, zj,25) =1 (xj € XéN) ijym(x“)/bLHP\H « K <]T(1)) ’
N

bn,m (i1, 2, T5) = an,m (Ti1, 25, %5) — Elanm (zi, Z, X)],
and

eNm (25, 25) = E [bn,m (X1, 25, 75)] -
By definition, if i # j,

E [enm(Z;, X;)?] < E [by.m(Xi1, Z;, X;)°] <E [anvm (X1, Zj, X;)?] (B.3)

[30]



and

E [(bn,m (Xi1, Zj, X;) — en(Z5, X;))?] < E [bnm (Xi1, Zj, X;)°] < E [anm (X1, Z5, X5)°] - (B.4)
We need two results on the expectations of an(Xi1, Z;, X;). If ¢ # j, then

E [anm (Xir, 25, X;)] = 0 (63" 7)), (B.5)
and

E [aym (Xit, Zi, X0)%) = O (bt~ 21 (B.6)

First, we prove (B.5):

2
1 X; —v(X;
N

1 X;—v Xz 2
<t 5 (s (32

N by
1 I 2 A (X —v(Xa) N (X —o(Xa)\|
< WIE [I (Xj € XbN) Ll (X[l |K P ( SE2m * N (Xl
1 T N (X =X\ | o (X —v(Xa)

<C—— _E|I (X» X ) g (22U e (2 T VR

- Ob?\]L+2‘>\‘ [ ! © oN ‘ bN * bN *
where we use the inequality |z'(y * 2)| < max;=1,. 1 |yi||z|%|2|+ and the fact that 1/b21‘\,L7LZW is the largest
component of 1/ b?\,LHHA”, the Cauchy-Schwartz inequality, and the boundedness of E[Y}?|X; = x| and v(z1) on

X and X, respectively. The absolute value of the expectation is bounded by

C Slég /x K0 <7Z — U(xl)) K2 <7Z —bll)v(xl)) ‘ fx(2)dz,

bn
for some k1,k2 < A. By a change of variables from z to u = (z — v(x1))/bn with Jacobian b% this is equal to

1
N

C - bk sup

/ KD (@)K 2 ()] fx (o(r) + uby)du
z1€Xy {u\u:(zfu(zl))/bN,IEXéV }

<C. bk/ ‘K(“l)(u)K(“z)(u)‘ du < Cb%,
so that ’
E [an,m (X1, Z;, X;)?] = O (bgL’ZW) .
Thus (B.5) holds. Next, we prove (B.6):

1
N

O <w)

bn

" <Xi—’U(Xi1)) ]

bn

J]

! exd (X = v(Xa)
< Jazem OF [1 (x:exi,) ‘K <T

*

The absolute value of the expectation is bounded by
-1 -1
C ., ‘K(m) <O, xzbiN(xl)) ‘ ‘K(Kz) <O, xzbiN(xl)) ‘ fx(x)dz
b

By a change of variables us = (22 — t(21))/by with Jacobian b&? this is

Ob%2 / / ‘K("l)((), Uz)‘ ‘K('Q)(O, Uz) fx(xl,t(:cl) —+ Usz)dUdel
xt, {ug|ug=(za—t(x1))/bn,z2€X] byt

[31]



< cb#/ / ‘K("l)((), uz)‘ ‘K(’”)(O, uz)‘ Fx (@1, t(21) + usby )dugday < CbL2,
X; JUs
implying that
E [CLN,m(Xil,Zi,Xi)z} -0 (bEL—Llfﬂ)\\) )

Thus (B.6) holds.
By the definitions of by ,m (zi1, 25, 2;) and ¢n,m(x:1, 25, x;) it follows that

1 N N
Vi = m ZZbN,m(Xi17Zj7Xj)7

i=1 j=1

is a V-statistic with (non-symmetrized) kernel by m (i1, 25, z;), which depends on N, and
X
Un = 5 ;CN,m(Zj,Xj).
Define

N
1
Vi = Fv =) D bvm(Xa, Z5, X5),

i#j=1
| X
Vi = mZbN,m(XihZi,Xi),
i=1
so that
N —-1)N N—-1)N
Vm - Um = %(Vm,l - Um) + <% - 1) Um +Vm,2-

Hence to prove the lemma it is sufficient to show that

N-1)N N-1)N CaseLa Lo A ija
%(Vm,l—Um)+<%—l) U+ Vino = O, (N 8/2y /2L /2=y /2 ‘*‘). (B.7)

We do this in three steps. First we show that

(N ]:[2 Al (Vini —Um) = Op (NfleL/sz) . (B.8)
Second, we show that
<(N ]:le)N B 1) Up = O, (N73/2b§L/2’W) —o, (N73/2b§L/2’L1/2’W) . (B.9)

Third, we show that
Vino = O, (N73/2bEL/2—L1/27\M) . (B.10)

First consider (B.8). We have

N
1
m1—Up = ——-—— b mXi,Z‘,X‘ — mZHX’ ’
Vina — U, N(N_l)i#jzl(N,( 1,25, X;) — enm(Z5, X;5))

so that

N N
> > Ellbwm(Xar, Z5, X5) = enm(Zs, X)) (bnm (Xe1, Zi, X1) — enom (Z1, X1))] -
i#j=1 k£l=1

E [(Vima — Um)?] = m

We consider

E [(bn,m (Xi1, Zj, Xj) — enm(Zj, X5)) (bn,m (X1, Z1, Xi) — enm (21, X)) -

[32]



There are four cases: (i), 1 £k, j #1, (it), i £k, j =1, (itd), i =k, j # 1, and (), i =k, j = 1.
In case (i), if i # k,j # [, then the expectation is 0. In case (i), if i # k, j = [, then

E [(bn,m (Xi1, Zj, Xj) — enm(Zj, X5)) (bn,m (X1, Zj, Xj) — enn(Zs, X))

=Ez;,x; [B[(bnm(Xi1, Zj, Xj) — enm(Zj, X5)) (bnm (X1, Zj, X5) — enm(Zs, X5)) 1 Z5, X]]
=Bz, x; [E[bnm(Xi1, Zj, X5) — enm(Zs, X5)| Zs, XG]1 B [bnm (Xi1, Zj, X5) — enm(Z5, X5)| Z5, X5]] = 0O,
because

E [bynm (Xar, Zj, Xi)|Zs, X5] = enon(Zs, Xj)-
In case (i4i), withi =k,j #1

E [(bn,m (Xi1, Zj, Xj) — enm(Zj, X5)) (bn,m (Xit, Zi, Xi) — enym (21, X0))]

= Ex,, [E[(bnm(Xi1, Zj, Xj) — enm(Zj, Xj)) (bnm (Xit, Zi, Xi) — enym (21, X0)) | Xia]]

= Ex,, [E[bynm(Xi, Zj, X;) — enm(Zs, X5) | Xa| E by (X1, Zi, Xi) — enm(Z, X0)| Xa]] = 0,
because

E [bn,m (X1, Zj, X;)|Xi1] =0, and  E[en,m(Z;, X;)|Xu] = 0.
This leaves only case (iv) where i = k and j = [, so that because of (B.4) and(B.3),

E[(Ving — Un)?] = m D E[(bnm(Xir, Z5, X5) — enn(Z5, X5))?]
i#j=1

N
1
SEECEREP PR

N
1 2 c —L—2|3|
< - E [an.m(Xi1, Z5, X)2)] < ———b .
S ww e 2o, P o X 2 0] <

Thus, by the Markov inequality we find that
Vit — Unm = O, (NileL/27‘M) .

Next, consider (B.9). Because E[(cn.m(Z, X))?] < E[(anm (X, Zj, X;))?] = O(b&Lizw), we find that

N

E[US] = %E [Z > enm(Zi, Xi) - enom(Z;, Xj)}

i=1 j=1

N
1
- S enn
=1

C._ -2
< ~bw i

IN

N
1
mIE [Z an,m (Zi, Xi)?
i—1
so that
U = O, (Nil/zbEL/27‘M) 7

and

<L ;[21)N - 1) Unm = —%Um =0, (N*3/2b#/2*‘*‘) .

Finally, consider (B.10).

N N
E Vil = 572 D Ebwxm(Xa, Zi, Xi) - by (Xj1, Z5, X;)]

i=1 j=1

[33]



N
= % Z]E [bN,m(Xil,Z“Xi)z}

i=1
1 ZN c
. . 2 —L—-L 2\)\\
S m 2 E [CLN’m(XZl,Z“XZ) } < _N3b 1—

so that
Vinz = Op (N30 P27/
Combining the results we have that
Vo — U = O, (N’3/2b§L/2’L1/2’W I N’lbgL/sz) 7

proving (B.7), and thus the lemma. O
Proof of Lemma A.7 The proof is analogous to that of the previous lemma. Define

v=3 / (1) (R (0(2)) = B (0(2))]) S (),

Vi = 2 Do vm(Xa) (RS (ran (0(Xi2)) = B [BRLES (rany (0 X0)] ) (0(Xi2) = 7 (0(Xi)"

N
i=1
and
Upym = / Vm (1)’ (hﬂl}ﬁv(v“s)( (21)) — B[R (v (@ 1))]) (v(@1) = rany (v(21)))" fx, (21)dz1.
X3
Here h N+ 4 is the A vector of p derivatives of the components of the vector hg] that are the derivatives of h.,
up to A. Then
2 s—1 2
D 9D D) DELU PR D 9 3D o A1
=1 k=0 |u|= w P m=1 k=0 |u|= W M

The statement in the Lemma is equivalent to
V-U=0, (N’3/2b§L/2’L1/2’W T N’lbgL/sz) .
Because there are a finite number of u, it is sufficient to show that for all 4 and m
—3/2,—L/2—L1/2—|A —1;-L/2—|x
Vieom — W:o,,(N /2y B/ Ra/2= Nt “). (B.11)
Define

1 X5 — T2 (1)(:1:11))
anm.u (i1, 25, 5) =1 (fﬂj € XgN) Vm(fﬂil)lzjmm*f(mﬂm <]+ (@) —rapy (v(@a)))",
N

ON o (Tir, 2, @5) = N mop (Tir, 2, %5) — Banmp (T, Z5, X;5)],

and

cNymp(2,2) = E [bn,m,u (X1, 2,2)] .
We will first show that if ¢ # j

E [anmpu(Xi, Z5, X;)%] = O (b;“z‘”) , (B.12)
and to cover the case with i = j,

E [an,mpu(Xa, Zi, Xi)%] = O (bgL*LI*ZW) . (B.13)



(In these proofs we use the stronger assumption on the degree of differentiability of the kernel.) Then we will
show that this is sufficient for the statement in the Lemma.
First, consider (B.12):

E [anm.p. (X1, Zj, X;)°]

1 X; — v(Xn) 2
I A _ 7 2
< mE |:I (X] S XbN) <|Z]m||Vm(X11)|; K[ 1+ (k) <-7T) ) (U(le) _ TZbN (U(le))) I»L:|
N *

1 X, —wv Xil 2
< Ty SUP [v(@1) = rany ((wa1)) [ E [I (Xj € Xiw) <|ij||Vm(Xi1)|i ‘KWHM) <]b7()) ) }
by z1Xq N *

C X, —wv Xil 2
< mvrar B [I (3 e 5ty (1Zimlpm el v (L2 ) }
bN N *

C L C
< pI2AF2L - C2by < pL2Al
N N

using the same argument as in the proof of (B.5) in the proof of Lemma A.6.
Second, consider (B.13):

E [an,mu (X1, Zi, Xi)°]

1 I ’
N

) (0(Xix) — vy (v(xin))“}

o) (X = v(Xa)
bn

1 X —v(Xi1) 2
2 I A i i
S m Su}) |'U(.'I)1) — T2by ('U(,'_L‘zl))| /"‘-E |:I (Xz € XbN) <|Z1m||Vm(X21)|; K[ T4 () <T) ) :|
N zlexl,bN *
O Xi — v Xil 2
< ooz E [I (Xi € ng) <|Zim||um(xi1)|; ‘KW*(“) <$) ) }
N *
C L C
= PEREE2 C2by < p2LH2N=L2
N N

using the same argument as in the proof of (B.6) in the proof of Lemma A.6.
Finally, as in the proof for Lemma A.6, note that

N N N
1 1
Vi = 553 2 0 bvomon (Xin, Z5, X5), and Uym = 52D eNamu(Zi, Xi).
i=1 j=1 i=1
Define
= ! b X1, Z;, X d o 3 b X1, Zi, X
Viema1 = mg Nomou(Xir, Z5, X)), and Vim2 = m; N (Xin, Zi, Xi).
Then
N-1)N N-1)N
Viem = Upm = %(me,l - Uu,m) + <% - 1) Upm + Vim,2.

Following the same argument as in the proof of Lemma A.6, it follows that

N —-1)N _1,-L/2—
B Vo = V) = 0, (N 032
N —-1)N _3/2,—L/2— _3/2,—L/2—Ly/2—
<( NZ) _ 1) Upm = O, (N 3/2bNL/2 m) = 0, (N 3/2bNL/2 L1/2 m) 7

Vimea = 0, (N7¥2pH 21270,

Combining these results implies that (B.11) holds. O
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Proof of Lemma A.8:
Consider

L m
/UWK(A)(u)du = H/ u?lIC(Al)(ul)dul.
U -1

We focus on
1
/ u?llC(Al)(ul)dul,
-1

and, droping the subscripts [ for ease of notation, we write this as

1 ™ 1
v — -
/,1U K (u)duf/ u 8u*l€( uw)du

The result in the Lemma now follows from the following claim for the scalar case:

oo 0 fo<~y<A
., B <
/,1 U g Kw)du = { (—1)*Al iy = A (B.14)

To prove (B.14), we use partial integration v times, leading to

1
1)”7!/ KA (w)du
—1

— i: <(_1)j v Z'J) KA (1) — (=1)” - Z!j)!lc()\fjfl)(_l)) +(=1)"! [1 KO (w)du

By the assumption on the derivative order of the kernel we have that

o o
2 K1) = =
8u“l€() OQut
for y=0,...,A—1, so that for all 0 < v < A,

/1 w2 K wydu = (~1) '/1 KO (w)du
our - i .

If 0 < v < A, then,

1 o = R . . !
/1 w5 K(w)du = > (=1 ] _'j)'u”ﬂ/c“ﬂ*” (u)
- Jj=0 ’ _

K(-1) =0,

1 8)\7w 8)\7w71
|, g = pm K|

so that in this case with 0 < v < A,

1 8)\

This proves the first part of the claim in (B.14). If v = X then

/jlukaa—klc( )du = (- I)AA!/AIC(* M (u)du »/ K(u C1)Pa,

proving the second part of (B.14). O
Proof of Lemma A.9: The A vector of the NIP estimator of the derivatives of h,, up to A with a polynomial
approximation in 2by from the boundary and using the trimmed NW estimator is for x € X

hm NIPs = Z

M

1 oI )7 1 N+ (2= X "
ﬂ_ﬁ Z (XJ € XbN) Zjm by LHIMIF k] * K by (@ =2y (2))

iy

Jj=1

1 z— X;
‘ A (B X5\ u
i (e %) Zim i K < by ) (7 = 720 (%)

t|»—l

iy

nl=k
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2
1 1 xz — X;
binn = /X ol (Xf < XéN) ijam(x)/bNLH[X]Hw w K0 <—]) (z —rapy (2))"da

m=1 by
so that
2 N s—1
VN> / am(z)’ (iLE’\L],NIP,s(x) —-E [EL)’\L],NIP,S(:E)]) do= —— > (in.N — E[@jun]) -

m=1"X N J=1 k=0 |p|=k

We will show that for all 4 such that 1 < |u| <s—1,
| X
D ($inn —Eljun]) - (B.15)

DD

Jj=

converges faster than the term for 4 = 0 so that that term dominates.
We start with the case that ;1 = 0. We have with a change of variables

2
I r 1 EERY
droN = z_:l/xj (Xj e XbN) Zjmam() e K de =

2
3 / I (Xj e XgN) Zimam(X; + bNu)’ﬁ « K (w)du
1 7 {ulu=(z—X;) /by ,c€X} b

Define U(X;) = {u € Ulu = (z — X;)/bn, = € X}. By the definition of Xi  for all u € U there is an z € X with
x = X; — byu, so that® U C U(X;) and hence U(X;) = U. This is not true if X; is in the boundary region and
for such X; we cannot control the variance. Hence

2
1
djow = > /1 (Xj € ng) Zimoim(X; + byvu) o+ K™ (u)du
m=1 Y bN
We can write

2
S =35> /U I (Xj € ng) Zjm (X + bNu)b‘l_K‘ K™ (u)du =" ¢jo.nn

m=1 <\ N K<

We expand aum (X; + byu) in a Taylor series of order |A|. This gives the vector of expansions

]
1 p 1 _
Qe (Xj +byu) = > by Y Eaﬁ‘ﬁ(){j)u“ HOTT ST =l (X + by
k=0 = H ul=tel1 H

Substitution gives

2 |kl
e 1 K
bimon = DD b " D0 (%5 € xby) Zimalhd(X;) / ut K (u)du+
. U

m=1 k=0 |pl=k

1
by > / I (Xj € XiN) Zima ) (X, + bym)u' K™ (u)du
= M Ju
|l=lr|+1
The expression involves negative powers of the bandwidth. The contribution of these terms must be 0 to avoid

a variance that grows without bounds if the bandwidth becomes small. By the assumptions on the kernel and
by Lemma A.8

2 2
K K 1 — K
biron = S (1)1 (Xj € XgN) AKX Zimtbn Y Y E/I (Xj € XgN) ol (X;+bNT) Zjmul K ™ (u)du
- JU

= m=1 || =[x|+1

SRemember that if w € U, then —u € U.



Define

b= Y1 (x5 € xi,) (~)"al () Zim

m=1

We have

N 2
\/—— ]Z:; (¢j0,NH - 1/}]*“ —E [Qﬁjg,Nﬁ — 1/)],11))

R
2»—!

=E [(¢jo.v — ¥jr — E[pjone — ¥in])?]

<E([(0.vx = ¥in)’] = BVE Z Z u! / X € szv) o) (X, 4 bnT) Zimu" K™ (w)du

m=1 |u|=|x|+1

The expectation is bounded by a finite sum of terms

E [1 (x; eng)/‘ag‘g>(xj+bwa)‘lzjml
U

WK )| du [ (ol (4 + by 1250
U

u“2K(“)(u)‘ du

Because axm has derivatives up to order |A|4+1 that are bounded on X and K has derivatives up to order |A| that
are bounded on U, the expectation is obviously bounded if Z;,, = 1. If Z;,, =Y}, the expectation is bounded
by E(Y;?) which is bounded by Assumption 1. By the Markov inequality we have

N
> (Po.nk = Yin — E[jo,nk — Pin]) = Op(bn)

Jj=

Bl

-

We define
2
b= YD1 (X; e Xy ) alh(X)Zm
K< m=1

Because the result is for all K < A\ we have

Z pjo.n — Y5 — Eldjon —5]) = Op(bn)

Next we consider ¢j,,n with 1 < |u| < s — 1 which can be written as a sum of terms ¢juu, N
2

1 1 K r—X;
Sy = 3 T [t (% € 5L @) 23k (2522 (0= (@)

N

By a change of variables from z to u = (z — X;) /by with Jacobian b%

2
1 1 “
¢jnu,N = 2:1 W /[U EI (Xj S XéN) Oé,im(Xj—FbNU)ijK( +a) (U) (Xj—FbNU—szN (Xj—FbNU))“dU

Consider for X = [~ [z,,71] and X; € Xp
L

(X5 +bnvu —rapy (X5 + byvu))” = H(le +bnug — rapy (X1 + b))
=1

By the definition of XéN we have that X; + byu € X for all w € U. If for some [ = 1,...L z; + 2by <
X1+ byvu < T; — 2bn, then the expression above is 0. It is nonzero only if all components of X, are in the
boundary region. This event that we denote by Ex has a probability proportional to (2bx)¥, because the
density of X is bounded on its support. If En occurs ¢j.u,n involves negative powers of by that again must
have a 0 contribution. As before the assumptions on the kernel together with a Taylor series expansion of
Brm (X +bnvu) = aem (X +bnvu)(X;+bvu—r2y, (X +byu))” up to order k+ 1 ensure this. By Assumptions 2

[38]



and 4 B.m has bounded derivatives up to |k + u| + 1 so that the Taylor series expansion is valid. If the derivative
order of the kernel is at least equal to max{x1 + p1,...,kr + pr}, then by Lemma A.8

b = 3 1 ()1 (X, € %1, Do (0BG ) oy Y & [ AR+ K ()

m=1 Iml=lntul+1

Hence because the factor between parentheses is bounded for all X; € XéN

[jrun| < Cley (X;)

so that because E(Y}?|X; = z) is bounded
E [¢3xun] < CPr(X; € En)
We conclude that

so that
1 X
L2
77 2 (Gsm — E(@rn)) = Op(0")
]:1
and upon summation over
Z (Pju.N — E(dju.N)) = Op(bk/z)

and the result follows. [



Proof of Lemma A.10:
We have using the notation of Lemma A.9:

1x = 1 A+ (1= Xa t(x1) = Xao p
e UCOED DY ;NZ: ) \HM K )< M) )(U(xl)—rbN(v(fvl))) :

=0 |p|=3 b b
Define
Ly /2 1 N+ (1 — X t(z1) — Xao B "
B = b z [ imon o) s K (B2, =) (o) = (o))
so that

E S [ e (i o) < 80 1]

N s—1

= \/—_ ZZ Z (Zszu,N - E[Qsll»‘ﬂN]) .

J=0 |pu|=3

We consider first the term p = 0 that makes a contribution to the asymptotic distribution

_ pL2/2 1 o [T — X t(@1) — Xao
Pio,n = by Z/ Zimam (1) pLHD * K < IV . day

This is the sum of terms

1 “ x1 — X1 t(x1) — X,
¢m()N _ bL2/2 Z/ a,im xl im bLHK\ K( ) < 1 17 ( 1) 2) day
N

by by

By a change of variables from x1 to u1 = (z1 — Xi1)/bn with Jacobian b@l

2
1
Pi0N = LT D /
N m=1

{u1l(z1—X41)/bN,z1€X1 }

o (X + bNul)ZimK(n) <u1, t(Xi +byur) — XiZ) dus

bn

Using the same argument as before we have for almost all z1 and N > No(z1)

7 t(Xi +byur) — Xiz) duy
bn

¢m0N L2/2+\ ‘ Z/ Oé,im 11+bNU1)ZimK(K) <u1

To analyze this term we note that s is an L vector of nonnegative integers. We partition s according to x; and
x2. First, we consider the case that t(x1) = xo2 so that

K x —Xz
Pino,N = L2/2+\ \ Z/ A (X1 + byur) Zim K %’%%) dua

By a Taylor series expansion of aem (Xi1 + bnwui) up to order |k1|

[k

1 1
; J (r1) By |y |41 1wy —\m
em (Xi + bvur) Zb Z m.a,im (Xin)ul™ + by Z 7 Qi (X1 + byt )u
IO = It |=lr 41
so that
|1 I
Pino.N 7219] L2/ \Z Z ol (x Zl)Zim/ W K <ul7 Eh zz)dul
m=1|uq| J : U1 N
1 [ko| 2 1 " " os— X
. K1 . — M1 K 3
L2/2 Z Z Ezlm /[Ul ot (X + byvua ) u"t K <ul, B ) duy

m=1 |u|=|r1|+1

[40]



Note that if the kernel is a derivative kernel we have

/ W @u) duy = K2 (u) / W KO (g
Uy bn bn Uy

and the final integral is (—1)"‘1‘51! if u1 = k1 and 0 otherwise. Hence we define

2
Yin, N = Z(—1)‘K1‘bEL2/27‘K2‘CX,({'E)(XH)ZimK(M) <x02b_ Xi?)
N

m=1

Now

k2l N 2
<b Z (¢ino,n — E(¢iro,N) — Yin,N — E(Tbm,N))) < b?\‘rm‘E [(@KO,N — QZJm,N)Z} =

2
2
by “E Z Z L'Zim/ oD (Xir + bya)u" K™ (s, Zop — Xiz duy
m=1 |uy|=|r1|+1 Ha Uy bn

The expectation on the right-hand side is bounded by a finite sum of terms

- X; T - X;
E [E(mem) / o) (X1 + byt )u" K™ <u1, %) dus / B (X1 + byt Jufr K <u1, M) dus
U N Uy

|

bn
and
E [qumnxi) /Ul (X + by )utt K™ <u1, "””b;NXZ) dus /Ul oY) (X1 4 by )uft K™ <u1, "’“"’%NXZ) duy ]
with |p1| = |fi| = |k1| + 1. Because E(Z2,|X; = z), o) o) are bounded functions of z and 1, the

expectation is bounded by

2 2
</ K® <u1, M) du1) =C </ K <U1, w) dUl) fxo (w2)daa < CbR?
Uy bn X2 Uy bn

by a change of variables to uz = (zo2 — x2)/by with Jacobian b#. We conclude that

CE

plrzl X ?
< Z Diro,N — E(pino,n) — Yixn, + E(TZJMN,))) =0(b%)

so that by the Markov inequality

N

b\“z\
Z Diro,N — E(@ivo,n) — Yin,n + E(Win,n)) = Op(bn)

Summing over x and defining

v = S (-1 Z QLD (X)) Zombig P2/ 1R g (62) <~T02 b—NXiZ)

KA

we obtain

prel XY

Z (¢io,n — E(pio,n) — ¢in + E(¥in)) = Op(bn)

Note that because of the multiplication by b‘léz‘ N simplifies because terms with k2 < A2 are asymptotically
negligible. Hence

K K — T —Xz
Vin = Z \ 1l Zal(nl)\)zm 1) Zimby Lo/2— \Az\K(A2)< OZbN 2)

K1 <A1

[41]



In the case that ¢(z1) is unrestricted, but A =0

;1 — X t — X;
¢7,0N = bL2/2 Z / zmam xl K <x1 b 17 (xl) 2) d:lfl

bL N by

For almost all 1 and N > Ny(z1) this is equal to

t(Xi + byur) — Xiz) dus
bn

2
1
io,N = e E / am (X1 + bvu1) Zim K <u17
m=17U1

N

Define

8t t Xz _Xz
v = L2/2 Z / Xi)Zim K <“17 8_961(X“)“1 + %Nz) dus

with aaTtl the Lo x L; matrix of partial derivatives of ¢ with respect to x1. After factorizing K into K7 and K2
according to x1 and x2, we have

E[(¢i0,N - ¢iN)2] =

2
1 t(Xi1 +b - X; ¢ HX) — X,
E Z Zim Kl (ur) | am(Xix +bnvui) Ko (X1 + brven) 2) - am (Xi1) Ko —8 (Xi1)u1 + 7( ) 2 duy
8%1 bN

b% by

This is bounded by a sum of terms of the form

L5 B Zn 21X [ 51 () ((cm (Xir + ) Ky (DX TOv0) = Xe2 ) iy (28 (g 4 HE) = X2 g
Lo b 1o} b
b L Uy N 1 N
X b - X ot t(Xi1) — X;
Kl(ul) <am/(Xi1 + bN7.L1)K2 < ( 1t NUl) 2) — Oém/(Xil)Kz <—(Xi1)u1 —+ M) dUl) H
Uy bN 8%1 bN

with m,m’ = 1,2. After a change of variables to us = (¢(z1)—x2)/bn and for almost all 21, z2 and N > No(z1, z2)
this is bounded by

S L
t(z1 + byur) — t(z1)

am/(:cl —+ bNul)Kz < (

t(:cl + bNul) — t(:cl)
bn

t
am (1 + byut) Ko < + Uz) — am(z1) Ko <887(£C1)U1 + Uz) ‘ du1)
1

bn

(L

Now

ot
—+ Uz) — Q! (:El)Kz <8—xl(:c1)u1 —+ Uz) { dul) fX (:El, t(xl)—bN’uz)d’Udel

0
am(T1 +byur) = am(z1) + by — Qm " (21 + bNT1 ) U1

8%1
and for some 0 < ¢ <1
t(:cl =+ bNul) — X2 ot t(:cl) — X2 by 82t _
2 < . ) 2 <8:c’1 (z1)u1 + . + B Uy 92102, (z1 + bnur )ur

_ ot t(x1) — x2 by 0K ot t(z1) — 22 by . Ot . ~
= K> <8:c’1 (z1)u1 + e )+7—8x’2 <f <3_:171(x1)ul + o +(1- 'S)TUIW(X” + by )ua

2
/

u, o7t

8%18:17/1
By substitution we find, because the derivatives of a,, and K2 and the second derivatives of ¢ are bounded, that
E[(¢io,n — in)?] is bounded by terms that are all O(b% ), so that by the Markov inequality

(z1 4+ bnur )ur

N
Z dio,N — E(pio,n) — Yin + E(in)) = Op(bn)

[42]



Now we return to the case that t(x1) = xo2. However if we set K = 0 and xo2 = t(X;1) the same proof can be
used with minor changes. As in Lemma A.9 we show that for 1 < |u| <s—1

1 N
7 2 (G~ Elpunx])

7,:1

converges faster than for |u| = 0. To show this we note that ¢;, n is the sum of terms

. Lo/2 1 1 () [ T1 — Xi1 o2 — Xi2 B u
PiruN = by Z/ = Zim Ot ( xl)ib%ﬂwwf( < emmta—r (v(@1) — Ty (v(21))) da

After a change of variables to u1 = (1 — X;1)/bn we have for almost all z1 and N > No(x1)
| 1 zo2 — X
Qirp,N = bEh/z Z _'Zim/ Oénm(Xﬂ-FbNm)WK(KﬂL) <U17 u) (v(Xi1+bnur)—rp (v(Xir+bnvua))) dus
w U, by T by
If we partition the L vector p according to z1,z2, then
(v(Xi1 + bvur) — roy (V( X1 + byvur)))? = (X1 + byvur — roy (Xin + byvur)) (o2 — 1oy (02))"?

This is 0 unless all components of X;1 are in the boundary region. This event that we call E1n has a probability
proportional to b#. If this event occurs, then the L; components of 7y, (Xi1 + byui) are either equal to x, or
to 7;. Define

Brem (Xi1 + byvut) = @um (X1 + byvur ) (X + byvur — roy (Xin + byu))H?

A Taylor series expansion of B.m(Xi1 + bnui) up to order k + p followed by x + p times partial integration of

the result gives if the kernel has derivative order max{x1 + p1,...5r + pr}
Ginp,N = Ip, 5 (X L2/2 Z Zlm 1)‘“+Mﬁ,(i';j“)(Xi1) + by Z ﬁ(ﬂ)( X1+ bNﬂ1)K(“l+“1)(U1)du1
|7|=]r4p |41

P X — Xi
(2 tr2) <%) (202 — 7oy (202))"?
N
Note that this term is largest if y2 = 0. In that case we have with a change in variables to us = (zo2 — z2)/bn
E(¢}eun) < CPr(Xy € Ein) = O(by})

so that by the Markov inequality

Z BN — E(pinu,n)) = Op(bt/?)

and upon summation over kK

Z (in.n —E(dipn)) = Op(bhl/z)

and the result follows. O
Proof of Lemma A.11: If {(z;) is unrestricted and A = 0 we define

2
1 ot t(Xi1) — X;

YiN = LalE E / am(Xin)ZimK <u17 8—271()(1'1)%1 + w) duy
N m=17U1

by

so that we have to prove

N7V Wi — Elhin]) - N0, V),

i=1



We first show that the variance of v;n is finite. We have

9 2
1 ot t(Xu) — X2
V(vin) < E(¥in) b% E <mg_1 /[Ul am (Xi1) Zim K <u1, Er (Xs1)ur + T ) du1>

This is bounded by a sum of terms of the form

1

2
st [ B0Zin i 1 = oo ( (1€ (10, Z oy + L2 ) s ) xtoan

1

By a change of variables to us = (t(x1) — 2) /by with Jacobian b2 the upper bound is (the integration region
for ug is a subset of Uz and E(|Zjm Z;p || X = ) is a bounded function) bounded by

[ [ enllan e (/

because all functions in the integrand are bounded and so are the sets U; and Us. In the same way we can show
that E(|yin]) = O (b@z/z), so that

2
K <U17 88 (x1)us +U2) ‘ du1) fx(z1,t(x1) — byuz)duzdzr < oo

i, V) = Jim E(win)

and
E(y? LiiEZZ&(X}a (X.)/Kuﬁ(x.)u+t()(il)7_xiz du ’
7,N b%2 o imLiim, m il m il U, 1, 8.’1}1 il 1 bN 1
2 2
= Z Z / / E(ZimZim/|X1 =1x1,X2 = t(xl) — bNUQ)am(xl)am/(xl)
m=1 m'—=1 Y X1 S{uzua=(t(z1)—z2)/bn,x2€X2}
ot 2
. K | u, —(:cl)ul + us | dui fX (xl,t(:cl) — bNUQ)dUdel
Uy 8%1
If we define

tmm () = E(Zim Zim/ | X = x)
then by dominated convergence

Jm B =33 [ etz o) [

m=1m/=1 Uz

¢ 2
</ K <7.L17 8—(:01)1“ + Uz) dul) duzfx(:cl,t(:cl))d:cl =V
Uy 8%1

The final step is to check the Lyapunov condition, so that we can apply the Lyapunov Central Limit Theorem.
The Lyapunov condition for a triangular array of random variables is

E [|(pin — E[gin])**|]
NTH/2V (g ) 1+3/2

for some § > 0. Because V(¢;n) < oo, this is equivalent to
N~’E me - E[%N])ZHH -0

We take 6 = 2 and note that because E[¢;n] — 0 we only need to check
NT'E [giy] =0

Now

4
t t(X1) — X; 4
E [Qb?N} = b2L2 <Z am(Xi1) zm) </U K <U1, 88—271(Xi1)u1 + %Nz) du1)
1

[44]



1 km ky ot t(Xil) — X2 4
<t S oKl Zun) " o ()l Zoe ) | ([ (i1 2 Ky + LR Y

K ks =4, ks >0

ot ) t(Xil) — X2 4
(¢ (Ot - S5 o) }

because E(Y*|X = z) and a,,(z1) are bounded functions on X and X, respectively. By the Hélder inequality
the right-hand side is bounded by

b2L2 //[Ul <u1’8 (x1)u1 + (xlg x2)4du1fx(:c)d:c

By a change of variables to uz = (t(21) — x2)/bx with Jacobian bk? we obtain the upper bound (we enlarge the
integration region for uz to Usg)

C
< ——E
= 72L
by

C ot * _
< / / K | u, —(:cl)ul =+ u2 fX (xl,t(:cl) — bNuz)dud:cl < ObNL2
sz X; JU 01
because K is a bounded function and U; is a bounded set. Hence the Lyapunov condition holds if
N7y =0

The proof for the case that A > 0 and t(x1) = o2 is the same, if we assume that K®2) is bounded on U and
am,m = 1,2 is \; times differentiable with a bounded A1 derivative. We consider

2
_ 1 1] o (51) () [ To2 — Xio
¢iN - bkz/z Z (—1) ! lill)\z m(le) ZimK 2 T

m=1 \k1 <A1

so that

2
w1l (s w1l (s Toz — Xi2
B0t = o 3 38| 2z | 50 (0 ali 060 | (52 0aliy, o0 ) (00 (2252

N m=1m/=1 k1 <A1 k1 <A1

2 2
> / / E(Zim Zims | X1 = 21, X = ta1)—byuz) | Y (—=D)"al™) | (21)
Xy SH{uglug=(t(z1)—z2)/bn,x2€X2}

m=1m/=1 K1<Aq

ST (=plaly) ) (K(AQ) (UZ))2 fx (z1,t(z1) — byvug)dugdzy — V =

K1Ao,m/
r1<AL

2

S5 [ sttt [ X 0MalE, w0 | [ X C0aly, @) / (KO (u2))” dua fx (1, 1)) s

1m/=1"%1 K1<A1 k1<A1
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Appendix C: Proofs of Lemmas and Theorems in Main Text

Proof of Lemma 3.1:
The Nadaraya-Watson estimator of h is

A 1 N r— X;
=1

In the proofs of the Lemmas 3.1 and 3.2 we omit the subscript NW, because it is understood that we deal with

the usual kernel estimator. We have,
- (5] - e (5]
o

_E [g(X) (

- [ (25
:/Xh(v ( )

_ / 1z — bu € X} - h(z — bu) K (u)du

Ix(

where the final equality is obtained by a change of variables from v to u = (x — v)/b with Jacobian b”. By the
definition of X, x € X{ implies 2 — bu € X for all u € U, so that, because K (u) = 0 if u # U, the integration
region is U and the indicator function is identically equal to 1, and thus

:c)] = /[UK(u)h(:c — bu)du.

By Assumption 2 U is compact and K is continuous on U, and thus K (u) is bounded on U. By Assumption
1 fx(z) and g(x) and thus h(z) = g(z) - fx(x) are continuously differentiable up to order j + s. Hence by
dominated convergence we can interchange integration and differentiation with respect to x repeatedly, so that
for |A| <j

A A
g / K (u) k™ (@ — bu)du.

Now, again using the continuously differentiability of h(x) up to order j + s, we can construct a Taylor series
expansion of K™ (z — bu) around z of order s — 1, to get

%k [i)]

oz*
/K Z Z h(9+A) u’(— b)‘9‘du+/K(u) Z elh(eﬂ)(j) (—b)‘e‘du

7i=0|0|=5 |0]=s

= / K (u) b (z)du (C.1)

+Z S () 1h<9+*>( )/u"K(u)du (C.2)

3=110|=; v
Z/ Lp@ 308 K (u) du. (C.3)
l6]=s

with Z intermediate between = and = — bu. If s = 1, the second term (C.2) does not appear. The first term,
(C.1), is equal to h™ (z). All the terms in (C.2) are equal to 0 because the order of the kernel is s and thus
Ju’K(u)du=0if 1 < |0 < s— 1. The third term, (C.3), is O(b°) by the fact that by Assumption 1 RO (1)
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is continuous and hence bounded for |§ + A| < j + s on the compact set X, and # € X for all z € X{ and u € U.
Hence it follows that

My [@)] )

e e IR

eex! A<

=0®).

a
Proof of Lemma 3.2:
For ease of notation we omit the subscript nw on the kernel estimator, and use iL(:c) as shorthand for huw (z).
Without loss of generality we give the proof for the case with scalar Z. The proof is easy if the support of Z is
bounded. To deal with the case of an unbounded support we use the assumption on the conditional moments of
Z in Assumption 1. First, for some constant P, and for the p > 2 in Assumption 1(¢i:) define

—p.NP if Z; < —P-NYP,
Zin =X Z if —P.-NY?P <z, <P.NYP,
P.NVP if P-NY? < 7,

Also define the kernel estimator with Z; replaced by Z;n,

h(z) = %ézmbNLLK <x_Xi). (C.4)

bn

By the triangle inequality,

I R )]
< sw_|2ho) - Sch ©5)
R %E b)) - %E [’3(1‘)“ (C.6)
gy, %~ i % £ [MH- (c7)

We consider the three terms (C.5)-(C.7) separately. First we show that (C.5) is o, ((log(N)Nfleszj)l/z).
Second we show that (C.6) is o ((log(N)Nfleszj)l/z). Third, we show that the dominant term (C.7) is
O, ((log(N)N "o " 7)1/2).

First consider (C.5). By Assumption 1, the definition of Z;n, and the Markov inequality, it follows that for any
v>0,and all e >0
> 0)

AL Al
—h(x) E7SY (z —g?h(:c)

Al . ol -
‘a?’“f”) "

Pr< sup N".

z€X, A<

>e| <Pr sup
2€X, N <j

<3 pr (Elz‘ with |Zi] > PNl/p)

A<i
N

<cY Pr (|Zi| > PNl/p)
i=1

=C.N-Pr (|Zi| > PNl/p)
=C-N-Pr(|Z|° > PPN)
< C-N-E[Z]/(NP?) = CE[|Z:"] /P".
We can make this probability arbitrarily small by choosing P sufficiently large. Hence

Ml . -
sup @h x) — @h(x)

z€X, A<

=0, (N7").




By the condition on the lower bound on the bandwidth there is a v such that limy—.cc N " (log(N)) " 'Nb5* =0,
and hence (C.5) is o, ((log(N)Nfleszj)l/z).

Second, consider (C.6) for fixed z € X and A < j. By the boundedness of the A derivative of the kernel on U,
and the boundedness of E[Z|X = z] and fx(z) (if Z is not identically equal to 1) on X, we can interchange the

expectation and repeated differentiation as in the proof of Corollary A.1, so that using |Z; — Zin| < 2|Z;|1{|Zi| >
P.NYPY

‘%E [E(m)] _ g‘;‘E [;}(x)]‘ = ‘IE [%ﬁ(x) - gri h(x )H
- 2‘bN7Lfm E [1{|Z1~| > PNY?} |z, - KW < )”

:2‘1;1(“‘*‘-]E[]E[1{|Zi|>PN1/P}.|ZZ~|‘X] K<*>< =~ )H (C.8)

By the Cauchy-Schwartz and Markov inequalities, and using the definition us(x) = E[Z?|X = z] (finite because
of Assumption 1(4i7)) we have for any z € X

E [1{|Zi| > PN'/?}. |Zi|‘ X, = :c]

=E[1{Z] > PN} ({12 > PN'7} - |24 ‘ Xi =]

\/p 2 1/2 \/p 2 1/2
<E (1{|Z1~|>PN }) X,=z| -E (1{|Zi|>PN }.|Zi|) X,=a

Pr(|Zi| > PN'/?

1/2 1/2
X, = :c) E [1{|Zi| > PN'/?}. |Zi|2‘ X, = :c]

1/2
<Pr(|z] > PNV X =2) " E[|Z Xi =]
=Pr(|Z|? > PPN| X; = 2)'/? - pa(z)"/?
< (B[|ZIP| Xi = 2] /(PPN)? - pa ()2 = Cpp ()2 pa () PN T2, (C.9)

where the conditional p-th moment of |Z| is denoted by p,(x). Substituting (C.9) into (C.8), we find by a change
of variables in the integral

(Al

g?m [ﬁ(x)] - %E [ﬁ(x)“

<C  sup bN*L*‘*‘N’”Z~E[ﬂp(xi)”2uz(>ﬁ>” ‘K(A) <—X)H

2EX,IA|<j bn

sup
z€X,|A|<j

<C sup bN*L*‘*‘N*/Z/up(v)”zuz(w”z"Km <xb;v)‘fx(v)dv
X

z€X, A<

< Cby - N2 sup Z / {z —byu € X}pp(z — byu)'/? pa(z — byu)'/? ‘K(A) (u)‘ fx(z—byu)du

zeX
IA<5
‘ 1/2
< Cby' - N7V? <Sg§up(w)uz(w)) “sup fx(x) ) D /‘K(A) d“<0b TN
“ v IA<5

by the boundedness of the p-th moment of |Z| given X = z and the boundedness of fx(z) and K N (u), and
where we use the condition that by — 0, so that by < Cby’. Finally,

1/2
Coy? - N2 =0 (b N V) =0 | [ BN /
&8 =0 (by - )=o o :
N

because the ratio

—27 —1
by N bk 0
N T IpN
Np2ITE

N
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by the condition on the upper bound on the bandwidth in the Lemma.

Third, consider (C.7). Because X is compact, it can be covered by CN L open balls with radius N71. Index
these balls by d = 1,..., D with D < CNE, and their centers by ©4c,d = 1,...,D. For any = € X denote the
center of its covering ball (or one of its covering balls if there is more than one) by z.(z). Hence, by the triangle
inequality,

s e i)
< sw E<*>(xc(x))_E[ﬁm(xc(x))]‘ (C.10)

+ s E<*>(x)—ﬁ<*>(:cc(x))‘ (C.11)

+ sup_ E[R™ (2)] —E[W)(xc(x))]‘. (C.12)

We show that (C.11) and (C.12) are o ((log(N)Nfleszj)l/z), and that (C.10) is O, ((log(N)Nfleszj)l/z).

First consider (C.11). Because we assume that the A derivative of the kernel K has bounded derivatives with
respect to its arguments, we have

sup [KV(u) - KV (W) < 37 Cx-flu— o[ < C - flu— |,

A<y .
Al<d IN<j

for all u,u’ € U. Hence we have, because r > j + 1,

lz—z’ | <N—1,|X<j
1 < |Zin| z— X; - X
< sup N Z \A\TL ’ ‘K(A) < Z) — K <—Z)‘
le—a<N-1,50<5 Y S bR bx b
N

1 | Zin| / -1

<C sup ~ Al — || - by
lo—a|<N-1 x5 N ; bRt

< CONYPT TR
By (C.13) it follows that (C.11) is O(N*/?P~'p/~*~'). The next step is to show that

1/2
; In N
€NV — <7)
NutE

To see this, consider the ratio

1/p—1p—j—L—1 2/p—2;—2j—2L—2 1/2 2/p—1,—L—2\ /2
NPty [ NPy B <N by )
(nnv /(vo3+5) )1/2 N /(N3 ) In N

< (z\fz/”*lbgL*Z)U2 -0,

by the condition on the lower bound on the bandwidth in the statement of the Lemma. Thus we have for (C.11):

1/2
W (@) — B (@)]| = o0 <71DN )

Y NutE

z€X, A<

Next, consider (C.12). By (C.13) it follows that

sup
z€X, N <]

- - ; In N e
B[RO ()] — E[h%xc(x))]‘ <E [ sup =0 (NP ) =0 <W>

z€X, A<

RO (@) = K (ae(@))|
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Finally, consider (C.10):

sup E(A)(:cdc) —E [E(A) (:cdc)] ‘ .

z€X, A<

Y (ze(z)) — E [EW (a:c(:c))H =  max

d=1,...,D,|\|<j

Define ny = (by "™’ N"'In N)/2. We have n} = by "™ N 'InN < b "™ N?P~1InN — 0 by the
bandwidth conditions in the Lemma so that nny — 0. Let M > 0 be a constant. By deriving an upper bound on

) (@ac) = B (wac)]| > MnN> : (C.14)

Pr sup
d=1,...,D,|\|<j

that for N sufficiently large goes to 0 as M — oo, we establish that (C.10) is Op(nn) and thus by the definition
of ny (C.10) is Op((by "™ N~11n N)'/2). We have

Y (@ac) = B (wac)]| > MnN> <y ZD:Pr (P @ae) = B @ac)]| > M)

Pr sup
d:Lm»D»‘)\‘Sj \)\\<j d=1

Because K™ (u) is bounded (with upper bound Ky), the kernel estimator

N

() _ 1 Zin o [ ®ae — X
h (xdc) = N W - K <T )
i=1 YN

is an average of bounded random variables (with upper bound K - P - N*/? b;wa). Hence by Bernstein’s
inequality (see e.g. Serfling (1980), p. 95)"

NM?*n%

) o e 1/
2v (—bﬁmK > (—d;NX)) + A5 My
N N

Pr (‘E(A) (zac) — B[R (xdc)]‘ > MnN) < 2exp

Now, by a change of variables from z to u = (4. — z)/by with Jacobian b,

Zin -\ [ Tde — X
K _—
(g (5

1 ) Lde — X 2
= S[A+2L
b2 by
1
< W / 1{zde — bnu € X}po(xae — bNU)K(A)(U)zfX (zdge — byu)du
I U
—2|A\|-L
< ChPME,

The last inequality follows because fx and p2(z) are bounded on X and so is K™ (u)? on U. Hence, using the
fact that D < CNT,

Pr < sup A (240) — E[E(A)(xdc)]‘ > MnN>
d=1,...,D,|A|<j

"For independent random variables Z1, ..., Zy with variance V(Z;) that satisfy Pr(|Z; — E(Z;)| < U) = 1 for
all ¢ with U < oo, Bernstein’s inequality states that for z > 0

3 < 1%(2 E(Z:)) ) 2 { N2 }
r||= i — )| >z ] <2expq — .
N = 2N V(Zi)+ 2UNz

Hence with identically distributed Z; we have

L N2z
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2 2
< OINL Z P~ 2| iVMQZ;V PN1/P
IN<i 20by 2™ +3 )\\)\\JrL Mnn

NM2p2 2T
SC&NLZeXp{— INON

Nt Cy + Csby N/ My

(C.15)

M Nn b2 tE
C2 1/M + Eb) NPy

< C’lexp{LlogN— —

because for || < j

Nngby Nnpby

/M + SORIMN gy = 1/M + G2 MN Py

The bound in (C.15) will go to zero as M increases for all N > Ny for some Ny, if for N > Ny and some Cs1 > 0
N b
14+ SENV/Pby My

> Cylog N. (C.16)

First, the numerator in (C.16) is by the definition of 7y equal to
Nnxb2 = NInN - N0 2“2t = N.
Because

. 1/2 1/2
lim NPy = Tim NYPR (NN TR ) = gim (e Nt <o,

N —oo

by the bandwidth condition in the Lemma, it follows that for C4 > 0 we can find an Ny and My such that for
N > No, and M > My, the denominator in (C.16) is smaller than 1/C4 and therefore (C.16) holds. Hence (C.14)

goes to zero as M — oo, and thus (C.10) is Op((bE(LjLZj)Nf1 InN)/?). O
Proof of Lemma 3.3: We have for all z € X

‘IE [h” (:c)] - h<*>(:c)‘

nip,s

= [E[t (.0 m(@),5) | - O @)
< ‘IE[ ( hg\,‘),v, (:c),s)] —t(:c,h(k),rb(:c),s)‘ (C.17)

t (:c,h(A),rb(:c), s) — 2™ (a)

by the triangle inequality. We show that the supremum over X of (C.17) and (C.18) are both O(b®). First
consider (C.17).

‘IE[ ( hg\,‘),v, (:c),s)]—t(:c,h(k),rb(:c),s)‘

—+

, (C.18)

Z Z ()\+9) 1o (2)) (@ — oz Z Z ; (>\+9) ro(x))(z — Tb(x))e

10\9\1 : 10\9\1

= § > % (E [%@#Mrb(x))] - h()\+9)(rb(x))) (z = ()’
j=010|=3

<C- max sup|E [hS@JV")(rb(:c))] - h(A+9)(Tb(x))‘

0<10|<s—1 zex

=C- max sup |E [ﬁg@;}e)(x)] - h(A+9)(x)‘ =0 (b%),

0<|6]<s—1 yex

by Lemmas 3.1 and A.1 because ¢ > |A\| +2s — 1 and r > |A| + s — 1, which is implied by ¢ > j + 2s — 1 and
r>j+s—1.
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Now consider (C.18). This is a remainder term of a Taylor series expansion, so we have for all € X and some
Z intermediate between z and 74 (z)

‘t (:c, ANy (), s) — ™ (:c)‘

= | 22 W @)@ — (@)

|0]=s
< Y sup [V (@)| - sup inf Jlz -yl ) =00,
jo/=s *€X zEX yeX]
where sup,, ¢y inf, oy |z —y|| = sup,ex || —7o(z)|| = O(b) by Assumption 1 and sup,cx ‘h(MLQ)(:c)‘ < oo because
by Assumption 1 A9 (.) with || = s is bounded on X. Hence the supremum over X of both (C.17) and (C.18)
are O(b%), which proves the result. O

Proof of Lemma 3.4: Without loss of generality we consider the case with scalar h. We have

sup [ (@) B [A0). (@)
zeX
< sup A (z) - E[ﬁﬁ?ﬁ,,s(w)” (C.19)
zexg
+ sup |h$) (x) — E[hﬁﬁ), (z )H (C.20)
zexB

For (C.19) we have, because in the internal area the estimator A (z) is identical to ) (z),

nip,s
sup [ (2) = E [hG) . (2)]| = sup |[hQ (@) B [ (@)
zeng zex}
1
- logN \?2
<su ‘hl(,é,) [h(k) ” = <7) ,
= ek (=) NbkF2

by Lemmas 3.2 and A.2. The second part, (C.20), corresponds to values in the boundary area. For x € XbBN

hl(j;, (z) —E [hl(jz)s )” = ‘t (x,izl(,é,),rb(:c),s) —E [t (x,izl(,é,),rb(:c),s)”

_Fy = (A (2) B [A2) (ruy ()] ) (2 = g (2))°

J=016]=5

<55 2|0 o 00~ 12 @)=
J=06|=3

<y > 7 (rosy () = B[R (o (2))] | - sup 12 = 7o ()
3=0 |9]=j zeX

By Lemmas 3.2 and A.2

R (1 (2)) — E [Eﬁﬁvﬁ)) (Toy (x))] ‘

zeX

< sup [0 -5 [i5)

zEX£N
%
. log N
(A+6) (A+0) _ e
< sup ‘hnw (z) — [h ” = <Nb%+29+w )
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Using the fact that sup, ¢ ||z — 75, (2)]| < Cby

B (@) = B [ (@] (500 = o (o)1) !

zeX

1 1
2 2
=0p Llfief\\izw by | =0y loLgf;[w
NbY Nby

We conclude that

zeX

1 1
2 2
) ) log N . log N
ilép hnlp s( ) [hnlp s ] ‘ - <NbL+2)\ ) - OP <ka+2j ?
because |\| < j. O

Proof of Theorem 3.1:

We can apply Lemmas 3.3, 3.4, A.3 and Theorem A.1 to each row of [\] because for a row p of [A\] we have
[u] < |A|, so that we can apply the results with j = |A\| and A = p. O

Proof of Theorem ?7?: First we prove part (7). Consider

= 9|<—Z|w ) [m AR (X0)) = m(n (X)) |+

Z [w(X0) sup [m(hR () —m(h™ (@) +

Hence for all n > 0 a necessary condition for |é — 0| > n is that either

¥ le )sup [m(h{Ghp () = m(n @) =

or

% Zﬁ;W(Xi)m(hm (X:)) = E [w(X)'m (b ()]

The probability of the latter event goes to 0 if N — oo by a law of large numbers. By the law of total probability
the probability of the first event is bounded by the sum

w w T | sup ('m R Tr))—m (A x —7]
<NZ| 1> E(w(X )I)+n>+p (00 A ) = 00| 2 )

The first probability converges to 0 if N — oo by a law of large numbers. Because m(-) is continuous on the
bounded set H and hence uniformly continuous on that set, and because the conditions for uniform convergence
of the NIP estimator are met, the probability of the second event converges to 0. This finishes the proof for the
consistency claim in part (7).

Next, we prove part (i7). Adding and subtracting some terms we can write:

D3 (a52(X0) i — ElAC) )

i=1 ng)\ m=1

2~
I\
¢

= VN - 0) w(XZl)%m(hm (Xir, 6(X02)) (ARY o (Xin, #(Xi0)) — A (Xar, 1(Xi0)) ) } (C.21)
o Y wlXa) gy mh (X 600)) (B (X 600)) = B [ (X, (X)) } (C.22)

i=1
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bt Yot (A8 o) - £ A8, ) (.29
—VN ( [ e (B (o) = BIRD,  (o@)]) £, (:cl)dxl) (C.24)
\/N 22_: /Xam(x)/ (hﬁ{nip,s (z) —E |:iL£7)’\L],nip,s (x)]) dz (C.25)
- PP 22_) (81 (X0) Zim — a0 (X)Z0]) |, (C.26)

using the previous definitions of v = (v v5)’, where

Vm(z1) = w(w1) m(h (21, t(21)),

onll
and
a1(z1) = fxq (1)1 (1), and  as(z1) = fx,(z1)v2(21).

The proof consists of showing that (C.21), (C.22), (C.23) plus (C.24) and (C.25) plus (C.26) are all o,(1) by
checking the relevant conditions for Lemmas A.4-A.9 and Theorem A.1.

First consider (C.21). The conditions in the theorem imply that ¢ > |A|+2s—1,r > |A|+s—1,0 < 1/(L+2|\)).
Hence, by Lemma A.4 it follows that

VIV (0~ 0) = (i) gy o, 60X0) (R i X)) = 10X 1)) |

0
o m
- = i{W(Xﬂ) (m(ﬁm (X1, t(Xa1)) — m(hM (X t(Xil)))
S Wrpa(Xar, :
X g (B O 000) (A (o, 00600 = B 6, e60)) |
-0, <\/N ‘EE@],P,S — ™ E) . (C.27)

Moreover, because q > |\ +2s — 1, r > |A\| +s — 1+ L, it follows by Theorem A.1 that

sup
zeX

1/2
. log N s
h) (x) = h™ (x)‘ =0, <W> + by
N

Thus
- 2 log N s
‘UN

=0, (log(N) . NL/2H0L+28A] Nl/Z’ZS‘E) .

By assumption § < 1/(2L 4 4|)|), so —1/2 4 6L + 26|\| < 0 and thus log(N) - N~Y/2+3L+20A _, 0 In addition,
by assumption & > 1/(2s), so § > 1/(4s), and thus N'/?72* — 0. Thus

0, (log(N) L NTV/2HOLA2SIN Nl/Z’ZS‘E) = 0,(1),
and thus (C.27), and thus (C.21) are o,(1).

Next, consider (C.22). By assumption, ¢ > [A\|+2s—1,r > |A+s—1, and t > 1, so the conditions for Lemma
A.5 are satisfied. This implies that

N > w(Xm%m(hW (Xir, 1(Xi0)) (A (Xan, 00X00) = E [ (Xan, (X)) | ) = 0,(0°),
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and thus that (C.22) is O,(N'/?b*). By assumption § > 1/(2s), and thus (C.22) is 0,(1).
Next, consider the sum of (C.23) and (C.24). By Assumption r > |A|, and so by Lemma A.7 it follows that the
sum of (C.23) and (C.24) is

LS ) (A (X)) —E [, . (w(Xa))] )

VN & P, P,

VN </x v(z1) (ill[l);l)s (v(z1)) — E[ill[:]ps(v(:cl))]) fx, (561)d:c1)

—1;,—L/2—L7/2—|X —1/23—L/2—|X
:OP(N bN/ 1/ H—|—N /bN/ \\).

By Assumption 3, this is

-0, (N71+6L/2+6L1/2+6\)\\ n N71/2+6L/2+6\)\\) .

By Assumption, § < (1/(2L+4|A), soé < 1/(L+|A|) < 1/(L/2+L1/2+|)|), and therefore O, (N*H‘SL/ZHLI/Z”W) =

op(1). Also, § < (1/(2L +4|N), so § < 1/(L + 2|A|), and therefore O, (N*I/ZHL/ZHW) = 0p(1), and thus the
sum of (C.23) and (C.24) is op(1).

Next, consider the sum of (C.25) and (C.26). By assumption, r > |A| +s—1, ¢ > 2|A\| + s, t > |A\| + s and
d = max{\1,...,AL} + s — 1. Therefore A.9 implies that the sum of (C.25) and (C.26) is O, (brﬁin{l’L/z}). By
the assumptions on the bandwidth this is O,(N %/ = 0,(1), and thus the sum of (C.25) and (C.26) is 0p(1).
This finishes the proof of the asymptotic linearity claim in part (7).

Finally, we prove part (iii).

This finishes the proof of part (iii), and thus all the claims in Theorem ??. O

Proof of Theorem 4.4: Consistency follows from

N

R 1 R

10— 0] < = > w(Xi)l [n(AQ) o (Xir 6(Xi2))) = (kY (Xir, (X))
i=1

| Do wKan(hE (X 1)) — B [w(X0)'n (Y (X1,2062)) ) ]| <
¥ Xl sup [nR)p (oa,t(z)) = b @ ) |5 DX (X, 1(X0)) — & [w(x)'n (1 (%1, 1061))] ‘

and the obvious fact that

nhRpo 1) = n(hg o, 1)) < sup (A s (@) = (8 (@)

sup
r1€Xy

so that the result follows as in the proof of Theorem 4.1. The asymptotic distribution is derived directly from
Lemmas A.4-A.6, A.10-A.11. O

[55]



NOTATION: (PAGE NUMBER INDICATES WHERE IT WAS FIRST INTRODUCED)

(Y;, X;),i=1,..., N is data (page 2)
K is dimension of Y (page 2)

L is dimension of X (page 2) (page 3)



