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1 Introduction

Following the seminal work by White (1980ab, 1982), researchers in economics routinely
report standard errors that are robust to misspecification of the models that are being
estimated. Miiller (2011) gives the corresponding confidence intervals a Bayesian inter-
pretation. A key feature of the approach developed by White (see also Eicker (1967) and
Huber (1967)) is that in regression settings it focusses on the best linear predictor (blp)
that minimizes the distance between the linear predictor and the true conditional expec-
tation, averaged over the joint distribution of all variables, with a similar interpretation
in nonlinear settings. However, in some regression settings it may be more appropriate
to focus on the conditional best linear predictor (cblp) defined by averaging over the
conditional distribution given the sample values of the covariates. The conceptual con-
tribution of this note is to extend the White results to such settings. For a large class
of estimators, including maximum likelihood and method of moment estimators, we first
formally characterize the generalization to nonlinear models of the conditional best lin-
ear predictor. We then derive a large sample approximation to the variance of the least
squares and method of moments estimators relative to this conditional estimand. In gen-
eral, in misspecified models, this robust variance for the conditional estimand is smaller
than the White robust variance. Finally, in the main technical contribution we propose
a consistent estimator for this variance so that asymptotically valid confidence intervals
can be constructed. The proposed estimator generalizes the variance estimator proposed
by Abadie and Imbens (2006) for matching estimators. In correctly specified models the
new variance estimator is simply an alternative to the standard White robust variance
estimator. In misspecified models the new variance estimator is the first estimator for
the robust variance for the conditional estimand.

Whether conditional or unconditional estimand should be the primary focus is con-
text specific and we do not take the position that either the conditional or unconditional
estimand is always appropriate. This is related to discussions about “random” versus
“fixed” regressors. We discuss some examples to clarify the distinctions between the two
and to make an argument for our view that in at least some settings the conditional
estimand, corresponding to the fixed regression notion, is of interest. Most importantly,
we argue that there is a clear choice to be made by the researcher that has direct impli-
cations for inference. In making this choice the researcher should bear in mind that the
variance for the conditional estimand is generally smaller than that for the population or
unconditional estimand, and thus tests for the former will generally have better power
than tests for the latter.

The rest of this note is organized as follows. In Section 2 we discuss the conceptual
issues raised by this note heuristically in a linear regression model setting. In Section 3 we
discuss the motivation for the conditional estimand. Next, in Section 4 we present formal
results covering least squares, maximum likelihood, and method of moments estimators.
In Section 5 we apply the methods developed in this note to a data set collected by
Imbens, Rubin and Sacerdote (2001). In Section 6 we present a small simulation study.



Section 7 concludes. The appendix contains the proofs.

2 The Conditional Best Linear Predictor

In this section we lay out some of the conceptual issues in this note informally in the
setting of a linear regression model. In Section 4 we provide formal results, covering
both this linear model setting and more general cases including maximum likelihood and
method of moments.

Consider the standard linear model

with Y; the outcome of interest, X; a K-vector of observed covariates, possibly including
an intercept, and e; an unobserved error. Let X, Y, and € be the N x K matrix with
ith row equal to X/, the N-vector with ith element equal to Y;, and the N-vector with
ith element equal to e;, respectively. Traditionally in this setting researchers assumed
homoskedasticity, independence of the errors terms, and Normality of the error terms,

e|X ~ N(0,0% - Iy),

where Iy is the N x N identity matrix. Under those assumptions the exact (conditional)
distribution of the least squares estimator for 6,

fois = (X'X) " (X'Y),
is Normal:
Oos| X ~ N (0,02 - (X'X)71).

However, the set of assumptions, linearity of the regression function, independence, ho-
moskedasticity, and Normality of the error terms is often unrealistic. White (1980ab),
Eicker (1967), and Huber (1967) considered the properties of the least squares estima-
tor éols under much weaker assumptions. For the most general case one needs to define
the estimand if the regression function is not linear. Suppose the sample (Y;, X;)Y,
is a random sample from a large population satisfying some moment conditions. Let
p(z) = E[Y;|X; = x| be the conditional expectation of Y; given X; = z, and let o%(z)
be the conditional variance. Even if this conditional expectation u(x) is not linear, one
might still wish to approximate it by a linear function 2’6, and be interested in the
value of the slope coefficient of this linear approximation, 6. Traditionally the optimal
approximation is defined as the value of 6 that minimizes the expectation of the squared
difference between the outcomes and the linear approximation to the regression function.



This is generally referred to as the best linear predictor,! formally defined as

Ohip = arg minE [(n - Xgeﬂ . (2.2)
Writing this as

Oy = arg minE | (1(X;) — X/6)*| = (E[X: X))~ (E[Xu( X))

shows that this can be interpreted as the value of 6 that minimizes the discrepancy
between the true regression function u(x) and the linear approximation, weighted by the
population distribution of the covariates.

White (1980ab) shows that, under some regularity conditions,

\/N . <é015 — lep) i) N (0, Vblp) ,
where the normalized large sample variance is
Vi = (B [X; X)) (B [(Vi — X[6u1p)* X, X]] ) (B [X,X]]) " (2.3)

White also proposed a consistent estimator for Vi,

1 N -1 1 N 1 N —1
Vi = <N > XiX5> <N > (Y- X£901s)2XiX£> (ﬁ > XiXZf) . (24)
=1 =1 =1

Using the White variance estimator Vblp is currently standard practice in empirical work
in economics. The bootstrap (Efron, 1982; Efron and Tibshirani, 1993) can also be used
to construct confidence intervals for Oyp,.

In this note we explore an alternative linear approximation to the possibly nonlinear
regression function p(z). Instead of minimizing the marginal expectation of the squared
difference between the outcomes and the regression function, we minimize this expecta-
tion conditional on the observed covariates. Define the conditional best linear predictor
chlp as

N
aty = argmin Y E [(Yi — X10)° X} . (2.5)
=1

Denoting the N-vector with i-th element equal to pu(X;) by ©(X), we can write Ocpp as

Ocrp, = arg melnz (n(X) = Xi0)" = (X'X) ™ (X'n(X))

LAs far as we can tell, this term originates in the department of economics at Wisconsin, perhaps
due to Art Goldberger (e.g., Goldberger 1991). The term is also used in Manski (1988). Earlier,
Chamberlain (1982) used the terms “minimum mean square error linear predictor,” and in the vector
case, “multivariate linear predictor” for the same concept.



to stress the interpretation of .y, as the best approximation to the true regression func-
tion, now with the weights based on the empirical distribution of the covariates. Both
Op1p and Oepy, choose the linear approximation by minimizing the squared difference be-
tween the true regression function p(z) and the linear approximation x’f. The difference
between the two approximations is how they weight, as a function of the covariates, the
squared difference between the regression function and the linear approximation for each
x. The first approximation, leading to 6y, uses the population distribution of the co-
variates. The second approximation, leading to O.pip, uses the empirical distribution of
the covariates.

We defer to Section 3 the question whether and why in a specific application 6Oy,
or O, might be the object of interest. In some applications we argue that 6, is
unambiguously the estimand of interest. However, as discussed in detail in Section 3,
we also think that in at least some applications ., may be of more interest than 6.
Therefore, given that the econometric literature has focused exclusively on inference
estimands like 6y,,, we view the question of inference for .y, as potentially of interest.

Next we point out the implications of the difference between 6y,, and 0.1, The first
issue to note is that for point estimation it is irrelevant whether we are interested in
Opip Or Ocpip. In both cases éols is the natural estimator. However, for inference it does
matter whether we are interested in estimating 6y, or fepip, unless E[e|X] = 0 and the
conditional expectation is linear. Consider the variance of the least squares estimator
éo1s, viewed as an estimator of .1, The exact (conditional) variance of éols is

X) =E { (éols - ecblp) <éols - ecblp)/

1 , 11 al 2 / / -1
= 7 (X'X/N) <N;U(Xi)XiXi> (X'X/N) .

\% (éols

X] (2.6)

Because éols is unbiased for O.p, it follows that the marginal variance is the expected
value of the conditional variance. Under random sampling this variance, normalized by
the sample size, converges to

Ve = (B [X;: X)) ™ (B [0*(X:) X, X[]) (E[X,X]]) ", (2.7)
and we have

\/N' <éols - 9cb1p) i) N (0>Vcblp) :

The key difference between the robust variance Vi, proposed by White and the robust
variance V., is the difference between the conditional variance o(X;) in (2.9) and the
expectation of the squared residual E[(Y; — X/6y,)?|X;] in (2.3). For the overall variances
we have

Voip = Vepip + NV - E [(ecblp(X) — Boip) (Oepip(X) — eblp)/} ,

4



where the last expectation is over the distribution of 0., as a function of X. Note
that in general Vi, exceeds V. The difference arises from the misspecification in the
regression function, that is, the difference between the conditional expectation and the
best linear predictor, pu(z) — x6pp.

The final question we address in this section is how to estimate Vp,. The challenge
is that the conditional variance function o?(x) is generally unknown. Estimating this is
straightforward in the case with discrete covariates. One can simply calculate the sample
variance of Y; at each distinct value of the covariates. Often that is not feasible, how-
ever, because some of the covariates are (close to) continuous. In such cases estimating
o%(z) consistently for all z would require nonparametric estimation involving bandwidth
choices. Such an estimator would be more complicated than the White robust variance
estimator which simply uses squared residuals to estimate the expectation of the squared
errors. Here we build on work by Abadie and Imbens (2006) in the context of matching
estimators to develop a general estimator for V., that does not require consistent esti-
mation of o2(x), much like the White variance estimator does not consistently estimate
E[(Y; — X[0u,)%|X; = z] for all z. First define or the M x N matrix A with (i, j)th
element equal to a;; the norm ||A| = max; ; |a;;|. Next, define ¢x(7) to be the index of
the unit closest to ¢ in terms of X:

lx (i) = ar min X, — X,
x(i)=arg  min X )|

Then our proposed variance estimator is

Vevip = < ZXX) (2.8)

N -1
<2NZ £ = e Xex) (6 = v Xex) ) < ZX X) |
=1

In Section 4 we show in a more general setting that this variance estimator is consistent
for Vep,1p. An alternative estimator for Vo), exploits the fact that the conditional variance
of €; X; conditional on Xj; is the same as X; times the conditional variance of ¢; given X,

-1 N N -1
1 . . 1
Cblp < Z X ) <ﬁ ; (5i - 5£X(i))2 XZX;) . <N ; XZXZ/> .

__ Although in this linear regression case with the conditioning on all covariates both
Vebip and Vpy, are consistent for Ve, for nonlinear settings, or with conditioning on a
subset of the covariates, only the first estimator @'Cblp generalizes. To be specific, suppose
that the covariate vector X; can be partitioned as X; = (X1, X2;)" and correspondingly
X = (X4, X3), and suppose we wish to estimate the variance conditional on X; only. In



this case the probability limit of the normalized variance for the least squares estimator
is

Ve = (EGX]]) T (E[V (2] X)) (B [XGX]]) (2.9)

Our proposed estimator for this conditional variance is

N -1

o 1

Veblp = <N > XZ-X{> (2.10)
=1

1 o/, . . . N (1)
- <ﬁ > <€in' - €exl<i>XeX1<z’)) <€z’Xz' - €exl<i>XeX1<z’)) ) ' <N ZXiXZ) :
i=1 i=1
This estimator is consistent for the conditional variance V.p,. In contrast, replacing
Erx (i) DY égxl(i) in the expression for @'Cblp would not lead to a consistent estimator for
the variance.

In the remainder of this paper we will generalize the results in this section to maximum
likelihood and method of moments settings, and state formal results concerning the large
sample properties of the varaince estimators. In the general settings the estimators are
no longer least squares estimators, and we will modify the terminology to reflect this.
We will use 6, for population estimands that generalize the best linear predictor 0y, in
the regression case, and 0..,q for the conditional version that generalizes the conditional
best linear predictor .y, in the regression case.

3 Motivation for Conditional Estimands

In this section we address the question whether, when, and why the estimand conditional
on the covariates may be of interest. We emphatically do not wish to argue that in all
cases it is the conditional estimand is the appropriate object of interest. Rather, we
wish to make the case, through four examples, that it depends on the context what
the appropriate object is, and that at least in some settings, the conditional best linear
predictor may be more appropriate or at least a reasonable alternative, to the standard,
unconditional estimand.

One way to frame the question is in terms of different repeated sampling perspectives
one can take. We can consider the distribution of the least squares estimator over repeated
samples where we redraw the pairs X; and Y; (the random regressor case), or we can
consider the distribution over repeated samples where we keep the values of X; fixed and
only redraw the Y; (the fixed regressor case). Under general misspecification both the
mean and variance of these two distributions will differ. The population estimand 6,
is the approximate (in a large sample sense) average over the repeated samples when we
redraw both X; and Y;, and f..,4 is the approximate average over the repeated samples
where X; is held fixed. Many introductory treatments of regression analyses briefly



introduce the fixed and random regressor concepts, with a variety of opinions on what
the most relevant perspective is. Wooldridge writes that “reliance on fixed regressors

. can have unintended consequences. ... Because our focus is on asymptotic analysis,
we have the luxury of allowing for random explanatory variables throughout the book”
(Wooldridge, 2002, p10-11). Cameron and Trivedi write “The fixed regressors assumption
is rarely appropriate for microeconometrics data” (Cameron and Trivedi, 2005, p. 77).
Stock and Watson (2003) focus on the random regressor case, arguing that “the i.i.d.
assumption is a reasonable one for many data collection schemes” but acknowledging that
“Not all sampling schemes produce i.i.d. observations on (X;,Y;)” (Stock and Watson,
2003, p. 105). Goldberger (1991) takes a different position, assuming “X nonstochastic,
which says that the elements of X are constants, that is, degenerate random variables.
Their values are fixed in repeated samples ...” (Goldberger, p. 164). These discussions
are in the context of correctly specified regression models, however, where the averages
of the distributions under the two repeated sampling perspectives coincide, and their
variances agree in large samples. A point that has not received attention in the literature
is that under general misspecifiaction, the random versus fixed regressor distinction has
implications for inference that do not vanish with the sample size.

Another point is that the sole difference between the population and conditional esti-
mands is the weight function used to measure the difference between the model and the
true data generating process. For the population estimand the weight function depends
on the population distribution of the potential conditioning variables, and for the condi-
tional estimand it is the sample distribution of these variables. Because the population
distribution of these variables, unlike the sample distribution, is unknown, in general
there is more uncertainty about the population estimand. Thus, in practial terms, focus-
ing on the conditional estimand 6..,q leads to smaller standard errors than focusing on
the population estimand 60p.

EXAMPLE I (FINITE VERSUS INFINITE POPULATION)

In the first example we want to argue that if the sample is a random sample from a large
population 6., is of more interest than 0conq, whereas in the case where the sample is
equal to the population, the conditional estimand 6..,q is of more interest.

Consider estimation of the average effect of a binary treatment. Each unit in the
population is characterized by two potential outcomes Y;(c) and Y;(t), and a binary
covariate X; € {f,m}. Let W; € {c,t} denote the treatment received and Y; = Y;(W;)
the realized outcome. Assume assignment to treatment is random given X;. Define, for
w=c,t and z = f, m,

pz, w) = E[Y;(w)|X; = 2], and 7(z) = p(z,t) — p(z, c).

Let N, be the number of units in the sample with X; = x and W; = w, let ¢ be the
population share of the X; = f types and ¢ the sample share:

Nie + Ng
+ th + ch + Nmt.

N
.1
q:E[WZ’], and q—N;Wi—NfC

7



Consider two estimands, first the population average treatment effect,
Opop = E[Yi(t) = Yi(c)] =q-7(f) + (1 — ¢) - 7(m),

where ¢ is the population fraction of X; = f types, and second, the conditional average
effect,

Beoma = 3 S EIVi(0) = Yi(e)| X = G 7(0) + (1 = ) - (om).

What is the rationale for focusing on 6., versus 0¢onq? If the sample is a random sample
from a large population, it seems natural to focus on the population average treatment
effect 0,0, as the object of interest. On the other hand, suppose the sample is the entire
population. For example, the population could be the 50 states of the United States
in which case we might have observations on all 50 states. The covariate could be an
indicator for a state being on the coast versus inland. In that case it would appear
reasonable to keep fixed the number of coastal versus inland states, rather than view the
share of coastal states as random. That perspective suggests focusing on 6.,,q rather
than 6,,, in cases where the sample is the entire population. We may still wish to use
large sample approximations, but focus on estimation of f.nq rather than 6,y.

Note that if we observe the entire population in this case, we cannot interpret the
uncertainty in the estimator as due to sampling variation in the units. Instead we can
interpret the uncertainty in the estimator as due to random variation in the treatment
assignment W; (see, for example, Neyman, 1923, 1990). To justify large sample approxi-
mation, however, we will resort to a random sampling argument.

EXAMPLE II (CONVENIENCE SAMPLE)

In the second example we want to make the case that sometimes there is intrinsically
no more interest in 0o, than f.,ng because neither the weighting scheme corresponding
to the population distribution, nor the weighting scheme corresponding to the empirical
distribution function, is obviously of primary interest.

Consider the study of lottery winners by Imbens, Rubin and Sacerdote (2001). We
use data from this study in Section 5. Imbens, Rubin and Sacerdote surveyed individuals
who won large prizes in the lottery. Using a standard life-cycle model of labor supply
they focus on linear regressions of subsequent labor earnings on the annual prize and
some additional covariates including prior earnings. The coefficient on the prize in this
linear regression can be interpreted as the marginal propensity to consume out of un-
earned income, an economically meaningful parameter (e.g., Pencavel, 1986). Even if the
conditional expectation as a function of the prize is nonlinear, it may still be interesting
to focus on the coefficient in the linear regression, partly because it facilitates compar-
ison across studies. The question is whether the linear approximation should be based
on weighting the squared difference between the true regression function and the linear
predictor by the population or empirical distribution of lottery prizes. There does not



appear to be a strong substantive argument for preferring one weighting function (and
thus the corresponding estimand) over the other.

ExXAMPLE III (EXPERIMENTAL DESIGN)

Karlan and List (2009) carried out an experimental evaluation of incentives for chari-
table giving. Among the results Karlan and List report are probit regression estimates
where the object of interest is the regression coefficient on the indicator for being offered
a matching incentive for charitable giving. The specification of the probit regression
function also includes characteristics of the matching incentives.

In this case the difference between V,,, and V.,,q is that V., takes into account
sampling variation in 6 due to variation in the sample values of the matching incentives
over the repeated samples, whereas V ,,q conditions on these values. Given that the
distribution of these incentivesin this experiment is fixed by the researchers there appears
to be no reason to take this uncertainty into account, and we submit that the appropriate
measure of uncertainty is Veong rather than V.

EXAMPLE IV (AVERAGE DERIVATIVE IN SAMPLE VERSUS POPULATION)
In the last example we again want to make the case that there is no compelling reason
to prefer one estimand to the other.

Suppose one estimates a parametric binary response model, say a probit model with
Pr(Y; = 1|X;) = ®(X}6), where ®(a) = [*_(1/v/27)exp(—2z%/2)dz. (The same argument
would apply to other nonlinear parametric models.) Parameter estimates are difficult
to interpret for such models, and often researchers report derivatives of the conditional
expectation of Y; given X; with respect to X; to facilitate comparisons with other models.
For the probit model the derivative of the conditional expectation is ¢(z'6) - 0, where
d(a) = 0®(a)/0a = exp(—a?/2)/v/2r. In nonlinear models the value of the derivative
depends on the value of the covariates, so often researchers report the average derivative
evaluated at the estimated parameters:

1 & -
=52 eXi0) .
=1

The variance of this estimator 4 for the average derivative differs depending on whether
we condition on the covariates or not. The two estimands are

N
1 / /
Yeond = N Z QS(XZQ) : 97 and ’}/pOp =K [¢(Xze) ' 9] :
i=1

Because the average derivative is presented primarily as a more interpretable parameter
than 6 itself, taking into account the uncertainty in the distribution of the covariates that
is averaged over may not serve any useful purpose, suggesting that y.onq may be just as
relevant as Ypop-



4 Inference for Conditional Estimands

In this section we present the main formal results of the paper, covering linear regression,
maximum likelihood, and method of moments estimators. We cover settings where we
condition on the full set of regressors as well as cases where we condition on a subset of
the regressors.

Suppose we have a random sample of size N of a pair of random vectors, (X;,Y;),
1 =1,...,N. Let Kx and Ky be the dimensions of X; and Y;, and let X and Y be
the N x Kx and N x Ky matrices with i-th rows equal to X! and Y/ respectively. We
are interested in a finite dimensional parameter 6, defined as some function of the joint
distribution of (X;,Y;). Under some economic model it follows that

E[4(Y;, X;,0)] = 0. (4.1)

The model may have additional implications beyond this moment condition, but these
are not used for estimation. For example, it may be the case that the conditional moment
has expectation zero,

E[y(Yi, Xi,0)] Xi] = 0.

Alternatively, we may have specified the joint distribution of Y; and X;, in which case
¥(y,x,0) could equal to the score function. In that case the model has the additional
implication that the expected value of the derivatives of ¥ (y, x,6) with respect to € is
equal to the expected value of the second moments of ¥ (y,x,d). Based only on (4.1),
and not on any other implications of the motivating model, we may wish to estimate 6
by solving

N ~
=1

We are interested in the properties of the estimator 6 under general misspecification of
the model that motivated the moment condition.

The standard approach (Hansen, 1984; Newey and McFadden, 1994; Wooldridge,
2002) focuses on the value 6, that solves

E [¢(Y;, X;, 0pop)] = 0.

If the pairs (X;,Y;), for i = 1,..., N are independent and identically distributed, then
under regularity conditions,

VN (é — onp) L N (0, V g pop) » where Vigmmpop = (I'A™'D) -
with
9 /
I'=E {@w(YhXia 9p°p):| ) and A = E [¢(Yi, Xy, Opop) 0 (Yi, Xi, Opop)'] -

10



Now we focus on the conditional estimand. Define 0.,,q as the solution to

N

i=1

E

X] = 0. (4.2)

Note that implicitly f.onq is a function of X. If the original model implied that the
conditional expectation of (Y;, X, 0) given X; is equal to zero, then Ocona = Opop, but
this need not hold in general. The motivation for the estimand is the same as in the best-
linear-predictor case. In cases where the model implies a conditional moment condition,
but we are concerned about misspecification, we may wish to focus on the value for
that minimizes the discrepancy between E[¢(Y;, X;, 0)| X;] and zero. We can weight the
discrepancy by the population distribution of the X;’s, or by the empirical distribution.
The conditional estimand corresponds to the case where the weights are based on the
empirical distribution function.

We make the following assumptions. These are closely related to standard assump-
tions used for establishing asymptotic properties for moment-based estimators. See for
example Newey and McFadden (1994).

Assumption 1 (X;)Y;), fori =1,..., N, are independent and identically distributed.
The support of X; is a compact subset of RE.

Assumption 2 (i) The K-component vector of moment conditions ¥ (y,x,0) is contin-
uously differentiable in 0 for € © with © a compact subset of RE  with both 1 (y, x,0)
and its derivative with respect to 0, %w(y,z,e), continuous in x and y for all § € O,
(17) there is a unique value Oy, € Int(O) such that E[(Y;, Xi, 0pep)] = 0, (ii7) A and

T are finite and full rank, and (iv) E [supsee H%w(Yi,Xi, 9)‘ |, and for some positive §,
E [Supee(a (Y3, Xi, 9)||2+5} are finite.

Theorem 1 Suppose Assumptions 1 and 2 hold. Then (i), 0 — Ocona = 0,(1), and (i)
VN - (8= beona) = N (0, Vigmmcona)

where
Vimmeond = (TAnal) " and Acgua = E[V (§(Y;, Xi, 0pep))| Xi]

If also E [0(Y;, Xi, O0pop)| Xi = 2] = 0 for all x, then (iii),
Ocond = Opops a0 VNV (8= Bpop ) —5 A (0, Vg cona)

PROOF: See Appendix.

Let us consider an additional example to illustrate the differences between the two
variances. This example is related to the discussion in Chow (1984).

11



EXAMPLE V (MAXIMUM LIKELIHOOD ESTIMATION)
Suppose we specify the conditional distribution of Y; given X; as f(y|z;0). We estimate
the model by maximum likelihood:

N
0 = arg mgaX;ln f(Yi]| X 6).

The normalized asymptotic variance under correct specification, and under some regu-
larity conditions, is equal to the inverse of the information matrix Z, ! where

o2 ) ) ,
Ty = -E { O F(YiIXs e)} {% In f(VXi0) - o f (V] X26)

White (1982) analyzed the properties of the estimator under general misspecification of
the conditional density. Let

Oop = arg max E [In f(¥;|X;: ).
Then White (1982) showed that under general misspecification,
D20y and V(3 0) N (0, (A7),
with

0? 0 0 ,
I'=-E {3989’ In f (V3] Xi; 9p°p):| , and A=E {% In (Y3 Xi; Opop) - 90 In f (Y] Xi; Opop)

The conditional version of the estimand under general misspecification is

N
econd = arg mGaXZE [ln.f(Y”XZa 9)| XZ] )

i=1

where the expectation is taken only over Y;. Theorem 1 implies that
VN - (8= feona) == N (0, (AT, ).

where

0

ACond =E |iV (89

In f(Yi| Xi, Opop) ) ‘ X]

If the model is correctly specified, then A = Aonq, but if the model is misspecified then

0
B | 5 10 A1 )| =0
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but it is not true that for all =

0
E [% In f(YZ|XZ> epOp)

XZ:[L’:| :0,

implying that in general A — Aopnq is positive semi-definite. [

Next, we consider estimation of the variance in the general case. Estimation of I is
the same as for the population estimand:

. 1N 0 .

The key question concerns estimation of Acong. Our proposed estimator matches each
unit to the closest unit in terms of X;, and then differences the values of the moment
function:

. 1 < X . . N\
ACond = ﬁ ; (Q/)(Ka Xi> 9) - w(nx(lﬁ ng(i)’ 9)) <w()/;> Xi? 9) - w(nx(l)’ XZX(Z')’ 9)) :

We then combine these estimates to get an estimator for the variance for the conditional
estimand:

~ A o\ —1
/A —1
ngm,eond = (P Acondr) .

Theorem 2 (CONDITIONAL VARIANCE FOR METHOD OF MOMENTS ESTIMATORS)
Suppose Assumptions 1 and 2 hold. Then

7 p
ngm ,cond — ngm ,cond-

PROOF: See Appendix.

5 An Application to the Imbens-Rubin-Sacerdote Lot-
tery Data

To illustrate the issues raised in this note we look at some data previously analyzed by
Imbens, Rubing and Sacerdote (2001). Imbens, Rubin and Sacerdote collected data on
individuals who played the lottery in the mid-eighties. Here we focus on a subset of their
data for 194 individuals who won large prizes. We use three variables, the yearly prize
won by each individual, the average of yearly earnings over six years prior to winning the
lottery and the average of yearly earnings over the six years after winning the lottery.
Table 1 reports some summary statistics.

Using a standard life-cycle model for consumption and savings Imbens, Rubin and
Sacerdote estimate a linear model relating subsequent labor earnings to prior earnings and

13



the yearly prize. The coefficient on the yearly prize can be interpreted as the propensity
to earn out of unearned income, an economically meaningful parameter (e.g., Pencavel,
1986). Following the Imbens-Rubin-Sacerdote specification we focus on the regression
function

Yi=0o+01 P +0s X +e

where Y; is the average of post-lottery earnings, X; is the average of pre-lottery earnings,
and P, is the yearly prize. As we discussed in Example II in Section 3, we may wish to
estimate a linear regression function even if one does not believe the conditional expec-
tation is exactly linear. The question then arises how to approximate the conditional
expectation by a linear function: averaging the squared difference between the condi-
tional expectation and the linear approximation over the population or over the sample
distribution of the covariates. Arguably one is interested in estimating a representative
value for the marginal propensity to earn out of unearned income, acknowledging that
this parameter may vary between individuals, and, for a given individual, may vary by
income levels. There is in our view no compelling argument that the population distri-
bution in the lottery sample, or the sample distribution is closer to being representative
of the population of interest.

In Table 2 we report estimates for this regression function, with both the conventional
robust standard errors and the standard error for the conditional estimand.

6 A Small Simulation Study

In this section we assess the small sample properties of the variance estimators. We
center our simulation study around the lottery data set. We focus on estimating a linear
regression function

Yi=00+0,-P+0, X, +¢;.
The joint distribution of the two covariates in the population is
P, N 32.0 443.1 54.8
X )" 121 )\ 548 1249 ) )

The means and variances of this joint distribution were estimated on the lottery data.
The conditional distribution of Y; given P, and X; is normal:

)/;|XZ>PZ ~N (M17012) )
where

5
i = 6.46 — 0.13 X P+ 0.75 x X + 7555 % (P? 41420 — 87 x P, =5 x X;) ,
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and
Ino? =2.611 —0.012 - P, + 0.070 - X;.

Again the parameter values are motivated by the lottery data. A non-zero value for ¢
makes the model nonlinear. We use two values for §. In the first design we fix 6 = 1.43
corresponding most closely to the lottery data. In the second design we use a larger
value, 6 = 14.3.

Table 3 presents the results. We focus on the coefficient on the prize, 6;. For both
designs we report the the average of the population and conditional standard error for
él, and four coverage rates. First the coverage frequency of the conventional (White
standard error based) 95% confidence interval for 6,.,. This coverage should be 0.95.
Next, the fequency with which the same confidence interval covers 6.,q. This should be
more than 0.95. In the next row we report the coverage rates for confidence intervals
based on the conditional standard errors. Now the coverage for 6., could be less than
0.95, but the coverage for 6.,nq should be 0.95. In the first design the model is too
close to being linear to detect these effects, and all coverage rates are close to 0.95. In
the second design the average conditional standard error is about 10% less than the
average unconditional (White) standard error, and this shows up in the coverage rates of
the confidence intervals. The confidence interval based on White standard errors covers
0p0p With probability 0.95, and 0cong With probability 0.97, and the confidence interval
based on the conditional standard error covers 8.,nq With probability 0.94, and 6., with
probability 0.91.

7 Conclusion

In this note we discuss inference for conditional estimands in misspecified models. Fol-
lowing the work by White (1980ab, 1982) it is common in empirical work to report robust
standard errors. These robust standard errors are valid for the population value of the
estimator given random sampling. We show that if one is interested in the conditional
estimand, conditional on all or a subset of the variables, robust standard errors are gener-
ally smaller than the White robust standard errors. We derive a general characterization
of the variance for the conditional estimand and propose a consistent estimator for this
variance. We argue that in some settings the conditional estimand may be of more
interest than the unconditional one.
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APPENDIX: PROOFS OF THEOREMS

PrROOF OF THEOREM 1: Assumptions 1 and 2 imply the assumptions in Theorems 2.6 and
3.4 in Newey and McFadden (1994). Their results imply that 6 is consistent for Opop, and
that v N (6 — Opop) 4, N(0, (T’A7IT) ). To prove part (i), that § — feona = 0p(1), we first
prove that fcond — Opop = 0p(1). Then, by the triangle inequality, because 6 — Opop = 0p(1) by
Theorem 2.6 in Newey McFadden (1994), it follows that 6 — feong = 0,(1). Define p(z, ) =
E[(Y;, X, 0)|X; = x], so that E[p(X}, Opop)] = 0, and Ocong solves

1 N
~ 2 A(Xi,0) =0.

i=1

Hence 6onq can be thought of as a method of moments estimator for 6,,, with moment condition
p(X;, 0). Because of Assumption 2 it follows that p(z, 0) satisfies the conditions for consistency
of the method of moments estimator in Theorem 2.6 in Newey and McFadden (1994), and thus
Ocond — Opop = 0p(1).

Next we prove part (i) of the theorem. Theorem 3.4 in Newey and McFadden also implies that
Beond — Opop = Op(N~1/2). Because 8 — fp0p = O,(N~1/2) it follows by the triangle inequality
that Ocond — Opop = Op(IN -1/ 2). By a mean value theorem it follows that

N
WZw;,xz,e waY;,XZ,econd Nzai (Y, X3, 0)V'N (0 = Ocona),

for some intermediate value . Because fcond — Opop = 0p(1) and 6 — b0, = 0,(1), it follows that
the intermediate value 6§ satisfies 6 — Opop = 0p(1), and thus & Zf\il %zb(Yi, Xi,0) =T4o0p(1).
Thus

N
1 A
VN > (i, Xi, Ocona) + TVN(0 = Oeona) + 0p(1),
=1

and therefore

N
\/_(9 econd \/—— Z le’ Xia econd) + Op(l)' (Al)
Next we show that
1 N
e—— Yvia Xia econ ~ N 07 ACon . A2

Because 6.nq is the solution to

N
E [Z V(Y;, X5, 0) X] =0

i=1
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Ocond is a function of X, i.e. Ocond = Ocond(X). Therefore conditional on X the ¥ (Y;, Xi, Ocond)
are independent, but not identically distributed. For ease of exposition we focus on the case
where K = 1. We first apply the Lyapunov Central Limit Theorem to show that

e S0 (Y X, Buona) — E[(Yi, X, feona) | X}
\/% Zi\il v [¢(Y;, Xi, 9cond)| X]

The Lyapounov condition E[[¢)(Y;, X4, Ocond) — E[1)(Yi, Xi, Oeona) | X]|?>T?] < oo for some positive
J follows from Assumption 2(iv).

Because Zf\i 1 E[¥(Ys, Xi, Ocona)| X] = 0 by the definition of fonq, it follows that the numerator
in (A.3) simplifies to

LN (0,1). (A.3)

N
\/% Z{Qﬁ(YVZ’ Xi7 OCOnd) —-E [¢(Y;, Xia econd)| X]}
=1

N
1
\/—Z¢ Y;7X17900nd \/—ZE Y;7X17900nd |X N Z¢ EaXiaecond)-
=1

The denominator in (A.3) converges in probability
N
1 p
N Z \% [¢(Y;7 Xia 900nd)| X] — K {V [¢(Y;7 Xia 900nd)| Xz]} = Vcond'

In combination with (A.3) this implies

\/_IN Zi\il ¢(Y;7 Xia econd)
Vcond

and thus (A.2) follows.
Combining (A.1) and (A.2) implies

VN (0= feona) ~ N (0, ('AZLD)T) -

L N(0,1),

finishing the proof of part (7).
If also E [¢(Y;, X;,0)| X;] = 0, Oconq is the solution to

o

Then cond = Opop, and part (iii) of the theorem follows. O

E [$(Y;, X, 0)] [Z¢m&w

=1

Next we state a useful lemma from Abadie and Imbens (2010).

Lemma A.1 (LEMMA 1, ABADIE AND IMBENS (2010, PAGE 180)) Suppose that Wi, Wa, ...
is a sequence with W; € W where W a compact subset of R¥. Then

lim —ZHW Wew () H =0.

N—ooco N

17



Lemma A.2 (AVERAGE CONDITIONAL MOMENTS) Let (V;, W;), i =1,..., N, be a sequence
of independent, identically distributed random vectors, with dimension Ky and Ky respectively,
and compact support for W;. For some positive integer n, and for j =1,2,...,n, let pj(w) =
E[VﬂWZ = w| be Lipschitz in w with constant C;, and suppose all moments of V; up to the
2n-th moment exist. Then for all nonnegative k, m such that min(k, m) < n,

Yy 2 2 [e () 2]

PrROOF OF LEMMA A.2: We focus on the scalar case. The vector case can be shown by the
same argument. First we show

%évk Viww —E [E<Vik Wi) 'E< i

Because V; and Vp,,,(;) are independent conditional on W = (W7, ..., Wy)’,

Z‘/k Vew ) ZE{E [Vz’k V) W”

)}] = o(1). (A.4)

N
= %Z;E{E(Vf W)-E (Vg%) W>}
1 N
=¥ ZE {E(Vf W;)-E (VZZ”;(Z-) Wew(i)>}
=1
1 N
= = D E [ (W) - o (W)
=1
1 N
= ZE {/Lk(Wz) : [Nm(WZ) + Hm (WZW(Z’)) - Mm(WZ)]}
=1
1 N
- NZE[uk(WZ) <t (W, { Zﬂm /‘m Wgw(l)) - Mm(WZ)]}
=1

1O -
= <> E[E(VEAW:) - E (W) + { Z [1m Wewu))—ﬂm(Wiﬂ}'

i=1

Therefore,

E [%évf Viww —E [E (Vik|Wi> 'E(Vim|Wi)u '

{ Z#m [t ( Wewu))—ﬂm(Wi)]}'
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N
<E {% > (Wl |t (W) — um(Wz’)|}
=1
1 N
< sUp | (w)] - E {N > Cm |[Wi - Wew(i)H}

i=1
= o(1),

by Lemma A.1. This finishes the proof of (A.4).
Next, we will show that

{[ ZVk Vi —E[E(VE[ W) E(Vimwi)}r}o(l), (A.5)

which, together with (A.4), proves the claim in the Lemma. First we expand the square:

oA [t -2 (ot ) 2] |

2
{ el ) zomm] )
_215:{%2;%%%% E [E (VF|W) -E(V{”W»}}

By (A.4), this is equal to
2
) Klvivf Vi) ] - {E[p(wm) ()]} o)
=1
N 1 N
2:: [V% VZW(Z} 2D E [VikVe%)‘GkVe@(jﬂ

i=1 j#i
. {E [E(VﬂWi) -E(V[”|Wi>} }2 +o(1).

Because the moments of V; up to at least the 2m-th and 2k-th moments exist, it follows that
the first term is 0,(1), and the entire expression is

%f:zze Vi ovivin | - (B [E(vEw:) (v w) ]} +o).

i=1 j#i

1 N
_ k m
=K [_NE Vi - Vi (i)
=1

Because pr {{yw (i) = lw(j)} — 0,7 # j, when N — oo, this is equal to

E[%%W‘/ﬂé(i) E ;Z‘G’f‘/@%ﬂ]{lﬁl [E@k'Wi)'E<Vim|Wi>”2+o(1):O(l)’
=1

JFi
by (A.4). This finishes the proof of (A.5), and thus the claim in the lemma. O
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Lemma A.3 (AVERAGE CONDITIONAL VARIANCES) Let (V;,W;), i =1,..., N, be a random
sample from the distribution of (V, W) where (V, W) are a pair of random vectors, with dimen-
sion Ky and Ky respectively, with compact support for W;. Suppose that juy(w) = E[VF|W; =
w] is Lipschitz in w with constant Cy for k < 2, and that the fourth moment of V; is finite.
Define

N
T = g 32 4 Vi) (4 V)
Then:
i\Icond i’ E [V(‘/Z|WZ)] . (A6)
ProOOF OF LEMMA A.3: To prove @Cond AN ) [V(V;|W;)], we show
~ 2
E{Veona — EV(VIW)]} = 0(1):

Without loss of generality we focus on the case with Ky = 1:

~ 1 N 2 1 N 1 N 1 N
Veond = 57 S (Vi Vi) = N V2 + N Y Viw N > ViViw iy
i=1 i=1 i=1 =1

and

E[V(ViIW:)] = E{E (V2| W) - [E(VIW)I} =E [VZ] - & [E (Vi W3)?] .

Because Zf\i (V2N L, E[V?] by a law of large numbers, it is sufficient to show
1 & 1<
2 P 2 P 2
5D VR DEV, and NZWWW@_)E[E(WWZ-)}. (A7)
i=1 i=1

The first part of (A.7) follows from applying Lemma A.2 with k£ = 0 and m = 2, and the second
part follows from applying Lemma A.2 with k =m =1. [

PROOF OF THEOREM 2: Since 6 —— Opop and ¥ (Y;, X;, 0) is differentiable in 6, I' 25 T by the
law of large numbers. Then it is sufficient to show Acond £, Acong. Define

/

N

~ 1

Acond = IN g (¢(Y;7 Xi, econd) - ¢(nx(l)7 XZX(i)a econd)) (¢(Y;7 X, econd) - ¢(nx(z)a XZX(i)a econd)) .
i=1

Let V (Y, X;, 0cond), and W; = X;. By Lemma A.3, Acong —— V(¢(Y;, X, 0p0p)). Because
0 25 Ouona and (Y, X5, 9) is dlfferentlable in 6, it follows that Acong L Acond. Therefore,
ngm,eond - 1ACond(F/) _’ I~ 1ACond(F )_1 ngm,eond (]

20



REFERENCES

ABADIE, A., AND G. IMBENS (2006), “Large Sample Properties of Matching Estimators for
Average Treatment Effects,” Econometrica, Vol. 74(1) 235-267.

ABADIE, A., AND G. IMBENs (2010), “Estimation of the Conditional Variance in Paired
Experiments,” Annales dEconomie et de Statistique, No 91, 175-187.

ANGRIST, J., AND S. PISCHKE, (2009), Mostly Harmless Econometrics, Princeton University
Press, Princeton, NJ.

CAMERON, C., AND P. TRIVEDI, (2005), Microeconometrics, Methods and Applications, Cam-
bridge University Press, Cambridge.

CHAMBERLAIN, G., (1982), “Multivariate Regression Models for Panel Data,” Journal of
Econometrics, Vol. 18, 5-46.

CHow, G., (1984), “Maximum-likelihood estimation of misspecified models,” Economic Mod-
elling, Vol. 1(2): 134-138.

EFRrRON, B., (1982), The Bootstrap and other Resampling Plans, Philadelphia, Society for
Industrial and Applied Mathematics.

EFRON, B., AND TIBSHIRANI, (1993), An Introduction to the Bootstrap, Chapman and Hall,
New York.

EICKER, F., (1967), “Limit Theorems for Regression with Unequal and Dependent Errors,”
Proceedings of the Fifth Berkeley Symposium on Mathematical Statistics and Probability,
Vol. 1, 59-82, University of California Press, Berkeley.

GOLDBERGER, A., (1991), A Course in Econometrics, Harvard University Press.

HANSEN, L—P., (1982), ”Large Sample Properties of Generalized Method of Moment Estima-
tors”, Econometrica, vol. 50, 1029-1054.

HUBER, P., (1967), “The Behavior of Maximum Likelihood Estimates Under Nonstandard
Conditions,” Proceedings of the Fifth Berkeley Symposium on Mathematical Statistics
and Probability, Vol. 1, 221-233, University of California Press, Berkeley.

IMBENS, G., AND M. KOLESAR, (2010), “The Behrens-Fisher Problem and Robust Standard
Errors in Small Samples With and Without Clustering,” Unpublished Manuscript.

IMBENS, G., D. RUBIN, AND B. SACERDOTE, (2001), “Estimating the Effect of Unearned
Income on Labor Supply, Earnings, Savings and Consumption: Evidence from a Survey
of Lottery Players,” American Economic Review 91, 778-794.

KARLAN, D., AND J. LisT, (2001), “Does Price Matter in Charitable Giving? Evidence from
a Large-Scale Natural Field Experiment,” American Economic Review 97(5): 1774-1793.

MAcKINNON, J., AND H. WHITE, (1985), “Some Heteroskedasticity-consistent Covariance
Matrix Estimators with Improved Finite Sample Properties,” Journal of Econometrics,
Vol. 29, 305-325.

21



Manski, C., (1988), Analogue Estimation Methods, Chapman and Hall.

MULLER, U., (2011) ”Risk of Bayesian Inference in Misspecified Models, and the Sandwich
Covariance Matrix”, Unpublished Manuscript, Princeton University.

NEWEY, W., AND D. McFADDEN, (1994) ”Estimation in Large Samples”, in: McFadden and
Engle (Eds.), The Handbook of Econometrics, Vol. 4.

NEYMAN, J., (1923, 1990), “On the Application of Probability Theory to Agricultural Experi-
ments. Essay on Principles. Section 9,” translated in Statistical Science, (with discussion),
Vol 5, No 4, 465-480, 1990.

PENCAVEL, J., (1986) “Labor Supply of Men: A Survey”, in O. Ashenfelter and R. Layard
eds., Handbook of Labor Economics, North Holland: Elsevier, pp. 3-102.

STOCK, J., AND M. WATSON, (2003), Introduction to Econometrics, Addison Wesley.

WHITE, H., (1980a), “Using Least Squares to Approximate Unknown Regression Functions,”
International Economic Review, Vol. 21(1):149-170.

WHITE, H. (1980b), “A Heteroskedasticity-Consistent Covariance Matrix Estimator and a
Direct Test for Heteroskedasticity,” Econometrica, 48, 817-838.

WHITE, H., (1982), “Maximum likelihood estimation of misspecified models,” Econometrica,
Vol 50(1): 1-25.

WOOLDRIDGE, J., (2002), Econometric Analysis of Cross Section and Panel Data, MIT Press,
Cambridge, MA.

22



Table 1: Summary Statistics for Lottery Data (N=194)

Average Standard Deviation

Earnings Post Lottery 11.6 12.3
Earnings Pre Lottery 12.1 11.2
Yearly Prize 32.0 21.1

Table 2: Estimates for Lottery Data

est. Nblp Ncblp

intercept 6.497  1.429 1.396
yearly prize -0.127  0.032  0.028
average lagged earnings 0.755  0.077  0.079

Table 3: Coverage Rate 95% Confidence Interval

Design I: (§ = 1.43) average s.e.  Opp  Oebip

v/ Vi 0.0466  0.951 0.951

~

Vebip 0.0450 0.938 0.940

Design II: (§ = 14.3) average s.e.  Opp  Oepip

\/Vblp 0.0512 0.953 0.969

~

Veop ~ 0.0451  0.914 0.941
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