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In many empirical studies of the effect of
social programs researchers assume that, condi-
tional on a set of observed covariates, assign-
ment to the treatment is exogenous or
unconfounded (aka selection on observables).
Often this assumption is not realistic, and re-
searchers are concerned about the robustness of
their results to departures from it. One approach
(e.g., Charles Manski, 1990) is to entirely drop
the exogeneity assumption and investigate what
can be learned about treatment effects without
it. With unbounded outcomes, and in the ab-
sence of alternative identifying assumptions,
there are no restrictions on the set of possible
values for average treatment effects. This does
not mean, however, that all evaluations are
equally sensitive to departures from the exoge-
neity assumption. In this paper I explore an
alternative approach, developed by Paul Rosen-
baum and Donald Rubin (1983), where the as-
sumption of exogeneity is explicitly relaxed by
allowing for a limited amount of correlation
between treatment and unobserved components
of the outcomes.

The starting point of the sensitivity analysis is
the assumption that the exogeneity assumption
is satisfied only conditional on an additional
unobserved covariate. Making assumptions
about the effect of the unobserved covariate on
the outcome and its correlation with the treat-
ment, I trace out the set of possible values for
the treatment effect of interest. By considering a
sufficiently large set of possible correlations
with outcomes and treatment, one can recover
the bounds on the treatment effect derived by
Manski (1990). The approach here, in the spirit
of Rosenbaum and Rubin (1983) and Rosen-
baum (1995), is to allow only a limited amount
of correlation and to judge the sensitivity of

average treatment-effect estimates to such cor-
relations. There are two novel features of the
proposed analysis. First, rather than formulate
the sensitivity in terms of coefficients on the
unobserved covariate, the sensitivity results are
presented in terms of partial R2 values, which
may be easier to interpret. Second, the partial
R2 values of the unobserved covariates are com-
pared to those for the observed covariates in
order to facilitate judgments regarding the plau-
sibility of values necessary to substantially
change results obtained under exogeneity.

The proposed sensitivity analysis is concep-
tually related to the practice of assessing sensi-
tivity of estimates by comparisons with results
obtained by discarding one or more observed
covariates (James Heckman and V. Joseph
Hotz, 1989; Rajeev Dehejia and Sadek Wahba,
1999; Jeffrey Smith and Petra Todd, 2001). The
attraction of the sensitivity analysis is that it is
more directly relevant: one is not interested in
what would have happened in the absence of
covariates actually observed, but in biases that
are the result from not observing all relevant
covariates.

I. Setup

The interest is in the effect of a program or
treatment evaluated on the basis of data from a
population of units, individuals, or firms, some
of whom were exposed to the active treatment
and the remainder of whom were exposed to the
control treatment. Let Wi � {0, 1} be the
indicator for the treatment, where i � 1, ... , N
labels the units in the population. Following the
potential-outcome notation popularized for
causal inference in observational studies by
Donald Rubin (1974), let Yi(w) for w � 0, 1
denote the outcome for unit i if treatment w is
applied. For unit i, I observe the treatment in-
dicator Wi and the outcome corresponding to
the treatment actually received, Yi � Yi(Wi). In
addition a vector of pretreatment variables or
covariates Xi is observed.

The starting point is the following uncon-
foundedness (exogeneity) assumption:
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Yi �0�, Yi �1� � Wi�Xi .

Combined with the assumption that the proba-
bility of receiving the treatment, given covari-
ates, is bounded away from 0 and 1, this
assumption implies that one can estimate the
average effect of the treatment on the outcome
by first estimating the average effect with sub-
populations homogenous in the covariates,
through the following equality:

� �x� � E�Y�1� � Y�0��X � x�

� E�Y�X � x, W � 1�

� E�Y�X � x, W � 0�

followed by averaging this over the distribution
of covariates,

� � E�Y�1� � Y�0�� � E�� �X��.

For a recent survey of methods for implementing
such estimators, see Imbens (2002). In many
cases this is an attractive starting point. Even if
the exogeneity assumption is controversial, it is
often sensible to follow a discussion of the sum-
mary statistics, which would include a simple
comparison of averages for treated and control
outcomes, by a discussion of this comparison
adjusted for differences in covariates. Follow-
ing such an analysis one may wish to go further
and consider alternative approaches such as
instrumental-variables analyses (e.g., Heckman and
Richard Robb, 1985; Joshua Angrist et al., 1996)
or bounds analyses (Manski, 1990; John Pepper,
2003) that allow selection into the treatment to
be partially or wholly determined by potential
outcomes. Here we discuss an alternative ap-
proach, due to Rosenbaum and Rubin (1983).

In the sensitivity analysis, the unconfounded-
ness assumption is weakened to require inde-
pendence of the potential outcomes and the
treatment indicator only after conditioning on
one additional, unobserved, covariate Ui:

(1) Yi �0�, Yi �1� � Wi�Xi , Ui .

This assumption is without loss of generality,
and one can recover the bounds by appropriate
choices for the conditional distribution of po-
tential outcomes and assignment given the un-
observed and observed covariates. Moreover,

without loss of generality one can choose Ui to
be independent of Xi. To reduce the set of
possible average treatment effects, one there-
fore has to restrict the set of distributions for the
assignment given U and X and the set of distri-
butions for the potential outcomes given U and X.

II. Implementation

The first key point is that a parametric model
is postulated. For expositional reasons, a simple
parametric model is used here. It can be gener-
alized in many ways, but often most of the
insights of a sensitivity analysis can be obtained
with relatively simple models.

First, the marginal distribution of U is postu-
lated to be binomial, with

U � B�1, 1/2�

so that Pr(U � 1) � Pr(U � 0) � 1/ 2.
Second, it is assumed that the distribution of W
given U and X follows a logistic distribution:

Pr�W � 1�X, U� �
exp���X � �U�

1 � exp���X � �U�
.

Third, it is assumed that the distribution of Y(w)
given U and X is normal with a constant treat-
ment effect �:

Y�w��X, U � N ��w���X��U, �2�.

One way to recover the standard estimates
based on the unconfoundedness or exogeneity
assumption is to fix � � � � 0 and estimate the
remaining parameters by maximum likelihood.
The sensitivity analysis corresponds to choos-
ing alternative values for (�, �) and calculating
the maximum-likelihood estimate for �. Note
that no attempt is made to recover � and � from
the data. Although these parameters may be
identified given the distributional and functional
form assumptions, their identification is very
weak. Specifically, their identification is not
nonparametric, as without functional form and
distributional assumptions one cannot reject the
unconfoundedness assumption.

Specifically, let L(�, �, �2, �, �, �) be the
logarithm of the likelihood function given a
sample (Yi , Wi , Xi), i � 1, ... , N, obtained by
integrating out the missing potential outcomes
and the unobserved covariate:
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L��, �, �2, �, �, �� � �
i � 1

N

ln�1

2 � 1

�2��2�
	 exp��

1

2�2 �Yi � �Wi � ��Xi �
2�

	
�exp���Xi ��

Wi

1 � exp���Xi �
�

1

2 � 1

�2��2�
	 exp��

1

2�2 �Yi � �Wi � ��Xi � ��2�
	

�exp���Xi � ���Wi

1 � exp���Xi � ��	 .

For fixed (�, �), the remaining parameters will
be estimated by maximum likelihood. Thus, one
can express the maximum-likelihood estimate
for � fixed (�, �) as �̂(�, �). It is this represen-
tation of the estimated average treatment effect
in terms of the sensitivity parameters � and �
that is the focus of the sensitivity analysis. By
considering a range of plausible values for �
and �, a range of average treatment effects
consistent with these values is obtained.

In order to carry out this analysis it is
crucial to specify a range of plausible values
for these sensitivity parameters. This is diffi-
cult because the sensitivity parameters � and
� are not always easy to interpret. I therefore
transform the sensitivity parameters into more
easily interpretable quantities. This transfor-
mation involves separating the variation in
outcomes and treatment assignment into vari-
ation explained by the observed covariates,
the unobserved covariates, and the remainder.
I then consider the amount of variation that is
explained by the unobserved covariate rela-
tive to the amount not explained by the ob-
served covariates.

Formally, let RY
2(�, �) be the share of the

variation in Y explained by X, W, and U:

RY
2��, �� � 1 � �̂2��, ��/
Y

where 
Y � ¥i (Yi � Y� )2/N is the variance of
Y. The proportion of the previously unexplained
variation in Y that is explained by the unob-
served covariate U is

RY,par
2 ��, ���

RY
2��, �� � RY

2�0, 0�

1 � RY
2�0, 0�

�
�̂2�0, 0� � �̂2��, ��

�̂2�0, 0�
.

For the treatment indicator regression, there is no
natural R2. Instead I use the explained variation
in the latent index in a latent-index representa-
tion. Under the logit model, the latent-index
error term has a logistic distribution with vari-
ance �2/3. Let �X be the sample covariance
matrix of the observed covariates X (omitting
the constant term). The explained variation is the
variation in X�� � U� which, because of the
independence of X and U, is equal to ����X� �
�2/4. Hence the implicit R2 is

RW
2 ��, ��

�
�̂��, ����X�̂��, �� � �2/4

�̂��, ����X�̂��, �� � �2/4 � �2/3

and the partial R2 used in the sensitivity analy-
sis is

RW,par
2 ��, �� �

RW
2 ��, �� � RW

2 �0, 0�

1 � RW
2 �0, 0�

.

To present the results, I will construct pairs of
values of (RW,par

2 (�, �), RY,par
2 (�, �)) for such

pairs (�, �) so that the implied average treat-
ment effect �̂(�, �) changes by some preset
amount. If the set of all such values does not
include reasonable values of the partial R2

values, then the sign of the estimated average
treatment effect under unconfoundedness is
judged to be robust. To judge whether a partic-
ular pair of values is reasonable, I will compare
them to pairs of partial R2 values corresponding
to observed covariates.

III. An Application

In this section I discuss an application of the
sensitivity analysis to the evaluation of labor-
market programs. In nonexperimental evalua-
tion of labor-market programs researchers are
often concerned about biases arising from dif-
ferences in motivation between those volunteer-
ing for a program and those who do not. Strong
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motivation to enroll in a job-training program
may lead to more favorable outcomes in either
regime. Hence, omitting such individual char-
acteristics may lead to biases in average treat-
ment effects estimated under the assumption of
exogenous treatment assignment. With such
specific interpretations for the unobserved co-
variates, one may be able to provide ranges of
reasonable values for the partial R2 values for
the unobserved covariates. Such ranges may be
based on such considerations as whether it is
reasonable that motivation has more explana-
tory power for future earnings than last period’s
earnings, or than a multi-period earnings history.
Similarly, one may consider whether motivation
has more explanatory power for selection into
the program than education or the presence of
children.

The application of the sensitivity analysis is
to data from a job-training program first ana-
lyzed by Robert Lalonde (1986) and subse-
quently by Heckman and Hotz (1989), Dehejia
and Wahba (1999), and Smith and Todd (2001).
I use both the experimental data and the nonex-
perimental sample from the Panel Study of
Income Dynamics (PSID). The experimental es-
timate of the average treatment effect is $1,672
(SE � 626). Using the experimental data, I
present the set of partial R2 values that would be

required to change the value of the implied
average treatment effect by more than $1,000.
(Alternatively one could present the set of par-
tial R2 values that would be required to change
the sign of the average treatment effect. In order
to make the graphs comparable across samples,
I do the former.) The sensitivity analyses are
carried out for four comparisons: (i) trainees
versus experimental controls, (ii) trainees ver-
sus the full set of PSID controls, (iii) trainees
versus the full set of PSID controls with out-
come defined as change in earnings, (iv) a re-
stricted set of trainees and PSID controls where
individuals with earnings exceeding $5,000 in
earnings in 1974 or 1975 are dropped. (This
restricted sample includes most of the experi-
mental sample [148 out of 185], but less than 10
percent of the PSID control sample [242 out of
2,490].)

Table 1 presents summary statistics for the
trainees and the three control groups (experi-
mental controls, all PSID controls, and restricted
PSID controls). There are nine covariates (mar-
ried, age, indicators for black and Hispanic,
education, earnings in 1974 and 1975, and in-
dicators for positive earnings in 1974 and
1975), and the outcome (earnings in 1978).
Note the large differences in background char-
acteristics between the trainees and the PSID
sample. This is what makes drawing causal in-
ferences from comparisons between the PSID
sample and the trainee group a potentially ten-
uous task.

In Figures 1–4 the sensitivity analyses are
presented for the four comparisons. In each
figure, the solid curve is the set of partial R2

values that corresponds to an average treatment
effect different from the estimate under exoge-
neity by $1,000. In addition the partial R2 val-
ues for each of the nine observed covariates are
represented by “�” signs. Finally the partial R2

value for the two variables corresponding to the
most recent lag of earnings is represented by a
“�,” and the partial R2 value for all pre-program
earnings by a “�.”

Consider Figure 1 for the experimental com-
parison. The curve describes how strongly an
unobserved binary covariate would have to be
correlated with outcomes and the treatment in-
dicator to change the average treatment effect
by $1,000. For example, it would require an
unobserved covariate explaining 20 percent of
the variation in treatment assignment and 2

TABLE 1—MEAN AND STANDARD DEVIATIONS,
LALONDE DATA

Variable

Experimental data

PSID control
(N � 2,490)

Restricted
control

(N � 242)
Treatment
(N � 185)

Control
(N � 260)

Married 0.19 0.15 0.87 0.78
(0.39) (0.36) (0.34) (0.42)

Age 25.82 25.05 34.85 38.61
(7.16) (7.06) (10.44) (11.45)

Black 0.84 0.83 0.25 0.27
(0.36) (0.38) (0.43) (0.44)

Hispanic 0.06 0.11 0.03 0.04
(0.24) (0.31) (0.18) (0.20)

Education 10.35 10.09 12.12 11.37
(2.01) (1.61) (3.08) (3.40)

Earnings, 1974 2.10 2.11 19.43 0.77
(4.89) (5.69) (13.41) (1.40)

Unemployed, 0.71 0.75 0.09 0.71
1974 (0.46) (0.43) (0.28) (0.46)

Earnings, 1975 1.53 1.27 19.06 0.65
(3.22) (3.10) (13.60) (1.33)

Unemployed, 0.60 0.68 0.10 0.75
1975 (0.49) (0.47) (0.30) (0.43)

Earnings, 1978 6.35 4.55 21.55 3.45
(7.87) (5.48) (15.56) (7.43)
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percent of the variation in 1978 earnings not ex-
plained by the observed covariates to change the
average treatment effect by $1,000. However,
consider the explanatory power of the observed
covariates. Even the combined power of all four
earnings variables is very little, only 1.3 percent
and 1.1 percent for the variation in treatment as-
signment and outcome, respectively. In this case,
any unobserved covariate that would be suffi-
ciently strongly correlated with treatment assign-
ment and 1978 earnings to change the sign of the
average treatment effect would have to be much
more important than 1974 and 1975 earnings
combined. The implication is that in this case
the results are very robust to violations of the
unconfoundedness assumption.

Next, consider the sensitivity analysis for
the nonexperimental data. Here, an unobserved

covariate explaining 25 percent of the variation
in the treatment assignment and 2 percent of the
variation in the outcome not explained by the
observed covariates could lead to a bias suffi-
cient to change the average treatment effect by
$1,000. To judge whether that is a substantial
amount of explanatory power, let us turn to ob-
served covariates. The covariate “1975-earnings”
explains about 48 percent of the variation in
treatment assignments and about 10 percent of
the variation in 1978 earnings not explained by
the other covariates. In fact if one looks at the
combination of 1975 earnings and the indicator
for positive 1975 earnings, one sees that these
explain 48 percent and 14 percent of the varia-
tion in treatment assignment and outcome (the
“�” in Fig. 2). Hence, the explanatory power of
the unobserved covariate could be substantially

FIGURE 1. LALONDE EXPERIMENTAL SAMPLE

FIGURE 2. LALONDE NONEXPERIMENTAL SAMPLE

FIGURE 3. LALONDE NONEXPERIMENTAL GAIN SAMPLE

FIGURE 4. LALONDE RESTRICTED SAMPLE
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less than that of 1975 earnings and still change
the estimate of the average treatment effect by
more than $1,000. In this case the sensitivity
analysis suggests that the results based on the
PSID controls are very sensitive to the uncon-
foundedness assumption. (In this figure the “�”
is not visible, as it is at the point (0.72, 0.48):
combined the preprogram earnings explain a
very large proportion of the variation in treat-
ment assignment and the outcome.) I also carry
out the sensitivity analysis using the change in
earnings as the outcome variable, following the
argument in Heckman et al. (1997) that this can
improve robustness. Changing the outcome low-
ers the partial R2 values of the observed covari-
ates but does not change the curve of R2 values
required for changing the average treatment ef-
fect by $1,000. Figure 3 shows that the esti-
mated average treatment effect is still very
sensitive to the exogeneity assumption.

Finally, consider the restricted nonexperi-
mental sample. Restricting the sample to those
with earnings below $5,000 in both 1974 and
1975 ensures that the PSID and experimental
groups are much more similar in terms of co-
variates. The results from this sensitivity anal-
ysis are presented in Figure 4. The set of partial
R2 values required to change the average treat-
ment effect by at least $1,000 does not differ
much from that for the full nonexperimental
sample. However, the explanatory power of the
observed covariates is much reduced. Now in or-
der to change the estimated average treatment
effect by more than $1,000 the unobserved covari-
ate would have to be much more powerful than
the two 1975 earnings variables combined (the
“�”), although it would not have to be as powerful
as the four earnings variables together (the “�”).
The conclusion is that restricting the sample in a
way that makes the two treatment groups more
homogenous can lead to more robust results.

IV. Conclusion

In this paper I extend the sensitivity analysis
developed by Rosenbaum and Rubin (1983) and
apply it to the evaluation of a job-training pro-
gram previously analyzed by Lalonde (1986).
The results based on the experimental data are
shown to be much more robust than those based
on the nonexperimental data. Using a restricted
subset of the nonexperimental data improves the
robustness considerably. The sensitivity analyses

appear to be useful tools complementing analyses
relying exclusively on unconfoundedness assump-
tions as well as bounds analyses that avoid such
assumptions altogether.
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